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Detecting gapless excitations above ferromagnetic domain walls
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In a two- or three-dimensional quantum ferromagneticXXZ model, a low-energy excitation mode above a
magnetic domain wall is gapless, whereas all of the usual spin wave excitations moving around the whole
crystal are gapful. Although this surprising fact was already proved in a mathematically rigorous manner, the
gapless excitations have not yet been detected experimentally. For this issue, we show theoretically that the
evidence of the gapless excitations appears as the dynamical fluctuations of the experimental observable,
magnetoresistance, in a ferromagnetic wire. We also discuss other methods~e.g., ferromagnetic resonance and
neutron scattering! to detect the gapless excitations experimentally.
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I. INTRODUCTION

In ferromagnetic spin systems, the low-energy excitatio
above the ground states can be described by the convent
spin wave theory under the assumption that no magnetic
main structure affects the low-energy spectrum. Howe
this assumption is not necessarily valid. In fact, it was
cently proved1,2 in a mathematically rigorous manner that,
a two- or higher-dimensional quantum ferromagneticXXZ
model with arbitrary spinS, an excitation mode above
magnetic domain wall is gapless, whereas all the usual
wave excitations moving around the whole crystal are g
ful. Namely, all the gapless excitations are confined in
narrow region along the domain walls.

This locality makes it very difficult to detect the gaple
excitations in experiments. Thus the gapless excitations h
not been found experimentally so far. However, quite rec
technology has made it possible to create only one sin
domain wall in nanoscale ferromagnets. For example,
resistance contributions due to a single ferromagnetic
main wall were actually measured in a magnetoresista
experiment for a metallic wire.3 An experimentally important
issue is whether the gapless excitations can be actually
tected or not. We can list at least two experimental meth
which have a possibility to detect directly the spectrum
the gapless excitations. These are ferromagnetic reson
and neutron scattering. As is well known, by these metho
one can get the Fourier transform of the spin-spin correla
which is directly related to the low energy excitations abo
the ground states of the system at a very low temperat
Clearly the dominant part of the Fourier spectrum consist
the contributions from the usual spin wave excitations.
order to obtain only the spectrum of the gapless mode,
small contributions must be separated from the domin
contributions due to the usual spin wave excitations. Si
we can expect that this detection will succeed by overcom
the technical problem in the near future, we will briefly di
cuss this issue in Sec. V below.

The main aim of this paper is to propose another exp
mental method to find the evidence of the gapless excitat
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above a ferromagnetic domain wall. The method is to de
the dynamical fluctuations due to the gapless excitation
the magnetoresistance. Although the method is indirec
comparison to the above direct methods, the detection of
dynamical fluctuations due to the gapless excitations is it
very interesting and challenging problem from both theor
ical and experimental points of view. In order to get t
dynamical fluctuations of the resistance, we calculate
transmission coefficient for a single conduction electr
through the ferromagnetic domain wall with gapless exc
tions derived by deforming the spin configuration of the d
main wall. It turns out that the transmission coefficient d
pends on the detailed structures of gapless excitations
particular, when a kink excitation moves along the dom
wall owing to quantum or thermal fluctuations, the transm
sion coefficient varies depending on the position of the k
above the domain wall. Thus the dynamical fluctuations d
to the gapless mode appear through the transmission co
cient. According to the Landauer formula, the conductanc
proportional to the transmission coefficient through the wi
As a result, the dynamical fluctuations due to the gapl
mode appear as the resistance fluctuations.

This paper is organized as follows: In Sec. II, we intr
duce a model in which a single electron interacts with
ferromagnetic domain wall which is realized in the quantu
spin-1/2XXZ model with boundary fields. Section III is de
voted to a brief review about the domain wall ground sta
and low energy excitations above the ground states in
XXZ model. In Sec. IV, we calculate the transmission co
ficient of the electron through the domain wall with a lo
energy kink excitation. We also estimate the realistic valu
of the parameters in the model for the detection of the
namical fluctuation of the domain wall in experiments.
Sec. V, we discuss the detection of the gapless mode ab
the domain walls in neutron scattering and ferromagne
resonance experiments. Section VI is devoted to summa

II. A SINGLE ELECTRON COUPLED TO A
FERROMAGNETIC DOMAIN WALL

In order to treat the scattering problem of conducti
electrons in a ferromagnetic wire, we introduce a ferrom
©2002 The American Physical Society34-1
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netic XXZ-Kondo model in which a single conduction ele
tron interacts with a single ferromagnetic domain wall
localized spins. For simplicity, we define the model on
two-dimensional box

Vª@2Lx/2,Lx/2#3@2Ly/2,Ly/2#, ~1!

although we can treat the same system in higher dimensi
The total Hamiltonian of the model consists of three terms

H5Hel1Hdw1H8. ~2!

As usual the kinetic termHel for the conduction electron
with the massm is given by

Hel52
\2

2m
n52

\2

2m S ]2

]x2
1

]2

]y2D . ~3!

TheXXZ HamiltonianHdw for a ferromagnetic domain wal
of localized spins4 is

Hdw52J (
^a,b&

@Sa
(1)Sb

(1)1Sa
(2)Sb

(2)1DSa
(3)Sb

(3)#

2JAD221 (
aPB1

Sa
(3)1JAD221 (

bPB2

Sb
(3) ~4!

with the nearest neighbor spin-spin interactions with
positive exchange integralJ and the Ising anisotropyD.1.
HereSa5(Sa

(1) ,Sa
(2) ,Sa

(3)) is the spin-1/2 operator of a loca
ized spin at the sitea5(ax ,ay) in the two-dimensional diag
onal lattice

Lª$~ma,na!PVu integers m,n satisfy m1n5even%
~5!

with a lattice constanta, see Fig. 1. Here, in order to create
domain wall along they axis, we have taken the lattice to b
diagonal, and taken the magnitude of the localized spins
1/2 although the model can be easily extended to that w
arbitrary spin S. Further, for simplicity, we have take
4Ma5Lx , 2(2N11)a5Ly with positive integersM ,N. In
order to make a single domain wall ground state, we h
applied the boundary fields6JAD221 on the set of the
boundary sites

B6ª$~ax ,ay!PLuax56Lx/2%. ~6!

The interaction between the electron spins and the localized
spinsSa is given by

FIG. 1. Diagonal latticeL in the Lx3Ly box V.
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u~r2a!@s(1)Sa
(1)1s(2)Sa

(2)1D8s(3)Sa
(3)# ~7!

with the anisotropyD8, where the functionu(r ) of r
5(x,y) satisfies a short range condition

u~r !50 for ur u.r 0.0 ~8!

with a constantr 0'a.

III. DOMAIN WALL GROUND STATES AND LOW
ENERGY EXCITATIONS

Before studying the scattering of the electron by a lo
energy excitation above a domain wall, let us briefly revie
the domain wall ground states and the low energy excitati
above the ground states. The exact domain wall gro
state4–7 of the HamiltonianHdw of Eq. ~4! is given by

~9!

wherez5el /21 if with two real numbersl ,f;qP(0,1) is de-
fined by D5(q1q21)/2, andu↑&a and u↓&a are the spin up
and down states at the lattice sitea, respectively. The posi-
tion of the domain wall is specified withl in the x axis and
the anglef is a quantum mechanical phase corresponding
the degree of freedom of the rotation about the third axis
the spin. In the following, we choosel 50, i.e., the center of
the domain wall is atx50 in thex axis, and the wall is itself
along they axis.

Recently the excitations above of the domain wall grou
states in the ferromagneticXXZ model with the anisotropy
D.1 and with the spinS>1/2 have been intensively
investigated.1,2,8–12Among many results, the most surprisin
result about the quantum domain walls is that, in two
higher dimensions, gapless excitations appear above the
main wall ground states,1,2 whereas, in one dimension, all th
excitations have a finite energy gap above all the grou
states.1,8,12Here we should note that all the excitations abo
the translationally invariant ferromagnetic ground states
ways have a finite energy gap in any dimension and for
spin S because of the Ising anisotropy. In other words,
usual spin wave excitations always exhibit a finite ene
gap. Thus the existence of the domain wall makes low
ergy excitations gapless in two or higher dimensions.

A reader might think that the appearance of the gapl
mode is a trivial consequence of the translational symme
breaking, and the mode is nothing but Nambu-Goldsto
mode. But the lattice translations are clearly discrete. In
dition, no gapless mode appears in one dimension altho
the system shows the same symmetry breaking. The re
of the gap is that all the domain walls in one dimension
a zero-dimensional pointlike object. As a result, a local d
formation relying on the translational symmetry always giv
either another domain wall ground state or a high-ene
excitation.7,8,12 On the other hand, in two or higher dimen
sions, all the domain walls are an infinitely extended obje
4-2
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DETECTING GAPLESS EXCITATIONS ABOVE . . . PHYSICAL REVIEW B 65 104434
In this case, a local deformation for a domain wall grou
state can give a low-energy excitation because creating
other domain wall ground state needs a nonlocal defor
tion. Thus the gapless mode cannot be constructed by u
only the translational symmetry, and cannot be simply in
preted as Nambu-Goldstone mode.

This surprising fact was found by Koma an
Nachtergaele,1,8 and they first proved the existence of a fin
energy gap in one dimension and then proved the existe
of a gapless excitation in two dimensions. The latter res
was extended to three or higher dimensions by Matsui.2 In
their mathematical proof, the gapless excitations were c
structed by deforming the ferromagnetic domain w
locally.1,2,9,10 In realistic situations, we can expect that t
corresponding low energy excitations appear as kinks o
domain wall. Namely, creating a kink is the simplest def
mation for the domain wall.

IV. THE TRANSMISSION COEFFICIENT OF THE
ELECTRON THROUGH A DOMAIN WALL

In this section, we will calculate the transmission coe
cient of the conduction electron through the domain w
with a kink excitation. For this purpose, let us see first
properties of the low-energy excitations above the dom
wall ground states which were briefly discussed in the p
vious section.

Although we need at least two kinks to construct a lo
energy excitation with a local support above a domain w
ground state, we will consider only a single kink above t
domain wall. Namely we study the effect of a single kink
the electric transport through the domain wall. In oth
words, it is enough to consider only a single kink to see
effect of the gapless mode on the transmission coefficien
the electron through the domain wall. In order to construc
single kink above the domain wall ground state~9!, we twist
the quantum mechanical phase along they direction, i.e.,
along the domain wall. The explicit form of the kink state

~10!

with the phase

w~na!5H 2d, na,y0 ,

d, na.y0 ,

0, na5y0 ,

~11!

whered is a real number, andy0 is the position of the kink.
In passing, we can treat a general deformation

z→z exp@g~na!1 iw~na!# ~12!

with real functionsg(na), w(na) in the same way.
In a real material, we can expect that the motion of

kink is much slower than that of the conduction electro
Under this assumption, the effective Hamiltonian for t
10443
n-
a-
ng
r-

ce
lt

n-
l

a
-

-
ll
e
in
-

ll
e

r
e
of
a

e
.

electron is given by taking the expectation of the to
HamiltonianH of Eq. ~2! about the kink state~10! as13

H̃eff5^F~z;w!,HF~z;w!&2const

52
\2

2m
n2

J8D8

4
tanhS x

l Ds (3)

2
J8

4
sechS x

l Dexp@ i $w~y!1f%s (3)#s (1), ~13!

where (s (1),s (2),s (3)) is the Pauli matrix, the domain wal
width is given byl5a/u logqu, and we have replaced th
discrete variables (ma,na) with the continuous ones (x,y)
and chosenu(r )52J8 with the positive exchange integra
J8 in the interaction range because the qualitative scatte
behavior of the electron by the domain wall potential is e
pected to be independent of the detailed lattice structure.
effective Hamiltonian~13! is an extension of the effective
Hamiltonian phenomenologically obtained by Cabrera a
Falicov14 in the case without kinks. For a double exchan
model, see Ref. 15.

Let us consider a wire with the widthLy in they direction
and with the infinitely long lengthLx51` in the x direc-
tion. We impose the Dirichlet boundary conditionsc(x,
6Ly/2)50 in they direction for the wave functionc(r ) of
the electron. Since the scattering potential of the domain w
depends on the positiony0 of the kink, we can expect tha
the transmission coefficientT through the domain wall po-
tential varies depending on the positiony0. In order to see
the dependence explicitly, we shall introduce an approxim
tion. For this purpose, consider first the case with no dom
wall, i.e., no effective domain wall potential in the Hami
tonian~13!. Then the wave functionc(r ) of the electron has
a product formc(r )5cx(x)cy(y) because the Hamiltonian
H̃eff of Eq. ~13! is exactly of the free electron form. Now ou
approximation is as follows: We restrict the wave functi
cy(y) to the sector of the ground state

cy
(0)~y!5A 2

Ly
cosS py

Ly
D . ~14!

Namely, we ignore all the excitations from the lowest su
band to the higher subbands. Although this approximatio
not necessarily justified in a realistic situation, we belie
that a similar position dependence inevitably appears in
transmission coefficientT. With the approximation, the effec
tive HamiltonianHeff is given by

Heff5^cy
(0) ,H̃effcy

(0)&52
\2

2m

]2

]x2
2

J8D8

4
tanhS x

l Ds (3)

2
J8

4
sechS x

l DA~y0 ,Ly!s (1)1const, ~15!

where

A~y0 ,Ly!5Acos2d1 f ~y0 ,Ly!sin2d ~16!

with
4-3
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f ~y0 ,Ly!5F2y0

Ly
1S 1

p D sinS 2py0

Ly
D G2

, ~17!

and we have chosen

f5tan21@ f ~y0 ,Ly!tand#. ~18!

For d50, we recover the well-known effectiv
Hamiltonian13,14 for the electron with the single domain wa
with no kink. Clearly the transmission coefficientT is a func-
tion of A(y0 ,Ly). Let us consider the case with a smalld,
i.e., with a very low energy excitation above the doma
wall. We expandT5T@A(y0 ,Ly)# as

T5T01C@cos2d211 f ~y0 ,Ly!sin2d#1O~d4!, ~19!

whereT0 is the transmission coefficient in the case with
kink, and C is a constant. The second term varies as
positiony0 of the kink varies from2Ly/2 to Ly/2, see Fig. 2.

Thus the conductance which is proportional to the tra
mission coefficientT varies depending on the kink positio
y0 when the kink moves along the domain wall, owing to t
thermal fluctuations, or to the driving force of a magne
field. In other words, when the kink positiony0 dynamically
fluctuates, the resistance also fluctuates reflecting the mo
of the kink above the domain wall.

In a realistic experiment, the widths and the temperatu
of the two-dimensional wire must be controlled so as to
alize a single kink above a single domain wall. The reali
tion of the single kink can be expected for the scale of w
widths comparable to the domain wall width and for lo
temperatures compared to the usual spin wave gapg
52dSJ(D21) with d53 because creating many kink
within a short length of the single domain wall clearly cos
much energy. However, a very narrow wire would not sh
lower excitation energy than the usual spin wave gap. S
proper ranges of wire widths and of temperatures to rea
the single kink would be attainable in present experime
For example, for iron, the typical values for the wire widt
Ly and the temperaturesT are estimated asLy'l'40 nm
and T'g/kB'0.03 K with Boltzmann constantkB . Here

FIG. 2. The quantity cos2d211f(y0,Ly)sin2d in Eq. ~19! as a
function of the positiony0 of the kink ford50.2. The effect due to
the kink in the scattering of the electron is maximized if the kink
at the center in they axis.
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the value of the gapg56SJ(D21) is estimated by using
D5(q1q21)/2 andl5a/u logqu with the realistic valuesS
51, l540 nm anda53310210 m in Ref. 16 and with
J/kB'160 K estimated also in the book.

V. THE GAPLESS MODE IN NEUTRON SCATTERING
AND MAGNETIC RESONANCE EXPERIMENTS

Let us discuss a possibility of detecting the gapless m
in the other experimental methods, i.e., neutron scatterin
ferromagnetic resonance experiments. The dominant pa
their signals consists of the contributions from the usual f
romagnetic spin wave excitations which have a finite ene
gap. The spectrum of the gapless mode appears below t
of the spin wave excitations. The signal from the gaple
mode is expected to be very weak in comparison with th
from the spin wave modes because the spin wave excitat
move around the whole crystal, whereas the gapless mod
confined in the narrow regions along the domain walls.
theory to describe the domain walls and the gapless m
was given in Refs. 9,12.

Using neutron scattering, the Fourier transforms of
spin-spin correlation functions can be obtained experim
tally. The results include the information of the energ
momentum relations for the usual spin wave and the gap
modes. However, some technical problems arise in the
periment as follows. As is well known, a neutron scatteri
experiment is useless for a very small sample, and so a s
sample to realize a single kink may be unsuitable for
experiment. Even if the experiment could be performed
such a small sample, the intensity of the signal from
gapless mode is expected to be very weak as mentio
above. But, seeing the recent progress of the nanoscale
nology, we can expect that the detection of the gapless m
in the neutron scattering experiments will succeed by ov
coming these technical problem in the near future. The
namical spin-spin correlation for a domain wall state w
studied theoretically, and the contribution from the gaple
mode was obtained within a random phase approximatio11

A ferromagnetic resonance experiment is also expecte
be useful for detecting the gapless mode. In addition
experiment generally has the advantage that the obse
signal profile strongly depends on the geometry of a sam
and an external magnetic field. These properties may be
ploited for detecting the gapless mode. For example, c
sider a three-dimensional anisotropicLx3Ly3Lz system sat-
isfying Lz!Ly!Lx , i.e., a long wire with the anisotropic
widths Ly ,Lz . For small widthsLy , Lz , the usual spin
waves in they andz directions become standing waves wi
a discrete spectrum because of the finite size effect.17 Fur-
ther, for a sufficiently smallLz , the energies of the standin
waves in thez direction become much higher than the rest
the spectrum. In this situation, we can ignore the modes
thez direction. Assume that the face of a single domain w
entered the wire is perpendicular to the longitudinalx direc-
tion. Then we can expect that the signal from the excitat
modes in they direction is different from that without do
main walls because there appear peculiar excitations, suc
a kink excitation, due to the presence of the domain w
4-4
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DETECTING GAPLESS EXCITATIONS ABOVE . . . PHYSICAL REVIEW B 65 104434
Namely we can expect that the spectrum of the gapless m
is observed below that of the usual spin waves, by cont
ling the wire widthLy . For example, for iron, that realistic
sizeLy is estimated as the order of 100 nm which is the or
of the domain wall width. Technically this order of the size
already attainable in a ferromagnetic resonan
experiment.18

In a ferromagnetic resonance experiment, the freque
of the applied microwaves must be very low because
energy of the gapless mode is expected to be very low
order to estimate the magnitude of the frequency, cons
the sample in Ref. 3 as an example. Then the external m
netic fieldm0H to create a domain wall into the sample is
the order of 10 mT. The corresponding microwave frequen
is estimated as 1;100 MHz or less. Thus the natural ferro
magnetic resonance in the absence of the static magn
field or using the terrestial magnetic field seems to be s
able for detecting the gapless mode above domain walls.
oscillating magnetic field of the applied microwave is set
be either perpendicular or parallel to the internal or terres
magnetic field. This argument about the microwaves is ba
on discussions with Kou Furukawa and Takeji Takui.18

The ferromagnetic resonance for a sample includ
pointlike magnetic objects, such as localized magnetic im
rities, has been often investigated so far. However, as fa
we know, a system including extended magnetic objects w
an internal degree of freedom, such as domain walls w
kinks, has not yet been investigated.
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VI. SUMMARY

We have studied the possibility of experimentally dete
ing the gapless mode above the ferromagnetic domain w
The existence of the mode was already proved in a m
ematically rigorous manner, but the evidence of the mo
has not yet been observed in any experiment. For this is
we have theoretically showed the possibility that the e
dence of the gapless mode appears experimentally as
dynamical fluctuations of the magnetoresistance in ferrom
netic nanoscale wires. We have also discussed the possi
of detecting the gapless mode in neutron scattering and m
netic resonance experiments. The difficulty of the expe
mental detection comes from the fact that the signal from
gapless mode is very weak in comparison with those fr
the usual spin wave modes because the spin wave excita
move around the whole crystal, whereas the gapless mo
confined in very narrow regions along the domain walls. B
this difficulty is merely a technical problem and we belie
that progress of nanoscale technology would make it p
sible to overcome this difficulty and to succeed in detect
the gapless mode in the near future.
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