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Scattering of hot excitons due to optical phonons in quantum wells:
Multiphonon resonant Raman process
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The hot-exciton scattering rate by optical phonons is calculated in the framework of the envelope-function
approximation in narrow quantum wells~QWs!. The exciton-phonon Fro¨hlich-type interaction is considered
and the contributions of the confined phonons and interface modes to the total scattering rate are discussed in
terms of the in-plane exciton kinetic energy and quantum-well width. To take into account the full symmetry
of the optical phonons a phenomenological approach is employed in which the mechanical and electrostatic
matching boundary conditions are fulfilled at QW interfaces. It is shown that the main contribution to the
scattering rate comes from intrasubband transition assisted by phonons with even electrostatic potential state.
The experimental observation in short period GaAs/AlAs superlattices on the phonon symmetries and their
relative intensities of multiphonon resonant Raman process is qualitatively explained in terms of the relative
role of the confined and interface optical phonons on the exciton scattering rate.
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I. INTRODUCTION

An exciton with kinetic energy higher than the therm
temperature of the medium is called a hot exciton. This c
cept has been introduced in the past when multiphonon
lines have been observed in resonant Raman scatterin
bulk semiconductor materials~see Ref. 1 and reference
therein!. For polar semiconductors, when the exciton ene
is greater than a longitudinal optical phonon, the scatter
rate is governed by the Fro¨hlichlike mechanism playing the
main role in the intraband exciton relaxation time. In the p
and for the bulk semiconductor case, transition probabili
of hot excitons interacting with longitudinal and acous
phonons have been carried out in Refs. 2–4. The depend
on exciton kinetic energy, effective electron and hole mas
and on the excitonic quantum numbers were obtained, sh
ing the conditions that favored the hot-exciton contributi
to the multiphonon Raman process in semiconductors.

The importance of hot-exciton relaxation via optica
phonon emission in quantum wells~QWs! has been stresse
by photoluminescence experiments5,6 and by time-resolved
Raman scattering measurements.6,7 Also, the relative role of
confined phonons and interface modes in time-resolved r
nant Raman spectroscopy experiments is pointed out in
8. Today, there are several theoretical studies of carrier
laxation times in QWs considering the main mechanism
to electron-LO-phonon interaction~e.g., Ref. 9 and refer
ences therein!. In Refs. 10–12 the exciton linewidths i
quantum-well structures due to bulk LO phonons have b
obtained considering different approach for the excito
states. Calculations taking into account scattering to hig
subbands and to the continuum excitonic states as a func
of the QW width are reported in Refs. 12 and 13.

In this paper, we will focus on the hot-exciton scatterin
rate calculation due to the confined phonons and interf
optical modes and their contribution to the multiphon
0163-1829/2002/65~11!/115314~11!/$20.00 65 1153
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resonant Raman process~MPR! in narrow QWs. Hot-exciton
relaxation and resonant Raman scattering due to combina
of bulk LO phonons have been measured in GaAs/AlGa
multiple QWs by Cle`rot et al.14 In Ref. 15, Mowbrayet al.
reported multiphonon processes in short-period GaAs/ A
superlattices at laser energies above the type-I band gap
corresponding Raman spectra for the second- and third-o
processes from GaAs phonons show structures involving
combination of confined and interface optical modes. Th
relative intensities do not follow the expected products of
observed first-order Raman intensity. As it is shown in F
1~a! for the case of third-order process of 10-GaAs mon
layer samples, the combined intensities of LO2 and LO4

phonons are comparable to the intensities due to 3LO2 one.
The relative intensities of the second-~not shown! and third-
order processes due to the combination of LO2-confined pho-
non are weaker than that obtained with LO2 and interface
phonons as it is observed in Fig. 1~b! for the 6 GaAs mono-
layer. These results show that the relative intensities of
MPR scattering process are very sensitive to the quan
well width. We need to emphasize that the reported M
processes correspond to the scattering light coming from
direct gap of the GaAs, that is, the exciton relaxation o
served in the Raman spectra of Fig. 1 comes from theG
point of the Brillouin zone.

The connection between the MPR process with excito
transitions follows when the excitonic cascade model is
voked to explain the main features of the scattered light.14,16

According to this model, the Raman intensityI (N) of a
Nth-order (N5n11•••1nN) phonon process is propor
tional to the indirect exciton creation probability,Fa

(n1) , by
the light after the emission of oneLn1

phonon, to the exciton

cascade scattering probabilities,Wa i→a i 11

(ni ) , with emission of

n21•••1nN21 phonons, and finally to the indirect annih
lation probabilityLa

(nN) assisted byLnN
phonon. That is,
N

©2002 The American Physical Society14-1
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I ~n11n21¯1nN!zFa
~n1!S )

i 51

N22 Wa i→a i 11

(ni )

Wa i
D LaN

(nN). ~1!

Here, the excitonic state is labeled bya and the phonon
symmetry byni , and (Wa i

)21 is the total-exciton lifetime in

the statea which it is mainly determined by theG-X exci-
tonic transition~the GaAs/AlAs QW has an indirect gap i
the X point!. According to Eq.~1!, an explicit calculation of
Wa→a8

(n) (EK) as a function of the QW width, exciton kineti
energyEK , and phonon modeLn will bring a further under-
standing of MPR process in QWs as we will discuss belo

II. MODEL AND FUNDAMENTAL EXPRESSIONS

To describe the scattering-rate process we assum
Wannier-Mott exciton model in a quantum well with nond
generate electron and hole isotropic bands. In the framew
of the envelope-function approximation, for narrow quantu
wells and in the adiabatic approximation, where the thr
dimensional excitonic Bohr radiusaB is larger than the
electron-hole pair mean value along the growth direction,
eigenvalues and eigenfunctions of the quantum-confined
citons are described by the Hamiltonian

H~re ,rh!5H0~re ,rh!1Hp~re ,rh!, ~2!

with

H05peS 1

2me~ze!
peD1phS 1

2mh~zh!
phD

2
e2

er
1Ve~ze!1Vh~zh!, ~3!

FIG. 1. Third-order Raman GaAs phonon spectra from Ref.
~a! ~10,10! and~b! ~6,6! @GaAs, AlAs# monolayers. Arrows indicate
the position of overtones and combinations of confined LO phon
and interface modes.
11531
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andHp is considered as a perturbation to the Hamiltonian~3!
given by

Hp52
e2

e
$@~re2rh!21~ze2zh!2#21/22ure2rhu21%,

~4!

wheree is the dielectric constant,me(mh), re5(re ,ze) @rh
5(rh ,zh)#, andVe(ze) @Vh(zh)# are the effective mass, th
coordinates, and band offset for the electron~hole!, respec-
tively. The exciton wave functionCexc(re ,rh) of the Hamil-
tonianH0 can be taken in separable form given by produ
of the two-dimensional exciton wave functionC(R,r) and
the electron and hole subband wave functionsf i(zi) ( i
5e,h)

Cexc~re ,rh!5C~R,r!fe~ze!fh~zh!. ~5!

The exciton in-plane motion is described by the electro
hole pair center-of-mass coordinateR5(mere1m'

h rh)/M
(M5me1m'

h ) and the in-plane relative coordinate of th
electron and the holer5re2rh . The wave functionsf(z)
and eigenenergiesEn are given elsewhere.17 The two-
dimensional exciton wave function in polar coordinates c
be separated into a center of mass motion with wave ve
K , a radial part, and an angular part given by

C~R,r!5
1

AS
eiK•RRN,m~r!

1

A2p
eimu, m50,61,62, . . . ,

~6!

and S is the QW area. For bound exciton states the cor
sponding normalized eigenfunctions are obtained
follows:18

RN,m~r!5NN,me2r/[aB(N11/2)]F 2r

aB~N11/2!G
umu

3FF2N1umu,2umu11,
2r

aB~N11/2!G ;
umu<N,N50,1, . . . , ~7!

where

NN,m5A ~N1umu!!

@~2m!! #2aB
2~N11/2!3~N2umu!!p

, ~8!

F(a,b;z) is the confluent hypergeometric function, and t
bound exciton energies«N are

«N52
Ry

~N11/2!2
, N50,1, . . . . ~9!

The total energy of Hamiltonian~2! is found to be

E5Eg1Ene
1Enh

1«N1DEN,m
ne ,nh1

\2K2

2M
, ~10!

with Eg being the gap energy,DEN,m
ne ,nh is the three-

dimensional Coulomb correction,Ry5me2/2\2e2 is the ef-

.

s

4-2
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SCATTERING OF HOT EXCITONS DUE TO OPTICAL . . . PHYSICAL REVIEW B 65 115314
fective Rydberg constant, andm the reduced mass in theXY
plane. TheDEN,m

ne ,nh value as function of QW width can b
found from the Hamiltonian~4! in first-order perturbation
theory. In the adiabatic approximation, where theZ-axis con-
finement is stronger than for theXY direction, i.e., if the
Bohr radius is larger than the QW width, the electron-h
mean value in theXY plane is bigger than the electron-ho
pair mean separation along theZ-axis and the excitonic cor
rection can be approximately given by

DEN,m
ne ,nh5^N,m;ne ,nhuHpunh ,ne ;m,N&

[2
e2

2er N,m
3 @^neuze

2une&1^nhuzh
2unh&•••#, ~11!

where the mean electron-hole separationr N,m
5^N,mur um,N& can be cast as

r N,m5aBA~N11/2!~N1umu!!G~g13!N!

~2m!! ~N2umu!! ~g1N21!!p

3AF1112
N

g
130

N~N21!

g~g11!
120

N~N21!~N22!

g~g11!~g12! G ,
~12!

g52umu11, G(x) represents the Gamma function, and t
functions ^nuz2un& are reported in Ref. 18. The numeric
results for the three-dimensional~3D! excitonic correction
DEN,m

ne ,nh in GaAs/AlAs QW are shown in Fig. 2 as a functio
of the quantum well widthd. The first two excitonic
branches (ne51, nh51 and ne51, nh52) and different
internal quantum numbersN,m are considered. As can b
seen in the figure, the 3D exciton corrections decreased
decreases causing the exciton to become more 2D. Fo
QW width d smaller than a certain valued0, the DEN,m

ne ,nh

correction grows rapidly because the carrier becomes
confined and the adiabatic approximation is not longer va
In the case of GaAs/AlAs QW, the lower value ofd for
which the excitonic branchne51, nh52 exist corresponds
to d51.4 nm. Moreover, the excitonic correction given b
Eq. ~11! is sustained under the approximation^N,mu(ze

2

1zh
2)um,N&,r N,m

2 and our calculations have been limited

FIG. 2. Excitonic correctionDEN,m
ne ,nh given by Eq.~11! for the

ne5nh51 ~solid lines! and ne51,nh52 ~dashed lines! excitonic
branches in GaAs/AlAs QW as a function of the widthd. The N
51 andN52 (m50,1) internal excitonic states are considered
11531
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d>1.4 nm. As can be seen in Fig. 2, the contribution
DEN,m

ne ,nh to the exciton energy«N is very small in the range
1.6 nm,d,7 nm an in principle can be disregarded.

To describe the exciton-phonon interaction we follow
unified treatment that takes into account the full match
boundary conditions: mechanical and electrodynamic.19 This
phenomenological treatment involves the coupling betw
the longitudinal~L! and transversal~T! polarization modes as
a consequence of the coupled differential equations for
phonon-displacement fieldu and electrostatic potentialw.
This model, particularly useful to describe Ram
process,20–22 yields confined quasi-L and confined quasi-T
modes, while some of these modes exhibit interface cha
ter. The interaction Hamiltonian is19

HE2P5 (
np ,q

CF

AV
@wnp ,q~ze!e

iq•re2wnp ,q~zh!eiq•rh#

3b̂np ,q1H.c., ~13!

whereb̂np ,q is the phonon creation operator with wave ve

tor q and frequencyvnp ,q . V5Sd is a normalization vol-

ume, andCF is the Fröhlich coupling constant given by

CF5eA2p\vL~e`
212e0

21!, ~14!

where vL is the LO phonon frequency,e` is the high-
frequency dielectric constant, ande0 is the static dielectric
constant. The Fro¨hlich-type exciton-phonon interaction~13!
has been expressed as a product of factors for motion
pendicular and parallel to the QW axis. The functionwnp ,q is
proportional to the electrostatic scalar potential obtained
solution of the eigenvalue problem and shows a definite p
ity. We need to remark that the potential given in Refs. 19
has several misprints. The correct expressions are wri
below.

~A! Odd-potential states

wnp ,q~z!

5A d

iui2H sin~2hLz/d!2SL
1e2hqsinh~2hqz/d!/hq ,

uzu<d/2,

S0e22hquzu/dz/uzu, uzu>d/2,

~15!

with the following dispersion relation:

S bL

bT
D 2

@hL
21hq

2#~hLcoshL1hqsinhL!

3~hqcoshTsinhhq1hTsinhTcoshhq!

5@hT
21hq

2#~hqcoshT2hTsinhT!

3~hLcoshLsinhhq2hqsinhLcoshhq!, ~16!

where bL and bT are two parameters describing the qu
dratic dispersion of theL andT phonons in the bulk, respec
tively.
4-3
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~B! Even-potential state

wnp ,q~z!5A d

uuuuu2H cos~2hLz/d!2CL
1e2hq

3cosh~2hqz/d!/hq , uzu<d/2,

C0e22hquzu/d, uzu>d/2,
~17!

with the following dispersion relation:

S bL

bT
D 2

@hL
21hq

2#~hqcoshL2hLsinhL!

3~hTcoshTsinhhq2hqsinhTcoshhq!

5@hT
21hq

2#~hTcoshT1hqsinhT!

3~hLsinhLcoshhq1hqcoshLsinhhq!. ~18!

In Eq. ~15! and Eq.~17!, iui2 represents the norm of th
vibrational amplitude. The definition of the termsSL

1 , CL
1 ,

iui2, and other parameters can be found in the Appendi
The sinusoidal and cosenusoidal functions appearing

Eq. ~15! and Eq.~17!, respectively, are the contributions o
the confined phonons to the electrostatic potential, while
hyperbolic and exponential functions come from the int
face phonons and are due to the dielectric mismatch betw
the interfaces. It is important to realize that the modes m
be predominantlyL, or predominantlyT, or present certain
character of ‘‘interface’’ modes, depending on wave vectorq,
which is contained in Eq.~16! and Eq.~18!.

The phonon dispersions for a structure of GaAs/Al
with 2.8, 2.0, and 1.7 nm well width are shown in Fig. 3. T
branches are labeled asLnp

andTnp
(np51,2,3, . . . ) accord-

ing to their longitudinal and transverse character atq50.
The modes that show a strong dispersion as a function o
in-plane wave vectorq are those with the strongest electri
field component and also the strongest interface chara
For the 2.8 nm and 1.7 nm QW width the two interfa
branches areL1 andT1 modes, while in the case of Fig. 3~b!
these correspond toL1 and L4 modes. The upper mode i
purely antisymmetric (L1) while the lower interface mode
(T1 and L4 in Fig. 3! is symmetric. AsqÞ0, the upper
~lower! interface phonon has solely contribution from an
symmetric ~symmetric! modes. In the figure anticrossing
can be observed between those states with the same sym
try. These anticrossings of the confined and interfa
phonons have been observed in GaAs/AlAs multiple QW
where the interface roughness scattering induces the ne
sary phonon wave vector.21

III. SCATTERING RATE

The scattering probability per unit time of an exciton in
QW from the initial K , N, m; ne , nh to final K 8, N8, m8;
ne8 , nh8 states due to the interaction with optic phonon
given by
11531
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W
N,m;ne ,nh→N8,m8;n

e8 ,n
h8

(np)
~K ,K 8!

5
2p

\ (
q

u^K ,N,m;ne ,nhuHE2Punh8 ,ne8 ;m8,N8,K 8&u2

3dS \2K82

2M
2

\2K2

2M
1\vnp ,q1En

e8
2Ene

1En
h8
2Enh

1«N82«N1DE
N8,m8

ne8 ,nh8 2DEN,m
ne ,nhD . ~19!

We consider the case of low temperature wherekBT
!\vnp ,q (kB is the Boltzmann constant! and the phonon
emission Stokes process is the main process. It is clear
obtaining scattering probability considering the phono
absorption process is straightforward if the phonon occu
tion numberN(q)5@e\vnp ,q /kBT21#21 is introduced on the
right-hand side~rhs! of Eq. ~19! and\vnp ,q is substituted by

2\vnp ,q . In the adiabatic approximation the wave functio
Eq. ~5! and the exciton-phonon Hamiltonian~13! permit us
to write the matrix element in Eq.~19! as

^K ,N,m;ne ,nhuHE2Punh8 ,ne8 ;m8,N8,K 8&

5
CF

AV
dK8,K2q@ I N,m

N8,m8~Qh!^neuwnp ,qune8&dnh ,n
h8

2I N,m
N8,m8~Qe!* ^nhuwnp ,qunh8&dne ,n

e8
#, ~20!

whereQh(e)5m'
h (me)aBq/M . The first~second! term in the

rhs of Eq.~20! is due to the phonon emission by the electr

~hole! with matrix elementsI N,m
N8,m8(Qh)@ I N,m

N8,m8(Qe)# in the
XY plane and^neuwnp ,qune8&(^nhuwnp ,qunh8&) along the Z

axis. The transition-matrix elementsI N,m
N8,m8 are given in the

Appendix. Substituting Eq.~20! into Eq. ~19! and carrying
out the sum overK 8 one can find the scattering rate as
function of the absolute value of the exciton wave vectorK

W
N,m;ne ,nh→N8,m8;n

e8 ,n
h8

(np)

5
CF

2

2p\dE0

`

dqqE
0

2p

du1uI N,m
N8,m8~Qh!

3^neuwnp ,qune8&dnh ,n
h8

2I N,m
N8,m8~Qe!* ^nhuwnp ,qunh8&dne ,n

e8
u2d„f ~q,u1!…, ~21!

where

f ~q,u1!5
\2q2

2M
2

\2Kq

M
cosu11\vnp ,q1En

e8
2Ene

1En
h8

2Enh
1«N82«N1DE

N8,m8

ne8 ,nh8 2DEN,m
ne ,nh , ~22!
4-4
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SCATTERING OF HOT EXCITONS DUE TO OPTICAL . . . PHYSICAL REVIEW B 65 115314
andu1 is the angle between vectorsK andq. The energy and
momentum conservation laws restrict the absolute value
the phonon wave vectorq within the range ofqmin and
qmax, which are solutions of

f 6~EK![q0
262AM

m
AEK

Ry
q01

M

mRy
~\vnp ,q1En

e8
2Ene

1En
h8
2Enh

1«N82«N!50, ~23!

with the conditionqmin>0, q05qaB , andEK5\2K2/2M is
the exciton kinetic energy. After the integration with respe
to u1 and summation overm andm8 in Eq. ~21!, we obtain

W
N;ne ,nh→N8;n

e8 ,n
h8

(np)
~EK!

52vL

M

aBmd S e0

e`
21D E

qmin

qmax dq0q0

Af 1~EK! f 2~EK!

3 (
m,m8

uei (m82m)u1I N,m
N8,m8~Qh!^neuwnp ,qune8&dnh ,n

h8

2e2 i (m82m)u1I N,m
N8,m8~Qe!* ^nhuwnp ,qunh8&dne ,n

e8
u2,

~24!

FIG. 3. Dispersion of the GaAs optical phonons of the~a! 2.8
nm, ~b! 2.0 nm, and~c! 1.7 nm GaAs/AlAs quantum well. The
phonons are labeled as longitudinal~L! and transverse~T! according
to its character atq50. Interface phonon branches are those sho
ing strong dispersion as a function ofq and are indicted byL1 , L4,
andT1 in ~a!, ~b!, and~c!, respectively. The anticrossing ofL4 and
T1 modes nearq553105 cm21 is clearly seen in~b!. L4 andT1

modes present the same parity respect to center of the QW.
11531
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with u1 is given by

tanu1~EK!52
Af 1~EK! f 2~EK!

f 1~EK!1 f 2~EK!
. ~25!

From the energy and quasimomentum conservation law
follows that the scattering probabilityW(np) is different from
zero if the exciton kinetic energyEK.\vnp ,q1En

e8
2Ene

1En
h8
2Enh

1«N82«N1DE
N8,m8

ne8 ,nh8 2DEN,m
ne ,nh . In Fig. 4, we il-

lustrate the content of Eq.~24!, showing the types of one
phonon Stokes scattering processes included in the scatt
rate. Each exciton band is characterized by single elec
and hole quantum numbers (ne ,nh) and the total quantum
numberN: two excitonic bands are shown including dispe
sion due to center-of-mass motion as in Eq.~10!. For an
exciton excited to the initial state labeled A in the Fig. 4, a
in the adiabatic approximation used here, only two proces
will occur: ~a! intrasubband scattering, with phonon potent
state of even parity (np52,4, . . . ) andne5ne851 and nh

5nh851; ~b! inter-intrasubband scattering~mixed process!
given by ne5ne851 but nhÞnh8 and vice versa. Here, i
unh2nh8u is even the phonon potential is an even functio
while for unh2nh8u equal to an odd number, the phonon p
tential states need to be odd giving a zero electron contr
tion to the scattering probability. This is illustrated in Fig.
where single-phonon inter-intrasubband scattering are sh
by arrowsA→B, A→C, defining the correspondingqmin
andqmax for these processes. The exciton intrasubband tr
sitions (A→B8,A→C8) are coupled to the symmetric part o
the phonon potential, while the exciton intersubband scat
ing ~with mixed character or not! couples to the symmetric
or antisymmetric part of the Fro¨hlich Hamiltonian interac-
tion. All such inter and intrasubband processes need to
included, taking account also of the restrictions on allow
pairs (ne ,nh), (ne8 ,nh8) due to conservation of energy an
quasimomentum that is included in Eq.~24!. The total exci-
ton scattering rate characterized by the quantum numbeN
50; ne51, nh51 and kinetic energyEk and due to the
interaction with an optical phononnp can be written as

W0;1,1
(np)

~EK!5W0;1,1→0;1,1
(np)

~EK!1 (
N8Þ0

W
0;1,1→N8;1,1

(np)
~EK!

1 (
N8Þ0

neÞne8 or nhÞnh8

W
0;1,1→N8;n

e8 ,n
h8

(np)
~EK!. ~26!

The first term on the rhs of the above Eq.~26! represents
the intraband scattering probability without changes of
internal stateN50 of the exciton bandne51, nh51. The
second term is the exciton intraband scattering accompa
by transitions fromN50 to other internal quantum state
N8Þ0, while the last term gives the intersubband contrib
tion to the exciton lifetime in the branchne51,nh51 with
internal quantum numberN50 and kinetic energyEK . In
the next section, we study the dependence of the scatte
rate on the in-plane kinetic energy, and on the phon
statenp .

-
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FIG. 4. Schematic representation of allowed scattering processes. See text, Sec. II, for discussion.
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IV. DISCUSSION AND CONCLUSIONS

For the numerical calculations of the scattering rate
select the GaAs/AlAs parameters given in Table I. The h
effective masses are described by the Luttinger parame
where the in plane hole masses are equal tom'

h 5m0 /(g1

6g2) while along theZ direction mh
z5m0 /(g172g2).24

The sign1(2) corresponds to light~heavy! character of the
mass along theZ direction ~heavy or light character on th

TABLE I. Parameters used in the present paper.

Parameters GaAs AlAs

Eg(eV) 1.5192a 3.1132a

vT (cm21) 273.8b

bL 1.71b

bT 1.77b

me /m0 0.0665a 0.15a

g1 6.85a 3.45a

g2 2.10a 0.68a

e0 12.53a 10.06a

e0 10.983a 8.16a

DEc(%) 65%
DEv(%) 35%

aFrom Ref. 27.
bFrom Ref. 19.
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XY plane!. In Fig. 5 we show the dependence ofW0;1,1→0;1,1
(np)

on EK for the excitonic ground transitionN50→N50 and a
QW width d54.2 nm. In the inset the corresponding GaA
phonon dispersion is represented. The calculation pres
the heavy-~solid lines! and light-hole~dashed lines! contri-
bution along the quantum-well growth direction correspon
ing to theL2 , L4, andL8 phonon modes. Since we are dea
ing with intraband transitions (ne5nh51 for the final and
initial states! the exciton-phonon interaction with odd mod
is forbidden and the main contribution correspond to theL2

mode. In the figure it can be seen thatL4 is almost nine and
two times weaker thanL2 and L8 modes, respectively. To
explain the above results we need to look back at the pho
dispersion in the inset of the figure. TheL2 andL4 confined
phonons are almost flat while theL8 presents a stronger dis
persion as a function of the phonon wave numberq and it is,
in addition, the symmetric QW phonon that has a predo
nantly interface character. The electrostatic potential ass
ated to theL8 mode gives strong exciton coupling by Fro¨h-
lich interaction in intrasubband transitions. The modes w
largestwnp ,q component in Eq.~24! are those that have th
largest interface contribution, explaining why the scatter
rate associated to theL8 mode in Fig. 5 is stronger that th
L4 confined phonon.

Figure 6 shows the dependence of the total scatte
probability W0;1,1

(np) (Ek) 5(N850,1,2W0;1,1→N8;1,1

(np)
(EK) on Ek
4-6
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and different quantum-well widths. Figure 6~a! corresponds
to a QW widthd52.8 nm while~b! and ~c! to d52.0 and
1.7 nm, respectively. In the calculation, we present
heavy hole~solid lines! and light hole~dashed lines! along
the Z direction for np52 and 4 and the two main peak
observed in the figures are due toN50→N50 andN50
→N51 excitonic transitions. It can be seen that ford
52.8 nm theL2 mode is almost two time stronger than th
L4 one, while the opposite is observed when the QW width
reduced tod52.0 nm, that is theL2 confined phonon con
tribution is weaker than theL4 mode. Ford51.7 nm the
exciton scattering rate due tonp54 is negligible@not shown
in Fig. 6~c!# but T1 becomes the stronger ones forEk
.50 meV. As in the case of Fig. 5, the phonon mode t
has a predominantly interface character presents a st
coupling with excitons by the Fro¨hlich interaction via the
largest electrostatic potentialwnp ,q . According to the phonon
dispersions shown in Fig. 3. We see that the symmetric Q
phonon areL4 andT1 for d52.0, and 1.7 nm, respectively
explaining why the scattering rate assisted by theL4 phonon
in Fig. 6~b! andT1 in Fig. 6~c! are stronger than or equal t
that due to theL2 confined mode. In the case ofd
51.7 nm theL4 phonon mode is more confined with a
almost flat dispersion relation@see Fig. 3~c!#. For the range
of q values where the phonons are flat the Fro¨hlich interac-
tion is proportional to 1/Aq21qz

2 with qz5npp/d (np

51,2, . . . ).19 Hence, the contribution to the intraband sc

FIG. 5. One-phonon assisted exciton intrasubband scatte
rateW0;1,1→0;1,1

(np) in a GaAs/AlAs QW as a function of the in-plan
center-of-mass exciton kinetic energy. Dashed lines~solid lines!
correspond to the light-hole~heavy hole! mass along the QW
growth direction withd54.2 nm. The inset shows the GaAs ph
non dispersion. TheL2 , L4, andL8 phonon modes according to th
notation followed in inset have been considered in the calculat
11531
e
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tering rate of thenp54 mode has to be almost four time
weaker than for thenp52.

Let us comment on the effect of the carrier effecti
masses on the scattering rate. First, the confinement
function of the hole masses along theZ axis; second, the
hole-phonon matrix element depends on the hole ma
through theQh5m'

h /MqaB factor and the range of value
qmin<q<qmax is a function of the in plane electron-hol
mass; third, the scattering probability value strongly depe
on the in-plane density of states. Fig. 6 shows that the t
scattering probabilityW0;1,1

(np) (Ek) for the case of the light-
hole mass along theZ direction~heavy-hole character in th
XY plane! is stronger than the heavy-hole exciton one, a
that the relative intensity between several phonon branche
only a function of the phonon dispersion which itself d
pends on the QW width. It is important to note that for t
case we consider of isotropic effective masses andme5m'

h

the intra-band transitionW0→0
(np) is identically zero.2

In conclusion, we have performed an analysis of the
citon scattering rate in narrow QWs. The relaxation of h
excitons accounts for the emission of confined and interf
optical longitudinal phonons due to the Fro¨hlich-like
exciton-phonon interaction. The results obtained show a
ferent behavior of the scattering probability as a function
the well width and in-plane exciton kinetic energy. The val
of W0→0

(np) is not equal to zero forEK.\vnp,0 ~for the case of

intra-subband transition!, increases with increasingEK
reaching a maximum, and begins to fall according to the l
EK

21/2.25 The relative strength of the different phonon mod
is proportional to the ratio of the square of their overl
integral of the functionwnp ,q with initial and final electron
and hole subband states in the QW. The Fro¨hlich Hamil-
tonian ~13! presents a definite parity, and the antisymmet
part of the potentialwnp ,q(z) (L1 ,L3 modes! couples to the

exciton in inter-subband transitions~in our casenhÞn8 h)
with exciton wave functions having different symmetry wi
respect to the center of the well. For a given phonon st
inter-subband transitions are less efficient processes~in our
calculation one order de magnitude smaller than the cas
intra-band transition! on the exciton relaxation time in com
parison with the intra-band probability. The intra-subba
scattering rate is accompanied only by symmetric phon
states (L2 ,L4 . . . ).

These results together with Eq.~1! predict that MPR spec-
tra in theG-point have to be composed mostly by combin
tions of even modes in completely correspondence with
man spectra shown in Fig. 1. For samples with 10-Ga
monolayer width combination such as 3L2 , 2L21L4, and
L212L4 are observed in the GaAs phonon spectra. In
case of the 6-GaAs monolayer well width, only the com
nation ofL2 and interface GaAs modes (3L2 , 2L21IF , etc.!
are reported. Spectra of Fig. 1 correspond to excitation e
gies above the type-I band gap of 125 and 122 meV for
~10,10! and ~6,6! samples, respectively.15 A theoretical esti-
mation of the relative intensities for the even modes can
obtained from Eq.~1!. Taking into account that the total ex
citon scattering rate,Wa , in a given statea is constant, the

ng

.
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FIG. 6. Total scattering probabilityW0;1,1
(np) as a function of in-

plane exciton kinetic energy for in GaAs/AlAs QW for~a! d
52.8 nm,~b! d52.0 nm, and~c! d51.7 nm. Heavy-hole~light-
hole! contribution along theZ direction is represented by solid line
~dashed lines!. The phonon modes follow the notation of Fig. 3.
nd
relative intensities for 3L2 , L21L41L2, and L21IF 1L2
process are given by

I (3n2)

I (n21n41n2) ;
W0;1,1→0;1,1

(n2)
~EK!

W0;1,1→0;1,1
(n4)

~EK!
,

11531
I (3n2)

I (n21IF 1n2) ;
W0;1,1→0;1,1

(n2)
~EK!

W0;1,1→0;1,1
IF

~EK!
.

A direct evaluation ofW0;1,1→0;1,1
(n2) (EK)/W0;1,1→0;1,1

(n4) (EK) and
taking into account the light-hole contribution for the 10 a
4-8
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6-GaAs monolayers gives values of 2.7 and 117, resp
tively. That is, in a six monolayers sample, the MPR at theG
point by combinations ofL2 andL4 confined phonons mus
be almost forbidden. The opposite conclusion arises fod
52.8 nm case, when the combined intensities ofL2 andL4

phonons are comparable to the intensity due to 3L2. We need
to remark that for the 2L21L4 process we have three term
instead of one as in the case of 3L2 confined phonon and th
total third-order Raman intensity ofI (2L21L4)'I (3L2). As we
know from Figs. 3~a! and ~c!, the IF modes correspond to
the T1 hybrid mode. The relative intensityI (3n2)/I (n21IF 1n2)

gives a value of 0.8 for the~6,6! samples. That is, the
6-GaAs monolayers favors the combination ofL2 with IF
modes with a total intensity higher with respect to 3L2 pho-
non. These results are in complete agreement with the
perimental observation of Fig. 1 explaining the obser
variation of the MPR light scattering on the QW width
Hence, the experimental observation in GaAs/AlAs super
tices on the relative intensities of multiphonon scattering
be explained in the framework of a MPR cascade mo
taking into account the relative role of the confined and
terface phonons on the hot-exciton scattering rate and on
QW width. A more detailed theory on the present issue ha
take into account the indirect creation and annihilation pr
ability for the type-I GaAs exciton in terms of the phono
mode and QW parameters.
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APPENDIX

1. Exciton-phonon interaction

The norm of the vibrational amplitude is equal to

iui25E
2d/2

d/2

@Y2~z!1Z2~z!#dz, ~A1!

where for odd-potential states

Y~z!5hqsinS 2hLz

d D
2hT

SL
2exp~hq!1SL

1exp~2hq!

CT
2exp~hq!2CT

1exp~2hq!
sinS 2hTz

d D
1SL

1
vL

22vT
2

vL
22v2

exp~2hq!sinhS 2hqz

d D , ~A2!
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Z~z!5hLcosS 2hLz

d D
1hq

SL
2exp~hq!1SL

1exp~2hq!

CT
2exp~hq!2CT

1exp~2hq!
cosS 2hTz

d D
1SL

1
vL

22vT
2

vL
22v2

exp~2hq!coshS 2hqz

d D , ~A3!

and for even states

Y~z!5hqcosS 2hLz

d D
1hT

CL
2exp~hq!2CL

1exp~2hq!

ST
2exp~hq!1ST

1exp~2hq!
cosS 2hTz

d D
1CL

1
vL

22vT
2

vT
22v2

exp~2hq!coshS 2hqz

d D , ~A4!

Z~z!5hLsinS 2hLz

d D
2hq

CL
2exp~hq!2CL

1exp~2hq!

ST
2exp~hq!1ST

1exp~2hq!
sinS 2hTz

d D
2CL

1
vL

22vT
2

vT
22v2

exp~2hq!sinhS 2hqz

d D , ~A5!

where

SL(T)
6 5Ahq

21hL(T)
2 sin~hL(T)6uL(T)!, ~A6!

CL(T)
6 5Ahq

21hL(T)
2 cos~hL(T)6uL(T)!, ~A7!

S05
SL

2ehq1SL
1e2hq

2hq
, ~A8!

C05
CL

2ehq2CL
1e2hq

2hq
, ~A9!

and

tanuL(T)5
hL(T)

hq
, hL(T)5

d

2
AvL(T)

2 2v2

bL(T)
2

2q2,

hq5
dq

2
,

andvT is the TO bulk phonon frequency.
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TRALLERO-GINER, DE LEÓN-PÉREZ, MENG LU, AND BIRMAN PHYSICAL REVIEW B 65 115314
2. In-plane exciton-phonon matrix element

The matrix elementsI N,m
N8,m8 represent the in-plane exc

tonic transitions. From Eq.~6! and Eq.~13! it follows that

I N,m
N8,m85^NuS 2~21! um82mu

3E
0

p

cos~m82m!ueimrq cosu/Mdu D uN8&,

~A10!

andu being the angle betweenr andq vectors. The integra-
tion overu gives

I N,m
N8,m85~2 i ! um82mu2p^NuJum82muS m

M
rqD uN8&, ~A11!

whereJn(z) is the Bessel function of ordern. Substituting
Eq. ~7! into Eq. ~A11!, we have
ov

v,

ro

la

in

nd

tt.
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I N,m
N8,m85lN

2 aB
2NN,mNN8,m8

lN

lN8

um8u

3E
0

`

r umu1um8u11e2r (11lN /lN8)/2

3F~2N1umu,2umu11,r !

3FS 2N81um8u,2um8u11,
lN

lN8

r D
3Jum82mu~QlNr !, ~A12!

with lN5(N11/2)/2. The hypergeometric functionF(2N
1umu,2umu11,r ) is a polynomial inr and the integral~A12!
can be obtained making use of the identity26

E
0

`

xp11e2axJn~bx!dx

5~21!p11b2n
dp11

dap11 F ~Aa21b22a!n

Aa21b2 G , ~A13!

with b.0 andn.0. We thus find
I 0,0
N,m(Q) m50 m561 m562

N50
1

2p

1

(11Q2)3/2

N51
1

2pA33

Q2

( 4
9 1Q2)5/2

2 iA2

6pA33

Q

( 4
9 1Q2)5/2

N52
1

2pA53

2Q21
9

25

(Q21
9

25)7/2

2 i

2pA53

A6
10

Q(2Q21
9

25)

(Q21
9

25)7/2

21

2pA53

A9

50A6

Q2

(Q21
9

25)7/2
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