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Current noise and photon noise in quantum cascade lasers

Farhan Rana and Rajeev J. Ram
Research Laboratory for Electronics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139

~Received 14 August 2001; published 12 March 2002!

A model for the photon noise and the current noise in quantum cascade lasers is presented. It is shown that
compared to diode lasers quantum cascade lasers exhibit much less photon-number squeezing even when the
noise in the drive current is suppressed well below the shot-noise value. The theoretical model presented in this
paper self-consistently accounts for the suppression of the current noise in electron transport in multiple
quantum-well structures due to various electronic correlations. The nature of these electronic correlations is
discussed. Mechanisms that make photon-number squeezing difficult to achieve in quantum cascade lasers are
discussed. Scaling of the laser intensity noise and the current noise with the number of cascaded gain stages is
also described. Direct-current modulation response of quantum cascade lasers is also studied, and it is shown
that contrary to the predictions in the literature of terahertz modulation bandwidth for these lasers, bandwidth
of almost all quantum cascade lasers that have been reported in the literature is limited by the inverse photon
lifetime inside the laser cavity to tens of gigahertz.

DOI: 10.1103/PhysRevB.65.125313 PACS number~s!: 78.67.De, 72.70.1m, 73.21.Fg
p
n
se
ro

i

de
a

ng
w
um

c
on
-
g
e

y.
ve
i
th
o
ro
p
i

s
ia

te
nd
m
to
us
he

on
dy-
esh-
are

ua-
port
ed
in

nsity
of
be

vin
iated
in
ed
ron
ges
der
In
is
nd-
on
re-

. In
the

ode
ent
Ap-

de

re-
I. INTRODUCTION

Unipolar quantum cascade lasers~QCL’s! utilizing inter-
subband transitions to generate photons have become im
tant sources of light in the mid-infrared regio
(5 mm–15mm). In this paper a model for the photon noi
in QCL’s is reported. Current noise associated with elect
transport through the active regions is also studied and
effect on the photon noise is evaluated.

QCL’s are different from interband semiconductor dio
lasers in three important ways that can have a signific
impact on their noise properties.

~1! Electron transport in QCL’s takes place by tunneli
between states in adjacent quantum wells. It is well kno
that electronic correlations in resonant tunneling in quant
well structures can suppress~or enhance! current noise by
providing a negative ~or positive! feedback.1–3 High-
impedance suppression of the current noise in semicondu
diode lasers results in light output with squeezed phot
number fluctuations.4 It is, therefore, intriguing whether sup
pression of the current noise can also lead to squeezin
QCL’s. Any model for the photon noise in QCL’s must tak
into account these electronic correlations self-consistentl

~2! In diode lasers the carrier density in the energy le
involved in the lasing action does not increase beyond
threshold value and, therefore, the noise contributed by
nonradiative recombination and generation processes als
mains unchanged beyond threshold. In QCL’s the elect
densities in the upper and lower lasing states do not clam
threshold, and keep increasing when the bias current is
creased beyond threshold. As a result, nonradiative proce
contribute significantly to photon noise even at high b
currents.

~3! Since all the gain sections in a QCL are connec
electrically and optically, electron-density fluctuations a
photon-emission events in different gain sections beco
correlated. The effect of these correlations on the pho
noise in interband cascade lasers has already been disc
in detail,5,6 and it is the aim of this paper to investigate t
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or-

n
ts

nt

n

tor
-

in

l
ts
e
re-
n
at
n-
ses
s

d

e
n
sed

role of these correlations in QCL’s.

II. OUTLINE

In Sec. IV the nonlinear rate equations for the electr
and photon densities in QCL’s are presented. The stea
state solution of these rate equations below and above thr
old are described. In Sec. V the nonlinear rate equations
linearized to obtain Langevin rate equations for the fluct
tions in the electron and photon densities. Electron trans
in the multiple quantum-well structure of QCL’s is discuss
in detail, and a self-consistent model for the fluctuations
the electron-charge densities and the electron-current de
is presented. It is shown that a self-consistent description
the fluctuations in the charge and current densities can
carried out in terms of a few device parameters. Lange
noise sources are also used to model the noise assoc
with electron transport by tunneling. Section V is the ma
part of this paper. In Sec. VI the set of coupled lineariz
Langevin rate equations for the fluctuations in the elect
densities in different levels of all the cascaded gain sta
and the fluctuations in the photon density are solved un
the constraints imposed by the biasing electrical circuit.
addition, the direct-current modulation response of QCL’s
also evaluated and the maximum possible modulation ba
width is discussed. The analytical and numerical results
the current noise and the photon noise in QCL’s are p
sented and discussed in Secs. VII and VIII, respectively
these sections the results obtained are compared with
current and photon noise in interband semiconductor di
lasers. Readers not familiar with the results on the curr
and photon noise in diode lasers are encouraged to read
pendix F in which a detailed model for the noise in dio
lasers is presented.

III. TYPES OF QUANTUM CASCADE LASERS

Many different types of QCL structures have been
ported in the literature.7–19 Almost all of these QCL struc-
©2002 The American Physical Society13-1
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tures can be classified into two categories:
~1! Superlattice QCL’sin which the gain stage consists o

a superlattice structure and the photons are emitted when
electrons make transitions between two minibands of
superlattice. These minibands are actually clusters of clo
spaced energy levels~Fig. 1!.16–19

~2! Multiple quantum-well QCL’sin which the gain stage
consists of multiple quantum wells~typically two or three!
and the radiative electronic transitions occur between
discrete energy levels~Fig. 2!.7–12

In both types of QCL’s, two successive gain stages
separated usually by a superlattice structure known as
injector. The superlattice injector has a minigap that preve
the electrons from tunneling out into the injector from t
upper energy level~s! of the previous gain stage and, ther
fore, increases the radiative efficiency. Electrons from
lower energy level~s! of a gain stage can tunnel into th
injector, and the injector injects these electrons into the up

FIG. 1. Superlattice quantum cascade laser.

FIG. 2. Multiple quantum-well quantum cascade laser.
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energy level~s! of the next gain stage.
In this paper, photon noise and current noise in only m

tiple quantum-well QCL’s is discussed. The methods p
sented in this paper are fairly general and can be use
analyze noise and dynamics in a wide variety of QCL’s
cluding those with superlattice gain stages. We have cho
to focus on the QCL structure shown in Fig. 2. The operat
of this QCL is as follows. Electrons tunnel from the ener
states in the superlattice injector into level 3 of the ga
stage. Photons are emitted when electrons make radia
transitions from level 3 to level 2. Transitions from level 2
level 1 occur primarily by emission of optical phonons. Ele
trons leave the gain stage from level 1 by tunneling out i
the superlattice injector of the next stage. In addition, el
trons also make nonradiative transitions from level 3 to le
els 2 and 1. In this paper we will linearize the nonlinear la
rate equations around a stable operating point to study
noise. The QCL structure we study is fairly general in t
sense that the linearized dynamics of many different multi
quantum-well QCL’s can be described by a three-level s
tem with an injector state, or with an even simpler mod
Therefore, with minor adjustments the model presented h
can be used to study different multiple quantum-well QC
structures that have been reported in the literature. For
ample, in the multiple quantum-well QCL structure emplo
ing diagonal radiative electron transitions described in R
20 level 3 is the same as the injector state, and level 1 is
same as the injector state of the next gain stage. The lin
ized dynamics of the QCL in Ref. 20 can be captured in
model we present in this paper if the transition rates from
injector state into level 3 and from level 1 into the inject
state of the next gain stage are made very fast.

IV. RATE EQUATIONS AND STEADY-STATE SOLUTIONS

For the multiple quantum-well QCL structure shown
Fig. 2 the nonlinear rate equations for the electron and p
ton densities are as follows,

dn3
j

dt
5

Jin
j

q
2R32~n3

j ,n2
j !2R31~n3

j ,n1
j !

2G jvgg~n3
j ,n2

j !S Sp1
nsp

WLD , ~1!

dn2
j

dt
5R32~n3

j ,n2
j !2R21~n2

j ,n1
j !1G jvgg~n3

j ,n2
j !S Sp1

nsp

WLD ,

~2!

dn1
j

dt
5R31~n3

j ,n2
j !1R21~n2

j ,n1
j !2

Jout
j

q
, ~3!

dSp

dt
5(

j 51

N

G jvgg~n3
j ,n2

j !S Sp1
nsp

WLD2
Sp

tp
, ~4!

Pout5hohn
WLSp

tp
. ~5!
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In the above equations,nk
j is the electron density (cm22) in

thekth energy level of thej th gain stage.Jin
j andJout

j are the
electron-current densities (cm22) tunneling into level 3 and
tunneling out of level 1 of thej th gain stage, respectively
Only in steady stateJin

j equalsJout
j . Sp is the photon density

(cm22) inside the optical cavity.Sp is equal to the total
number of photons inside the cavity divided by the widthW
and the lengthL of the cavity.vg is the group velocity of the
lasing mode andg is the optical gain (cm21) contributed by
a single gain stage.G j is the mode-confinement factor for th
j th gain stage.N is the total number of cascaded gain stag
R32 is the net transition rate from level 3 to level 2 throu
nonradiative processes and spontaneous emission into
nonlasing modes. Similarly,R31 andR21 are the net transition
rates from level 3 and level 2 into level 1, respectively.nsp is
the spontaneous emission factor.21 Pout is the output power
from the laser.ho is the power output coupling efficienc
and tp is the photon lifetime inside the cavity. The expre
sion for tp is,

1

tp
5vg~a i1am!5vgFa i1

1

L
lnS 1

Ar 1r 2
D G , ~6!

wherea i is the internal loss of the cavity,am is the loss from
the cavity facets, andr 1 and r 2 are the facet reflectivities
The power output coupling efficiencyho from the facet with
reflectivity r 1 is

ho5
~12r 1!Ar 2

@~12r 1!Ar 21~12r 2!Ar 1#

am

~am1a i !
. ~7!

For simplicity it is assumed that all the gain stages ha
the same mode-confinement factor, i.e.,G j5G for all j. This
assumption is valid if all the cascaded gain stages are loc
close to the peak of the transverse profile of the optical m
where the field strength varies slowly. Even for QCL’s wi
large number of gain stages numerical simulations show
corrections to the solution obtained by assuming allG j to be
equal are small. Under this assumption, the steady-state
tron densitiesnk

j are the same in all the gain stages, and
index j may be suppressed when calculating the steady-s
electron densities.

Steady-state solutions

Below threshold

The steady-state solution to the rate equations can
found by setting all the time derivatives equal to zero a
putting Jin5J. Below threshold, steady-state carrier den
ties can be found by puttingSp50 and solving the equation
~the indexj has been suppressed!

R32~n3 ,n2!1R31~n3 ,n1!5
J

q
, ~8!

R32~n3 ,n2!5R21~n2 ,n1!. ~9!

The third equation can be obtained by realizing thatJout is
also a function ofn1
12531
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Jout~n1!5J. ~10!

To proceed further, analytical expressions for the transit
rates are required. These transition rates can be approxim
as

R32~n3 ,n2!>
n3

t32
, ~11!

R31~n3 ,n1!>
n3

t31
, ~12!

R21~n2 ,n1!>
n2

t21
, ~13!

Jout~n1!

q
>

n1

tout
. ~14!

The rationale for the approximations in Eqs.~11!–~13! is that
optical phonons are largely responsible for intersubba
transitions. As shown in Fig. 3, optical phonon mediated
tersubband transitions that are almost horizontal inE(kW )-kW
plane are more likely to occur.22 Therefore, the transitions
rates from an upper to a lower subband are not much affe
by the electron density in the lower subband, as long as
electron density in the lower subband is small. More comp
cated expressions for these transition rates, such as,

Rqk~nq ,nk!5
nq

tqk
2

nk

tkq
~15!

may be used if necessary.
The expression forJout in Eq. ~14! does not depend on th

electron density in the injector since electrons in the injec
states are assumed to relax very quickly into the ground s
of the injector that is spatially localized near the next ga

FIG. 3. Energy subbands of the three levels of the gain sta
Most favored electronic transitions by optical phonon emission

almost horizontal in theE(kW )-kW space.
3-3
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stage. Using Eqs.~11!–~14! in Eqs.~8!–~10!, expressions for
the carrier densities can be obtained as a function of
current density,

n35
J

q

t32t31

t321t31
, ~16!

n25
J

q

t21t31

t321t31
, ~17!

n15
J

q
tout . ~18!

Above threshold

Above threshold, the gain is clamped to a value de
mined by equating the gain with the loss

(
j 51

N

G jvgg~n3
j ,n2

j !5NGvgg~n3 ,n2!5
1

tp
. ~19!

For perfectly parabolic subbands, the expression for the g
may be approximated as

g~n3 ,n2!5a~n32n2!, ~20!

where a is the differential gain. In the parabolic band a
proximationa is23

a5
1

Lp

4pq2z32
2

eone f flo~2g32!
, ~21!

where z32 is the optical dipole matrix element,eo is the
vacuum dielectric constant,ne f f is the effective index of the
optical mode,lo is the lasing wavelength, (2g32) is the full
width at half maximum~FWHM! of the optical transition,
and Lp is the length of a single gain stage over which t
integration is performed when calculating the mod
confinement factorG. The carrier and photon densities abo
threshold can be obtained by solving the equations

R31~n3 ,n1!1R21~n2 ,n1!>
n3

t31
1

n2

t21
5

J

q
, ~22!

Jout

q
>

n1

tout
5

J

q
, ~23!

NGvga~n32n2!5
1

tp
, ~24!

which results in

n35
J

q

t21t31

t211t31
1S 1

NGvgatp
D t31

t211t31
, ~25!

n25
J

q

t21t31

t211t31
2S 1

NGvgatp
D t21

t211t31
, ~26!

n15
J

q
tout , ~27!
12531
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Sp5h rN
~J2Jth!

q
tp , ~28!

Pout5hoh r

hn

q
N~ I 2I th!, ~29!

where the threshold current densityJth and the radiative ef-
ficiency h r are

Jth5
q

NGvgatp
S 1

t32
1

1

t31
D 1

~12t21/t32!
, ~30!

h r5S 12
t21

t32
D t31

~t211t31!
. ~31!

The radiative efficiencyh r for a QCL is defined as that frac
tion of the total number of electrons injected into each g
stage per second that contribute to photon emission.

Equations~25! and ~26! show that above threshold, eve
though the gain is clamped to its threshold value, the elec
densities keep increasing with the bias current. This is
contrast to what happens in a semiconductor diode lase
which the carrier density in the lasing state does not incre
beyond its threshold value. As a result, an increase in
injected current density in QCL’s does not only lead to
increase in the photon emission rate but it also leads to
increase in the rate of nonradiative transitions. For this r
son, QCL’s tend to have radiative efficienciesh r signifi-
cantly smaller than unity. If the lifetimet21 of the electrons
in the lower lasing state is much smaller than both the n
radiative lifetimes,t32 andt31, then the electron densities i
levels 3 and 2 would not increase much beyond thresh
and the radiative efficiencyh r would be close to unity. As
will be shown later, the value ofh r has a significant impac
on the noise properties of QCL’s.

Figure 4 shows the electron densitiesn3 andn2 plotted as
a function of the bias current. The values of the vario
device parameters used in generating Fig. 4 belong to
QCL reported in Ref. 11, and these values are given in Ta
I. Figure 4 shows that the rate of change of electron dens
in levels 3 and 2 with the bias current exhibits discontinuit
at threshold. This can be confirmed by comparing Eqs.~25!
and ~26! with Eqs.~16! and ~17!. As will be shown later in
this paper, these discontinuities in the rate of increase
electron densities with the bias current result in a disco
nuity in the value of the differential resistance of the laser
threshold.

V. THEORETICAL MODEL FOR NOISE
AND FLUCTUATIONS

The model for the noise presented in this paper consist
a set of coupled self-consistent Langevin rate equations
the fluctuations in the electron density in different ener
levels of a gain stage. Fluctuations in the electron density
caused by radiative and nonradiative scattering proces
electron-tunneling processes, and also by fluctuations in
current injected into the gain stage. Fluctuations in the c
rent are a relaxational response to electron-scattering
3-4
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tunneling events occurring inside all the gain stages of
QCL, and they are also caused by sources external to
laser that include thermal noise sources associated with
cuit resistances. Photon-density fluctuations are also mod
by Langevin rate equations. Electron-density fluctuations
different gain stages are all coupled to the photon-den
fluctuations and also to the fluctuations in the current t
flows through all the gain stages connected in series.
system of equations obtained this way can easily be so
analytically or numerically to give the spectral density of t
photon-number fluctuations and the current fluctuations.
methods described in this paper can be used to study a
ety of QCL’s that have been reported in the literature.

A. Linearized Langevin rate equations for electron and photon
densities

The nonlinear rate equations can be linearized around
bias point to obtain rate equations for the fluctuations. L
earized Langevin rate equations for these fluctuations ar

d dn3
j

d t
5

dJin
j

q
2

dn3
j

t32
2

dn3
j

t31
2G jvgFa~dn3

j 2dn2
j !S Sp1

nsp

WLD
1g~n3

j ,n2
j !dSpG2 f 32

j 2 f 31
j 2 f RN

j , ~32!

d dn2
j

d t
5

dn3
j

t32
2

dn2
j

t21
1G jvgFa~dn3

j 2dn2
j !S Sp1

nsp

WLD
1g~n3

j ,n2
j !dSpG1 f 32

j 2 f 21
j 1 f RN

j , ~33!

d dn1
j

d t
5

dn3
j

t31
1

dn2
j

t21
1 f 31

j 1 f 21
j 2

dJout
j

q
, ~34!

FIG. 4. Electron densities in level 3 and level 2 of the gain sta
and the output power per facet are plotted as a function of the
current. There is a discontinuity in the rate of increase of the e
tron densities with the bias current at threshold. For values of
QCL parameters see Table I.
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j 51

N

G jvgFa~dn3
j 2dn2

j !S Sp1
nsp

WLD1g~n3
j ,n2

j !dSpG
2

dSp

tp
2FL1(

j 51

N

f RS
j , ~35!

dPout5hohn
WLdSp

tp
1Fo . ~36!

Equations~11!–~13! have been used above for approxima
ing the transition ratesRqk . f 32, f 31, and f 21 are Langevin
sources that model the noise associated with the nonradia
intersubband transitions and also the radiative transitions
the nonlasing modes.f RN and f RS are Langevin sources tha
model the noise in photon emission and absorption from
lasing mode.FL and Fo describe the noise associated wi
photon loss from the cavity.21 All the Langevin noise source
have a white spectral density and their correlations can
found by the methods described in Ref. 21. All the nonz
correlations among the noise sources are given in Appen
A.

B. Linearized electron transport, Coulomb correlations
and noise

In order to determinedJin
j andJout

j the electron transpor
through the active region needs to be looked at in det
Self-consistent modeling of electron transport in multip
quantum-well structures poses a significant challenge and
steady-state current-voltage characteristics of QCL’s are
ficult to compute accurately. In this paper a slightly differe
approach has been adopted that is more useful for the p
lem under consideration. A self-consistent model for the fl
tuations in the electron-current density and the electr
charge density is presented. It is shown that self-consis
analysis of current density and charge-density fluctuati
can be carried out in terms of only a few device paramet
The values of these parameters can either be determined
perimentally or computed theoretically from more detail
self-consistent transport models. The method used in this
per to estimate the value of each parameter will be discus
when we compare the theoretical model with the experim
tal results.

The expression for the direct sequential tunneling curr
density from the injector state into level 3 of the gain sta
can be written as24

Jin5Jin2 f orward2Jin2backward

52qE d2kW

~2p!2E d2kW8

~2p!2

2p

\
uTkW ,kW8u

2

3E
2`

`

dEA@E2Ein j~kW !#A@E2E3~kW8!#

3@ f ~E2m in j !2 f ~E2m3!#, ~37!

where the forward and backward components of the injec
current are

e
as
c-
e

3-5
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TABLE I. Device parameters used in numerical simulations~From Ref. 11!.

Parameter Value

Lasing wavelengthl 5.0 mm

Operating temperature 20 K

Number of gain stagesN 25 ~unless stated otherwise!

Total confinement factor( j 51
N G j erf(0.019N)'0.02N

Cavity width W 11.7mm

Cavity lengthL 3 mm

Facet reflectivitiesr 1 ,r 2 0.27

Cavity internal lossa i 11 cm21

Mode-effective indexne f f 3.29

Mode-group indexng 3.4

Differential gaina ;4.031029 cm

Length of a single gain stageLp 45.3 nm

t in ,tout ,t3 1.0 ps

t2 , t1 `

t32 2.1 ps

t31 3.4 ps

t21 0.5 ps

Cin j 0.31mF/cm2

C3 , C2 0.56mF/cm2

C1 0.81mF/cm2

x in , xout ;1
he

ge,

nd

en-
t of
. In

ce
he

ain
-
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ith
Jin2 f orward52qE d2kW

~2p!2E d2kW8

~2p!2

2p

\
uTkW ,kW8u

2

3E
2`

`

dEA@E2Ein j~kW !#A@E2E3~kW8!#

3 f ~E2m in j !@12 f ~E2m3!#, ~38!

Jin2backward52qE d2kW

~2p!2E d2kW8

~2p!2

2p

\
uTkW ,kW8u

2

3E
2`

`

dEA@E2Ein j~kW !#A@E2E3~kW8!#

3 f ~E2m3!@12 f ~E2m in j !#, ~39!

where TkW ,kW8 is the coupling constant and is related to t
transmission probability.Ein j (kW ) andE3(kW ) are the energies
12531
of electrons in the injector state and level 3 of the gain sta
respectively.A(E) is a normalized Lorentzian function with
FWHM equal to the broadening of the energy levels, a
f (E2m) is the Fermi-Dirac distribution function with a
chemical potentialm. Expressions similar to Eq.~37! can
also be written for the phonon assisted tunneling current d
sity. The analysis presented in this paper is independen
the specific nature of the electron-tunneling mechanisms
what follows, Ein j and E3 will stand for Ein j (kW50) and
E3(kW50), respectively. The tunneling current in Eq.~37!
depends upon the following three quantities: the differen
(m in j2Ein j ) between the injector chemical potential and t
energy of the injector state; the difference (m32E3) between
the chemical potential and the energy of level 3 of the g
stage; the relative difference (Ein j2E3) between the ener
gies of the injector state and level 3 of the gain stage. T
current can change if the number of electrons in the injec
level or in level 3 of the gain stage changes. The current
also change if the energy of the injector level shifts w
respect to the energy of level 3.dJin can be written as
3-6
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dJin
j 5

dJin /d~m in j2Ein j !

dnin j /d~m in j2Ein j !
dnin j

j 1
dJin /d~m32E3!

dn3 /d~m32E3!
dn3

j

1
dJin j

d~Ein j2E3!
~dEin j

j 2dE3
j !1q fin

j ~40!

5
dJin

dnin j
dnin j

j 1
dJin

dn3
dn3

j 1
dJin j

d~Ein j2E3!

3~dEin j
j 2dE3

j !1q fin
j , ~41!

wheref in is a Langevin noise source that models the noise
electron tunneling. Noise in electron transport by sequen
tunneling in multiple quantum-well structures can be d
scribed with Langevin noise sources. In Refs. 2,3 the cur
noise in double-barrier resonant-tunneling structures
evaluated using classical discrete master equations. U
suitable conditions a discrete master equation may be
verted into a Fokker-Planck equation, and if the fluctuatio
are relatively small a Fokker-Planck equation can be line
ized around a stable steady-state solution~see Ref. 25 for
details!. Langevin rate equations can be used in place
linearized Fokker-Planck equations since the two formalis
are equivalent.25 It can be shown that Langevin rate equ
tions yield results identical to those presented in Refs. 2,3
the current noise in double-barrier resonant-tunnel
devices.26 A linearized analysis based on Langevin rate eq
tions may become invalid for highly nonlinear devices. T
correlation function for the noise sourcef in is

WL^ f in
j ~ t ! f in

q ~ t8!&5
1

q
~Jin2 f orward1Jin2backward!

3d jqd~ t2t8! ~42!

'
Jin

q
x ind jqd~ t2t8! . ~43!

The factorx in relates the sum of the forward and backwa
tunneling currents to their difference which is the total inje
tion currentJin . At low temperaturesx in is expected to be
close to unity since Pauli’s exclusion would restrict the ava
able phase space for the backward tunneling current.3 For the
same reasonx in is expected to be close to unity for larg
values of the injection currentJin . At high temperatures and
small values of the injection current,x in can be larger than
unity.

Although Eq. ~41! for the change in current density
derived for the case of direct sequential tunneling, it a
holds for the case of phonon assisted tunneling. Even if
energy distribution of electrons inside each energy leve
the steady state were not a Fermi-Dirac distribution with
well-defined chemical potential, Eq.~41! would still hold.

It is assumed that the superlattice injector is doped
regions not close to the gain stage. Electric-field lines fr
electron-density fluctuationsdnin j

j , dn3
j , dn2

j , anddn1
j are

imaged on the ionized dopants in the injector layer of
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( j 11)th gain stage, as shown in Fig. 5. Therefore, the fl
tuation dVj in the potential difference across thej th gain
stage can be written as

dVj5
qdnin j

j

Cin j
1

qdn3
j

C3
1

qdn2
j

C2
1

qdn1
j

C1
, ~44!

whereCin j , C3 , C2, andC1 are capacitances that relate th
incremental change in the potential difference across a g
stage to the changes in the electron densities in diffe
energy levels. Using first-order quantum-mechanical per
bation theory,dEin j

j 2dE3
j can be related to the fluctuation i

the average potential difference between the injector le
and level 3 of the gain stage. The fluctuation in the aver
potential difference between these two levels can also
expressed in terms of capacitances. The expression
dEin j

j 2dE3
j , therefore, becomes

dEin j
j 2dE3

j 5
q2dnin j

j

Cin j8
2

q2dn3
j

C38
2

q2dn2
j

C28
2

q2dn1
j

C18
.

~45!

Using Eqs.~44! and ~45!, Eq. ~41! can be cast in the form,

dJin
j

q
5S 1

t in
1

Gin

Cin j8
D dnin j

j 2S 1

t3
1

Gin

C38
D dn3

j

2S Gin

C28
D dn2

j 2S Gin

C18
D dn1

j 1 f in
j ~46!

FIG. 5. Charge densities associated with the electron dens
dnin j , dn3 , dn2, anddn1 are shown. The electron charge densiti
are imaged on the positively charged ionized dopants present in
superlattice injector of the subsequent stage.
3-7
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5S Cin j

t in
1

Cin j

Cin j8
GinD dVj

q
2F S 1

t in
1

Gin

Cin j8
D Cin j

C3

1S 1

t3
1

Gin

C38
D Gdn3

j 2F S 1

t in
1

Gin

Cin j8
D Cin j

C2
1S Gin

C28
D Gdn2

j

2F S 1

t in
1

Gin

Cin j8
D Cin j

C1
1S Gin

C18
D Gdn1

j 1 f in
j . ~47!

In Eq. ~47! Gin , t in , andt3 are given by

Gin5q
dJin

d~Ein j2E3!
,

1

t in
5

1

q

dJin

dnin j
,

1

t3
52

1

q

dJin

dn3
.

~48!

More generally, there may be more than just one ene
level in the injector from which electrons get injected in
level 3 of the gain stage. Equation~46! can be modified
appropriately to take into account the contributions from
the energy levels inside the injector. However, if the valu
of t in are roughly the same for all such states in the injec
then the final form of Eq.~46! will remain unchanged, bu
dnin j will then represent the total electron density in all t
injector states.

Similarly, the fluctuationdJout
j in the tunneling current

density from level 1 of the gain stage into the injector
given by the expression

dJout
j 5

dJout /d~m12E1!

dn1 /d~m12E1!
dn1

j 1
dJout

d~E12Ein j8 !

3~dE1
j 2dEin j8 j !1q fout

j ~49!

5
dJout

dn1
dn1

j 1
dJout

d~E12Ein j8 !
~dE1

j 2dEin j8 j !1q fout
j .

~50!

The Langevin noise sourcef out
j has the correlation function

WL^ f out
j ~ t ! f out

q ~ t8!&5
1

q
~Jout2 f orward

1Jout2backward!d jqd~ t2t8!

~51!

'
Jout

q
xoutd jqd~ t2t8!. ~52!

In a well-designed QCL the backward tunneling current fro
the injector of the next stage into level 1 of the gain stage
small andxout is expected to be close to unity.Ein j8 j is the
energy of the injector level of the next stage into which el
trons tunnel from level 1 of the gain stage.dE1

j 2dEin j8 j , as
before, can be expressed in terms of capacitances

dE1
j 2dEin j8 j 5

q2dnin j
j

Cin j9
1

q2dn3
j

C39
1

q2dn2
j

C29
1

q2dn1
j

C19
.

~53!
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Using Eqs.~44! and ~53!, dJout
j becomes

dJout
j

q
5S Cin j

Cin j9
GoutD dVj

q
2S Gout

Cin j9

Cin j

C3
2

Gout

C39
D dn3

j

2S Gout

Cin j9

Cin j

C2
2

Gout

C29
D dn2

j 2FGout

Cin j9

Cin j

C1

2S 1

tout
1

Gout

C39
D Gdn1

j 1 f out
j , ~54!

wheretout andGout are

1

tout
5

1

q

dJout

dn1
; Gout5q

dJout

d~E12Ein j8 !
. ~55!

In Eq. ~49! it has been assumed that electrons in the injec
relax into the ground state of the injector sufficiently fast
that electron occupation in the injector levels do not eff
the electron escape rate out of level 1 of the gain stage.

Note thatGin and Gout can be positive or negative de
pending upon the relative alignment of the energy levelsEin j
andE3 in the steady state. The scheme used in deriving E
~47! and ~54! is fairly general and can be used to deri
self-consistent linearized transport equations for a variety
QCL structures. Approximations can be made to simpl
Eqs.~47! and~54!. Expression fordJin

j can also be written as

dJin
j

q
5

1

t in
dnin j

j 2
1

t3
dn3

j 2
1

t2
dn2

j 2
1

t1
dn1

j 1 f in
j ~56!

5S Cin j

t in
D dVj

q
2S 1

t in

Cin j

C3
1

1

t3
D dn3

j 2S 1

t in

Cin j

C2

1
1

t2
D dn2

j 2S 1

t in

Cin j

C1
1

1

t1
D dn1

j 1 f in
j . ~57!

For the sake of economy of notation new parameters h
been introduced in the above equation

1

t in
5

1

t in
1

Gin

Cin j8
,

1

t3
5

1

t3
1

Gin

C38
,

1

t2
5

Gin

C28
,

1

t1
5

Gin

C18
.

~58!

Simple electrostatic arguments can be used to show that2
andt1 will be large and can be assumed to be infinite.

The injector is assumed to have a large number of clos
spaced energy levels.Jout is, therefore, largely insensitive t
the relative shifts inE1 and Ein j8 . This implies that terms
containingGout in the expression fordJout

j may be neglected
and the simplified expression fordJout

j becomes

dJout
j

q
5

1

tout
dn1

j 1 f out
j , ~59!

wheretout is just tout . Equations~57! and~59! show that in
addition to the parameters given in the electron and pho
density rate equations@Eqs. ~32!–~35!#, the only other pa-
3-8
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CURRENT NOISE AND PHOTON NOISE IN QUANTUM . . . PHYSICAL REVIEW B65 125313
rameters necessary for describing electron transport thro
the gain stage areCin j , C3 , C2 , C1 , t in , t3 , t2, andt1.

C. Displacement currents

The noise currentdJext , which flows in the external cir-
cuit, is not equal todJin

j or dJout
j . dJext also includes dis-

placement currents and is given by the expression

dJext5dJin
j 1q

d dnin j
j

d t
. ~60!

Since all the gain stages are connected electrically in se
the same currentdJext flows through all the gain stages. Th
second term on the right-hand side of Eq.~60! is the contri-
bution to dJext from displacement currents. Differentiatin
both sides of Eq.~44! with respect to time and rearrangin
yields

q
d nin j

j

d t
5Cin j

ddVj

d t
2 (

k51

3

q
Cin j

Ck

d dnk
j

d t
.

Using the above equation the expression fordJext becomes

dJext5dJin
j 1Cin j

ddVj

d t
2 (

k51

3

q
Cin j

Ck

d dnk
j

d t
~61!

5dJout
j 1Cin j

d dVj

d t
1 (

k51

3

qS 12
Cin j

Ck
Dd dnk

j

dt
.

~62!

Equation~62! follows from Eq. ~61! by using the particle-
number conservation equation

(
k51

3

q
d dnk

j

dt
5dJin

j 2dJout
j .

Equations ~61! and ~62! satisfy the Ramo-Shockle
theorem.27

D. Differential resistance

Below threshold, the total differential resistanceRd of all
the gain stages can be calculated by substituting Eqs.~16!–
~18! in Eq. ~57!,

Rd5
N

WL

t in

Cin j
F11S 1

t in

Cin j

C3
1

1

t3
D t32t31

t321t31

1S 1

t in

Cin j

C2
1

1

t2
D t21t31

t321t31
1S 1

t in

Cin j

C1
1

1

t1
D toutG

~63!

5
N

WL

t in

Cin j
~11u381u281u1!. ~64!

Above threshold, the differential resistance can be compu
by using Eqs.~25!–~27! with Eq. ~57!
12531
gh

s,

d

Rd5
N

WL

t in

Cin j
F11S 1

t in

Cin j

C3
1

1

t3
D t21t31

t211t31

1S 1

t in

Cin j

C2
1

1

t2
D t21t31

t211t31
1S 1

t in

Cin j

C1
1

1

t1
D toutG

~65!

5
N

WL

t in

Cin j
~11u31u21u1!. ~66!

Expressions for the parametersu3 , u38 , u2 , u28 , andu1 are
given in Appendix B. Notice the similarity between Eqs.~64!
and ~66!, and Eq.~F25! for the differential resistance of in
terband semiconductor diode lasers given in Appendix F. U
like the active regions of diode lasers, the active regions
unipolar QCL’s are not charge neutral and as a result vari
capacitances appear in the expression for the differentia
sistance of QCL’s.

The discontinuityDRd in the differential resistance a
threshold for anN stage QCL is

DRd5
N

WL

t in

Cin j
F S 1

t in

Cin j

C3
1

1

t3
D S t32t31

t321t31
2

t21t31

t211t31
D

1S 1

t in

Cin j

C2
1

1

t2
D S t21t31

t321t31
2

t21t31

t211t31
D G ~67!

5
N

WL

t in

Cin j
@~u382u3!1~u282u2!#. ~68!

The incremental change in the potential drop across a g
stage is related to the incremental changes in electron de
ties through Eq.~44!. Therefore, the discontinuity in the dif
ferential resistance at threshold results from the discontin
at threshold in the rate of change of electron densities
levels 3 and 2 of the gain stage with the bias current. Fig
6 shows the calculated and measured differential resista
of a QCL as a function of the bias current. The experimen
data is taken from Ref. 11. The values of the various dev
parameters are given in Table I. Values oft21, t31, andt32
are taken from Ref. 11. Values of all the capacitances gi
in Table I are estimated from the structure of the QCL d
scribed in Ref. 11. Values oft in , t3, andtout are estimated
from Eqs.~48! and ~55!. The total resistance of the ohmi
contacts and the superlattice injectors is assumed to be
proximately 0.3 V at threshold. The experimentally ob
served discontinuity in the differential resistance at thresh
is exactly reproduced in the calculated results without the
of any fitting parameters. This agreement suggests that
self-consistent model for the linearized electron transp
presented in this paper adequately captures the essentia
gredients.

Diode lasers also exhibit a discontinuity in the different
resistance at threshold. As shown in Appendix F, the disc
tinuity in the differential resistance of diode lasers at thre
old is K

B
T/qIth times a factor of the order of unity, which

can be compared with the more complicated express
given in Eq.~67! for QCL’s.
3-9
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FARHAN RANA AND RAJEEV J. RAM PHYSICAL REVIEW B65 125313
E. Electron transport in the superlattice injector

In this paper no attention has been given to modeling
electron transport through the superlattice injector. In the
sence of any bias current, the energy levels in the injector
not suitably aligned to facilitate electron transport and
resistance of the injector region is large. As the bias curr
is gradually increased electrons pile up in different quant
wells until their presence modifies the potential profile a
aligns the energy levels such that the electron current
flow. Once the injector has beenturned onin this fashion, the
differential resistance of the injector region is negligible, a
the only bottleneck for electron transport is the gain stage
a result of the small differential resistance of the injec
region, any current noise originating in the injector regi
will not couple well into the external circuit. Therefore, ele
tron transport in the injector region may be ignored wh
modeling noise. If necessary, the impedance of the supe
tice injectors can be modeled with a lumped element and
current noise generated inside the injector regions can
modeled with a voltage source in series~or a current source
in parallel! with that element, as shown below. A detaile
discussion of the current noise in superlattice structure
beyond the scope of this paper.

F. Biasing electrical circuit

Two electrical circuits for biasing QCL’s are shown
Fig. 7. In circuit A, the QCL with an impedanceZ(v) is
biased with a voltage sourceVs in series with an impedanc
Zs(v). The thermal noise originating in the impedan
Zs(v) is modeled by adding a voltage noise sourcedVs . The
differential impedance of the superlattice injector and

FIG. 6. Differential resistance of a QCL is shown as a funct
of the bias current. The experimentally measured discontinuity
the differential resistance at threshold is about 0.3V. The theoret-
ical model reproduces the discontinuity exactly. The experime
data is taken from Ref. 11.
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current noise generated by the injector can also be mod
with an impedance and a voltage noise source in series~or a
current noise source in parallel! with that impedance. For the
sake of economy of notation it will be assumed that t
impedanceZs(v) represents not just an external circuit im
pedance but the Thevenin equivalent impedance of the
perlattice injectors, device ohmic contacts, external circ
resistances, and device and circuit parasitics, and the vol
noise sourcedVs represents the Thevenin equivalent of th
individual noise sources. Only the gain stages inside
QCL are not included withinZs(v) and they are represente
by the impedanceZ(v). However,Z(v) will be loosely re-
ferred to as the impedance of the QCL. The current no
generated by the gain stages can also be modeled by ad
a current noise source in parallel withZ(v) as shown in later
sections.

Direct-current modulation of the QCL can be achieved
adding an rf voltage source in series withVs , and this rf
voltage source can also be represented by the voltage so
dVs . From the context it will be clear whetherdVs repre-
sents a rf signal source or a noise source.

Semiconductor lasers are frequently biased as show
circuit B in Fig. 7. The laser is biased with a current sour
in series with an ideal inductor, and it is also capacitive
coupled to a voltage sourcedVs with a series impedance
Za(v) and Zb(v). If at frequencies of interest the inducto
and the coupling capacitor are almost open and short, res
tively, then this circuit is also equivalent to circuit A. Ther
fore, in this paper only circuitA will be considered. In circuit
A the currentdI ext can be expressed as

dI ext~v!5dJext~v!WL5

dVs~v!2(
j 51

N

dVj~v!

Zs~v!
. ~69!

n

al

FIG. 7. Circuits used for biasing QCL’s.
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CURRENT NOISE AND PHOTON NOISE IN QUANTUM . . . PHYSICAL REVIEW B65 125313
It is important to note here thatdI ext(v) may not be the
noise current that would be measured in an experiment.
example, suppose that the QCL has a parasitic capacit
Co in parallel with the actual device, as shown in Fig. 8. T
QCL is driven with a series resistorRo and a noise voltage
sourcedVo(v) representing the thermal noise in the resis
Ro . Figure 8 shows the distinction between the noise curr
dI ext(v) defined in Eq.~69! and the noise currentdI meas(v)
that would be measured in an experiment. Notice that
Thevenin equivalent impedanceZs(v) is a parallel combina-
tion of the resistanceRo and the capacitanceCo . Zs(v) and
dVs(v) are

Zs~v!5
Ro

~11 j v RoCo!
, dVs~v!5

dVo~v!

~11 j v RoCo!
,

~70!

and the relation betweendI ext(v) anddI meas(v) is

dI ext~v!5
dI meas~v!

@11 j v Z~v!Co#
. ~71!

Choosing to defineZs(v) this way helps in formulating a
noise model that is independent of the specific nature of
device parasitics.

VI. SOLUTION OF THE COUPLED EQUATIONS

A. Current modulation response

In this section, the responsedPout(v)/dI ext(v) of QCL’s
to external sinusoidal current modulationdI ext(v) is
determined.28 The frequency dependence of the photon-no
spectral density of semiconductor lasers is directly relate
the frequency dependence of the current modulation
sponse. It is, therefore, instructive to look at the modulat

FIG. 8. Thevenin equivalent circuit model indicating the distin
tion betweendI ext(v) anddI meas(v).
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response of QCL’s. Some of the results discussed in
section were first presented by the authors in Ref. 26.
modulation response can be found by solving Eqs.~32!–
~36!, together with Eq.~57! and~59!, and setting all the noise
sources equal to zero. The external circuit constraints
pressed in Eqs.~61! and ~69! must also be enforced. Equa
tions ~32!–~34! for each gain stage are coupled to the sa
set of equations for all the other gain stages through E
~35! and~61!. Such a large system of coupled equations c
be solved only numerically. A numerical approach, althou
simple to implement, is not very instructive. With the a
proximation that all gain stages have the same confinem
factor G, a significant portion of the work can be done an
lytically. This approach will be followed in this paper. A
equations, unless stated otherwise, will be expressed in
frequency domain.

The relationship between the current densitydJext(v),
which flows in the external circuit and the total potent
drop dV(v) across all the gain section can be obtained
using Eq.~57! in Eq. ~61!, and summing over the indexj

Cin j

t in

dV~v!

q
5

N

~11 j v t in!

dJext~v!

q

1 (
k51

3 F 1

t in

Cin j

Ck
1

1

tk~11 j vt in!GdNk~v!.

~72!

The following new symbols have been introduced in E
~72!,

dNk~v!5(
j 51

N

dnk
j ~v! where k51,2,3 and

dV~v!5(
j 51

N

dVj~v!.

Using Eqs.~57!, ~59!, and~72! in Eqs.~32!–~35!, summing
over the indexj and arranging the resulting equations in
matrix form gives

F D11 D12 D13 0

0 D22 D23 D24

D31 D32 D33 D34

0 D42 D43 D44

GF dN1~v!

dN2~v!

dN3~v!

dSp~v!

G
5

N

~11 j v t in!

dJext~v!

q F 0

0

1

0

G . ~73!

The coefficients of the matrixD can be found from Eqs
~32!–~35! and they are given in Appendix C. The solution
Eq. ~73! can be written as
3-11
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F dN1~v!

dN2~v!

dN3~v!

dSp~v!

G5F D13
21~v!

D23
21~v!

D33
21~v!

D43
21~v!

G N

~11 j v t in!

dJext~v!

q
.

~74!

The coefficients of the matrixD21 are given in Appendix D.
Equation~74! can be used in Eq.~72! to calculate the tota
impedanceZ(v) of all the gain stages

Z~v!5
N

WL

t in j

Cin j

1

~11 j v t in! F11 (
k51

3 S 1

t in

Cin j

Ck

1
1

tk~11 j v t in! DDk3
21~v!G , ~75!

Z(v50) is just the differential resistanceRd of the QCL
given earlier in Eqs.~63! and ~65!. Finally, from Eqs.~36!
and ~74!, the current modulation response can be written

dPout~v!

dI ext~v!
5ho

hn

q

N

tp

D43
21~v!

~11 j v t in!
. ~76!

In QCL’s that have been reported in the literature the pho
lifetime tp is usually much longer than any other releva
time constant of the laser. Therefore, it is expected that
bandwidth of the modulation response in QCL’s will be lim
ited by the inverse photon lifetime. Above threshold, an a
lytical approximation for the modulation response valid f
values ofv smaller than 1/t in ,1/tst , and 1/t21 can be found
in the limit $t2 ,t1%→` ~see Appendix D!

dPout~v!

dI ext~v!
5hoh r

hn

q
N

vR
2

~vR
22v21 j vg!

, ~77!

whereh r is the radiative efficiency defined in Eq.~31!, and
the relaxation oscillation frequencyvR and the damping con
stantg are

vR
25

1

tptst
S 11

t21

t31
D

F11
t21

t31
1

t21

t32
1

t in

t3
1

t21

tst
S 21

t in

t3
D G , ~78!

g5

F 1

tst
S 11

t21

t31
D1

1

t31
1

1

t32
1

t21

tptst
S 21

t in

t3
D G

F11
t21

t31
1

t21

t32
1

t in

t3
1

t21

tst
S 21

t in

t3
D G . ~79!

In the above expressionstst is the differential lifetime asso
ciated with stimulated and spontaneous photon emission
the lasing mode and is given by the relation

1

tst
5GvgaS Sp1

nsp

WLD . ~80!
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Equation~77! has the standard form used for semiconduc
diode lasers~see Appendix F and Ref. 21!. The damping
constantg can be related tovR

g5K vR
21go , ~81!

where

K5tp , ~82!

go5

F 1

t31
1

1

t32
1

t21

tp tst
S 21

t in

t3
D G

F11
t21

t31
1

t21

t32
1

t in

t3
1

t21

tst
S 21

t in

t3
D G . ~83!

The K factor describes the damping of the QCL modulati
response at high photon densities.go has a weak dependenc
on the photon density throughtst and it approaches 1/tp at
large photon densities.

If the condition vR,g/2 is satisfied then Eq.~77! de-
scribes a second-order overdamped system. For QCL’s
have been reported in the literature this condition holds t
above threshold. Using the values of device parameters f
Table I, vR andg can be calculated. If we assume that t
output power of the laser is around 150 mW, then from E
~6! and ~80! tp and tst are approximately 7 ps and 2.8 p
respectively. The resulting value ofg is more than three
times larger than that ofvR . The internal time constants in
QCL’s are usually smaller than the photon lifetimetp and,
therefore, the modulation response of QCL’s is overdamp
An overdamped modulation response implies the absenc
relaxation oscillations. In contrast, the current modulat
response of semiconductor diode lasers is underdamped
becomes overdamped only at very large bias currents w
tst becomes small.21

For QCL’s, the 3-dB frequency, which is defined to be t
frequency at which the square modulus of the laser mod
tion response becomes one-half of its value at zero
quency, can be found from the simplified expression for
modulation response in Eq.~77!

v3dB
2 5AS g2

2
2vR

2 D 2

1vR
42S g2

2
2vR

2 D . ~84!

As the photon density inside the laser cavity increases
3-dB frequency also increases but it asymptotically a
proaches an upper limitv3dBumax. This maximum attainable
3-dB bandwidth can be calculated from Eq.~84! and it
comes out to be

v3dBumax'
1

tp
. ~85!

Equation~85! confirms the intuition that a laser cannot b
modulated much faster than the inverse of the photon l
time inside the laser cavity. As long as the photon lifetimetp
is much longer thant in , tst , and t21 the approximations
made in deriving Eq.~77! are justified. Otherwise the exac
expression given in Eq.~76! must be evaluated numerically
As shown in Appendix F, in diode lasers the value
3-12
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v3dBumax equalsA2/tp . The difference of a factor ofA2
comes from the fact that in diode lasers the modulation
sponse is underdamped~see Appendix F!.

As in diode lasers, the photon lifetime imposes a fun
mental limit on how fast QCL’s can be modulated. It is n
uncommon to find predictions of tetrahertz modulation ba
widths for QCL’s in literature.29 However, for all the QCL’s
reported in the literature so far, the photon lifetime is t
longest of all the time constants and it is the dominant fac
that would limit the modulation bandwidth of these QCL’s
tens of gigahertz instead of tetrahertz. It remains to be se
QCL structures can be designed in which the photon lifeti
is not the bottleneck for the modulation bandwidth.

Figure 9 shows the calculated modulation response
QCL as a function of the frequency for different values of t
bias current. The values of the different parameters of
QCL are taken from Ref. 11 and are given in Table I. In t
numerical calculations values of all the device time consta
~except tst) were assumed to be independent of the b
Figure 9 shows that at low bias currents the 3-dB freque
increases with the bias current and at high bias currents
3-dB frequency saturates to a value that is well approxima
by 1/(2ptp)521 GHz. The analysis carried out in this pap
does not take into account device heating that may also
important in limiting the modulation bandwidth of QCL’s a
large bias currents.

Figure 10 shows the impedanceZ(v) of the QCL plotted
as a function of the frequency for different bias currents. T
peaks in the values ofZ(v) are not due to relaxation osci
lations since, as already pointed out earlier, the modula
response of the QCL is overdamped. The peaks are du
the fact that the smallest zero ofZ(v) is at a frequency tha
is smaller than the frequency of its smallest pole. Impeda
measurements can, therefore, provide valuable informa
about the time scales associated with electron dynamic
QCL’s.

FIG. 9. Absolute value squared of the direct-current modulat
response is plotted as a function of the frequency for different b
currents. Modulation response shown in the figure has been nor
ized with respect to its value at zero frequency. For values of
QCL parameters see Table I.
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B. Laser intensity noise and current noise

In this section the current noise in the external circuit a
the intensity noise in the output power from QCL’s is calc
lated. In the Langevin equation formalism noise is add
through the Langevin noise sources that were introduce
Eqs. ~32!–~36! and also in Eqs.~57! and ~59!. In addition,
any noise originating in the external circuit and in the sup
lattice injectors can also contribute to the current noise
the photon noise and as already explained earlier, this n
can be represented by the voltage sourcedVs . In this paper
it is assumed thatdVs represents the thermal noise origina
ing in the series impedanceZs(v) and its correlation func-
tion is

^dVs~v!dVs~v8!&52KBT Re$Zs~v!%2p d~v2v8!.
~86!

By assuming the above correlation function for the no
sourcedVs , we are ignoring any noise that may be contri
uted by the superlattice injectors.

Including the Langevin noise sources Eq.~73! can be
written as

F D11 D12 D13 0

0 D22 D23 D24

D31 D32 D33 D34

0 D42 D43 D44

GF dN1~v!

dN2~v!

dN3~v!

dSp~v!

G
5

N

~11 j v t in!

dJext~v!

q F 0

0

1

0

G1F F1~v!

F2~v!

F3~v!

F4~v!

G .

~87!

n
s
al-
e

FIG. 10. Absolute value of the impedanceZ(v) is plotted as a
function of the frequency for different bias currents. The peaks
the values ofZ(v) are not because of relaxation oscillations, sin
the modulation response of the QCL is overdamped, but becaus
smallest zero ofZ(v) is smaller than its smallest pole. For values
the QCL parameters see Table I.
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The expressions for the noise sourcesF1 , F2 , F3, andF4
are

F1~v!5(
j 51

N

F1
j 5(

j 51

N

@ f 31
j ~v!1 f 21

j ~v!2 f out
j ~v!#,

~88!

F2~v!5(
j 51

N

F2
j 5(

j 51

N

@ f 32
j ~v!2 f 21

j ~v!1 f RN
j ~v!#,

~89!

F3~v!5(
j 51

N

F3
j 5(

j 51

N F f in
j ~v!

j v t in

~11 j v t in!

2 f 32
j ~v!2 f 31

j ~v!2 f RN
j ~v!G , ~90!

F4~v!5(
j 51

N

F4
j 5(

j 51

N F f RS
j ~v!2

FL~v!

N G . ~91!

The solution of Eq.~87! can be written as

F dN1~v!

dN2~v!

dN3~v!

dSp~v!

G5F D13
21~v!

D23
21~v!

D33
21~v!

D43
21~v!

G N

~11 j v t in!

dJext~v!

q

13
(
l 51

4

D1l
21~v!Fl~v!

(
l 51

4

D2l
21~v!Fl~v!

(
l 51

4

D3l
21~v!Fl~v!

(
l 51

4

D4l
21~v!Fl~v!

4 , ~92!

where dJext(v) in Eq. ~92! still needs to be determined
Using Eq.~57! in Eq. ~61!, summing over the indexj, and
making use of Eq.~92! yields

dV~v!5Z~v!dI ext~v!2q
t in

Cin j
F Fin~v!

~11 j v t in!

2 (
k51

3

(
l 51

4 S 1

t in

Cin j

Ck
1

1

tk~11 j v t in! D
3Dkl

21~v!Fl~v!G , ~93!

whereFin5( j 51
N f in

j . Substituting the value ofdV(v) from
Eq. ~69! in Eq. ~93!, we get the final expression for th
current fluctuationsdI ext(v) in the external circuit
12531
dI ext~v!5
dVs~v!

@Z~v!1Zs~v!#

1
q

@Z~v!1Zs~v!#

t in

Cin j
F Fin~v!

~11 j v t in!

2 (
k51

3

(
l 51

4 S 1

t in

Cin j

Ck
1

1

tk~11 j v t in! D
3Dkl

21~v!Fl~v!G . ~94!

The fluctuationdPout(v) in the output power can be ob
tained by substituting Eq.~94! in Eq. ~92!, and using Eq.~36!

dPout~v!5ho

hn

q

N

tp

D43
21~v!

~11 j v t in!
dI ext~v!

1ho

hn

q

WL

tp
Fq (

l 51

4

D4l
21~v!Fl~v!G1Fo~v!.

~95!

VII. CURRENT NOISE: RESULTS AND DISCUSSION

A. Circuit models for the current noise

A circuit model for the current fluctuations can be co
structed by attaching a current-noise sourcedI j (v) in paral-
lel with the j th gain stage, as shown in Fig. 11. But curren
noise sources belonging to two different gain stages are
independent but are correlated. This is because electron
sities in different gain stages interact with the same opt
field. A simpler approach, more relevant from the experim
tal point of view, will be followed in this paper. Equatio
~94! for the current fluctuations in the external circuit can
written as

dI ext~v!5
dVs~v!

@Z~v!1Zs~v!#
1

Z~v!

@Z~v!1Zs~v!#
dI ~v!.

~96!

Expression fordI (v) is

FIG. 11. Circuit model for the current fluctuations.
3-14
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dI ~v!5
q

Z~v!

t in

Cin j
F Fin~v!

~11 j v t in!
2 (

k51

3

(
l 51

4 S 1

t in

Cin j

Ck

1
1

tk~11 j v t in! DDkl
21~v!Fl~v!G . ~97!

It follows that a circuit model for the current fluctuations c
be constructed by attaching a single current-noise so
dI (v) in parallel with all the gain stages of the QCL a
shown in Fig. 12. Equation~96! shows that the current nois
dI (v) is equal to the current noisedI ext(v) in the external
circuit if dVs(v) andZs(v) are both zero. This is also ob
vious from Fig. 12. The characteristics of the noise sou
dI (v) are explored next.

B. Spectral density and Fano factor of the current noise

The spectral densityKI(v) of the noise sourcedI (v) can
be calculated from Eq.~97!. Most of the numerical results

FIG. 12. A simplified circuit model for the current fluctuation

FIG. 13. Spectral densityKI(v) of the current noise is plotted
as a function of the frequency. The noise-spectral density has
normalized with respect to its value at zero frequency. For value
the QCL parameters see Table I.
12531
ce

e

presented in this paper, unless stated otherwise, are fo
QCL described in Ref. 11. The device parameters for t
QCL are given in the Table I. In the numerical calculatio
values of all the device time constants~except tst) were
assumed to be independent of bias. The values ofx in and
xout were assumed to be unity~see the discussion in Sec
V B!. Figure 13 shows the frequency dependence ofKI(v)
for different values of the bias current. As expected,KI(v)
rolls over near the 3-dB frequency (v3dB) for the laser
modulation response~Fig. 14!. Figure 15 shows the Fan
factor~Appendix E! for the low-frequency fluctuations of th
current-noise sourcedI (v) as a function of the bias curren
Near the laser threshold the current fluctuations are v
large. Below threshold, the photon-number fluctuations
side the laser cavity are damped by the photon loss from
cavity. Above threshold, the photon-number fluctuations

en
of

FIG. 14. Low-frequency spectral densityKI(v50) of the cur-
rent noise is plotted as a function of the bias current. For value
the QCL parameters see Table I. The vertical scale in dB
Amp2/Hz.

FIG. 15. Fano factor for the low-frequency current fluctuatio
is plotted as a function of the bias current. For values of the Q
parameters see Table I.
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damped by negative feedback from the electron density
the lasing levels. Near the laser threshold, both these da
ing mechanisms are small and, therefore, photon-num
fluctuations and, consequently, the electron-density fluc
tions become large. Since, as discussed in detail below
current fluctuations are partly driven by the electron-den
-

lu
b

ch
e

n
f
l

12531
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fluctuations, the current noise is also large near the la
threshold. Away from the laser threshold the current nois
suppressed far below the shot noise value.

For frequencies less thanv3dB, analytical expression for
KI(v) can be found using the expressions for the element
the matrixD21 given in Appendix D
de
KI~v!uv,v3dB
55 q

I

N

Fx in
2 1~u38!21~u28!2S 112

t32

t31
D1~u1xout!

2G
~11u381u281u1!2

~ I ,I th!

q
I

N

@x in
2 1~u31u2!21~u1xout!

2#

~11u31u21u1!2
12qnsph r

~ I 2I th!

N

S u3

tst

t21
2u2

tst

t31
D 2

~11u31u21u1!2
~ I .I th!.

~98!

Expressions for the parametersu3 , u38 , u2 , u28 , andu1 are given in Appendix B. The expression forKI(v) above threshold
is valid provided

NGvgg2
1

tp
'0 and Sp@

nsp

WL
. ~99!

It is insightful to compare the expression for the current noise in Eq.~98! to the current noise in interband semiconductor dio
lasers. Using the model presented in Appendix F one gets for diode lasers~see Appendix F for details!

KI~v!uv,v3dB
55

qI ~ I ,I th!

qI12qIth

~u82u!

~11u!
12qnsph i~ I 2I th!

S u
tst

te
D 2

~11u!2
~ I .I th!,

~100!
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the
sity
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whereh i is the current-injection efficiency,u8 is a number of
the order of unity, andu is much less than unity~see Appen-
dix F!. Comparing Eqs.~98! and ~100! one can see that be
low threshold and also much above threshold~whentst→0
andI @I th) the current noise approaches the shot noise va
in diode lasers, whereas in QCL’s the current noise can
suppressed much below the shot noise value. The me
nisms responsible for the suppression of the current nois
QCL’s are discussed below.

1. Effect of small differential impedance of a single gain stage

The total differential impedance of all the gain stages i
N-stage QCL is larger than the differential impedance o
single gain stage by a factor ofN. This reduces the tota
noise power of the current fluctuations by a factor ofN, and
therefore,KI(v) has an explicit 1/N dependence in Eq.~98!.

2. Effect of electronic correlations

The expression for the current fluctuationsdI (v) given in
Eq. ~97!, for frequencies less thanv3dB, can also be written
as

N dI ~v!

qWL
5(

j 51

N F f in
j ~v!2 (

k51

3 S 1

t in

Cin j

Ck
1

1

tk
D dnk

j ~v!G .

~101!
e
e
a-
in

a
a

Equation~101!, which is almost identical to Eq.~F32! given
in Appendix F for semiconductor diode lasers, shows t
fluctuations in the electron density in different levels of t
gain stage causes fluctuations in the current. The sign of
current fluctuations is such as to restore the electron den
to its average value thus providing a negative feedback.
physical mechanisms responsible for this negative feedb
are discussed below. On one hand, theseelectronic correla-
tions suppress the current noise associated with electron
jection into the gain stage by providing negative feedba
and on the other hand, they are also responsible for gen
ing current noise in response to electron-density fluctuati
caused by noise sources internal to the gain stage. Var
physical mechanisms included in our model that contrib
to these electronic correlations are described below.

~1! Coulomb Correlations. If the electron density change
in any level of the gain stage then the electrostatic poten
energy of level 3 also changes because of Coulomb inte
tions. As a result, the energy-level separationdEin j2dE3
also changes, and consequently the total electron cur
from the injector into the gain stage also changes. Usu
QCL’s are not biased in the negative differential regime a
the value of the conductanceGin given by Eq.~48! is posi-
tive. Therefore, the change in the current will be such as
restore the electron density in the levels of the gain stag
3-16
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its steady-state value. Coulomb correlations provide nega
feedback to regulate electron-density fluctuations. If a Q
is biased in the negative differential regime, in which t
Coulomb correlations provide positive feedback~negative
Gin), the fluctuations may increase substantially and the
earized noise analysis presented in this paper may no
applicable. In our model the effect of Coulomb correlatio
was introduced through the parametersGin /Ck8 in Eq. ~47!.

~2! Pauli’s exclusion and backward tunneling current. If
the electron density increases in level 3 of the gain stage
this reduces the phase space available for additional elec
to tunnel into level 3 from the injector due to Pauli’s excl
sion, and consequently the forward tunneling current fr
the injector into level 3 decreases from its average value
addition, an increase in electron density in level 3 also
creases the backward tunneling current from level 3 into
injector and this also reduces the net current from the inje
into level 3 @recall from Eq.~37! that the net current is the
difference of the forward and backward tunneling curren#.
In our model both these effects were introduced through
parametert3

21 in Eq. ~47!. We remind the readers that later
Eqs. ~56! and ~57! t3

21 and Gin /C38 were absorbed in the
definition oft3

21, andGin /C28 andGin /C38 were relabeled as
t2

21 andt1
21, respectively. Therefore, Coulomb correlation

Pauli’s exclusion, and backward tunneling current acco
for the presence of the termsdnk

j (v)/tk in Eq. ~101!.
~3! Injector electron-density response. Here we explain

the presence of the terms (Cin j /t inCk)dnk
j (v) in Eq. ~101!.

Recall that the current fluctuationsdI (v) can be evaluated
by looking at the current fluctuationsdI ext(v) in the external
circuit whenZs(v) is zero and all external voltage sourc
are incrementally shorted, and the sum of the fluctuation
voltage across all the gain stages~i.e., ( j 51

N dVj ) is, there-
fore, also zero. Under these conditions the relationship
tween the fluctuations in the carrier densities, expressed
lier in Eq. ~44!, becomes

(
j 51

N

dnin j
j ~v!52(

j 51

N

(
k51

3
Cin j

Ck
dnk

j ~v!. ~102!

Equation~102! can be used to write Eq.~101! as

N dI ~v!

qWL
5(

j 51

N F 1

t in
dnin j

j ~v!2 (
k51

3 S 1

tk
dnk

j ~v! D1 f in
j ~v!G .

~103!

Equation~103! shows that the current fluctuations are pr
portional to the total fluctuations in the electron density
the injector states of all the stages. Since( j 51

N dVj (v)50, a
net increase in the electron density in different levels of
the gain stages must result in a net decrease of the ele
density in all the injector states, and consequently, the
rent being injected into the gain stages must also decre
This effect is captured through the terms (Cin j /
t in Ck)dnk

j (v) appearing in Eq.~101!.
As a result of the electronic correlations described abo

the current noise associated with electron injection into
gain stages, which is represented in our model through
12531
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noise sourcesf in
j (v), is suppressed. Electron-density fluctu

tions caused by sources internal to the gain stage contri
more strongly towards the current fluctuations because of
same correlations. To see this in a more transparent fashi
is best to write Eq.~101! in terms of all the noise sources
Below threshold, Eq.~101! becomes

N dI ~v!

qWL
5

1

~11u381u281u1!
(
j 51

N F f in
j ~v!1u1f out

j ~v!

1~u381u28! f 31
j ~v!1u28S 11

t32

t31
D f 21

j ~v!

1S u382u28
t32

t31
D f 32

j ~v!G . ~104!

Above threshold,dI (v) is

N dI ~v!

q WL
5

1

~11u31u21u1! (
j 51

N F f in
j ~v!1u1f out

j ~v!

1~u31u2!@ f 31
j ~v!1 f 21

j ~v!#1S u3

tst

t21
2u2

tst

t31
D

3S f RS
j ~v!2

FL~v!

N D G . ~105!

Note that the strength of the electronic correlations depe
on the values of the parametersu3 , u38 , u2 , u28 , and u1

~Appendix B!. From Eqs.~104! and ~105! it is clear that
larger values of these parameters will result in stronger e
tronic correlations, larger suppression of the current no
associated with electron injection into the gain stage, a
also larger contribution to the current noise from the no
sources internal to the gain stage. The reader is encour
to compare Eqs.~104! and~105! with the corresponding ex
pressions for semiconductor diode lasers given in Eqs.~F33!
and ~F34! in Appendix F.

A quantitative measure of the role played by the ele
tronic correlations in suppressing the current noise can
obtained by multiplying the Fano factor of the current no
by N. It has been mentioned earlier that a factor of 1N
appears in Eq.~98! because the total differential impedan
of all the gain stages is larger than the differential impeda
of a single gain stage by a factor ofN. Therefore, multiplying
the current-noise Fano factor byN removes this explicit 1/N
dependence in the current noise and the resulting expres
can only be less than unity because of electronic correlatio
Figure 16 shows the current-noise Fano factor from Fig.
multiplied byN. Below threshold and much above thresho
N times the current-noise Fano factor is less than 0.5. T
implies that electronic correlations are responsible for s
pressing the current noise by a factor greater than 2. F
Eq. ~98!, expression for the current-noise Fano factorFI can
be written as
3-17
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N3FI~v!uv,v3dB
55

Fx in
2 1~u38!21~u28!2S 112

t32

t31
D1~u1xout!

2G
~11u381u281u1!2

~ I ,I th!

@x in
2 1~u31u2!21~u1xout!

2#

~11u31u21u1!2
~ I @I th!.
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For semiconductor diode lasers, using Eq.~100!, one gets

FI~v!uv,v3dB
51 ~ I ,I th and I @I th!. ~107!

At frequencies much higher than the inverse of the sm
est time constant of the QCL the current noisedI (v) is just
the capacitive response to the various electronic transit
that occur inside the gain stages. In the limitv
→`, KI(v) is given by the expression

KI~v!uv→`5q
I

N F S 12
Cin j

C3
D 2

x in
2 1S Cin j

C1
D 2

xout
2 G

1
q2WL

N FR31S Cin j

C3
2

Cin j

C1
D 2

1R21S Cin j

C2
2

Cin j

C1
D 2

1R32S Cin j

C3
2

Cin j

C2
D 2G ~ I ,I th!. ~108!

Above threshold, an extra term

q~2nsp21!nr

~ I 2I th!

N S Cin j

C3
2

Cin j

C2
D 2

~109!

is added to the above equation to account for the stimula
transitions. Semiconductor diode lasers, on the other h
are charge neutral. Therefore, in the limitv→`, the current

FIG. 16. N times the Fano factor for the low-frequency curre
fluctuations is plotted as a function of the bias current. For value
the QCL parameters see Table I.
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noise in diode lasers is just the noise associated with ca
injection into the active region~see Appendix F!

KI~v!uv→`5H qI~112u8! ~ I ,I th!

qI~112u!12q Ith~u82u! ~ I .I th!.
~110!

C. Scaling of the current noise with the number
of cascade stages

In QCL’s spectral densityKI(v) of the current noise
obeys a simple scaling relation with respect to the numbe
cascaded gain stagesN and this relation can be determine
from Eq. ~97!

N2KI~v,I /I th ,N!5N82KI~v,I /I th ,N8!. ~111!

According to the above equation, the spectral density of
current noise, when expressed as a function ofI /I th , scales
as 1/N2. This scaling relation forKI(v) holds for all fre-
quencies provided that the transition ratesRjk(nj ,nk) and the
material gaing(n3 ,n2) are linear functions of the electro
densities and the total mode-confinement factor also sc
linearly with the number of cascade stagesN.

D. Spectral density of the current noise in the external circuit

Equation~95! shows that the quantity that affects the ph
ton noise is not the current noisedI (v) but the current noise
in the external circuitdI ext(v). WhenZs(v)Þ0 V, which
is usually the case, thenKI ext

(v) is not the same asKI(v).

Expression forKI ext
(v) follows from Eq.~96!

KI ext
~v!5

KVs
~v!

uZ~v!1Zs~v!u2
1U Z~v!

Z~v!1Zs~v!
U2

KI~v!

5
2KBT Re$Zs~v!%

uZ~v!1Zs~v!u2
1U Z~v!

Z~v!1Zs~v!
U2

KI~v!.

~112!

Equation~112! shows that in the presence of a large impe
anceZs(v) the current fluctuations in the external circuit a
suppressed. The total differential impedance of a QCL
usually less than 1V. Therefore, for even a moderate
large impedanceZs(v) the current noise in the external ci
cuit can be dominated by the thermal noise from the imp
anceZs(v). Experimental measurement of the current no
would, therefore, require a relatively sensitive measurem
scheme. High-impedance suppression of the current nois

of
3-18
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the external circuit can influence the laser intensity noise
shown in the following section.

VIII. PHOTON NOISE: RESULTS AND DISCUSSION

A. Spectral density and Fano factor of the laser intensity noise

The spectral densityKP(v) of the intensity noise can b
calculated from Eq.~95!. The Fano factor for the low-
frequency fluctuations in the laser output power is plotted
a function of the bias current in Fig. 17. The numerical
sults presented here are for the QCL structure describe
Ref. 11 ~see Table I!. The relative intensity noise~RIN! is
plotted in Fig. 18. In each figure the respective shot no
limit is also shown. It is assumed that the light coming o

FIG. 17. Fano factor for the~low-frequency! noise in the laser
intensity is plotted as a function of the bias current. For values
the QCL parameters see Table I.

FIG. 18. Low-frequency relative intensity noise~RIN! is plotted
as a function of the bias current. Very small amount of squeez
~less than 0.4 dB! is exhibited at high bias levels even when t
circuit-current fluctuations are suppressed with a 50-V impedance.
For values of the QCL parameters see Table I.
12531
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from both the facets of the laser is collected before the no
is evaluated. This is equivalent to assuming that the ou
coupling efficiencyho , defined earlier in Eq.~7!, is

ho5
am

~am1a i !
. ~113!

In practice this can be achieved by high-reflection and a
reflection coatings on the laser facets so that most of the l
comes out from only one facet of the laser. When the va
of the external impedanceZs is 0 V, the photon noise re-
mains above the shot-noise limit~Fig. 19!. Even at high bias
levels no amplitude squeezing is observed despite the
that the current noise is suppressed much below the s
noise value as shown earlier in Fig. 15. WhenZs550 V,
and the current noise in the circuit is further suppressed
very small amount of squeezing is observed at high b
levels ~less than 0.4 dB atI 510I TH).

Figure 20 shows the RIN as a function of the frequen
for different values of the bias current assumingZs(v)50.
The RIN also rolls over at the frequencyv3dB. Figure 21
shows that the Fano factor for the laser intensity noise a
function of the frequency. As in all other lasers, at freque
cies much higher than the inverse of the photon lifetim
inside the cavity, the RIN is dominated by the noise fro
photon partition at the output facet. Therefore,

KP~v!uv@1/tp
5hn Pout . ~114!

In this paper careful attention has been given to mode
the current fluctuations in the external circuit. The quest
arises if such detailed modeling of the current fluctuations
necessary for calculating the photon intensity noise. In
~95! the current noisedI ext(v) is included in the first term
on the right-hand side. It should be noted here that the
and the second term on the right-hand side in Eq.~95! are
correlated and the spectral density of the photon noise ca

f

g

FIG. 19. Low-frequency spectral densityKP(v50) of the laser-
intensity fluctuations is plotted as a function of the bias curre
WhenZs is large (50V) small amount of squeezing is seen at hi
bias levels. For values of the QCL parameters see Table I.
vertical scale in dB is Watt2/Hz.
3-19
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be obtained by a simple addition of the spectral densitie
these two terms. In Fig. 22 the ratio of the low-frequen
spectral density of the photon intensity noise obtained
ignoring the term containingdI ext(v) in Eq. ~95! to the ac-
tual spectral density of the photon intensity noise is plot
as a function of the bias current for different values of t
impedanceZs . When the laser is biased a little above thres
old the fluctuations in the current are large and the e
incurred by ignoring the term containingdI ext(v) in Eq. ~95!
is also large. Also, whenZs is much larger than the tota
differential impedance of the QCL, the current fluctuations
the circuit are suppressed and the term containingdI ext(v)
can be ignored in Eq.~95!.

FIG. 20. Relative intensity noise~RIN! is plotted as a function
of the frequency for different bias currents (Zs50 V). At high
frequencies the RIN reaches the shot noise value. For values o
QCL parameters see Table I.

FIG. 21. Fano factor for the laser intensity noise is plotted a
function of the frequency (Zs50 V). The intensity noise at fre-
quencies much higher than the inverse of the photon lifetime in
cavity is dominated by the photon partition noise at the output fa
For values of the QCL parameters see Table I.
12531
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y
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For largeZs(v), using the expressions for the elements
the matrixD21 in Appendix D, analytical expression can b
obtained for the spectral density of the low-frequency inte
sity noise

KP~v!uv,v3dB
5hn PoutF12ho12honspS t31

t211t31
D 2

3S 1

t31
1

1

t32
D 2

tst
2 G1~hohn!2NWL@R32

1h r
2R311~12h r !

2R21# ~115!

5hn PoutF12ho12honspS t31

t211t31
D 2S 1

t31

1
1

t32
D 2

tst
2 G1~hohn!2NFa I

q
1b

I th

q G .
~116!

h r in the above equation is the radiative efficiency defined
Eq. ~31!. The constantsa andb are

a5h r~12h r !12~12h r !
t31

t211t31
S t21

t32
D , ~117!

b5h r22h r~12h r !
t32

t311t32
. ~118!

The above expression forKP(v) is valid for frequencies
smaller thanv3dB and when the laser is biased above thre
old then the conditions given by Eq.~99! are satisfied. The
expression given in Eq.~116! is almost identical to the ex
pression forKP(v) for semiconductor diode lasers~when the
latter are also biased with a high-impedance current sour!.

he

a

e
t.

FIG. 22. Ratio of the low-frequency photon-noise-spectral d
sity obtained by ignoring the term containing the current fluctu
tions in Eq.~95! to the actual spectral density is plotted as a fun
tion of the bias current for different values of the impedanceZs .
The current fluctuations are suppressed whenZs is large and the
error incurred in calculating the spectral density is, therefore, sm
For values of the QCL parameters see Table I.
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Using the model presented in Appendix F one gets for di
lasers~see Appendix F for details!

KP~v!uv,v3dB
5hn PoutF12ho12honspS 1

tw
1

12h i

te
D 2

tst
2 G

1~hohn!2Fh i~12h i !
I

q
1h i

I th

q G . ~119!

h i in the above equation is the current injection efficien
into the quantum wells.21

The contributions from the nonradiative electronic tran
tions to the photon noise in QCL’s and diode lasers are p
portional to the terms inside the second square bracke
Eqs. ~115! and ~119!, respectively. The contributions to th
photon noise from the photon loss, the laser cavity, and fr
the radiative transitions in QCL’s and diode lasers are p
portional to the terms inside the first square bracket in E
~115! and ~119!, respectively. Two important difference
emerge when Eq.~115! is compared to Eq.~119! and both
these differences make it harder to achieve photon-num
squeezing in QCL’s compared to diode lasers. These dif
ences are discussed in detail below.

1. Contribution of nonradiative transitions to photon noise

The contribution to the photon noise from the nonrad
tive recombination in diode lasers is constant above thre
old and it has been expressed in terms of the threshold
rent in Eq.~119!. As shown earlier, in QCL’s above thresho
the electron densities in different energy levels of a g
stage do not remain fixed at their threshold values. The e
tron densities keep increasing when the bias current is
creased beyond threshold. As a result, the contribution
nonradiative electronic transitions to the photon noise a
keeps increasing with the bias current. Since only a frac
h r of the electrons injected in level 3 of the gain stage end
producing photons, a multiplicative factorh r

2 appears with
the transition rateR31 in Eq. ~115!. A fraction 12h r of the
vacancies left by removing electrons from level 2 get fill
by radiative transitions from level 3 to level 2 and therefo
a factor (12h r)

2 appears withR21. All the electrons taken
out of level 2 and injected into level 3 will end up producin
photons ~since 12h r1h r51! and, therefore,R32 has no
multiplicative factor in Eq.~115!.

The noise associated with the electron transitions fr
level 1 into the injector of the next stage does not direc
contribute to photon noise at low frequencies. These tra
tions contribute to the current noise in the external circ
which can in turn contribute to the photon noise. But w
have assumed in Eq.~115! thatZs(v) is large and the curren
fluctuations are suppressed. Similarly, the noise associ
with the electron transitions from the injector into level 3
the gain stage is also suppressed at low frequencies w
Zs(v) is large.

In diode lasers, since the current injection efficiencyh i is
less than unity, the partition noise associated with car
leakage from the separate confinement heterostructure~SCH!
regions contributes a term to the photon noise that incre
linearly with the bias current even beyond the laser thre
12531
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old, as shown in Eq.~119!. Sinceh i is usually close to unity
in well-designed diode lasers,21 the contribution of this term
to the photon noise is small.

2. Contributions of photon loss and radiative transitions
to photon noise

The most important contribution to the photon noise fro
the photon loss from the laser cavity and from the radiat
transitions is given by the term proportional totst

2 in Eqs.
~115! and ~119!. Just above threshold the photon density
small andtst , which is inversely proportional to the photo
density, is large. Consequently, just above threshold the t
proportional totst

2 dominates all the other terms in Eqs.~115!
and ~119!. As the bias current is increased and the pho
density becomes large,tst becomes small. It is evident from
Eqs.~115! and~119! that photon number squeezing can on
be achieved if the ratio (tst /tnr)

2, where tnr is the total
nonradiative lifetime for the carrier density interacting wi
the photons becomes smaller than one. The appearanc
this ratio is related to the carrier density and the phot
density dynamics in response to sudden radiative transi
events or photon loss events that temporarily move the
rier density and the photon density away from their stea
state values. In diode laserstnr , given by

1

tnr
5

1

tw
1

12h i

te
~Diode lasers!, ~120!

is around 500 ps~see Appendix F and Ref. 21!. In QCL’s, tnr
is the nonradiative lifetime of the difference carrier dens
(n32n2) that interacts with the photons and is given by t
expression

1

tnr
52

t31

t211t31
S 1

t31
1

1

t32
D ~QCL’s!. ~121!

The factor of 2 in the above equation does not show up
Eq. ~115! because the differential stimulated emission lif
time of the difference carrier density istst/2 and the factor of
2 cancels out. In deriving the above equation the sum car
density (n31n2), which does not interact with the photon
was adiabatically eliminated from the rate equations.
QCL’s the value of (2tnr) is usually around a few picosec
onds. In the QCL structure of Ref. 11, whose parameters
given in Table I, (2tnr) equals 1.5 ps. Therefore, for photon
number squeezing to be possible the value oftst in QCL’s
must be a few hundred times less than the value oftst is
diode lasers~assuming both have equal values forho and
nsp). For the same photon density and the mode group
locity the ratio oftst in QCL’s and diode lasers~DL! depends
on their respective differential gains@see Eqs.~80! and~F6!#.
For the QCL described in Ref. 11

~1/tst!QCL

~1/tst!DL
5

aLp

dg/dNw
;15. ~122!

In the above equation the differential gaindg/dNw of diode
lasers is assumed to be around (1.0–1.5)310215 cm2.21

Note that the ratio in Eq.~122! is independent of any geo
metrical factors and depends only on the properties of
3-21
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material gain of the lasers. The expression above implies
the photon density in the active region of QCL’s must be
least an order of magnitude larger than the photon densit
diode lasers to make squeezing possible. This does not s
to be a formidable obstacle to achieve photon-num
squeezing in QCL’s since QCL’s with output powers exce
ing 1.0 W have been demonstrated.11 However, in QCL’s, in
contrast to diode lasers, it will be difficult to achieve sque
ing with only a few tens of milliwatts of output power. I
QCL’s, since bothtnr andtst depends on the spatial overla
of the wave functions of the upper and lower lasing state
may not be possible to change the value of the ratio (tst /tnr)
by engineering the wave function overlap.

The output coupling efficiencyho of QCL’s that have
been reported in the literature is much smaller than thos
typical diode lasers. But even if that were not the ca
squeezing is expected to be less in QCL’s than in diode la
for the reasons discussed above. The QCL, whose chara
istics are shown in Figs. 17 and 18, has a 3-mm long cav
a waveguide loss of 11 cm21, and an output coupling effi
ciency of only 28%. Consider a QCL with a 500-mm long
cavity, a waveguide loss of 5 cm21, and an output coupling
efficiency of 84%, which is comparable to that of good dio
lasers.21 The values of all the other parameters of this QC
are identical to those given in Table I. Figure 23 shows
relative intensity noise when this QCL is driven with a 50V
resistor in series. Only about 1.2 dB of squeezing is obser
even at very large bias levels (I'10I TH).

The Fano factors for the laser intensity noise much ab
threshold~when tst→0 and I @I th) in QCL’s and diode la-
sers can be calculated from Eqs.~116! and ~119!,

FP~v!u(v,v3dB,I @I th)

5H 12hoh r12ho

~12h r !

h r

t31

t211t31
S t21

t32
D ~QCL’s!

12hoh i ~Diode lasers!

~123!

FIG. 23. Relative intensity noise~RIN! for the QCL with im-
provedho (50.84) is shown. Only 1.2 dB of squeezing is seen
high bias levels and whenZs550 V.
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Equation~123! gives the maximum photon-number squee
ing that is asymptotically achievable in QCL’s and in dio
lasers at very large output power levels. In real devices
squeezing will be always less than that predicted in E
~123!. In diode lasersh i andho can be larger than 0.9 an
0.85, respectively,21 and the intensity noise in diode lase
can be maximally suppressed more than 6 dB below the
noise value. For the QCL whose parameters are listed
Table I, h r and ho have the values 0.66 and 0.28, respe
tively, and, consequently, the maximum possible squeezin
only 0.6 dB. Even if the output coupling efficiencyho of this
QCL is increased to 0.85, the maximum squeezing predic
by Eq. ~123! is only 2.0 dB.

The maximum squeezing achievable in QCL’s can be
creased by decreasing the lifetimet21 of electrons in level 2
of the gain stage and increasing the lifetimest31 and t32
associated with the nonradiative electronic transitions ou
level 3. This will reduce the rate of increase of the electr
density above threshold in levels 3 and 2 with the bias c
rent, increase the radiative efficiencyh r , and reduce the con
tribution of the nonradiative electronic transitions to the ph
ton noise.

B. Scaling of the laser intensity noise with the number of
cascade stages

In QCL’s Kp(v) obeys a simple scaling relation with re
spect to the number of cascaded stagesN, and this relation
can easily be deduced from Eq.~95!

KP~v,I /I th ,N!5KP~v,I /I th ,N8!. ~124!

According to Eq.~124!, the spectral density of the photo
noise, when expressed as a function ofI /I th , is independent
of the value ofN. The scaling relation forKp(v) holds for
all frequencies and whenZs(v) is very large or when
Zs(v)50 V, provided that the transition ratesR(nj ,nq) and
the material gaing(n3 ,n2) are linear functions of electron
densities and the total mode-confinement factor also sc
linearly with the number of cascaded stagesN. In Ref. 23 it
is shown that the total mode-confinement factor scales w
the number of cascaded stages according to the expres
;erf(0.019N), which is almost linear inN for N,40.

C. Effect of multiple longitudinal modes on the measured
intensity noise

Most QCL’s reported in literature lase with multiple lon
gitudinal modes. Although the intensity noise of each lon
tudinal mode can be large, the intensity noise of all t
modes taken together is expected to be adequately desc
by the single-mode analysis carried out in this paper. Thi
because the intensity noise in different lasing modes is ne
tively correlated, as it is in the case of semiconductor dio
lasers.30 However, this demands that in experiments design
to measure the intensity noise attention must also be pai
optimizing the light collection efficiency such that photo
are collected from all the lasing modes, otherwise intens
noise in excess of that described by Eq.~115! can be intro-
duced.

t

3-22
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IX. CONCLUSION

A comprehensive model for treating noise and fluctu
tions in intersubband quantum cascade lasers has been
sented. The current noise exhibited by QCL’s is much be
the shot noise value. Suppression of the current noise
QCL’s is largely due to the small differential resistance
individual gain stages compared to the total differential
sistance of all the cascaded gain stages. In addition, e
tronic correlations also suppress the current noise. Howe
unlike semiconductor diode lasers, current noise suppres
does not lead to significant photon-number squeezing
QCL’s. In QCL’s the contribution to the photon noise comin
from the nonradiative electronic transitions keeps increas
with bias beyond the laser threshold, and this reduces
amount of photon-number squeezing achievable in QC
compared to semiconductor diode lasers. It has also b
shown that photon noise in QCL’s is squeezed at pho
densities much larger than those in diode lasers.

The current modulation response of QCL’s has also b
investigated. It has been found that the direct-current mo
lation response of many QCL’s that have been reported in
literature is overdamped since, in contrast to diode lasers
photon lifetime inside the optical cavity in QCL’s is usual
the longest time constant. The modulation bandwidth is a
limited by the inverse photon lifetime. At present, in th
wavelength region of interest only quantum-well infrar
photodetectors have bandwidths wide enough that they c
be used to study the modulation response of QCL’s. Ho
ever, the current noise provides an alternate way of study
the high-speed dynamics of QCL’s, and as shown in t
paper, the modulation bandwidth of QCL’s can be found
looking at the spectral density of the current noise in
external circuit.

Although in this paper the emphasis has been on a spe
multiple quantum-well QCL structure, the theoretical me
ods and techniques presented in this paper can be use
study a variety of QCL’s that have been reported in the
erature.
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APPENDIX A: CORRELATIONS AMONG THE LANGEVIN
NOISE SOURCES

WL^ f 32
j ~ t ! f 32

q ~ t8!&5~R3→21R2→3!d jqd~ t2t8!

'R32~n3
j ,n2

j !d jqd~ t2t8!, ~A1!

WL^ f 31
j ~ t ! f 31

q ~ t8!&5~R3→11R1→3!d jqd~ t2t8!

'R31~n3
j ,n1

j !d jqd~ t2t8!, ~A2!

WL^ f 21
j ~ t ! f 21

q ~ t8!&5~R2→11R1→2!d jqd~ t2t8!

'R21~n2
j ,n1

j !d jqd~ t2t8!, ~A3!
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WL^ f RN
j ~ t ! f RN

q ~ t8!&5G jvgg~n3
j ,n2

j !F ~2nsp21!Sp

1
nsp

WLGd jqd~ t2t8!, ~A4!

WL^ f RS
j ~ t ! f RS

q ~ t8!&5G jvgg~n3
j ,n2

j !F ~2nsp21!Sp

1
nsp

WLGd jqd~ t2t8!, ~A5!

WL^ f RS
j ~ t ! f RN

q ~ t8!&5G jvgg~n3
j ,n2

j !F ~2nsp21!Sp

1
nsp

WLGd jqd~ t2t8!, ~A6!

WL^FL~ t !FL~ t8!&5
Sp

tp
d~ t2t8!, ~A7!

^Fo~ t !Fo~ t8!&5ho~hn!2
WLSp

tp
d~ t2t8!, ~A8!

^Fo~ t !FL~ t8!&5hohn
Sp

tp
d~ t2t8!. ~A9!

APPENDIX B: DIFFERENTIAL RESISTANCE OF A QCL

The expression in Eqs.~65! and ~63! for the differential
resistanceRd of a QCL can be put in the form

Rd5H N

WL

t in

Cin j
~11u381u281u1! ~ I ,I th!,

N

WL

t in

Cin j
~11u31u21u1! ~ I .I th!.

~B1!

The dimensionless parametersu3 , u38 , u2 , u28 , andu1 that
have been used in the above equation are as follows:

u35S 1

t in

Cin j

C3
1

1

t3
D t31t21

~t211t31!
,

u385S 1

t in

Cin j

C3
1

1

t3
D t32t31

~t321t31!
, ~B2!

u25S 1

t in

Cin j

C2
1

1

t2
D t31t21

~t211t31!
,

u285S 1

t in

Cin j

C2
1

1

t2
D t31t21

~t321t31!
, ~B3!

u15S 1

t in

Cin j

C1
1

1

t1
D tout . ~B4!
3-23
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APPENDIX C: ELEMENTS OF MATRIX D

The nonzero elements of the matrixD are

D115 j v1
1

tout
, D1252

1

t21
, D1352

1

t31
, ~C1!

D225 j v1
1

t21
1GvgaS Sp1

nsp

WLD , ~C2!

D2352
1

t32
2GvgaS Sp1

nsp

WLD , ~C3!

D2452D3452NGvgg~n3 ,n2!, ~C4!

D315
1

t1

j vt in

~11 j vt in!
, ~C5!

D325
1

t2

j vt in

~11 j vt in!
2GvgaS Sp1

nsp

WLD , ~C6!

D335 j v1
1

t3

j vt in

~11 j vt in!
1

1

t32
1

1

t31
1GvgaS Sp1

nsp

WLD ,

~C7!

D4252D435GvgaS Sp1
nsp

WLD , ~C8!

D445 j v1
1

tp
2NGvgg~n3 ,n2!. ~C9!

APPENDIX D: IMPORTANT ELEMENTS OF MATRIX D À1

Above threshold, elements of the matrixD21 in the limit
$t2 ,t1%→` are given below. In addition, it is also assum
that vt in!1. If the latter condition does not hold then th
expressions given below can be corrected by replacingt3 by
t3(11 j vt in).

D11
215

tout

~ j vtout11!
, ~D1!

D12
215touttptstH ~ j v!2S 11

t in

t3
D 1

t21
1 j vF 1

tst
S 1

t21
1

1

t31
D

1
1

t21t31
1

1

t21t32
G1

1

tptst
S 1

t21
1

1

t31
D J

3
t21t31

~t211t31!

H~v!

~ j vtout11!
, ~D2!
12531
D13
215touttptstH ~ j v!2S 1

t31
D1 j vF 1

tst
S 1

t21
1

1

t31
D1

1

t21t31

1
1

t21t32
G1

1

tptst
S 1

t21
1

1

t31
D J t21t31

~t211t31!

3
H~v!

~ j vtout11!
, ~D3!

D14
215touttstH j vF 1

t21
S 11

t in

t3
D2

1

t31
G J

3
t21t31

~t211t31!

H~v!

~ j vtout11!
, ~D4!

D21
21'0, ~D5!

D22
215tptstF ~ j v!2S 11

t in

t3
D1 j vS 1

t32
1

1

t31
1

1

tst
D

1
1

tptst
G t21t31

~t211t31!
H~v!, ~D6!

D23
215tpF j vS tst

t32
11D1

1

tp
G t21t31

~t211t31!
H~v!, ~D7!

D24
215tstF j vS 11

t in

t3
D1

1

t31
G t21t31

~t211t31!
H~v!, ~D8!

D31
21'0, ~D9!

D32
215tpS j v1

1

tp
D t21t31

~t211t31!
H~v!, ~D10!

D33
215tptstF ~ j v!21 j vS 1

t21
1

1

tst
D

1
1

tptst
G t21t31

~t211t31!
H~v!, ~D11!

D34
2152tstS j v1

1

t21
D t21t31

~t211t31!
H~v!, ~D12!

D41
21'0, ~D13!

D42
2152tpF j vS 11

t in

t3
D1S 1

t31
1

1

t32
D G t21t31

~t211t31!
H~v!,

~D14!

D43
215tpF j v1S 1

t21
2

1

t32
D G t21t31

~t211t31!
H~v!, ~D15!
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D44
215tptstH ~ j v!2S 11

t in

t3
D1~ j v!F 1

t21
S 11

t in

t3
D1

1

t31

1
1

t32
1

1

tst
S 21

t in

t3
D G1F 1

tst
S 1

t21
1

1

t31
D1

1

t21t31

1
1

t21t32
G J t21t31

~t211t31!
H~v!, ~D16!

whereH(v) is

H~v!5
1

tptst
S 1

t21
1

1

t31
D H ~ j v!3S 11

t in

t3
D

1~ j v!2F 1

t21
S 11

t in

t3
D1

1

t31
1

1

t32
1

1

tst
S 21

t in

t3
D G

1 j vF 1

tst
S 1

t21
1

1

t31
D1

1

t21t31
1

1

t21t32

1
1

tptst
S 21

t in

t3
D G1

1

tptst
S 1

t21
1

1

t31
D J 21

. ~D17!

For small values ofv for which the cubic term inv in the
denominator may be neglected,H(v) becomes

H~v!5
vR

2

~vR
22v21 j vg!

. ~D18!

The above approximation will be valid ifv is much less than
1/t in , 1/t21, and 1/tst . In this approximationvR andg are

vR
25

1

tptst
S 11

t21

t31
D

F11
t21

t31
1

t21

t32
1

t in

t3
1

t21

tst
S 21

t in

t3
D G , ~D19!

g5

F 1

tst
S 11

t21

t31
D1

1

t31
1

1

t32
1

t21

tptst
S 21

t in

t3
D G

F11
t21

t31
1

t21

t32
1

t in

t3
1

t21

tst
S 21

t in

t3
D G .

~D20!

APPENDIX E: NOISE-SPECTRAL DENSITIES AND FANO
FACTORS

The spectral densitiesKI(v) and KP(v) of noise power
for the current noise and the intensity noise, respectively,
be computed from the equations

KI~v!5E
2`

` dv8

2p
^dI * ~v!dI ~v2v8!&, ~E1!

KP~v!5E
2`

` dv8

2p
^dPout* ~v!dPout~v2v8!&. ~E2!

Equations~E1! and~E2! can be used with Eqs.~97! and~95!
to compute the noise-spectral densities. Since all the Lan
vin noise sources ared-correlated in time domain, they wil
12531
n

e-

also bed-correlated in frequency domain, and therefore,
fluctuations dI and dPout in the current and the outpu
power, respectively, will also bed correlated in time and
frequency domains.

The Fano factorsFI(v) andFP(v) for the current noise
and the intensity noise, respectively, are defined as the ra
of the actual noise-spectral densities to the noise-spe
densities of shot noise, and are given by the relations,

FI~v!5
KI~v!

qI
and FP~v!5

KP~v!

hnPout
. ~E3!

The RIN is defined as

RIN510 log10FKP~v!

Pout
2 G . ~E4!

APPENDIX F: NOISE MODEL FOR SEMICONDUCTOR
QUANTUM-WELL DIODE LASERS

A simple model for the current and photon noise
quantum-well interband semiconductor diode lasers
presented.5,31 The active region of a quantum-well diode la
ser is shown in Fig. 24. The carriers are injected from
leads into the SCH region either by tunneling or by therm
onic emission over the heterobarrier. The rate equations
the fluctuationsdNc anddNw in the carrier densities (cm23),
the SCH region, and the quantum wells, respectively, and
fluctuationsdSp in the photon density (cm23) are5,31

ddNc

dt
5

dI ext

qVc
2dNcS 1

tc
1

1

t l
D1

dNw

te

Vw

Vc
2Fc2Fl1Fe

Vw

Vc
,

~F1!

ddNw

dt
5

dNc

tc

Vc

Vw
2dNwS 1

te
1

1

tw
1

1

tst
D2vggdSp

1Fc

Vc

Vw
2Fe2Fnr2FRN , ~F2!

FIG. 24. Active region of a semiconductor quantum-well dio
laser.
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ddSp

dt
5

dNw

tst

Vw

Vp
1S Gvgg2

1

tp
D dSp1FRS2FL , ~F3!

and the current and the intensity fluctuations are given a5,32

dI ext

qVc
5

GdVd

qVc
2

dNc

t
G

1Fin , ~F4!

dPout5hohn
VpdSp

tp
1Fo . ~F5!

It is assumed that the carrier densityNc in the SCH region
also includes the carriers inside the quantum-well barr
and also those in the quantum wells that have energy h
enough to not be confined within the quantum wells~Fig.
24!. Only those carriers that are confined within the quant
wells are included in the carrier densityNw . Vc andVw are
the volumes of the SCH region and the quantum wells,
spectively.Vp is the volume of the optical mode.tc andte
are the capture and emission times for electrons going
and coming out of the quantum wells, respectively.t l is the
lifetime associated with carrier leakage and recombinatio
the SCH region.tw is the nonradiative recombination time
the quantum wells.tst , given by

1

tst
5vg

dg

dNw
S Sp1

nsp

Vp
D , ~F6!

is the differential lifetime associated with stimulated a
spontaneous emission into the lasing mode.tp is the photon
lifetime inside the laser cavity.dVd is the fluctuation in the
voltage across the active region. The conductanceG relates
the increase in the injection current into the SCH region fr
the leads with the increase in the voltage across the ac
region at afixed carrier density. tG relates the decrease i
the current injection rate to the increase in the carrier den
in the SCH region.Fin is the Langevin noise source asso
ated with carrier injection into the SCH region.Fl , Fc , and
Fe model the noise in carrier-leakage, carrier-capture,
carrier-emission events.Fnr describes the noise in nonradi
tive recombination in the quantum wells including sponta
ous emission into the nonlasing modes.FRN andFRS model
the noise associated with photon emission into the las
mode.FL and Fo model the noise in photon loss from th
cavity. All the nonzero correlations of the Langevin noi
sources can be obtained from the methods described in
21,

Vc^Fc~ t !Fc~ t8!&5
Nc

tc
d~ t2t8!, ~F7!

Vc^Fl~ t !Fl~ t8!&5
Nc

t l
d~ t2t8!, ~F8!

Vw^Fe~ t !Fe~ t8!&5
Nw

te
d~ t2t8!, ~F9!
12531
rs
h

-

to
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d

-

g

ef.

Vw^Fnr~ t !Fnr~ t8!&5
Nw

tw
d~ t2t8!, ~F10!

Vw^FRN~ t !FRN~ t8!&5vggF ~2nsp21!Sp1
nsp

Vp
Gd~ t2t8!,

~F11!

Vp^FRS~ t !FRS~ t8!&5
Vw

Vp
vggF ~2nsp21!Sp1

nsp

Vp
Gd~ t2t8!,

~F12!

Vp^FRN~ t !FRS~ t8!&5vggF ~2nsp21!Sp1
nsp

Vp
Gd~ t2t8!,

~F13!

Vp^FL~ t !FL~ t8!&5
Sp

tp
d~ t2t8!, ~F14!

^Fo~ t !Fo~ t8!&5ho~hn!2
VpSp

tp
d~ t2t8!, ~F15!

Vp^Fo~ t !FL~ t8!&5ho~hn!
VpSp

tp
d~ t2t8!. ~F16!

Fin has the approximate correlation32

Vc
2^Fin~ t !Fin~ t8!&'S I

q
12

NcVc

tG
D d~ t2t8!. ~F17!

The inclusion of the rate equation for fluctuations in the c
rier density in the SCH region is necessary to accura
model the current noise. Carrier leakage in the SCH reg
results in a less than unity efficiencyh i for current injection
into the quantum wells

h i5
t l

~tc1t l !
~F18!

and above threshold the expression for the output power
be written as

Pout5hoh i

hn

q
~ I 2I th!, ~F19!

whereho is the output coupling efficiency.21

1. Modulation response

The current modulation response of diode lasers follo
from the rate equations and for frequencies less than
inverse of the carrier capture timetc , it can be put in the
form,21

dPout~v!

dI ext~v!
5hoh i

hn

q
H~v!5hoh i

hn

q

vR
2

~vR
22v21 j vg!

~F20!

The relaxation oscillation frequencyvR and the damping
constantg are
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vR
25

1

tsttp

11h i

tc

te

, ~F21!

g5

S 1

tw
1

12h i

te
1

1

tst
D

11h i

tc

te

5KvR
21go , ~F22!

where

K5tp and go5

S 1

tw
1

12h i

te
D

11h i

tc

te

. ~F23!

In diode lasers,g is small at threshold and the 3-dB fre
quency v3 dB increases with the bias current untilg/A2
equalsvR . As the bias current is increased beyond this po
the modulation response becomes overdamped andv3 dB
starts to decrease. The maximum modulation bandw
v3 dBumax comes out to be

v3 dBumax'
A2

tp
. ~F24!

2. Differential resistance

The differential resistance of the laser diode below a
above threshold can be derived from the rate equations
removing all the noise sources

Rd5H 1

G
~11u8! ~ I ,I th!

1

G
~11u! ~ I .I th!,

~F25!

whereu8 andu are

u85
1

tG

t ltc

@t l~12he!1tc#
, u5

1

tG

t ltc

~t l1tc!
, ~F26!

where the emission efficiencyhe is tw /(te1tw). Values of
the time constantstc , te , tg , t l , andtw are typically 10 ps,
40 ps, 50 ps, 60 ps, and 1 ns, respectively.34 It follows thatu8
andu have the values 0.97 and 0.17, respectively.

The discontinuityDRd in the differential resistance a
threshold becomes

DRd5
1

G
~u82u!5h ihe

u8

G

5h ihe

u8

11u8
Rdu I<I th evaluated atI 5I th

. ~F27!

Below threshold, the current-voltage characteristics of a la
diode resemble that of an idealpn junction33
12531
t

th

d
by

er

I 5I oFexpS qVd

mKBTD21G , ~F28!

wherem is the diode ideality factor with values usually b
tween 1.5 and 2. Therefore,

Rdu I<I th
5m

KBT

qI
, ~F29!

andDRd becomes

DRd5h ihe

u8

11u8
m

KBT

qIth
. ~F30!

The above equation shows that the discontinuity in the
ferential resistance at threshold isKBT/qIth times a factor
that is close to unity.

3. Differential impedance

The differential impedanceZ(v) of a diode laser above
threshold can be expressed in terms of the modulation
sponseH(v)

Z~v!5
1

G F11uS 11 j vh i

tptst

te
H~v! D G . ~F31!

The differential resistanceRd above threshold, given by Eq
~F25!, equalsZ(v50).

4. Current noise

As in the case of QCL’s, the fluctuationsdI (v) produced
by the current-noise source that sits in parallel with the la
diode~Fig. 25! can be found by looking at the current nois
in the external circuit when the voltage fluctuationdVd
across the diode is zero~because all external sources a
impedances are assumed to be shorted!. This implies that,

dI ~v!

q
5VcFin~v!2

dNc~v!Vc

tG
. ~F32!

Below threshold, and for frequencies less thanv3 dB, dI (v)
is

FIG. 25. Circuit model for the current fluctutions in semico
ductor diode lasers.
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dI ~v!

q
5

VcFin~v!1u8~12he!@VcFc~v!2VwFe~v!#1u8VcFl~v!1u8heVwFnr~v!

~11u8!
. ~F33!

Above threshold,dI (v) is

dI ~v!

q
5

VcFin~v!1u@VcFc~v!2VwFe~v!1VcFl~v!#1uS tst

te
D @VpFRS~v!2VpFL~v!#

~11u!
. ~F34!

Equations~F33! and ~F34! show that above threshold the noise associated with carrier injection into the active region
suppressed~sinceu!1). Above threshold, the carrier density in the quantum wells is strongly damped and only the
density in the SCH region provides negative feedback to suppress the noise associated with carrier injection. Below t
the carrier injection noise is suppressed~sinceu8'1). Below threshold, the carrier densities in both the SCH region and
quantum wells provide feedback to suppress the carrier injection noise. The spectral densityKI(v) of the current noisedI (v)
follows from Eqs.~F33! and ~F34!,

KI~v!uv,v3 dB
55

qI ~ I ,I th!

qI12q Ith

~u82u!

~11u!
12qnsph i ~ I 2I th!

S u
tst

te
D 2

~11u!2

~ I .I th!.
~F35!
ci
th

l

n

n

ng

-
he
he

ise
d-
uit

ise
on
ht-
In the limit v→`, the current noise is just the noise asso
ated with carrier injection into the active region and has
spectral density

KI~v!uv→`5H qI~112 u8! ~ I ,I th!

qI~112 u!12q Ith ~u82u! ~ I .I th!.

~F36!

5. Suppression of the current noise by large external
impedance

The current noisedI ext(v) in the external circuit in the
presence of an external impedanceZs(v) and an externa
voltage noise sourcedVs(v) is ~Fig. 25!

dI ext~v!5
dVs~v!

@Z~v!1Zs~v!#
1

Z~v!

@Z~v!1Zs~v!#
dI ~v!,

~F37!

whereZ(v) is the differential impedance of the active regio
and Z(v50)5Rd . The external impedanceZs(v) is the
Thevenin equivalent of the external circuit impedance a
the impedance associated with the laser parasitics~ohmic
contact resistance, depletion layer capacitance etc.!. Assum-
ing thatdVs(v) represents only the thermal noise originati
in Zs(v), the spectral densityKI ext

(v) of the current noise in
the external circuit becomes

KI ext
~v!5

KVs
~v!

uZ~v!1Zs~v!u2
1U Z~v!

Z~v!1Zs~v!
U2

KI~v!

5
2KBT Re$Zs~v!%

uZ~v!1Zs~v!u2
1U Z~v!

Z~v!1Zs~v!
U2

KI~v!.

~F38!
12531
-
e
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When Zs(v) is much larger than the differential imped
anceZ(v) of the active region then the current noise in t
external circuit is just the thermal noise originating in t
impedanceZs(v). WhenZs(v) is much smaller thanZ(v)
then the current noise in the external circuit is the no
originating inside the active region. By making the impe
anceZs(v) very large the current noise in the external circ
can be suppressed well below the shot noise value.

6. Intensity noise

Above threshold, and for frequencies less thanv3 dB,
dPout(v) is

dPout~v!5hoh ihn
I ext~v!

q
1hohn$~12h i !@VcFc~v!

2VwFe~v!#2h iVcFl~v!2VwFnr~v!

2VwFRN~v!1gtst@VpFRS~v!2VpFL~v!#%

1Fo~v!. ~F39!

High-impedance suppression of the current no
dI ext(v) in the external circuit can have a profound effect
the laser intensity noise through the first term on the rig
hand side of the above equation. IfdI ext(v) is suppressed
then the spectral densityKP(v) of the intensity noise, for
frequencies less thanv3 dB, is

KP~v!uv,v3 dB
5hnPoutF12ho12honspS 1

tw
1

12h i

te
D 2

tst
2 G

1~hohn!2Fh i~12h i !
I

q
1h i

I th

q G . ~F40!
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The low frequency Fano factor of the intensity noise at la
bias currents becomes

FP~v!u(v,v3 dB,I @I th)512hoh i . ~F41!

In diode lasers bothho and h i have typical values aroun
0.85, and therefore high-impedance suppression of the
rent noise in the external circuit can result in more than 5-
suppression of the laser intensity noise below the shot n
value. On the other hand, if the external impedanceZs(v) is
much smaller than the impedanceZ(v) of the active region
then it can be shown that at large bias currents the F
ms

n

n

n

n
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n
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factor of the laser intensity noise approaches unity

FP~v!u(v,v3 dB,I @I th)51. ~F42!

In practice it is difficult to makeZs(v) very small. One way
of obtaining a small external impedanceZs(v) is by using
the circuit B shown in Fig.7 and shorting the rf port of th
bias T. At frequencies of interestZs(v) would then just be
the parasitic impedance associated with the laser device
would be dominated by the resistance of the device oh
contacts.
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