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Hidden symmetry and knot solitons in a charged two-condensate Bose system
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We show that a charged two-condensate Ginzburg-Landau model or equivalently a Gross-Pitaevskii func-
tional for two charged Bose condensates, can be mapped onto a version of the non(B)eam@del. This
implies in particular that such a system possesses a hidd@&ns@mmetry and allows for the formation of
stable knotted solitons.
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For over forty years there has been a wide interest in
condensed matter systems with several coexisting Bose
condensateSHere we shall investigate the physically impor- where we take
tant example of two charged condensates together with their
electromagnetic interaction. This system is described by a

Ginzburg-Landau model with two flavors of Cooper pairs.H hall ider th | here the t
Alternatively, it relates to a Gross-Pitaevskii functional with ere we shall consider thé general case where the two con-

two chargedcondensates of tightly bound fermion pairs, or densates are characterized by different effective masges
some other charged bosonic fields. Such theoretical modefdfferent coherence lengthg, =#/y2m,b, and different
have a wide range of applications and have been previous%)r‘ce””a“‘)”s’?'a:<|‘I’a| )=ba/c,.”" The properties of
considered in connection of two-band superconductivity. Infhe corresponding model with a single charged Bose field are
deed, these models describe superconductivity in transitiowell known. In that case the field degrees of freedom are the
metals? The presence of two condensates has been obnassive modulus of the single complex order parameter and
served in experiments on Nb, Ta, and V as well as in Nb-a vector field which gains a mass due to the Meissner-Higgs
doped SrTi Q.3 More recently the renewed interest to two- effect. The important property of the present GLGP model is
gap superconductivity was sparked by discovery of the twothat the two charged fields are not independent but there is a
band superconductor with surprisingly high critical nontrival coupling which is mediated by the electromagnetic
temperature Mg B* It has also been argued in Ref. 5 that field. This implies that we have a nontrivial, hidden topology
under certain conditions liquid metallic hydrogen might al- which becomes obscured when we represent the model in the
low for the coexistence of superconductivity with both elec-variables(1). In order to expose the topological structure we
tronic and protonic Cooper pairs. In a liquid metallic deute-introduce a new set variables, involving a massive field
rium a deuteron superfluidity may similarly coexist with which is related to the densities of the Cooper pairs and a
superconductivity of electronic Cooper p4ifsee also Ref. three-component unit vector fiefd The important feature of
7). these new variables is their gauge invariance: Neither the
Here we shall be particularly interested in @&xact relative phase of the condensat#s and ¥, nor the gauge
equivalence between the two-flavor Ginzburg-Landau-Grosdfield A enters in the free energy functional when represented
Pitaevskii(GLGP) model and a version of the nonlineat3D  in these new variables.
o model introduced in Ref. 8. We expose this equivalence by We start by introducing variablgs and x, , by
presenting an exact, explicit change of variables between the
two models. The model in Ref. 8 is particularly interesting Vo =V2MepXa
since it describes topological excitations in the form ofwhere the complexy,=|x.|e'¢~ are chosen so thaj,|?
stable, finite length knotted closed vorticeEhe equivalence +|x2/?=1. The modulus then has the following expres-
then implies that a system with two charged condensatesion:
similarly supports topologically nontrivial, knotted solitons.
Previously it has been argued that these topological defects , 1 [Waf? |Wyl?
could play an important role in high energy physics® The P=2"m, - m, |’
purpose of the present paper is to discuss the condensed m
ter counterparts.
A system with two electromagnetically coupled, oppo-
sitely charged Bose condensates can be described by a twor_ ;2 2,32 2 oy 2,32 2[5 _iK 2
flavor (denoted by a=1,2) Ginzburg-Landau or Gross- F=AAap) " AT (Ot iR xa 2707 (G 1A X

Cq
V(|‘P1,2|2): _ba|q,a|2+?|\l,a|4'

Fr%'terms of the variableg and y,, the free energy density in
Eqg. (1) reads as follows:

Pitaevskii(GLGP) functional, B2
+——+V, (2

2e 2 8

— 3 . ~
F_f dx 2m; (M"JH c Ak)qfl where we denotd, = (2e/%c)A,, andd (without an index
26 2 B2 is the ordinaryV operator. The standard gauge invariant ex-
+R (hak—i ?Ak>\lf2 +V(|¥, )3+ el (1) pression for the supercurrent density
2 ’ s
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ihe ite (10). This change of variables in particular eliminates the
J:m—{‘l’fﬁ‘l’l—‘l’lﬁ‘l’f}— F{‘I”zc AP PYA Y gauge field and as a consequence the final result involves
. 2 only the physically relevant field degrees of freedom that are
4e2[|W4]%  |W,[? present in the two-condensate system.
- T( m m )A 3 Note in particular the appearance of the mass
1 2

for C? which is a manifestation of the Meissner effect;
the London magnetic field penetration length
=(c?/16me?)[|W|2/my+|W,|2/m,]~1=c?/32me?p?.  We
}, (4)  also emphasize that the contributidng;ix d;ii to the mag-
where netic field term in Egs(10) and (11) is a fundamentally
P x_ % x4 % important property of the two-condensate system which has
I=1Da9xd ~X10xX X202 T X2 X2l nopcounte‘r)pa‘r)t inya single condensate sys%/em. Indeed, it is
We introduce a gauge-invariant vector fieﬂ_}j directly exactly due to the presence of this term that the two-

becomes in these new variables

LA

J=4hep? >

related to the supercurrent density by condensate system acquires properties which are qualita-
tively very different from those of a single-condensate sys-
SN g : 2
C=— (5) tem: This term describes the magnetic field that becomes
ep? induced in the system due to a nontrivial electromagnetic

We then rearrange the terms in H@) as follows: We add Interaction between the two condensates. _
and subtract from Eq2) a term 20?2 and observe that The potential ternV depends only on Cooper pair con-

the following expression: centrations and masses, and it is a function of the moqgulus
2 and then; component of the vectdt only. In particular, we
12p?| | x|+ | dxal?— JZ} (6) can write the mass term in E(LO) explicitly as follows:
is also gauge invariant. Indeed if we introduce the gauge V=A+Bng+Cnj, (12)
invariant field - where
=0 0%), @ A= p’[4c;mi+4comi—bymy —bomy],

wherex=(x1,x5) andg are the Pauli matrices, théhis a ) ) 5
unit vector|ii|=1 and we can write E¢(6) as follows: B=p“8c,m;—8cymi—bymy+bym ],

B I (I B C=4p’[cym]+com3]. (13

%% |axal*+|dx2l"~ 4 :Zﬁ p(an)*. 8 This mass term determines the energetically preferred

_ o ) ground-state value fars, which we denote b¥i;. Explicitly,
Consider now the remaining terms in E{). For the
magnetic field we get = _Na/m;— Np/m, (14)
B %l hc o 3TNy /my+ Ny/my”
B=TOLA=— gg rotC+ ot © " Thus the ground state value bfis a circle specified by the

where rof can be written in terms of the unit vectéras conditionnz=Ts on the unit two-sphere. This yields a uni-

follows: form, unperturbed ground state for the condensates. Note
1. . R that the ground state value only depends on the concentra-
rotj= > n-ginxan. tions N, and the masses, of the Cooper pairs.

o ) _ However, here we are mostly interested in topological de-
Combining these we then arrive at our main result: Thefects where the unit vectoi locally deviates from this
GLGP free energy density becomes ground-state value. This then corresponds to the formation of

h2p? . 2c2 a local inhomogeneity in the densities of the Cooper pairs.
F=— (an)?+h*(dp)*+ 2(%[‘9icj_ajci] But in order to ensure a finite energy, at a certain distance
Sleme from the inhomogeneity the vectdgr should return to the
N N circle defined by Eq(14).
—Nn-ginxXan| + 72 C°+V(p.ny), (10 Indeed, the equivalence between the modglsand (10)

reveals a hidden topological structure in Et). which has a
number of important physical consequences. In particular, it
leads to the understanding of vortex types which are allowed
R P by a two-condensate system: The modEl) is known to
Fo= (9n)*+ > (N-9inXxdjn) (1) admit topological defects that have the shape of stable knot-
4 512re . . <
N ted solitons and are characterized by a nontrivial Hopf
in interaction with a vector fieleC. With this we have com- invarianf~1? (see also commel®. The simplest nontrivial
pleted the mapping between the two-condensate GLGRolution to the equations of motion that follow from Ed1)
model (1) and(10), which is an extension of the mod@l)  was proposed in Ref. 8. In terms of vectdrit forms a
introduced in Ref. 8. We emphasize that this involves artoroidal vortex ring, twisted once around its core before join-
exact change of variables between the GLGP model and Edng the ends. The equivalence between the two-condensate

where we identify a version of the nonlineaf3) o model
introduced in Ref. 8
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model (1) and (10) then implies that the GLGP model with
two charged condensates not only possesses a hid@®n O
symmetry, but should also allow for the formation of such
knotted vortex solitons. The stability of these topological de-
fects has been confirmed in extensive numerical
simulation€~*? (for video animation of the numerical simu-
lations of the knotted solitons see the www-address indicated
in Ref. 12. Indeed, the knotted vortex solitons, e.g., in a
two-condensate superconductor should consist of finite-
length stable closed vortices, which carry a nontrivial helical
configuration of the magnetic field. These finite-length
closed vortices have properties which are substantially dif- FIG. 1. A schematic plot illustrating helical geometry of the
ferent from those of a loop which is formed by an ordinaryvectorfi in a simplest toroidal knot solitoffor simplicity we ne-
Abrikosov vortex. In particular: the present vortices are pro-glected anisotropy effects connected with nonzero mass onjhe
tected against shrinkage by the third term in Bd)) [second  component of the vectat). The toroidal hollow surface is a surface
term in Eq.(11)]. situated between the knot cdiig and the knot boundarny”. On this
Since the variableg acquires the preferable val(®4) in surface the vectai has a constant projection to the axis defined by
the ground state, the knotted solitons have the followinghe boundary conditions™ and . '[he spiral lines on this surface
form: At spatial infinity the unit vectoii assumes a value on indicate the lines where the vectdrhas some particular constant

the circle which is defined by the condition=T5. We de- position on the unit spherghe picture schematically shows a tor-
note this value ofi at spatial infinity by 3 oidal knot soliton which, in terms of the vectdy was twisted twice

around its core before joining its enddf we proceed along an
A*= (n°l° ,n; Tig)  [A*=A(x—%)]. (15 arbitrary path over this surface covering the knot soliton once in the

. . toroidal direction and then once in the poloidal direction, the vector
At the center of a knotted soliton the unit vector then reache_ﬁ will perform n andm rotations correspondingly, according to the

a value which corresponds to _th_e opposite po_lnt on the unlIt-|opf invariant which characterizes the given soliton. In a general
sphere. In the case of a nontrivial knotted soliton the CurVgase the fluxtube can also be knottede also animations available
where the vectofi coincides with this opposite point value g the http address in Ref).9

in general forms a closed loop or a knot. This is tee of

the knotted soliton and we denote itlﬁy type Il limit the size of the soliton is determined by the large
mass ofng and thus it is of order of/\ .

In conclusion, we have argued that charged two-
At the core the densities of the condensates are characterizedndensate Bose systems possess a number of interesting
by the following nonvanishing values|W¥,(f,)|?  properties which are qualitatively different from those of a
=(my/my)Ny; | ¥,(Rg)|?=(my/my)N;. In between the single condensat_e system. In particular they can support
core wherefi=fi, and the boundary wheré—f” the unit ~ Stable knotted solitons as topological defects. Indeed, we find
vectorf in general rotates in a manner which is determinedt remarkable that a GLGP functional for a two-component
by the ensuing Hopf invaria Consequently knotted soli- charged superfluid becomes intimately related to the model

tons can be characterized by the number of rotations whicffitroduced by one of the authors in Ref. 8 which has been

- L . previously found to be relevant for strong interaction
fgetﬁ:rg?%‘lﬁgetgebi,omgoggﬂgggyylggﬁiﬁi%%eggécglar physics"?'%This is a manifestation of the universal character
0

when we move around the knotted soliton by covering itOf the model, which appears to describe a wide range of

in toroidal and : loidal directi systems despite the differences in their physical origins. As a
once n toroidal and once In poloidal directions over anyconsequence the possibility of experimental investigation of

surface which is located between the carefio and the  yhe formation, properties, and interactions of knotted solitons
boundaryfi=A". In particular, in the region between the core ;,, approproate superfluide.g., MgB,, Nb, Ta, V, Nb-doped
and the boundary the magnetic field acquires a contributiomsy 7j 0,) along with numerical simulations, could then shed
from i with a helical geometryB"=fi- i jA. A sche- jight even on the properties of similar objects in non-Abelian
matic plot of a toroidal-shaped knot soliton is given in Fig. 1. gauge theories of fundamental interactions.

Finally we comment on the length scales that are present EB. aratefully acknowledaes numerous fruitiul discus
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9 : discussions and the Department for Theoretical Physics of
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termined by different factors: In the type-I limit the size is and the Swedish Royal Academy of Science. L.F. has been
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Ap=(—nj,—n;,—M3) (Avalueatcorg  (16)
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