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Understanding electron-positron momentum densities in paramagnetic chromium
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We focus on discrepancies between calculated and three-dimensional reconstructed electron-positron mo-
mentum densities in paramagnetic chromium, and consider various effects that can lead to such differences. In
this context, the usefulness of the theoretical electron-positron momentum densities for interpreting experi-
mental data, and gaining insight into underlying electronic structure, is also discussed.
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Positron annihilation experimental data provide useful
formation on the electron momentum density~EMD!, and
hence, the electronic structure of solids. Two-dimensio
angular correlation of annihilation radiation~2D-ACAR!
spectra are usually identified with the 2D projections of
three-dimensional~3D! electron-positron (e-p) momentum
density1

r~p!5(
k j

occ U E
V

e2 ip•rc1~r !ck j~r !Agk j~r !drU2

, ~1!

where p is the electron momentum in the extended zo
scheme,c1(r ) and ck j (r ) stand for the positron and elec
tron wave functions~associated with the wave vectork and
band indexj ), andg denotes the two-particlee-p correlation
function that, in general, depends on both the electron s
k j and positron positionr . Owing to reconstruction tech
niques, in recent applications,2–4 these 3D momentum den
sities could be successfully retrieved from the 2D-ACA
experimental data. The calculatede-p momentum densities
r(p) complement the 3D reconstructed positron annihilat
data, providing more insight into the underlying electron
structure of the material under investigation. A direct int
pretation of experimental ACAR data in terms of the relev
EMD is, however, very complicated. The same is true for
theoreticale-p momentum densities. The experimental da
are biased by the experimental resolution consisting of
angular resolution of the detector, the thermal resolution
well as smearing caused by the size of the sample vs the
of the positron beam.1,4 Regarding the reconstruction tec
niques, all the experimental errors~predominantly the statis
tical noise! are accumulated during the reconstruction p
cess in the low-momentum region of the 3D spectrum, a
appear as oscillations in this region of momentum spac5,6

while the final resolution function of the 3D spectrum b
comes slightly broader as compared to the one of the in
2D-ACAR data.3 Concerning the shape of the theoretic
curves, the results are strongly dependent on details of
band-structure calculations,7 through the electron wave func
tions in Eq.~1!, the positron distribution as well as the a
proximation used for thee-p correlation functiong ~for a
review see, e.g., Ref. 8!.
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In the present paper, we discuss a number of poss
problems that arise when trying to understand the 3D rec
structed experimental data in terms of the calculatede-p
momentum densities. We base our discussion on the cas
paramagnetic chromium for which several 2D-ACAR me
surements as well as the 3D reconstructed experime
ACAR data are available.3,4,9–11Chromium, a 3d transition
metal of bcc structure, is interesting because of its unus
antiferromagnetic state at low temperatures (TN5311 K),
which has motivated positron annihilation experiments b
for the paramagnetic and antiferromagnetic phases. Also
tailed knowledge on EMD and the underlying Fermi surfa
of chromium3,4,9–12is of great importance for understandin
its physical properties. However, as can be seen in Fig. 1,
3D e-p momentum densities along the@110# and@111# direc-
tions, reconstructed from two different 2D-ACAR data, me
sured for the paramagnetic phase by two different group3,4

differ substantially from one another in the low-momentu
region. This behavior has been observed for the@100# direc-
tion as well, but is most pronounced for the@110# direction.
An appreciable discrepancy is also seen between these
perimental data and the presently calculatede-p momentum
densities, as it was also the case in earlier papers,9,11,13,14

FIG. 1. Electron-positron momentum densities for paramagn
Cr along the~a! @110# and ~b! @111# directions, calculated within
WDA ~solid line! and IPM ~dashed line!, compared to the 3D re-
constructed experimental results of Refs. 3~solid circles! and 4
~open circles!. All the spectra are normalized to unity atp50. The-
oretical curves are not convoluted with experimental resolut
function.
©2002 The American Physical Society04-1
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especially for momenta close to theN point along the@110#
direction. The presente-p momentum densities have bee
calculated according to Eq.~1! both within the independen
particle model~IPM! and weighted density approximation8

~WDA! for thee-p correlation functiong. The electron wave
functions have been obtained in the local-density approxi
tion ~LDA ! to density-functional theory,15 with the Ceperley-
Alder exchange-correlation energy functional,16 using the
linear muffin-tin orbitals band-structure method, impl
mented within the atomic-sphere approximation.17 The posi-
tron wave function has been determined with the same ba
structure method, by solving the appropriate Schro¨dinger
equation with a positron potential containing also either
IPM or WDA e-p correlation potential.

Let us start with establishing how far different measu
ments can influence information on EMD, and the result
shape of the Fermi surface~FS!, of the studied material. As
mentioned above, the two experimental 3D spectra, show
Fig. 1, differ in their slopes in the low-momentum regio
This may be attributed to several reasons such as a diffe
number of measured 2D-ACAR projections used in the
reconstruction~four projections used for angles 0°, 12
23.7°, and 45° vs ten projections measured with cons
angle step of 5°, respectively, for Refs. 3 and 4!, choice of
reconstruction method~Cormack’s Ref. 2 vs inverse Fourie
transforms!, and statistics of the experiment (2203106 vs
83106 counts per projection, respectively!. Also, the tem-
perature at which experiment was performed~about 353 K in
Ref. 3, at which the sample can be considered as comple
paramagnetic, vs 323 K in Ref. 4, at which residual stains
the sample can sustain the existence of antiferromagn
phase9! plays a role. Regarding the effective resolution~in-
cluding the thermal resolution! of the 2D-ACAR apparatus
it was very similar for both measurements in question a
estimated to be equal to about 1.531.5 mrad2 after recon-
struction.

Analyzing further the curves plotted in Fig. 1, one can s
that the spectrum reconstructed in Ref. 3 shows an unph
cal oscillation at about 2.5 mrad. As can be seen especial
Fig. 2~a!, this oscillation is strongly enhanced by deconv
luting the experimental data with the resolution function
the ACAR spectrometer. Since, no band-structure calcula
that we have performed for chromium~even when taking
into account a possible misalignment of the sample! has been
able to reproduce this oscillation, we are inclined to conclu
that it is either an effect of a statistical error or an artifact
the reconstruction method. For momenta close to
Brillouin-zone ~BZ! boundary and higher, the spectra me
sured by both groups are very similar in their slope. T
momentum that corresponds to the position of the full wid
at half maximum~FWHM! of the experimental curves de
fines the FS break, and hence, the Fermi momentum in
@110# direction, and is equal to about 5.2 mrad, for both s
of the experimental data. Note that this value of the Fe
momentum can be much more accurately determined on
basis of the deconvoluted experimental data@see Fig. 2~a!#.
The value of the Fermi momentum deduced from the
Haas van Alphen~dHvA! experiment@see Ref. 12# is about
5.04 mrad. However, the Fermi momentum of 4.69 mr
12510
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established on the basis of our calculations@see Figs. 1 and
2~a!# differs noticeably from the values extracted from bo
the dHvA and ACAR experiments. This difference in th
positions of the Fermi surface breaks is especially well s

FIG. 2. Electron-positron momentum densities for paramagn
Cr along the~a! @110# and ~b! @111# directions, calculated within
WDA without convolution with the experimental resolution~solid
line!, compared to its counterparts obtained through convolut
with Gaussians of FWHM equal to 1.5 mrad~dashed line! and 3
mrad ~dotted line!. Solid circles and open squares refer to the 3
reconstructed experimental spectra of Ref. 3, representing, res
tively, the raw and deconvoluted ACAR data.
4-2
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when comparing the raw experimental ACAR data with t
theoretical curves convoluted with a Gaussian of FWHM53
mrad @see Fig. 2~a!#: both the experimental and theoretic
curves descend almost in parallel towards theN point. It may
be worthwhile to mention here that our calculated value
4.69 mrad for the Fermi momentumkF is in very good
agreement with the value of 4.686 mrad obtained from
augmented plane-wave calculation,14 4.72 and 4.75 mrad
from the full potential linearized augumented plane-wa
calculation @for LDA and general gradient approximatio
~GGA!, respectively#,18 as well as, about 4.7 mrad from th
pseudopotential method.4 Note that a very similar discrep
ancy between the widths of 3D experimental and theoret
momentum densities has also been observed for other
metals, namely vanadium5,8 and tungsten,4 for momenta
along theG-N direction. It is interesting that the value of th
Fermi momentum, determined on the basis of the experim
tal spectrum measured at low temperature for the antife
magnetic phase of Cr, does not differ from the value for
paramagnetic Cr, and both the spectra appear to be very s
lar in their slopes.4

We believe that the difference between the experime
and theoretical ‘‘peak-to-valley’’ ratios, observed both in
and V for momenta along the@110# direction, can be ex-
plained by the many-bodye-p interaction effects.9 However,
according to the Majumdar’s theorem,19 the positions of the
FS breaks cannot be changed by thee-p correlation effects
~compare the IPM and WDA curves, plotted in Fig. 1!. Also,
different approximations for thee-p correlation effects, such
as WDA, LDA, and GGA, lead to fairly similare-p momen-
tum densities at the Fermi-surface breaks. In Fig. 3, we c
pare our results for the LDA, WDA, and IPMe-p momen-
tum densities, and notice that there is very little differen
between the LDA and WDA curves, however understa
ably, they differ substantially from the IPM result, especia
when approaching Fermi momentum. Regarding the G
e-p momentum density, it follows closely the IPM result.13

Therefore, one could speculate that the difference betw
theory and experiment in the value ofkF and the size of the
N hole, seen in Figs. 1 and 2~a!, should be attributed to othe
correlations, e.g., electron-electron correlations. Of cou
the fact that the 3D experimental curves in Cr and V
considerably broader along the@110# direction, and in Cr
substantially more isotropic than it would follow from th
band-structure calculations, has to be at least partially a
ciated with the reconstruction process, which seems to
vide less anisotropic EMD for the bcc metals, especially
open directions like the@110# direction. Since, however, th
theoretical results differ also from the dHvA predictions,
inadequate description of electron-electron correlations
to be considered as another possible cause of discrep
between the experimental and calculated spectra. We s
discuss this in some detail later.

Inspecting carefully the comparison between the cal
lated curves and experimental data in Fig. 1, one can see
for small values of momentump the calculated momentum
densities differ in slope from the experimental spectrum
tained in Ref. 4. Surprisingly, the IPM momentum dens
seems to reproduce quite well the shape of the experime
12510
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spectrum of Ref. 3, much better than the physically m
realistic WDA result, taking into account the electro
positron correlations. Our WDA calculation for the@111# di-
rection@see Fig. 2~b!# agrees very well withr(p) obtained in
the Bloch modified ladder-approximation theory,14 proving
that WDA provides an adequate description of thee-p cor-
relations in this system. Regarding the width of the spec
along the@111# direction, unlike in the@110# direction, here
theory and experiment agree reasonably well. Note, howe
that in the first BZ there is no FS break in the@111# direction,
while in the @110# direction there is. It seems that for repro
ducing this kind of discontinuity, associated with ban
crossing the Fermi level, the reconstruction techniques m
need more projections, especially that the@110# direction is
so open.

Figure 2 illustrates the effect of the finite resolution of t
ACAR apparatus that can be dealt with in two ways:
deconvoluting experimental data with the resoluti
function3 or by convoluting the calculated momentum de
sity with a relevant Gaussian, mimicking the resoluti
function.1 In the present work, when convoluting the calc
lated momentum densities with a 3D Gaussian we have c
sidered two substantially different values for its FWHM: th
first equal to the experimental estimate after reconstruct
namely, 1.5 mrad, and the second to be considerably ove
timated at 3 mrad. The latter has been chosen to show
similarly to the experience of Matsumoto and Wakoh,11 a
much larger resolution would be needed to improve agr
ment with experiment~see Fig. 2!. In order to elucidate the
effect of the resolution function on the shape of the cal

FIG. 3. Electron-positron momentum densities for paramagn
Cr along the@110# direction, calculated within WDA~solid line!,
LDA ~dashed line!, and IPM~dash-dotted line!. All curves are nor-
malized to unity atp50.
4-3
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lated and experimental 3D momentum densities, in Fig. 2
have compared the ‘‘pure’’~unconvoluted! WDA result with
two other curves obtained from the WDA result by conv
luting it with Gaussians of, respectively, 1.5 and 3 mr
widths. In this figure we have also presented the decon
luted and raw 3D-ACAR spectra. There is no doubt that
agreement between theory and experiment is substant
affected by the resolution of the ACAR experiment. The u
convoluted WDA result reproduces very well the shape
the deconvoluted ACAR data for momenta inside the cen
FS, however, with the exception of the position of the
break. The agreement between the raw experimental data
the convoluted theory is also quite satisfactory, and impro
with increasing the FWHM of a Gaussian, as also found
Matsumoto and Wakoh.11 That convoluting the theoretica
momentum densities with the resolution function smoot
out sharp discontinuities at the FS can be best seen w
comparing the ‘‘pure’’ WDA curve with those correspondin
to the convoluted curves, respectively, with the FWHM
1.5 and 3 mrad. Finally it should be noted here that tak
into account the effect of the experimental resolution in c
culated WDA momentum densities alters the resulting val
of r(p), both qualitatively and quantitatively, similarly t
when neglecting thee-p interaction effects in Eq.~1!.

As mentioned above, treatment of electron-electron co
lations is another effect that can possibly influence the sh
of the calculatede-p momentum densities. All band
structure methods, providing input to the calculations
r(p), are based on the density-functional theory15 that leads
to one-electron quantum-mechanical equations whose s
tions are only auxiliary quantities providing an approxim
tion to the true quasiparticle spectrum of the full many-bo
problem. A better, dynamical, description of correlation20

between the 3d electrons in chromium could not only chang
the shape of the 3D-ACAR spectra, but also the position
the FS breaks. That a different treatment ofe-e correlations
can lead to different spectra, through, e.g., a different dis
bution of thes, p, and d characters of the electron wav
function used in the calculation ofr(p), is illustrated in Fig.
4. In this figure, we have compared the original IPM curv
calculated with the LSD electron potential and wave fun
tions, to two otherr(p) curves, obtained, respectively, whe
artificially increasing and decreasing thed character of the
electron wave function, while the sum of the characters
mains equal to 1. Note that this artificial redistribution of t
wave function characters leads to a substantial change o
slopes of ther(p) curves, in a similar manner to thee-p
correlation effects@compare curves of Fig. 4 with the WDA
result in Fig. 2~a!#. Similar conclusions were reached by th
authors of Ref. 7, who studied the influence of various el
tron potentials and charge distributions on the calculatede-p
momentum densities and their comparison with the exp
mental data.

In summary, we have studied possible causes of the
served differences between theory and experiment in the
ACAR spectra of Cr. We note that the same discrepancy
seems to occur for V and W. The calculated electronic str
tures of Cr and V are very similar, leading to highly anis
tropic electron momentum densities, with the FS breaks
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the @110# direction. By substantial increase of the FWHM
the resolution function, Matsumoto and Wakoh11 were able
to achieve reasonable agreement between the theoretica
experimentalN-hole sizes for 2D projections of thee-p mo-
mentum densities in V and Cr. However, our calculatio
convoluted with 3D Gaussians have not resulted in sim
improvements, especially regarding the FS break in the@110#
direction. This could indicate both inadequate description
e-e correlations and inaccuracy of the reconstruction te
niques. Perhaps, also thee-p correlations should have bee
treated more accurately. It seems that the 3D-ACAR rec
struction techniques are able to describe the FS topology,
they are less successful in reproducing the full anisotropy
the EMD’s, as predicted for these systems by the present
band theory. For Cr the 3D reconstructed results are foun
be rather isotropic for all studied symmetry directions, a
eliminating the observed discrepancy between theory and
periment will have to involve further studies and develo
ments. Interestingly, in Compton scattering experiments
sees similar momentum densities that are more isotropic
the calculated ones.21 In contrast to the electron-positron mo
mentum densities, this occurs for all transition metals, a
not only for the bcc ones. Electron-electron correlations h
been shown to account only for part of the discrepancy22 and
final state effects have been equally important.23

We thank Professor M. Ashraf Alam and his group
Bristol University~UK! for providing us with the 3D recon-

FIG. 4. Electron-positron momentum density for paramagne
Cr along the@110# direction, calculated within IPM~solid line!, in
comparison with the curve obtained by increasing thed-electron
character in the electron wave function by a factor of 1.1~dotted
line! and another curve obtained by reducing this character b
factor of 0.9~dash-dotted line! relative to the original IPM result.
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