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Comment on ‘‘Exact solutions of the Lawrence-Doniach model for layered superconductors’’
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In two recent publications@Phys. Rev. B60, 7496~1999!; 63, 054508~2001!# Kuplevakhsky has questioned
the existence and stability of isolated Josephson vortices in layered superconductors. He argued that ‘‘vortex
planes’’ rather than isolated vortices correspond to ‘‘unconditional minimum’’ of Gibbs free energy and ruled
out ‘‘any possibility of single Josephson vortex penetration.’’ In this comment, I disprove those statements and
demonstrate that isolated Josephson vortices penetrate layered superconductors and have considerably lower
energy than vortex planes.
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Josephson vortices~fluxons! in layered superconductor
and stacked Josephson junctions~SJJ’s! have been exten
sively studied both theoretically3–7 and experimentally.8,9

However, recently1,2 Kuplevakhsky ‘‘revised previous calcu
lations’’ and concluded that ‘‘the infinite Lawrence-Doniac
model does not admit solutions in the form of isolated
sephson vortices’’ and that vortices exist only in the form
‘‘vortex planes.’’ His three main arguments against fluxo
are ~i! vortex planes have lower free energy,~ii ! the fluxon
solution is not unique for given boundary conditions, a
~iii ! a single fluxon cannot penetrate the stack at any m
netic field H. In this comment I disprove those statemen
and show by direct numerical simulations that isolated fl
ons penetrate layered superconductors and have conside
lower energy than vortex planes.

I’ll consider a stack ofN identical junctions with inter-
layer spacings, Josephson penetration depthlJ , and London
penetration depthslab and lc . Properties of SJJ’s are de
scribed by the coupled sine-Gordon equation5 ~CSGE! with
magnetic coupling constantS. I’ll follow notations of Ref. 7.

Free energy. Free energy of SJJ’s is composed of kinet
magnetic, and Josephson energies. Using the first integr
CSGE,6 it can be shown that free energy of any isolat
solution is twice the Josephson energy@see Eqs.~10! and
~29! in Ref. 6#. Figure 1 shows calculated energies of t
single fluxon,Esing ~data from Ref. 7!, and the vortex-plane
~in-phase! solution per vortex,Ein-phase, vs the number of
SJJ’s. Parameters of SJJ’s are typical for Bi2212 highTc
superconductor~HTSC!. Energies are normalized to th
fluxon energy in a single junctionE0. From Fig. 1 it is seen
that Esing only slightly increases withN and for N.lab /s
saturates at

Esing~N@1!.3.6E0 . ~1!

This energy is consistent with;3.3E0 estimated from Clem-
Coffey solution.4 Note that fluxon energies both for stacke
and single Josephson junctions have the same order of m
nitude. This is due to the fact that the energy is predo
nantly stored in the fluxon core, which has the same len
scalelJ .7

On the other hand, the length scale of the in-phase s
tion is given by the largest characteristic lengthlN ~Ref. 7!
andEin-phase per vortex is.(lN /lJ)E0. A large difference
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in length scales of fluxon and Meissner~in-phase! solutions
is seen from Fig. 2~a!. From Fig. 1 it is seen that unlike
Esing , Ein-phase increases rapidly withN together withlN .
For N@1, lN→lJ /A122uSu5lc as shown by the dotted
line in Fig. 1. And the in-phase solution becomes identica
Eq. ~37! from Ref. 2~note,lJ in Ref. 2 is ourlc). The free
energy per fluxon for the in-phase solution saturates at
value

Ein2phase~N@1!5
lc

lJ
E0 . ~2!

From Fig. 1 it is seen thatEin-phase is always larger than
Esing , implying that the in-phase solution is unstable insi
the stack, in contrast to Kuplevakhsky’s erroneous conc
sion that the vortex-plane solution corresponds to an ‘‘unc
ditional minimum’’ of free energy. A similar instability of a
laminar solution is known for type-II superconductors.10 In
reality, the in-phase solution maximizes both magnetic a
Josephson energies because vortices are placed at the
est distances from each other, the flux quantum is squeez
in one junction and the Josephson core has the largest
sible sizelc ~note, that the total energy is twice the Josep
son energy!.

FIG. 1. Calculated energies of a single fluxon and the in-ph
~vortex-plane! solution per fluxon for SJJ’s with different number o
junctions. It is seen thatEin-phase is always larger thanEsingle and
that both saturate atN→`.
©2002 The American Physical Society03-1
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Uniqueness of fluxon solutions. Kuplevakhsky has
claimed that solution of CSGE for given boundary con
tions is unique and discarded fluxon solutions as violat
this requirement. However, such requirement is incorre
This can be clearly seen from the limiting caseN51, for
which nonunique analytic solution is known.11 For SJJ’s the
situation is much more complicated:M fluxons can be ar-
ranged inN junctions in a number~up to NM) of quasiequi-
librium configurations~modes!.6,9 Existence of multiple qua-
siequilibrium fluxon modes in SJJ’s has been demonstra
both analytically, numerically and experimentally.6,9

Fluxon penetration. Boundary conditions require tha
magnetic inductionBi(0)5H, i.e., uniform. Kuplevakhsky
has argued that sinceBi of the fluxon is nonuniform, it can-
not penetrate SJJ’s at anyH. However, he did not take into
account that penetration is essentially a dynamic proc

FIG. 2. Numerical simulation of the dynamics of fluxon penet
tion in SJJ’s: snapshots of~a! magnetic induction and~b! voltage in
junctions 16–20. From~b! it is clear that a single fluxon entere
junction 16, and from~a! it is seen that there is no violation o
boundary conditions atx50. Also note a large difference in lengt
scales of fluxon and Meissner~in-phase! solutions in Fig. 2~a!.
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Figure 2 shows a result of numerical solution of the f
dynamic CSGE forN531. External magnetic field wa
slowly increased until fluxons start to penetrate in the sta
Figure 2 represents a snapshot at the beginning of pen
tion. From Fig. 2~b! it is clear that a single fluxon has pen
etrated the middle junctioni 516 and is moving inside the
stack as shown by an arrow. The boundary conditi
Bi(0)5H, is not violated at any instance, as seen from F
2~a!. Both for single and stacked Josephson junctions, flu
penetration can be considered as decomposition of a bo
fluxon-antifluxon pair, a ‘‘breather,’’12 centered at the edge o
the junctions. This does not violate boundary conditions
cause fluxon and antifluxon fields cancel each other at
center of the breather.

Nevertheless, Kuplevakhsky has correctly concluded t
the Meissner state in SJJ’s can exist up to a superhea
field HS5F0 /plcs, which is essentially the field in the cen
ter of the vortex plane. For HTSC,HS can be almost two
orders of magnitude larger thanHc154pEsing /F0<1 Oe.
However, numerical simulations, Fig. 2, have shown t
single fluxons ~not vortex planes! penetrate SJJ’s atH
;HS . At a finite temperature, fluctuations reduce the pe
etration field as in conventional type-II superconductors. T
strong surface pinning of fluxons is probably responsible
the in-plane penetration field in HTSC being larger than
pectedHc1.13

Finally, I would like to comment on speculations abo
finite vs infinite systems. In the latest paper2 Kuplevakhsky
argued that fluxons don’t exist only in infinite systems, wh
in finite SJJ’s unstable fluxon solution may exist. From Fig
it is clear that forN@lab /s the fluxon solution become
independent ofN and agrees well with Bulaevskii3 and
Clem-Coffey4 solutions. From this we can say that fluxon
do exist in an infinite system if infinity is considered as
limit of large N.

In conclusion, I have shown that single fluxons can pe
etrate layered superconductors and have free energy m
less than the vortex plane~in-phase! state. This is confirmed
by direct numerical simulations in the dynamic case and is
strong disagreement with Refs. 1, 2.

I am grateful to L. N. Bulaevskii for valuable remarks.
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