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Broken-symmetry states in quantum Hall superlattices
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We argue that broken-symmetry states with either spatially diagonal or spatially off-diagonal order are likely
in the quantum Hall regime, for clean multiple-quantum-well~MQW! systems with small layer separations. We
find that for MQW systems, unlike bilayers, charge order tends to be favored over spontaneous interlayer
coherence. We estimate the size of the interlayer-tunneling amplitude needed to stabilize superlattice Bloch
minibands by comparing the variational energies of interlayer-coherent superlattice miniband states with those
of states with charge order and states with no broken symmetries. We predict that when coherent miniband
ground states are stable, strong interlayer electronic correlations will strongly enhance the growth-direction
tunneling conductance and promote the possibility of Bloch oscillations.
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I. INTRODUCTION

The strong-correlation physics of bilayer electron syste
in the quantum Hall regime has been of interest since sho
after the discovery of the quantum Hall effect.1,2 Of particu-
lar interest is the occurrence of broken-symmetry states w
spontaneous interlayer phase coherence3 ~SILC! that con-
tinue to be a source of surprises and puzzles.4–9 In the quan-
tum Hall regime, Landau-level degeneracy leads to com
ing nascent broken symmetries; the SILC broken symm
is driven by the strong interlayer electronic correlations t
it produces, and competes subtly with a spatially diago
broken-symmetry state in which electronic charge sponta
ously occupies one of the two layers.~In the case of a bilaye
system with small interlayer separations and low densit
the SILC state can occur in principle even at zero magn
field.10–12!

The energy of bilayer quantum Hall systems can be
panded in powers of the layer separationd, the parameter
that most critically controls their properties. The competiti
between SILC and charge-ordered states is decided onl
terms of second and higher order ind. The property that
SILC and charge-ordered states in bilayers have the s
energies to first order ind is not an accident and can b
understood using the bilayer pseudospin language.2 In this
description, electrons in the top or bottom layers are eig
states of theẑ component of the pseudospin, while electro
with interlayer coherence have pseudospin projections in
x-y plane. Similarly, the charge-ordered and SILC-orde
states correspond, respectively, to states with Ising andXY
ferromagnetic order. The competition between these
states depends on the sign of the pseudospin anisot
energy.13 The pseudospin-dependent part of the interaction
bilayers is proportional to the difference between same-la
and different-layer electron-electron interactions, which
two-dimensions is proportional to@12exp(2qd)#/q in recip-
rocal space, whereq is the magnitude of the in-plane wav
vector. The origin of the mysterious absence of a pseudo
anisotropy energy at first order ind is now clear, since the
0163-1829/2002/65~11!/115323~8!/$20.00 65 1153
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term in this interaction that is first order ind is independent
of q; i.e., it is a delta-function interaction that has no effe
on fully spin-polarized fermions because of the Pauli exc
sion principle. The leading terms in the pseudospin magn
anisotropy energy13 in the bilayer case appears at seco
order in d and, as it turns out, leads to SILC rather th
charge order.

In this paper, we generalize the investigation of order
quantum Hall systems at integer total filling factors to t
case of multilayers, where the pseudospin analogy does
apply. We should then expect the energetic difference
tween charge~diagonal! and SILC~off diagonal! order to be
settled at first order ind. We find that, in contrast to the
bilayer case, charge order is favored in multilayers for sm
d. States with interlayer phase coherence can, however
stabilized by relatively weak interlayer tunneling, and w
predict that they will have unusual physical properties.

Our conclusions are based on a comparison of variatio
energies for states with charge order and states with SILC
multilayer quantum Hall systems.14 The multilayer SILC
states are characterized by spontaneous finite-width B
minibands. We compare the energies of these miniband w
functions to those of states with strong but independent c
relations within each layer, including charge-ordered st
gered states with unequal layer densities. Physically, this
ference between bilayers and multiple-quantum-well syste
occurs because the Hartree energy per volume for states
a given charge imbalance is far lower in the superlattice ca
as much as four times lower compared to bilayers. In so
cases, however, relatively small interlayer tunneling am
tudes are sufficient to stabilize uniform density miniba
states. We propose that these states could be identified
perimentally by a substantially-enhanced growth-direct
conductance that is due to their strong interlayer correlatio
and argue that they might also support Bloch oscillations

Multilayer quantum Hall systems have been fabrica
that exhibit the quantum Hall effect at integer filling facto
per layer,15 and an interesting body of recent work has f
cused on the chiral surface states that occur in
instance.16,17 At fractional filling factors, most work18,19 has
©2002 The American Physical Society23-1
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concentrated on the physics at the special values of fil
factor per layer for which Laughlin-Jastrow20 states with
strong intralayer correlations occur. Our interest here is
nearly disorder-free multilayer systems at strong magn
fields with general fractional filling factors per layern be-
tween zero and one. Other recent work on multilayer qu
tum Hall systems at fractional filling factor per layer h
focused on the possible realization of the Josephson effe21

and on metal-insulator transitions22 and critical exponents fo
localization in disordered systems.23 The possibility of
charge order in superlattice quantum Hall systems has b
proposed previously,24–26but not confronted against compe
ing SILC states. Related physics can in principle occur
other quasi-two-dimensional electron systems, for exam
layered organic conductors.27

Our paper is organized as follows. In Sec. II, we pres
our SILC variational wave functions and compare their e
ergies with those of states that have neither charge order
interlayer correlations. The SILC states, which have be
interlayer correlations but less favorable intralayer corre
tions, have lower energy whend is small. In Sec. III, we
consider charged-ordered multiple-quantum-well sta
These states achieve the objective of reducing the likelih
of close approaches between electrons in nearby layers
ply by reducing the average charge density in the neighb
ing layer, rather than by improving interlayer correlations.
that section, we demonstrate that charge-ordered state
favored over SILC states. Section IV discusses the prope
of the coherent Bloch miniband states, in the case wh
interlayer coherence is aided by tunneling between the e
tron layers; although the coherence in this case is not sp
taneous, it is strongly enhanced by interactions. We conc
in Sec. V.

II. MINIBAND GROUND STATE

We consider a system with many coupled quantum w
separated by a distanced, and a Landau-level filling facto
per layern[Ne /(NwNf) smaller than one. HereNe ,Nw ,Nf
are the total number of electrons, the number of quan
wells containing two-dimensional electron layers, and
number of flux quanta passing through each layer, resp
tively. ~The Landau-level degeneracy isNf .) Unless the in-
terlayer separation is quite small (d; l , wherel is the mag-
netic length!, independent strongly-correlated states w
form in each two-dimensional layer. From theoretical a
experimental studies of the fractional quantum Hall effe
the energies of these states,28 whose character changes ra
idly with n, is relatively accurately known. In bilayer sys
tems, as interactions between the two-dimensional layers
crease in importance, the many-particle ground s
develops SILC, which promotes interlayer correlations at
cost of partially disrupting correlations within the layers. T
variational wave function we propose to accomplish t
compromise in a superlattice is the following single Sla
determinant,

uC0&5)
q,X

cq,X
† u0&. ~1!
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Here the single-particle miniband states are

uq,X&5
1

ANw
(
j 51

Nw

eiqd ju j ,X&, ~2!

where u j ,X& is the state of a particle in the Landau-gau
lowest-Landau-level stateuX& in the j th quantum well. Such
a miniband state has strong built-in interlayer correlatio
The variational wave function in Eq.~1! is obtained from the
requirements that it have equal constant densities in e
layer and a density matrixr j 1 j 2

(X) that is translationally

invariant ~so that it depends only on the differenceu j 12 j 2u
of layer indices!:

r j 1 j 2
~X!5^C0ucj 1X

† cj 2XuC0&5r0~ u j 12 j 2u!. ~3!

This form for the density matrix self-consistently solves t
Hartree-Fock~HF! equations, and henceuC0& is a local ex-
tremum of the HF energy functional.

We focus here on the limitNw→`, appropriate to a sys
tem with a large number of coupled quantum wells. In E
~1!, the productX goes over allNf states within the lowes
Landau level, but the productq goes over only a fractionn of
the growth-direction Bloch miniband states in the interv
2p/d,q<p/d. As we discuss in Sec. IV, the energy
minimized when the occupied wave vectors are contiguo
but, in the absence of interlayer tunneling, is invariant un
a simultaneous translation of all occupied wave vectors.
Nw→`, the ground-state density matrix for electrons se
rated byj layers is

r0~ j !5
sin~p j n!

p j
, ~4!

so that there are, in general, correlations between layers a
separations.

The miniband wave function in Eq.~1! generalizes to a
multiple quantum well the notion of SILC studied previous
in bilayer2,3 and trilayer29–31 systems. This wave function
will have a low energy at small interlayer separations b
cause it establishes correlations between electrons in di
ent layers: the pair distribution function for two electro
that arej layers apart and which have an in-plane separa
r is

gj~r !512e2r 2/2l 2Fsin~p j n!

p j n G2

. ~5!

The decreased probability for finding pairs of electrons
nearby layers with small in-plane separations lowers the
ergy when the layers are close together.

The HF ground-state energy per particle of the miniba
state in Eq.~1! may be obtained by summing over the inte
actions with correlation holes distributed over all layers:

«~n!5
E0~n!

Ne
522t

sin~pn!

pn
2

n

2 (
j 52`

` E d2r

2p l 2

3@12gj~r !#
e2/4pe

Ar 21~d j !2
, ~6!
3-2
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where2t is the interlayer tunneling matrix element in th
tight-binding approximation,2e is the electronic charge, an
e is the dielectric constant of the host semiconductor. N
that interlayer tunneling (t.0) lowers the energy of the
miniband state, and that when this term is present, the in
layer coherence inuC0& is not spontaneously generated.
Fig. 1, we plot the ground-state energy per particle,«
5E0 /Ne, versusn for the miniband quantum Hall state att
50 for different layer separations, to estimate the energy
particle of a uniform-density superlattice ground state p
sessing SILC. We also plot the estimated energy per par
for isolated-layer states without SILC.32 For d,dc;0.9l , the
superlattice state with SILC has a lower energy th
independent-layer states with identical layer densities.
calculations used to produce Fig. 1 would seem to indic
that n51/2 is the most favorable filling factor per layer fo
observing SILC. This is because the relatively high ene
per particle of then51/2 independent-layer state leads to
larger critical distancedc below which thet50 miniband
state is stable. Conversely,n51/3 would appear to be amon
the least-favored filling factors for obtaining SILC, becau
the sizeable negative correlation energy per particle of
n51/3 independent-layer Laughlin states19 gives a smaller
value ofdc .

The comparison of the energies of variational wave fu
tions depicted in Fig. 1 shows that thet50 ~SILC! miniband
state has a lower energy than identical uniform layers
independent states whend,dc;0.9l . In the case of bal-
anced bilayer systems with filling factorn51/2 per layer, the
energy of the Slater-determinant variational SILC state
lower than that of twon51/2 states without interlayer cor
relations ford/ l ,dc / l;1.16. This result fordc for balanced
bilayers is in close agreement with other theoretical e
mates: the time-dependent HF collective-mode stab
criterion33 gives dc / l 51.18, and finite-size exact diagona
ization studies9 give dc / l 51.175. This is consistent with ex

FIG. 1. Ground-state energies per particle«(n) in units of
e2/4pe l , for an Nw→` miniband quantum Hall state, versus th
filling factor per layern, for t50. The estimated ground-state e
ergies per particle for states without correlations between the la
are shown as filled circles~‘‘No SILC’’ !.
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perimental findings34,4 when the finite thickness9 of the elec-
trons layers and quantum fluctuations35 are taken into
account. In double-quantum-well systems, theoreti
predictions36,33of SILC have been confirmed experimentall
most directly in recent experiments that have discovere
Josephson-like peak in the interlayer tunneling conductan4

Thus, Fig. 1, taken at face value, is evidence for the po
bility of a miniband SILC state at sufficiently small laye
separation. However, as explained in Sec. I, the competi
between SILC and charge order is a subtle one even in
bilayer case, and there is good reason to expect that
competition plays out differently in a multiple-quantum-we
system. We, therefore, turn our attention in the followi
section to variational wave functions with charge order.

III. STAGGERED STATES

We showed in the preceeding section that for sufficien
small interlayer separations, the miniband state is always
ergetically favored over independent-layer states of eq
uniform density. However, we must also consider the po
bility that at small interlayer separations, the exchange in
action could favor independent-layer states with uneq
densities. Indeed, the possibility of staging transitions
multilayer systems was discussed in Ref. 25, where HF
culations predicted a series of staging transitions in wh
occupied layers were separated by an increasing numbe
empty layers as the particle density and interlayer separa
were decreased. In the bilayer case, the predicted37 staging
transition is not expected to occur, even at zero magn
field;10–12 instead, it is preempted by a transition to a bilay
SILC state with equal layer densities.3 Even in the case of
the bilayer quantum Hall state, the SILC state is barely
vored over the unbalanced state withn51 in one layer and
n50 in the other layer ford/ l→0: the two states are degen
erate atd50 and, as explained in the Sec. I, the SILC sta
is lower in energy only at orderd2. The bilayer SILC state is
most stable at intermediate densities between 0 anddc .

In the superlattice case, we show below that the (t50)
miniband SILC state loses energetically to staggered state
small d. One important reason for this is that the Hartr
energy per volume of a staggered-density state is far lowe
a superlattice than in a bilayer. This is understood qual
tively by considering the case of two-dimensional char
sheets of alternating areal charge density6s. For a super-
lattice, the bulk-system requirement that the voltage drop
to the electric fields be zero across two-layer spacings p
duces an electric field of constant magnitude that altern
in sign across each layer:E`56s/2e, from Gauss’s law.
The same calculation for a classical bilayer capacitor gi
an electric field that is twice as large,E25s/e. The Hartree
energy per unit volume is given byeE2/2, so it costs four
times less energy per volume to have a staggered state
superlattice as compared to a bilayer.

To make the comparison more precise, we have compu
the energy of the SILC state analytically in the limitd→0 by
summing up the interactions of an electron with exchan
hole contributions from remote layers. The two states co
pete by measuring the loss in exchange energy in the S

rs
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state that is due to removing a part of the exchange hol
remote layers against the Hartree energy of the cha
ordered state discussed above. From Eq.~6!, we find that for
the SILC state

«~n!→«~1!F12
d/ l

4n S 2

p D 5/2

ln~ l /d!1
d~12n!

2l G ~7!

for d→0, where «(1)5«(n51)52(1/2)Ap/2e2/4pe l .
Because of thed ln(l/d) term above, the SILC state alway
has a higher energy in the limitd→0 than a staggered sta
that alternates filled (n51) layers with completely empty
layers, since the Hartree cost of such staggered states g
only linearly withd. However, the HF approximation unde
estimates the miniband energy, and it may be that correla
effects ~and finite-thickness effects! improve the energetics
of the miniband states. Unfortunately, we cannot provid
reliable estimate of the correlation-energy contribution to
miniband state, since the generalized random-phase app
mation gives a logarithmically divergent~and negative!
result.35 We are not able to make a definitive conclusion
the possibility that fluctuation effects beyond the HF a
proximation stabilize the miniband state for small or ev
zero interlayer tunneling, or whether there are other supe
tice SILC states besides the miniband state that could
realized, leaving this as an issue that must ultimately be
cided experimentally. In Sec. IV, we discuss experimen
signatures of the miniband state.

It is useful to compare the energy of the miniband state
those of more general staggered states. Consider a sta
transition of ordern to a staggered state that consists of
peating units ofn11 layers, with one layer having filling
factor n1nd and n depleted layers having filling facto
n2d. The driving force for the staging transition is th
intralayer exchange-correlation interaction, which favo
concentrating the electrons in a single plane. The main
ergy cost of the staging transitions is the Hartree charg
energy due to having charge-imbalanced layers. We note
the surface charge density of then depleted layers is
ed/2p l 2, so that the Hartree contribution to the energy p
particle for the staggered states is25

«H~n!5
n~n12!

12

e2

4pe l

d2

n

d

l
, ~8!

which is always linear ind. At large separations, the Hartre
cost for the staging transitions is prohibitive, son50. The
exchange-correlation contribution to the total energy per p
ticle for independent-layer states is

«xc~n!5
~n1nd!«1~n1nd!1n~n2d!«1~n2d!

~n11!n
, ~9!

where «1(n) is the energy per particle for a single-lay
quantum Hall state at filling factorn, which is indicated by
the dots in Fig. 1. Note that«1(n) decreases with increasin
n, which favors increasing the density of some layers at
expense of others. The total energy per particle of the s
gered system is«s5«H1«xc . For the sake of definitenes
we consider two special cases below,n51/2 andn51/4.
11532
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For n51/2, we consider ann51 independent-layer stag
gered state withd5(1/2)/(2k21) for k51,2,3,̀ , corre-
sponding to a superlattice state with a two-layer unit c
with filling factors ~1,0!, ~2/3,1/3!, ~2/5,3/5!, and ~1/2,1/2!,
respectively. The energy per particle for these states is p
ted in Fig. 2, along with the energy per particle for the min
band state att50 andt50.05 ~in units of e2/4pe l ).

Figure 2 shows the energy per particle atn51/2 for mini-
band states~dashed-dot curves! at t50 ~upper! and t50.05
~lower!, for n51 staggered independent-layer states cons
ing of pairs of layers with alternating filling factors~1,0!
~sloped solid line!, ~2/3,1/3! ~dotted line!, and ~3/5,2/5!
~dashed line!, and for then50 independent-layer state wit
n51/2 ~horizontal solid line!. Note that fort50, then51
staggered state~1,0! has the lowest energy ford/ l ,1.3, after
which then50 independent-layer state withn51/2 has the
lowest energy. Thus, the miniband state requires finite in
layer tunneling to be stabilized: fort50.05, the miniband
energy is always lower than that of the staggered~1,0! state,
and is lower than that of then50 independent-layer state fo
d/ l ,2. Note that finite interlayer tunneling produces a co
stant downward shift of the miniband energy at fixedn andt,
but is expected to have a much smaller effect~of order t2,
from perturbation theory! on the independent-layer states.

For n51/4, we consider ann53 independent-layer stag
gered state corresponding to a superlattice state with a f
layer unit cell with filling factors~1,0,0,0!, and a two-layer
unit cell with filling factors~1/2,0!. The energies per particle
«s for these states are plotted in Fig. 3, along with the en
gies per particle« for the miniband states att50 and t
50.03 ~in units of e2/4pe l ).

Figure 3 shows the energy per particle atn51/4 for mini-
band states~dashed-dot curves! at t50 ~upper! and t50.03
~lower!, for ann53 staggered independent-layer states c
sisting of four layers with alternating filling factors~1,0,0,0!

FIG. 2. Ground-state energies per particle« in units ofe2/4pe l ,
for an Nw→` miniband quantum Hall state atn51/2 versus the
layer separationd/ l . The estimated ground-state energies per p
ticle «s for staggered states without correlations between the la
are also shown. Interlayer tunneling of ordert;0.05e2/4pe l is re-
quired to stabilize the miniband state.
3-4
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~sloped solid line!, for an n51 staggered independent-lay
states consisting of pairs of layers with alternating filli
factors ~1/2,0! ~dotted line!, and for then50 independent-
layer state withn51/4 ~horizontal solid line!. Note that for
t50, then53 staggered state~1,0,0,0! has the lowest energ
for d/ l ,0.6, after which then51 staggered state~1/2,0! has
a lower energy until d/ l'1.6, after which the n50
independent-layer state withn51/4 has the lowest energy. A
n51/4, the miniband state requires finite interlayer tunnel
of ordert;0.03 to be stabilized. When the miniband state
stabilized by tunneling, the interlayer correlations of t
miniband state are expected to have a strong effect
growth-direction transport, as we discuss in the followi
section.

IV. INTERLAYER TRANSPORT

Individual-particle transport between correlated elect
layers in independent-layer quantum Hall states is stron
suppressed38 because many-particle states containing
electron and hole created by a tunneling event have s
overlaps with low-energy states. Miniband states can ha
large conductivity because of the possibility of collecti
transport, much as the tunneling conductance in bilayer
tems is increased by many orders of magnitude4 when inter-
layer coherence is established.

The nature of disorder in multiple-quantum-well syste
is important for transport considerations, and indeed for
formation of the miniband state. Unlike double-quantu
well systems that can be modulation doped from the sid
multiple-quantum-well systems must have layers of dopa
between the quantum wells. These layers will create diso
within the quantum wells and in the interlayer tunneling a
plitude. In the bilayer case, it is expected theoretically, a
known experimentally, that interlayer correlations occur o

FIG. 3. Ground-state energies per particle« in units ofe2/4pe l ,
for an Nw→` miniband quantum Hall state atn51/4, versus the
layer separationd/ l . The estimated ground-state energies per p
ticle «s for staggered states without correlations between the la
are also shown. Interlayer tunneling of ordert;0.03e2/4pe l is re-
quired to stabilize the miniband state.
11532
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in weakly disordered systems. The occurrence of the phy
we propose will require, in all likelihood, special efforts
limit disorder due to modulation doping between the laye
One possible strategy is to place the interlayer dopants
deep quantum well, creating carriers that can screen lat
disorder but which do not contribute to growth-directio
transport.39 The following discussion assumes that conditio
of relatively modest disorder can be achieved.

To describe coherent transport, we separate the tunne
amplitude between the layers into a nonrandom part tha
diagonal in Landau-level state indices,2t, and a fluctuating
part, dtX8,X . In the absence of disorder and interactions
constant tunneling amplitude would lead to a Bloch mi
band with dispersion«0(q)522tcos(qd). In a semiclassical
approximation, the effect of an electric fieldE on the spon-
taneous miniband state is to move it rigidly in the reduce
zonek-space at the rateK̇52eE/\. Whendt and the disor-
der within the layers are ignored, the macroscopic curr
density carried by the miniband state is given by

j 5
e

\

n

2p l 2d

]«K

]K
, ~10!

where«K is the energy per particle for the miniband sta
when the center of the occupied region is located atK in k-
space. It is easy to show that only the band energy«0(q)
contributes to theK-dependence ofEtot. Hence

j 5
e

\

n

2p l 2

sin~pn!

pn
2tsin~eVT/\!, ~11!

whereV5Ed is the interlayer voltage difference, andT in
Eq. ~11! denotes time. These time-dependent oscillating c
rents are just the Bloch oscillations40 that are expected to
occur for noninteracting electrons in a low-disorder limit th
has never been approached in any degenerate electron
tem. Related effects have, however, been seen in mult
quantum wells with optically-excited carriers.41 The role of
strong interactions and miniband formation in the quant
Hall regime is to allow this physics to appear in samp
where the transport at zero magnetic field is incoherent.

That interactions support the robustness of the disord
free quasiparticle bands can be seen in Fig. 4, where we
the quasiparticle bands for the maximum-current state w
K5p/2d, for t50.05e2/4pe l andn51/2. The HF eigenval-
ues are given by

«~q!522tcos~qd!2
1

Nw
(

p
f ~q2p!X~p!, ~12!

where f (q)5^cqX
† cqX& is the wave-vector occupation func

tion, andX(p) is the HF self-energy

X~p!5
e2

4pe l E0

`

dxe2x2/2F sinh~xd/ l !

cosh~xd/ l !2cos~pd!G .
~13!

Equation~12! shows that if there were no interlayer tunne
ing, the quasiparticle bands would shift rigidly withK. For
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noninteracting electrons, shifting the occupied momenta
K5p/2d would open up an enormous phase space for s
tering ~dashed arrows of Fig. 4!, because for every occupie
state, there would be an unoccupied state of opposite
mentum. Compared to the interaction-free case, very few
the occupied states in the nonequilibrium finite-K state are
degenerate with the unoccupied quasiparticle states~solid ar-
rows of Fig. 4!. Scattering is further reduced because
available scattering states are all nearkF , where the density
of states is greatly suppressed, even for the maxim
current-carrying state. The system isnot a superconducto
because the quasiparticles in the current-carrying state
not in equilibrium; nevertheless, the phase space for cur
relaxation by disorder scattering is immensely reduced.

The basic physics that we believe will lead to suppres
current relaxation in miniband quantum Hall states is
plained in the above paragraph. The linear conductivity
the growth direction can be evaluated more formally, follo
ing the lines of a recent calculation of bilayer interlay
conductance.42 When applied to superlattices, these cons
erations imply that the conductance is approximately tha
the auxiliary single-particle system with interactio
enhanced growth-direction quasiparticle velocities and s
pressed quasiparticle scattering rates. This suggests tha
growth-direction conductivity will be enhanced by orders
magnitude upon entering the miniband state.

V. CONCLUSION

We have investigated the stability of uniform-dens
interlayer-coherent quantum Hall miniband states, compa
their energies to those of states without interlayer corre
tions, including staggered states with diagonal order. O
calculations demonstrate that SILC does not occur in su
lattices within the HF approximation, although cohere

FIG. 4. Bare single-particle dispersion«0(q)522tcos(qd) for
t50.24e2/4pe l ~dashed!, and the HF dispersion«(q) for n51/2
andt50.05e2/4pe l ~solid!. The dark portions of the curves, on th
right-hand side, indicate the occupied states, whose momenta
have shifted to the right byK5p/2d to produce a current-carrying
state. The miniband states shift to the right withK, and have a much
smaller phase space for scattering.
11532
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miniband states with strongly-enhanced band widths can
stabilized by weak interlayer tunneling. For small interlay
separations, independent-layer staggered states with diag
order are preferred because they have larger exchange
gies and because the Hartree energy cost of inhomogene
not large: the Hartree energy per volume for a staggered s
can be four times lower in a superlattice as compared t
bilayer. The superlattice case differs in this regard from t
of a bilayer, which does exhibit SILC. At large layer sepa
tions, intralayer correlations become more important en
getically than interlayer correlations, and independent-la
states of uniform density and constant filling factor are
vored, just as for bilayers.

The quantum Hall miniband state, when formed~e.g.,
with the help of interlayer tunneling!, is expected to have a
strongly enhanced growth-direction conductivity. This is b
cause, in the miniband state as in the SILC bilayer st
electrons in different layers are arranged so as to accom
date tunneling electrons from other layers. This greatly
creased growth-direction conductivity may be the most
finitive experimental signature of the superlattice miniba
state. We emphasize that the tunneling conductance we
scribe is strongly enhanced by interlayer exchange and
relations over the value expected by single-particle tunne
alone.

We also suggested that a quantum Hall miniband s
would constitute a promising candidate for a Bloch oscil
tor, without the need for optically excited carriers. The p
riod of Bloch oscillations isTB52p\/(eEd) for an applied
dc electric fieldE,40 where d is the distance between th
layers. For typical samples at room temperature, the sca
ing relaxation time is about 109 times smaller than the Bloch
period TB , which precludes the possibility of observin
Bloch oscillations. Quantum Hall miniband states are e
pected to have greatly reduced scattering rates becaus
their many-body interlayer correlations.

We caution that our proposals must be regarded as un
tain, since they are based on single-Slater-determinant va
tional wave functions. For example, interlayer correlatio
can be established by quantum fluctuations not included
this HF theory, without breaking any symmetries. Additio
ally, the fact that interlayer correlations establish a cha
gap in bilayer systems, but not in multiple-quantum-well sy
tems, may make mean-field-theory considerations less
able in the present case. We therefore feel that the true na
of the ground state can only be established experiment
and, with this in mind, have argued that enhanced grow
direction conductivity due to collective transport is a reliab
signature of spontaneous or interaction-enhanced interl
coherence.

Aside from a large miniband-enhanced growth-directi
conductivity and the possibility of producing Bloch oscilla
tions, there may also be other many-body effects that
analogous to those proposed for bilayer SILC system3

These includes novel effects produced by in-plane magn
fields, enhanced Coulomb drag at zero temperature, and
existence of charged topological excitations. The collect
modes of miniband states are very different in character fr
those of a superlattice system with independent-la
states.24–26 The collective-mode spectrum of the miniban

we
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state could be explored by tunneling conductivity measu
ments made in a parallel magnetic field,43 or by resonant
inelastic light scattering.44

We also note that while finite tunneling is needed to s
bilize the miniband state within the HF approximation, it
still an open question whether SILC becomes favora
when quantum fluctuations, which lower the miniband e
ergy, are included. Finite thickness is also known to enha
SILC in bilayer systems.9 It is also likely that the uniform-
density~in the plane! staggered states that we have cons
ered have a higher energy than states with nonuniform d
sities in the plane. For example, the~1,0! staggered state ma
break up into domains ofn51 andn50 within a plane, so
that the average filling factor of the plane remainsn51/2.
This would reduce the Hartree energy without too large
sacrifice in exchange energy. Such a nonuniform state m
also possess interlayer correlations at the boundaries bet
n51 andn50 regions. It is also possible that at some fillin
factors, in particular, those at which Laughlin-Jastrow sta
occur, other types of states with SILC could be realiz
including states that possess both charge order and S
tot
en
H
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While this work is necessarily incomplete in exploring all
these possibilities, and unable to reach definitive conclusi
concerning the possibilities that have been explored, it d
demonstrate that the interaction physics of multip
quantum-well systems at fractional filling factors per lay
will be even richer than that of single-layer systems, if sy
tems with sufficiently weak disorder can be fabricated.
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