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Ultrasonic attenuation in magnetic fields for superconducting states with line nodes in Sr2RuO4

L. Tewordt and D. Fay
I. Institut für Theoretische Physik, Universita¨t Hamburg, Jungiusstr. 9, D-20355 Hamburg, Germany

~Received 10 September 2001; published 14 February 2002!

We calculate the ultrasonic attenuation in magnetic fields for superconducting states with line nodes vertical
or horizontal relative to the RuO2 planes. This theory, which is valid for fields nearHc2 and not too low
temperatures, takes into account the effects of supercurrent flow and Andreev scattering by the Abrikosov
vortex lattice. For rotating in-plane fieldH(Q) the attenuationa(Q) exhibits variations of fourfold symmetry
in the rotation angleQ. In the case of vertical nodes, the transverseT100 sound mode yields the weakest
~linear! H and T dependence ofa, while the longitudinalL100 mode yields a stronger~quadratic! H and T
dependence. This is in strong contrast to the case of horizontal line nodes wherea is the same for theT100 and
L100 modes~apart from a shift ofp/4 in field direction! and is roughly a quadratic function ofH andT. Thus
we conclude that measurements ofa in in-plane magnetic fields for different in-plane sound modes may be an
important tool for probing the nodal structure of the gap in Sr2RuO4.

DOI: 10.1103/PhysRevB.65.104510 PACS number~s!: 74.20.Rp, 74.25.Ld, 74.60.Ec, 74.70.Pq
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I. INTRODUCTION

A number of experiments give evidence that the superc
ducting state in layered Sr2RuO4 ~Ref. 1! consists of spin-
triplet Cooper pairs with broken time-reversal symmet
More recent experiments at low temperatures have es
lished power-lawT dependence of the specific heat (T2),2

the spin-lattice relaxation rate (T3),3 the electronic therma
conductivity,4,5 the penetration depth,6 and the ultrasonic
attenuation.7,8 These properties are most naturally explain

in terms of a spin-triplet order parameterd(p)5D ẑ(px

1 ipy)g(p) where the even-parity functiong(p) has vertical
line nodes~e.g., px

22py
2 or pxpy) or horizontal line nodes

@e.g., cos(cpz1a0)# on the cylindrical Fermi surface.9–11

Since the measured anisotropy of the in-plane thermal c
ductivity k@Q# for rotating in-plane magnetic field4 is
smaller than the calculated anisotropy for vertical node11

and since the anisotropy of the interplanek@Q# is
insignificant,5 these authors have discarded vertical no
and suggested instead horizontal nodes in the supercon
ing gap. Recently we have shown, however, that the am
tudes of k@Q# for vertical and horizontal line nodes ar
about the same.12 The small size of the observed amplitud
of k@Q# is due to the result that the amplitude of the var
tion of k@Q# decreases with increasing impurity scatteri
and temperature. The data for ultrasonic attenuationa in
Sr2RuO4 measured for different sound directionsq̂ and po-
larizationsê in the ab plane are found to be consistent wi
a vertical line node structurepx

22py
2 or a horizontal line of

nodes in conjunction with significant gap modulation.7

Since the question as to the nodal structure of the su
conducting gap in Sr2RuO4 is still unresolved, we sugges
here measurements of the anisotropy of the ultrasound
tenuationa(Q) for rotating in-plane magnetic fields. Indee
ultrasonic attenuation is another powerful tool for probi
the anisotropic gap structure becausea(Q) is sensitive to the
relative orientations of the sound direction and polarizati
q̂ andê, the fieldH(Q), and the nodal directions of the ga
0163-1829/2002/65~10!/104510~7!/$20.00 65 1045
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We shall show thata(Q) exhibits fourfold symmetric varia-
tions in rotation angleQ of the magnetic field while the
variations ofk@Q# have twofold symmetry. It turns out tha
the field and temperature dependencies ofa for vertical gap
nodes are quite different for longitudinal and transve
sound modes whilea for horizontal nodes is essentially th
same for longitudinal and transverse sound modes. Thus
servation of the field and temperature dependence ofa for
longitudinal and transverse sound modes should yield imp
tant information on the nodal structure of the gap
Sr2RuO4.

The ultrasonic attenuationa in the vortex state nearHc2
for type-II s-wave superconductors has been calculated p
viously by Scharnberg13 and by Klimesh and Pesch.14 In Ref.
13 the Green’s functionG of Brandt, Pesch, and Teword
~BPT! ~Ref. 15! has been employed which was derived fro
the spatial Gorkov integral equation forG(r ,r 8,v) with ker-
nel proportional to the ‘‘potential’’

V~r1 ,r2!5D~r1!D* ~r2!expS 22ıeE
1

2

A•dsD ,

whereD(r ) is the Abrikosov vortex-lattice order paramet
andA is the vector potential of the magnetic field. This i
tegral equation has been solved by expanding all function
Fourier seriesk with respect to center-of-mass coordinat
and in Fourier integralsp with respect to relative~difference!
coordinates. In calculating physical quantities nearHc2 it
often suffices to consider only thek50 Fourier component
G(p,v). The corresponding anomalous Green’s functionF
has been derived in the context of NMR theory by Pesc16

The effective self-energy part occurring in the denominat
of these Green’s functions is proportional to the spatial
erage ofuD(r )u2 denoted byD2>DBCS

2 (T)(12H/Hc2). Fur-
thermore, it depends decisively on the quantityL/v sinu
whereL51/A2eH, v is the Fermi velocity in the plane per
pendicular toH, andu is the angle between the quasipartic
momentump and the fieldH. For u→0 the Green’s func-
tions G andF tend to the ordinary Green’s functions for a
s-wave superconductor with gapD. For finite u, the self-
©2002 The American Physical Society10-1
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L. TEWORDT AND D. FAY PHYSICAL REVIEW B 65 104510
energy contains both the effects of the Doppler shift and
Andreev scattering by the potential V(p8)
5D2L2d(pz8)exp(2L2p82) for momentap8 in the plane
perpendicular toH. This potential is multiplied by the hole
propagatorG0(p2p8,2v) and integrated over allp8. The
theory ofa based on the Kubo formula and the BPT Gree
function13 leads in the extreme clean limit to unphysical r
sults in the final expressions. However, for small enou
mean free pathsl this method is capable of describing e
periments nearHc2 sufficiently well.17

Another approximation scheme fora, which is based on
the Eilenberger equations and the Larkin-Ovchinnikov eq
tions for the correlation functions via linear-respon
theory,14 can be carried out in the limitl→`. In this approxi-
mation scheme only thek50 coefficient~spatial average! of
the solution is considered. These authors state that this
proximation is most questionable for quasiparticle directio
puuH, and therefore they have concentrated on the spe
case of longitudinal ultrasonic attenuation where the w
vectorq is parallel toH. Then the main contributions to th
correlation function arise from directionsp perpendicular to
q, and thus perpendicular toH, for which their approxima-
tion is best.

Since our main aim is to calculatea for unconventional
superconducting gaps with nodes, we employ BPT Gree
functionsG and F whereD2 is replaced byuD f (p)u2 with
f (p) containing thep dependence. This result has been d
rived from the original spatial integral equation fo
G(r ,r 8,v) which contains in the kernal the nonlocal ord
parametersD(r1 ,r18) andD* (r2 ,r28) . The method consists in
writing D(r1 ,r18)5D(r1 ,r12r18) andD* (r2 ,r28)5D* (r2 ,r2

2r28) and introducing Fourier integrals with respect to t
relative coordinates. In this way one can show that, to a g
approximation (p8;1/L!pF), the D2 in the BPT Green’s
function is replaced byD2u f (p)u2.

Another problem arises from the fact that we considea
for longitidunal and transverse sound waves with propa
tion vectorq in the ab plane of Sr2RuO4, together with a
field H in the plane which is rotated with respect to theâ
direction by the rotation angleQ. This means that the angl
betweenq andH takes on all values, includingq perpendicu-
lar to H so that the main contributions toa arise from direc-
tions of p near the direction ofH. As has been pointed ou
above, for these directions the BPT Green’s function is cl
to the ordinary Green’s function which is physically qui
plausible. Furthermore, forpiH our correlation function, Eq
~3!, tends to the one derived in Ref. 18 forH50. Therefore
we believe that, in contrast to the semiclassical approxim
tion scheme,14 our method can deal quite well with gener
directions ofH with respect toq in the ab plane.

In Sec. II we present the general theory on the basis of
BPT Green’s function. In Sec. III we discuss the ultraso
attenuation results for different sound modes and severa
perconducting states with vertical and horizontal line nod
The conclusions are given in Sec. IV.

II. GENERAL THEORY OF ULTRASONIC ATTENUATION
NEAR H c2

Our present theory for the ultrasonic attenuationa closely
follows the method for calculating the thermal conductiv
10451
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in magnetic fields nearHc2.12 We start with the normal and
anomalous BPT Green’s functionsG and F which contain
both the effects of supercurrent flow and scattering by
Abrikosov vortex lattice on the quasiparticle spectrum15

These Green’s functions are employed in the expressions
the correlation functions for longitudinal and transver
sound propagation. Our method for evaluating the Kubo f
mula follows closely the method which has been used in
early theory of thermal conductivity by Ambegaokar a
Tewordt.19 First the integral of Re@G(j,v)•G* (j2v•q,v
2v0)2F•F* # over the energy variablej is carried out.
Here q and v0 are the wave vector and frequency of th
sound wave andv is the Fermi velocity. This yields the res
due of this expression at the polej5j0 of the BPT Green’s
functionG(j,v) given by Eqs.~4! and~5!. The most impor-
tant term in the resulting expression is the quantity Imj0

which yields the scattering rates due to impurity scatter
and Andreev scattering by the vortices@see Eq.~3!#. We have
obtained the Andreev scattering rate by calculating Imj0

from Eqs.~4! and ~5! for given v/D, DL/v, andg50 ~no
impurity scattering! as a function of the angleũ5f2Q be-
tween the quasiparticle directionp and the fieldH. Then we
find that forv>D ~extended states! Im j0 is zero in a range
of angles aboveũ50 (piH) which increases withv, and
becomes finite of order (DL/v)2 in a broad range of angle
up to ũ5p/2 (p'H) ~see Fig. 5!. It should be pointed out
that the denominator of the second factor in Eq.~3! ~without
the absolute square! occurs also in the expression for th
density of states in the vortex state.15 In the limit ũ5f2Q
→0 (piH) the expression forI in Eq. ~3! ~for ql→0) tends
to the well-known expression for the inverse relaxation r

Im j0→Im(ṽ22uDu2)1/2 ~where ṽ5v1ıg) times the co-

herence factor 11(uṽu22uDu2)/uṽ22uDu2u which was first
derived in Appendix C of Ref. 19. In the hydrodynamic r
gime,v0t!1, we obtain, by including vertex corrections
analogy to Ref. 18, the following expression for the ratio
the ultrasound attenuation in the superconducting stateas to
that in the normal statean :

as

an
5E

0

`dv

2T
sech2~v/2T!H E

0

2pdf

2p
@p i j ~f!#2I ~f!

1F E
0

2pdf

2p
@p i j ~f!#I ~f!G2F ugu22E

0

2pdf

2p
I ~f!G21J ,

~1!

where

pxx
2 ~f!52 cos2~2f!, ~L100!;

pxy
2 ~f!52 sin2~2f!, ~T100!, ~2!
0-2
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ULTRASONIC ATTENUATION IN MAGNETIC FIELDS . . . PHYSICAL REVIEW B 65 104510
I ~f!5
Im j0 /G

@~ Im j0 /G!21~ql !2~ q̂• p̂!2#

3
$12p@DL/v sin~f2Q!#2u f u2uw~z0!u2%

u112@DL/v sin~f2Q!#2u f u2@11 iApz0w~z0!#u2
,

~3!

z05~v1 ig1j0!@L/v sin~f2Q!#, L5~2eH!21/2,

g5G/g, g5N~v,H !/N0 . ~4!

Herepxx
2 andpxy

2 are the weight factors for theL100 (T110)
andT100 (L110) sound modes7,10 whereL 5 longitudinal,T
5 transverse, andq̂i@100# or @110#. We use the following
notation:G is the normal-state impurity scattering rate,v is
the in-plane Fermi velocity,Q5/(H,â) is the direction of
H in the ab plane,D2 is the spatial average of the absolu
square of the order parameter for the Abrikosov vortex
tice, andu f (f)u2 is the normalized absolute square of the g
function. The quantityz0, and thus the polej0 of G, is given
by the transcendental equation15,12

z052~v1 ig!@L/v sin~f2Q!#

1 iAp@DL/v sin~f2Q!#2u f u2w~z0!. ~5!

Here, w(z)5exp(2z2)er f c(2ız). Note that Eqs.~4! and
~5! differ from the corresponding equations in Ref. 15 in th
the sinu in the original quantityDL/v sinu is replaced by
sin(f2Q) for p lying in the directionf andH lying in the
directionQ in theab plane, andD2 is replaced byD2u f (f)u2
for a gap with vertical lines of nodes. For a general state w
f (p) one has to replace sinu with the expression given in Eq
~7! of Ref. 12 and carry out the double integral over the po
and azimuthal anglesu andf. In the following calculations
we will neglect the term proportional to (ql)2 in the first
denominator of Eq.~3! assuming the long-wavelength lim
ql!1. The dependencies of (DL/v)2 and (L/v)2 on H/Hc2
are presented in Ref. 12. The expression for ultrasonic
tenuation in Eq.~1! is similar to the expression fork in Ref.
12 apart from the missing factorv2, the weight factorp i j

2

instead ofv i
2 , and the vertex corrections@second term in the

curly brackets in Eq.~1!#. For the vertex corrections we hav
used the expressions in Ref. 18 for the unitary limitdN
5p/2 of the phase shift for impurity scattering. In the lim
v→0, an analytical expression for the solutionz05 ix0 of
Eq. ~5! is obtained which yields, in close analogy tok,12 a
much simpler expression foras /an in the limit T→0.

III. RESULTS AND DISCUSSION OF ULTRASONIC
ATTENUATION FOR DIFFERENT SOUND MODES

AND SEVERAL SUPERCONDUCTING STATES
WITH VERTICAL AND HORIZONTAL LINE NODES

First we consider thef-wave pairing stated5D ẑ(px

1 ipy)(px
22py

2) for which u f u25cos2(2f) has four vertical
line nodes atf5p/4,3p/4, . . . on thecylindrical Fermi sur-
face. In Fig. 1 we show our results foras /an versusH/Hc2
10451
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for the L100 (Q50) andT100 (Q5p/4) modes atT50
and impurity scattering rateG/D050.1. D0 is the BCS gap
parameter, and we will always use the valuebA51.2 for the
Abrikosov parameter. It is seen thatas /an for the L100
mode exhibits a strong upward curvature nearHc2 while it is
a more linear function ofH for theT100 mode. For increas
ing G/D0 the upward curvatures decrease.

The solid curves foras /an in Fig. 1 are calculated by
neglecting the vertex corrections in Eq.~1!, while the dashed
curves include the vertex corrections in the unitary impur
scattering limit. One recognizes that the effect of the ver
corrections in the unitary limit is rather small. This is als
true for impurity scattering in the Born limit whereugu2 in
the denominator of Eq.~1! is replaced by 1. It is interesting
that, for field direction anglesQ5p/4 andQ50, the vertex
corrections for theL100 andT100 modes, respectively, van
ish. In the following calculations and figures we shall negle
the vertex corrections.

In Fig. 2 we show the dependence ofas /an on the in-
plane field directionQ at T50 for fixed field strength,
DL/v50.2, and impurity scattering rateG/D050.1. One
sees thata(Q) has variations inQ of fourfold symmetry
where the minima and maxima occur atQ50 andp/4 for
theL100 mode. For theT100 mode the maxima and minim
are reversed. The maxima and minima can be explaine
an effect of thef dependence of the weighting factorsp i j

2 in
Eq. ~2! and the density of states since the express
u•••u22 in the denominator ofI (f) in Eq. ~3! is proportional
to uN(f,Q)u2. The density of states has a minimum~maxi-
mum! for quasiparticles traveling parallel~perpendicular! to
the field.15 The minima forL100 andT100 occur atQ50
andp/4, respectively, because the corresponding weight

FIG. 1. Ultrasonic attenuationas /an vs applied fieldH/Hc2 at
T50 for longitudinal and transverse in-plane sound modesL100

(Q50; Q5/(H,â)) andT100 (Q5p/4) for impurity scattering
rateG/D050.1. Vertical gap nodes: solid and dashed curves with
and with vertex corrections in the unitary impurity scattering lim
respectively. Horizontal gap nodes: dash-dot curve.
0-3
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L. TEWORDT AND D. FAY PHYSICAL REVIEW B 65 104510
torspxx
2 andpxy

2 have maxima atQ50 andp/4. For higher
fields ~e.g., DL/v50.1) a small local maximum and tw
neighboring minima occur aroundQ5p/4 for the T100
mode due to the node of the gap atQ5p/4.

The sound attenuation for the otherf-wave pairing state,
proportional topxpy with u f u25sin2(2f), is obtained from
the previous expression foru f u25cos2(2f) by a simple trans-
formation,f85f2p/4, in Eq. ~1!. This exchanges the re
sults forL100 andT100 which become functions of the ne
field rotation angleQ85Q2p/4.

We consider now the spin-triplet pairing state with ho
zontal line nodes9 where the squared gap amplitude is pr
portional tou f u25cos2(cpz)5cos2@x#. Then, in addition to the
f integration in Eq.~1!, one also has to do the integratio
over x from 2p to 1p. In Fig. 1 we have included ou
result for as /an versusH/Hc2 for the modeL100 atT50
andG/D050.1. A strong upward curvature occurs nearHc2
which is similar to that of theL100 mode for vertical nodes
but is quite distinct from the almost linear dependence
as /an on H/Hc2 for the T100 mode in the case of vertica
nodes. In Fig. 2 we have plotted our results for the in-pla
field variation a(Q) for the L100 andT100 modes. Note
that the functiona(Q) for T100 is obtained by shifting the
function forL100 byQ5p/4 along theQ axis. This can be
seen by a variable transformationf85f2p/4 in Eqs.~1!–
~3! making use of the fact thatu f u25cos2(x) does not depend
on f. Comparison of the curves in Fig. 2 shows that t
amplitudes of the variationsa(Q) for vertical and horizontal
nodes are about the same~here about 10%!. However, there
is a marked difference in the form of the variations for t
L100 andT100 modes for vertical nodes because, for
T100 mode, the gap node manifests itself in the struct
aroundp/4. In contrast to this, the form of the variations f
horizontal nodes is the same apart from the shift byp/4
along theQ axis.

We turn now to thev dependence of thef integrals in
Eq. ~1! which determine theT dependence ofas /an . It is

FIG. 2. as /an vs Q5/(H,â) for in-plane field rotation atT
50 for sound modesL100 andT100 and gap parameterDL/v
50.2(H/Hc250.78) and G/D050.1. Solid curves: vertical gap
nodes. Dashes curves: horizontal gap nodes.
10451
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now necessary to solve Eq.~5! for z0 as a function ofV
5v/D, and then to integrate the resulting expression
I (f) in Eq. ~3! @multiplied by p i j

2 (f), etc.# over f ~and x
for horizontal nodes!. We denote byas(V)/an the resulting
integrand of the v integral @without the factor
(1/2T)sech2(v/2T)#. In Fig. 3~a! we plotas(V)/an vs V for
u f u25cos2(2f) for large field magnitude @DL/v
50.2(H/Hc250.78)# and field directionsQ50 andp/4 for
both the L100 andT100 modes. It is interesting that th
curves forQ50 andp/4 cross at finite frequenciesV which
means that the minima and maxima ina(Q) are inter-
changed. Furthermore, theV dependence forT100 at Q
5p/4 is almost linear while, forL100 andQ50, it is qua-
dratic. In Fig. 3~b! we show as(V)/an for the stateu f u2
5cos2(cpz).

The temperature dependence ofas /an is obtained ac-
cording to Eq. ~1! by integrating the expressio
(1/2T)sech2(v/2T)as(V)/an overv. For the variable trans-
formation from v to V5v/D we make use of the
relations D/D05@12(H/Hc2)#1/2/AbA and H/Hc25@1
16bA(DL/v)2#21.12 In Fig. 4 we show our results fo
as /an vs T/Tc for vertical gap nodes at low- and high-fiel
strength (DL/v50.6 and 0.2, orH/Hc250.28 and 0.78! and
field directionsQ50 andQ5p/4 for the L100 andT100
modes. One recognizes that, for lowT, the attenuation of the

FIG. 3. Integrandas(V)/an in Eq. ~1! for as /an @without the
factor (1/2T)sech2(v/2T)# vs reduced frequencyV5v/D for gap
parameterDL/v50.2(H/Hc250.78) and field directionsQ50
~solid curves! and Q5p/4 ~dashed curves!, and G/D050.1. ~a!
L100 andT100 for vertical gap nodes;~b! L100 for horizontal gap
nodes.
0-4
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ULTRASONIC ATTENUATION IN MAGNETIC FIELDS . . . PHYSICAL REVIEW B 65 104510
L100 mode is approximately a quadratic function ofT, while
it is nearly linear for theT100 mode atQ5p/4. These dif-
ferent lowT power laws for theL100 andT100 modes agree
roughly with the results of Ref. 10 for zero field. It is inte
esting that the quadratic and linearT dependencies ofas /an
for the L100 andT100 modes correspond to the quadra
and linear dependencies ofas /an on H/Hc2 for these modes
~see Fig. 1!. In Fig. 4 we also showas /an vs T/Tc for the
L100 mode for horizontal gap nodes and field directionsQ
50 and p/4. We recall that the results forL100 for Q
50(p/4) are identical to those forT100 for Q5p/4(0).
One sees that the dependence onT is nearly quadratic.

IV. CONCLUSIONS

In summary, we have calculated the ultrasonic attenua
a in layered Sr2RuO4 in the presence of in-plane magnet
fields for spin-triplet superconducting states with vertical
horizontal line nodes in the gap. This theory takes into
count the effects of supercurrent flow and Andreev scatte
~see Fig. 5! by the Abrikosov vortex lattice nearHc2. For
rotating in-plane fieldH(Q) the attenuationa(Q) exhibits
variations of fourfold symmetry in the rotation angleQ. At
T50 the minima occur atQ50 andp/2 for theL100 sound
mode, and atQ5p/4 and 3p/4 for the T100 mode. The

FIG. 4. as /an vs T/Tc for vL100, vT100, andhL100 (v 5
vertical,h 5 horizontal gap nodes!, for field directionsQ50 ~solid
curves! and Q5p/4 ~dashed curves!. ~a! DL/v50.6(H/Hc2

50.28), G/D050.2; ~b! DL/v50.2(H/Hc250.78), G/D050.1.
10451
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FIG. 5. Andreev scattering given by Imj0 /D0 ~for g50), ver-

sus ũ5/(p,H) for fixed D̃5DL/v'@(Hc2 /H)21#1/2/A6bA and

V5v/D. ~a! D̃50.2 andV50.0, 1.0, 1.2, and 1.5~from top to

bottom!; ~b! V51.0 andD̃50.6, 0.2, and 0.1~from top to bottom!;

~c! V51.2 andD̃50.6, 0.2, and 0.1~from top to bottom!.
0-5
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L. TEWORDT AND D. FAY PHYSICAL REVIEW B 65 104510
amplitudes of the variations are about the same ('10%) for
both horizontal and vertical nodes. However, in the case
vertical nodes,a(Q) for theT100 mode shows characterist
structure in the directions of the nodes. For horizontal no
the variationsa(Q) for the L100 andT100 modes are the
same ifQ is shifted byp/4. The distinction between vertica
and horizontal nodes also manifests itself in the differ
field and temperature dependencies ofa. For vertical nodes
the ratioas /an exhibits a strong upward curvature as a fun
tion of H/Hc2 nearHc2 for the L100 mode while it is more
linear for theT100 mode. In the case of horizontal nodes,
attenuation for both theL100 andT100 modes shows a
strong upward curvature nearHc2. The temperature depen
dence of the sound attenuation is determined by the
quency dependence of the integranda(V), V5v/D, in the
expression foras /an . It is interesting that the curves for th
functionsa(V) for field directionsQ50 andp/4 cross each
other twice for increasingV indicating that the maxima an
minima are interchanged twice. This causes correspon
crossings in theT dependencies ofa for the two field direc-
tions. For vertical gap nodes, at lowT, as /an exhibits ap-
proximately a T2 power law for theL100 mode and a
roughly linear T dependence for theT100 mode. For hori-
zontal gap nodes the functionsas /an vs T/Tc for the L100
andT100 modes are identical for field direction differing b
p/4. For low and high fieldsas /an follows roughly aT2

power law.
The ultrasonic attenuation in Sr2RuO4 in zero field has

been measured for the four in-plane modesL100, T110,
T500, andL110.7 The attenuation follows a low-temperatu
power lawT1.8 for the L100 (T110) mode andT1.4 for the
T100 mode. In Ref. 8 aT2 power law belowTimp and aT3

dependence aboveTimp has been measured for theT110
mode. Calculations based on the assumption of a circ
cylindrical Fermi surface and vertical gap nodes10 yield a
linear T dependence ofas /an for the T100 (L110) mode
which disagrees with the measuredT1.4 power law and, for
theL100 mode, a power law close to the measured one.
fact that the weakest T dependence occurs for theT100 mode
is taken as an indication7 that the gap nodes point in th
@110# direction because this yields an excess of quasiparti
with wave vectors in this direction.

Our results for the ultrasound attenuation for vertic
nodes in magnetic fields up toHc2 also yield the weakes
~linear! H andT dependence for theT100 mode because th
corresponding weight factor has a maximum in the direct
of a vertical gap node. Our calculations yield a stronger~qua-
dratic! H andT dependence for theL100 mode because th
corresponding weight factor has a maximum in the direct
of a vertical gap antinode. This is in strong contrast to
case of horizontal line nodes where we obtain a roughly q
dratic H and T dependence forboth the L100 andT100
modes, which are actually identical for in-plane field dire
tions differing byp/4.

At this point we would like to mention the modification
required if one takes the model of horizontal line nodes s
gested in Ref. 7. This model can be simulated by multiply
the cos(cpz) used in this paper~see Ref. 9! by a gap with
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fourfold angular modulation, (11l cos 4f), 0,ulu,1, in
the plane. This has the effect that the dashed curves in F
for the variationsa(Q) of the L100 andT100 modes drift
apart with a shift~and thus the anisotropy! that increases
with increasing amplitudel of the fourfold gap modulation.
See Fig. 6~a! for the casel51/2. Corresponding splittings
occur in the attenuation curvesa versus the field~Fig. 1! and
temperature~Fig. 4! for the L100 (T110) andT100 modes
which are identical in our simple model of horizontal lin
nodes@see Fig. 6~b!#. In fact, theH andT dependencies ofa
for the T100 mode become weaker than those of theL100
mode for increasing amplitudel of the gap modulation. We
remark that such a fourfold angular modulation occurs in
gaps of the passivea and b bands where horizontal line
nodes are induced by the nodelessp-wave gap in the active
band by interband proximity effect.20 We have fitted this gap
modulation in the passive bands with our gap model d
cussed above and estimate a rather small value forl of about
0.1. Thep-wave gap without line nodes is approximated
this model withl520.69.21 For thisp-wave gap the attenu
ation curves for theT100 andL100 modes in Figs. 1 and 2
~solid curves! are, roughly speaking, interchanged, which
plausible because the gap minima occur in the directionf
50,p/2, . . . .This has the effect that theH andT dependen-

FIG. 6. as /an for a gap with horizontal line nodes and fourfol
angular modulation in the plane (l51/2) for the L100 ~solid
curves! and T100 ~dashed curves! sound modes.~a! as /an vs Q

5/(H,â) for H/Hc250.78; ~b! as /an vs H/Hc2 at T50 and for
G/D050.1.
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cies of a for the L100 mode become weaker than those
the T100 mode. This appears to be in disagreement w
experiment.7

It should be pointed out that our theory is based on
number of simplifying assumptions. First, we have cons
ered only the lowest-order Fourier coefficient of the Gree
functions with respect to the reciprocal Abrikosov vortex l
tice. As the field decreases, the higher Fourier coefficie
become more and more important and, nearHc1, the
Doppler-shift method for a single vortex becomes more
propriate. Second, we have assumed a cylindrical sin
sheet Fermi surface, whereas the huge anisotropy obse
between the T110 and T100 normal-state attenuatio
coefficients7 indicates that the anisotropy follows from th
nature of the three orbitals forming the three sheets of
Fermi surface in Sr2RuO4.22 These authors showed that
the case of Sr2RuO4 a simple viscosity tensor describing th
electron-phonon interaction may not be sufficient for ult
sound attenuation. If this is the case our predictions could
changed. Third, we have assumed that the attenuation c
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.
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ficients normalized to their normal-state values are inse
tive to the observed normal-state anisotropies. Here we h
taken a temperature-independent scattering rateG giving rise
to a temperature-independent normal-state attenuation w
agrees roughly with the data for theL100 andT100 modes.7

Thus it cannot be excluded that the effect of the normal-s
anisotropy exceeds all anisotropies in the superconduc
state calculated in this work.

In spite of the above uncertainties we believe that m
surements of the field dependencies~in addition to the tem-
perature dependencies! of the ultrasonic attenuation for dif
ferent in-plane sound modes can still provide use
information about the nodal structure of the energy gap
Sr2RuO4.
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