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Synchronization was investigated numerically as well as by the method of slowly varying amplitudes for
two Josephson junctions with McCumber parameters near 1 shunted by a superconductor and a dividing
capacitor building up a resonator for ac currents. Because of the current resonance in the system the synchro-
nizing ac current increases and provides phase locking up to 15% spread of critical currents. Thresholds of the
phase-locked state at small as well as at large values of system parameters were explained in the developed
model. Conditions of forming the phase-locked state are investigated in the many-junction array in which ac
currents between neighbor junctions are formed through the superconducting shunt with a divided capacitance.
It is shown that at certain conditions the total phase locking of all junctions switched into the voltage state
appears when their quantity exceeds some critical value.
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I. INTRODUCTION ingly to theoretical predictiongobtained by modification of
the method of slowly varying amplitudes for junctions with
The mutual phase locking phenomena in arrays of Josephtiigh McCumber parametethe phase-locked state can exist
son junctions have been intensively studied as theoreticallin the system with such a feedback up-+d5% spread of
as experimentally with regard to their applications as tunableritical currents:* Recently, there are experiments on syn-
submillimeter oscillator$=° It was shown that linear arrays chronization of two-dimensional arrays of underdamped
of junctions connected by the feedback load are convenieriib/Al/AIO,/Nb Josephson tunnel junctions with a super-
objects for synchronization and satisfy all neededconductor plane abovér undel them?? Numerical inves-
conditions® The feedback must provide an ac current whichtigations showed that arrays of underdamped junctions can
is large enough to synchronize junctions with some spread dfe successfully synchronized in such a schéme.
critical currents. For example, the load consisted of a normal Because of promising results of both theoretical and ex-
resistance and an inductance is able to synchronize radiatigrerimental investigations of phase locking in systems of un-
of junctions with 8—10% spread of critical currefitslow-  derdamped junctions with the common resonance mode, it is
ever, it is hard to obtain small values of spread innecessary to expand investigations to arrays of junctions
experiments. There are several solutions of the feedbackwith small values of McCumber parametefsverdamped
problem which lead to phase locking at higher spreads ofunctions such as SNS junctiondereSis for a supercon-
critical currents. One of them is the use of Josephson juncductor andN is for a normal metalor most of the HTSC
tions in the feedback superconducting lggp-called many- Josephson junctions. Analytical results obtained in Ref. 14
junction superconducting quantum interference devicere not valid in such systems and we apply the method of
(SQUID) or multijunction superconducting lopp®** It was ~ slowly varying amplitudes (SVAs) for overdamped
showrt*2 that due to the circulating current in the systemjunctions*> which we expanded for a limited range of ca-
there is the stable in-phase solution of dynamic equationpacitances of junction. In the present paper we report
which can provide the phase locking up to 15% spread ofibout as analytical as numerical investigations of synchroni-
critical currents. Experiments on the systems made of highzation of two Josephson junctions with small McCumber pa-
temperature superconductdtdTSC’s) with values of Mc- rameters B.~1). We discuss a feedback consisting of a
Cumber parameters of junctions near 1 proved the ability oSuperconducting shunt and a dividing capacitance. We show
such a feedback to provide synchronization of all junctionghat this feedback being theequentialresonance contour
in the circuit'? However, there is a strong dependence of thforms theparallel resonance contour together with the ca-
interval of currents in which the phase-locked state is obpacitances of junctions in the array and provides the current
served on the external magnetic fiéfdnother type of feed- resonance in the circuit. Changing the parameter of the di-
back was applied for the system of junctions with high val-viding capacitor and the inductance of the loop formed by
ues of McCumber parameterd®!* The system was the shunt and the array we can tune the quality factor of the
shunted by a superconducting shunt and a dividing capacparallel resonance contour. Because of the resonance the ac
tance. The common resonance mode for all junctions wasurrent through the junctions increases and the system can be
obtained by means of such a shunting. The current resonanae the phase-locked state even at large spreads of critical
enhances the amplitude of the common ac current througburrents. To explain the particularities of the phase locking
junctions. Experiments on synchronization of two PbInAu-behavior we apply the SVA method. Using this method we
oxide-PbSn junctions with high values of McCumber param-also explain the thresholds of the phase-locked state at small
eters showed the validity of the developed mddehccord-  as well as large values of the system parameters.
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sephson connection with the shunt made of a superconductor
film. The layer of insulator between each junction and the
shunt is so wide that there are not any supercurrents between
the array and the shunt. Because of this condition there is no
guantization of magnetic flux inside the loop formed by junc-
tions, insulator layers and the shdntayers of insulator
have large resistancé&>R, (R, is the averaged resistance
of the Josephson junctipnso we can neglect the normal
conductivity of those layers in comparison to the Josephson
junctions. Each layer has the capacitarite. The loop
formed by the array of junctions and the shunt has the induc-
tancelL. It is assumed that in this contour the active resis-
L tance due to the surface impedance of the superconducting
ING! — A [EC film and the resistivity of the insulator layers is negligible
low against the resistance of the single junctitme case in

i

Substrate

| -

T G which the active resistance is the same order of magnitude as
the resistance of the junction is described in Refs. 1, 16, and
b 17; in this case the highest spread of critical currents is only
4-5%). The equivalent scheme of the shunted array is shown
L in Fig. 1(b) (hereC,=C,/2). Note that due to the resistances
c of overdamped junctions the whole contour has a low quality
L Ij R factorQ=10 at reasonable values of inductances and capaci-
1, O = tances. The junctions have different critical curreitsand
j c |cz|c1=(1+§)|ca and | »=(1-9)l;a, wherg é is the
C T spread of critical currents and,= (1.1+1.,)/2 is the aver-
T aged critical current. We suppose spread in normal resis-
¢ tances of junction®R,, however, keeping for simplicity the
roductl Ry constant for all junctions. The dynamic be-
avior of the Josephson junctions can be modeled using the
resistively shunted junctiofRSJ model! Within this model
the dynamic equations are

FIG. 1. () Scheme of the system of two Josephson junction
(shown by arrowswith a superconducting shunt resonatblack
area. (b) The equivalent circuit of the systertc) The equivalent
scheme of the system used within the SVA model.

We apply the SVA method also to the consideration of the  [1—(—1)*81[ Bcéw(7) + @i(7) +sin(@) =1 —4(7),
guasi-infinite system consisted of a many-junction array and 5
a superconducting shutwith a dividing capacitangewhich B} 1 1
is placed close enough to the array to form ac currents be- q-+ BeciBL a= Ek=1
tween neighbor junctions through the plane. In recent _ ) ) _ )
experiment’ analogous systems were investigated experi¥Wherek is the number of the junctionp, is the phase dif-
mentally with two-dimensional arrays of SIS junctions and aférence acroskth junction, ¢, and ¢, are the first and the
threshold of emitted power was found when the part of rowsecond derivatives of the phase dlffergnce used with respect
of junctions were switched into the voltage state. We showo dimensionless time=2mR,l .,t/®,, i is the bias current
that in such a system the interaction between junctions de@ll small letters here and further denote normalized units
cays with the distance from the junctions switched into the(see Ref. 1, q is the charge on the capacitance of the load,
voltage statdactive junctions We show that if the distance impedances are normalized with respect to the averaged re-
between active junctions is large then they oscillate antiphasgstance of junction®,, i is the current flowing through
but when the distance decreases to some critical value thbe shunt,ﬁc=27rlcaR§C/<Do is the McCumber parameter
active junctions start to oscillate in phase. Because of anfor the averaged critical curren® is the quantum of mag-
tiphase oscillations the ac power across the array is almosietic flux, BC1:27T|caR§Cl/(I)O is the normalized capaci-

zero till the concentration of active junctions becomes SQanceC,, and 8, =2l ,L/®, is the inductance parameter
] ca

large that the distance between them can provide the inst ¢he system. Voltages across junctions measured in units of
phase synchronization. We show finally that there are conf p arev, = oy
a'‘a .

figurations of the activgjunctions vv_hich Iea(_j to the threshold * 1o investigate the particularities of phase locking, it is
of the total phase locking of all active junctions. We supporty,re convenient to consider the system by the method of
our SVA conS|.derat|on with the numerical calculations of theslowly varying amplitudegSVA).151 With this purpose we
phase dynamic. can formally attach the capacitance of each junction to the
Il. THE MODEL external loadsee Fig. 1c)] and consider the junction as one
' without capacitance. Thieth junction consists of the source
The scheme of one possible kind of such a shunted arragf the ac current with the amplitudg, and the resistandey
is shown in Fig. 1a). Two Josephson junctions have no Jo-within the approximation of the RSJ model. For simplicity

¢k1 k: 1121 (1)
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let us consider at first a case of junctions with negligible 0.5
small difference of critical currents. Because we formally

attached the capacitances of junctions to the shunt, the phas 0.4 i
dynamics of junctions can be described by the system of first i
order differential equation$ 08 H

w
BWN =
Mo TmE

F (), n(v)

M

('pk—l—sirl((pk):i_-l—Tk, Tk: ykk’vk’7 k:1,2, (2)

0.24
k'=1

wherei  is the ac current flowing through theh junction in 014 4 i
the circuit which is formed with junctions and the load con-
sisting of the shunt impedance and capacitances of both junc:
tions, yy are the connection coefficients which are equal to 0.0 0.5 1.0 15 20 2.5 3.0 3.5
the amplitudes of the ac current in th¢h junction when v
there is one unit of voltage on the&th junction. We can
solve the systen2) of the first order differential equations p
by means of the SVA to obtain the interval of voltages in 2.0 Em
8

which junctions oscillate coherentl{the locking intervald).

The approximations of this method are the small differences
between frequencies of junctions generation with respect tol_ 1.5
their absolute values and small amplitudes of the ac currents

T, in comparison ta that let us to consider currenty as
perturbations and expand the phase differences across junc "% ————=—= == ;
tions in series on the small parameter of the amplitude of this A b
perturbation. Accordingly to the SVA method we consider . . ;
the first harmonic of the Fourier series of the voltage on the 0-0 0-5 10 15 2.0
kth junctionv,=7,+ Re,€%), where the caret represents
averaging over fast processes such as the JosephsonFIG. 2. (a) Dependencies(v) at different values of3_ . The

generatiort, &, is the Fourier coefficient, and the averageddependenceu(v) at 6=0.05 is shown by a dotted lindb) IV
phasesd, are determined from the relatior@izﬁk. To ob- characteristics of the two feedbacked junctiofg=0.4, B¢,

tain the valuess, we have to solve the system of reduced ~ 94 AL =4, and5=0.05.
equationd’

a efficient a can be written asa=2/@v%+ \v2+1) in this
0, =" (0 =00 = - i i
h=vi+ EReE Vi €~ k=12, (3)  case'At »=+x/2,|siny|=1 Eq.(5) can be solved numeri-
k' cally for the different values of the spread of critical currents
whereu} is the full averaged voltage of the single noninter- . The ranges of the phase-locked stateat given & are
actingkth junction,a=e,r/i, rA=i/o*, ando™ is the volt- between th,S- points of tdhe I|3ntersect|on of the curvés) and
age across the noninteracting junction with éhe average&(?hgsl?riit;ggh?)o??heZS\)/]A method for finite values of
critical current. Solving the systets) we obtairt and B¢ follow from the suppositions about the small differ-
n=alm(yp)sin( 7)+ (v} —0%), (4) ence.of junctions freque_ncies<_v_and the small values _of
_ ) ) the high frequency part in the first term of the phase differ-
where »=#6,—6,. This equation has the solutiomy  ence expansion on the amplitude of the ac cutrénfig|
= const. which describes synchronization of radiation in the<1. The numerical evaluations give the values of
interval limitations'® $<0.04—0.05,8.=0.1-0.5. For the values of
w=vr =05 =F()|sin(n)], (5)  §andB¢ which exceed these limitations the SVA method is
not available and to obtain the locking interval Eg) have

where F=a| Im(y;,)| Supposing a small spread of critical to be solved numerically.

currents(so that u<v) within the RSJ approximation the
relationu=|v/(1/1.1)°—1—(1/1.5)*—1] is valid (herel is
the bias current The right side of Eq(5) contains the de- IIl. RESULTS AND DISCUSSION

pendencé=(v) obtained for the voltage corresponding to the  sjng the method of contour currents we found the imagi-
averaged critical curret= \[(1/1.5)>—1=\i?—1. The co-  nary part of the coefficientg,,:

J
VBB Bo(2+ )+ Bl S
Imyq= = o 12 (6)
A[V?BcBL—(1+a) )P+ | PPBEBL— U Be(2+ o) + B ]+ She
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0.6 1

non-reduced equations

......... SVA method

0.0 ' 0i2 ' 0:4 I 0:6 ' 0:8 I 1:0 I 1!2 ' 1t4 ' 1:6 I 1:8 I 2.0
v
FIG. 3. Dependencies of the locking intervabn the parameter FIG. 4. Dependencies of the real and imaginary parts of the

B - The solid line represents data obtained from the dynamic €qUasystem impedance on the averaged voliage
tions (1), dotted line represents data obtained by the SVA approxi-

mation. ior of the impedance near the resonance frequengy

= + / =1.12 for the parameter given
wherea=Bc/Bc.. It was showr® that the SVA approxima- . \/.(’B’C .’Bcl) TB"BC’Gcl (v2 P gnve
. NG . . in Fig. 4) is typical for a parallel contour with a low quality
tion for the inductance parameter of the loop is valid for¢,tor18\ne can estimate the quality factarin Fig. 4 using
BL=15. the expressiol\’'/v,=1/Q (hereA’ is an interval of volt-

We solved Eq.(5) numerically for ==m/2[sin7i=1  a405 where Ry, decreases on the factof?) and getQ
using the expressiof®) for different values of parameters _g g The current resonance specifies the circulating current

Bc. Bc,, B, anddwithin the interval of the validity of the , the contour. This circulating current synchronizes the

SVA method. For the comparison we also calculated lockinghhase dynamics of both junctions. The main maxim @f)
intervalsA by means of the numerical solution of dynamic are disposed at the left side of the resonance voligdéor
equationg1) using the Runge-Kutta method. For the detailedexample7,,.,=1.0 in Fig. 2a), curve 3. Such a behavior of
analyzes of the system by means of the SVA model we;  can be explained within the frames of the general con-
choose values of parametgsg=0.4, B¢, =0.4, andB =4  sideration of the system behavior near the resonartés
which are in the range of validity of the SVA known' that the solutions of the dynamic equation have
approximation¥ and allow one to obtain the locking interval smaller stability on the right part of the current resonance
near the voltage= 1. Examples of the dependenclegr) at  than on the left part and can become unstable at some values
values of parameters which are close to chosen are shown of parameters within the right part of the resonance. The
Fig. 2(@). From Fig. 3 one can see that the SVA approxima-maxima of F(v) dependencies are shifted to low voltages
tion for the A(B.) dependencies are in a good agreementogether with a shift of the resonance voltage Thus, the
with those obtained by means of the numerical solution oforigin of the F(v) increase is the enhancement of the ac
Egs.(1). current in the load due to the current resonance.

The values ofF(v) for the investigated system are as  To prove the stability of the in-phase solution of the dy-
much as fifty percent higher than those obtained for the loadamic equatiorfl) in the region of the current resonance we
consisting of a resistance and an inductalfcgo explain  performed the stability analyzes of these in-phase solutions
this enhance let us consider the electrical properties of théor different values of parameteyé:, Be,» Bu, and 6=0.

system in detail. If there is voltage across one junction therrhe procedure of the stability analysis is described in details
the current circuit corresponds to a parallel resonance corsisewheré?!? In this procedure the real parts of Floquet
tour, one current branch of each is formed by the capacitan(@(ponentg\k are obtained for the perturbations of in-phase
of the junction and another branch is formed by the inducsgjutions of the differential Eqg1). If both the values of
tance L, capacitanceC,;, and the other junctionfLC;J  Re), are negative, the in-phase solution is stable and any
branch. Dependencies of real and imaginary parts of theperturbation of this solution decays. On the contrary, if no or
contour impedance on the frequen@pltage are shown in  even one of the Rk is positive, the in-phase solution is
Fig. 4. The behavior of Inz;) shows that there are two ynstable and any perturbation increases with time. When
resonances in. the circuit. The first resonance is thg _voltagﬁe)\k<0' the in-phase solution with larger absolute value of
resonance which corresponds to the equality of positive ange), is more stable because perturbations decay faster if the
negative parts of the impedance of th€,J branch(v;  apsolute value of R, is large. The dependence of the larg-
~JU(BLBc,~ BcBc,) for m1Bc<1; 1;~0.83 in the ex- est of the two values of Re on the averaged voltage is
ample of Fig. 4. The second resonance &at=1.12 is the shown in Fig. 5. Because the capacitive I¢dte capacitance
current resonance in the parallel contour formed by both thef the junctions together with the capacitanCe) gives a
LC,J branch and the capacitance of the junction. The behawegative slope in thé/ characteristit at voltagesr=0.83,
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0.2 ]
| 5.5 B,=04 B, =02 P =4 5=0.01 a
] T=1.10v =0.62
0.0 2.0
-0.24
x 4 BC = 04 o
g B. =04 >
—~ 0.4 ot
(<¥ ] BL =4
O 3=0
£ -06-
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11020 11040 11060 11080
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v i=137v=1.25
2.0 1
FIG. 5. The dependence of the largest real part of the Floquet
exponent on the average voltage ‘5
there are not any stable solution of dynamic equations in this™
region and we can not obtain Floquet exponentsvat 1.0
=0.83. ThelV characteristic in this region has a jump from
v=0 to v~0.83[see Fig. Bb)]. The IV characteristics cal-
culated within the SVA approximatiofEg. (3)] have such a 0.5 i i i i
jump, too. On the contrary, the functidh(v) determines 11020 11040 11060 11080
only the amplitude of the locking voltagéout not thelV T

characteri_stic, see Eq#), (5)] and can be _Calculated inthe  FiG. 6. Time dependencies of voltages across junctiong)at
whole region of voltages. The voltage which corresponds tq_; 1 and(b) T=1.37

the first maximum of=(v) [see Fig. 2a), curve 3 is placed
entirely within the ranges of the above mentioned jump in
the IV characteristic and therefore this maximum does n
manifest itself at the dependence (RE,ax ON Voltage. The
dependence of (Rg)max 0N the averaged voltage has a deep
minimum at the voltage which corresponds to the secon
F(v) maximum[see Fig. 2a), curve 3. Such a behavior
signifies the largest stability against perturbatiGnsonnec-
tion with the spread of critical currents, for exampé this

v_oltage. we can make a conclusion that the in—phase S.OIL}:icteristic is small enough to show the behavior\dfchar-
tions of dynamic Eqs(1) are very stable at the main maxi- acteristics at the first maximum of the functiéi(v) and
mum .Of F(v) dep_en_den(:les. NOte that as far as we knOWsolved Eqgs.(1). Dependencies of the voltages across both
there is no quantitative theory which allows one to Connecrfunctions on time are shown in Fig. 6 at very small spread
the stability against perturbations with the particularities o 5=0.01 q bi =1 '10 —0.62 di

the F() function, such as the connection between the mini-®" "~ (_inl Zg)t trlzstof)irz;nrtrfa;(irﬁa iﬁ((;:) .No'ze zwnat Iat
mum of (Re\Ymax@nd the maximum oF (v). Another par- _ =3/ W= 229, ! )

ticularity of the (Re\,), .. dependence consists in the zero 6=0 both junctions oscillate coherently. One can see that for

crossing of this function from negative to positive within the @ spreads=0.01 ati =1.10 voltages oscillate antiphase but
regionv~2.3—2.6. We can see that this region correspondi phase ai =1.37. This coincidence of numerical calcula-
to the decay of(v) to almost zero valuefFig. 2(a), curve  tions with the SVA approximation proves once more the va-
3]. Accordingly to the SVA approximation, at these voltageslidity of SVA method. Because the in-phase maximum is
a locking intervalA exists only at negligible small spreads of higher than that for anti-phase, only one locking interval of
critical currents. The stability analysis proves this conclusiorin-phase oscillations remains with increasing of spread of
because the change of the sign of (RRg,., means the loss critical currents.
of stability of the in-phase solution. Thus, we can state the The influence of the paramet@; reveals in increase of
connection between the behavior of Floquet exponents anihe F(v) maxima, while decreasing of the curve width and
the behavior of the functiofr (v). shifting the maxima to lower voltages. The same behavior of
The curves forF(v) have two maxima. The first maxi- B, is noted for the system of two Josephson junctions with a
mum appears at low frequencies and is formed by the posshunt consisting of an inductance and a resistahdhis
tive values of Imy;,). The second maximum at higher fre- behavior predicts the existence of two thresholds of phase

guencies is formed by negative values of ¥mp). locking. The first threshold appears at sma|l when the

Accordingly to the theory of phase locking at positive values
Oby Im(y15) junctions oscillate antiphase and at negative val-
ues of Imf;,) junctions oscillate in phase® If the parameter
is small (6<0.03—-0.04) there are two intervals of the

hase-locked state in the system: antiphase locking interval
at small voltages and in-phase locking interval at higher volt-
ages. To demonstrate this, we chose the system parameters in
such a way that the initial jump of voltages on théchar-
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0.5
0.15
0.44
0.3 0.101
B, =04 .
- B =4 o
0. 5=0.05
0.051
0.14
0.00 T T T T T T
0.0 . : : : : 0 1 2 3 4 5 6
0 1 2 3 4 5 B,

Pey FIG. 8. The dependence of the maximal spread of critical cur-

FIG. 7. The dependence of the locking interiabn the param- €Nt dmax ON the junction parametec .

eterBc,.
high enough quality factor of the resona@r-30. We can

see that at optimal values of the system parameters the high-

second threshold exists at large when valuesu(7) be- est spread.is the same for the system of overdamped junc-

come so high that the maxima B{») appear again beneath tions but with lower visllues of the quality factdrecause the

them[see Fig. 2a) and Fig. 3. synchronizing current, flowing through each junction can
The behavior ofF (») with the change of the parameter reach the same high value at optimal paramgters

Bc (within the limitations of the SVA model, i.e., g8¢

<0.5 is anglogous to that desc_ribed above. When the pajy SOME ASPECTS OF EXPERIMENTAL REALIZATION

rameter B¢ is increased the height &&(v) maxima also ' _ . .

increases as well as the shift of them to lower frequencies Though this paper is devoted to theoretical analysis of

and the existence of both thresholds of phase locking is als®ynchronization of a Josephson junction array with a super-

found similar to the previous cases but the width of @) con_ducting resqnat_or we like to discuss some asp_ects of ex-
maxima in this case increases with increasing '381' perimental realization of such system corresponding to our

. . analysis. The experimental investigations of systems with the
Though the top of (¥) maximum can bg shifted be'.‘eath the superconducting shunts are more advanced now than the un-
curve u(v), the part of the broad maximum remains under

) .~ "derstanding of the phase locking mechanisms in these
that curve. This leads to the very slow decay of the IOCI('ngsystem&'?”zo'21 Recently, there are experimental investiga-
interval A with increase ofﬂc1 (Fig. 7). We calculated the

tions which prove the usefulness of the superconducting
dependenca(Bc) at largeSc, and found tha =0.24 at  shunt for phase locking in SIS and SIN(BereN is for a
Bc,= 100. normal metal arrays of Josephson junctidris® and appli-

. . . L. . . l . . .
We investigated the highest spread of critical current$ations of this effect' For example, in the two-dimensional
Smax At Which synchronization exists at different values ofarray of junctions with a superconducting ground pladie
parameterss, , fc,, andBc. The optimal values of param- vided by a layer of insulator from the arpaythe dc-to-ac

0A Al power conversion efficiency is one order of magnitude
etersfic, and 5, are fic,~0.4-0.6,5,~3-5. We solved higher than in other Josephson junction arraysn one-

Egs. (1) numerically using these optimal values and foundgimensional array of overdamped SINIS junctions integrated
the dependencéna(c) (Fig. 8. The minimal value ofsc  jnto the low-impedance superconducting microstripline was
was takensc=0.01 in our calculations. This dependence has,se( for a programmable Josephson voltage standard due to
a maximum afBc=1 and the highest value @i, exceeds internal phase locking of junctiof&2! Together with the
0.15. The evaluation of the highest spread of critical currentgyccessful applications of these systems the new physical
within the SVA approximation is as follows® &, ~7/i(i effect of a threshold of the ac power was discovered in sys-
+7)|Im(y15)|. Though the valug-=1 is out of the range of tems with the resonatdiThus, a question of optimization of
the SVA approximations, we can roughly estimég, using  these circuits is strongly connected with understanding of the
this expression and E@6): 5,,.~0.13. Despite this estima- origin of phase locking.

tion of 64 iS Out of ranges of the SVA approximation, it ~ Because the resonance contour is used for obtaining of
shows that aiB3-=1 the highest spread of critical currents phase locking the drawback of the proposed scheme is the
increases. Furthermore, this value is close to the obtainelimited tunability of the scheme to the necessary range of
numerically values,,,,=0.15. Such a value of the highest frequencies. To satisfy the condition of obtaining of the wid-
spread of critical currents coincides also with predictifns est locking intervali.e. the highest range of frequencies at
for systems of underdamped junctions with LC load and thewhich junctions radiate coherentlgll the parameters of the

maxima of F(v) become larger than values @pf(v). The
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circuit should be close to the calculated valugSc, L, L, L,

~0.4-0.6,8,~3-5, andB:~0.8—1.3. The array of over- Y Y
damped junctions has the advantage in this point in compari-
son with the array of underdamped junctions because any
resonance system based on the overdamped junctions has a
low quality factor due to the low resistances of junctions. i — - —
The resonance is broad in this case and deviations of param-
eters in the above mentioned intervals can provide phase
locking in the system. v/ v/ v/
The considered system of junctions with a low-capacity &) N N
resonator can be reali%led experiment.ally in arrays of SINIS FIG. 9. (a) The ac circuit scheme of the array of four junctions
over(_iamp_ed JunCt'o'?'% or HTSC grain boundary Joseph- with a superconducting resonator strip line which provides currents
son junctions because the McCumber parameter of Manyenyeen neighbor junctions through the plangijs the inductance
HTSC Josephson junctions satisfies the optimal conditiong the strip line between junctions ar@ are capacitance of the
Bc~1. For highT ¢ superconductors the system can be fab-nsulator layer between the array and the strip line.
ricated using HTSC technology in vertical geomdiag it is
shown in Fig. 1a)] or in planar geometry using deep step- the infinite system shown in Fig. 9 coefficients, are given
edge junction¥ and thick layers of HTSC superconductors with!’
to provide a good capacitive connection. To satisfy the opti-
mal conditions ﬁcls 1) the value of capacitdZ, should be

1
C,~1 pF. The resistance of the insulator inside the capacitor Yk = Zm
should exceed the normal resistance of Josephson junctions
as much as 100 times and the thickness of this insulatotherez;, z,, andz; are impedances of the capacitarig
should provide a negligible small supercurrent between théhe inductancé s and the junction, respectively. The absolute
array of junctions and the superconducting shunt. Withinvalue of the difference between numbers of junctigks
these limitations the proper material of the insulator and its—kK'| we call “the distance” in the following consideration.
thickness can be chosen. Note that one can fabricate two We suppose that there are only two active junctions and
capacitors on the edges of the array and connect them il other junctions are in the superconductipassive state.
successiofas it is shown in Fig. (8)] or prepare only one At first we assume that junctions are nearly identical, i.e.,
capacitor and connect the other end of the array with theé—0. Accordingly to Eq.(5), at »==*m/2[siny=1 the
superconducting shunt. The capacitors should have smadi@nges of synchronization for the given bias current are given
geometrical dimensions to provide the inductance parametdty zero points of the functiok. We calculated the imaginary

eflkfk"\/(zerzj)/Zl’ (7)

of the loop 3, ~3. part of the connection coefficient,, using Eq.(7) [Fig.
10(a), solid line]. For the calculation of impedances we nor-
V. THRESHOLD OF PHASE LOCKING IN SHUNTED malized the capacitanc€; and the inductance g: B¢
MANY-JUNCTION ARRAYS =271 RECs/ Do, BLs=2mlcals/Po. The sign of the

function Imfy.)=f(lk—K'|) is negative atlk—k’|<3 and

Recent investigations of two dimensional arrays of Jopositive affk—k'|>3. It means that active junctions oscillate
sephson junctions connected capacitively to a supercondugh phase if the distance between them does not exceed 3 and
ing ground plane showed that the emitted ac power has ghey oscillate antiphase if the distance exceeds 3. Thus, there
sharp increase from almost zero values to finite vali@es s a certain critical distance, between active junctions to
threshold if the amount of junCtionS activated into the volt- obtain their in_phase Synchronizatim=3 in this Cas¢ If
age statgactive junctions exceeds some critical valddn e consider the infinite chain of junctions in which active
this section we demonstrate a mechanism of synchronizatiognctions are distributed uniformly at some distance from
which leads to a threshold of emitted power and is valid bothgach Other, they do not oscillate in phase with each other
for underdamped and overdamped junctions. ~until the distance between neighbors is larger thanThe

We consider a infinite one-dimensional array of junctionsgistancer . is reached at a certain quantity of active junctions
with a superconducting plane and a dividing layer of insulay_ - N/r, that gives a critical concentration of active junc-
tor. If the superconduc;ing_plane is placed close enoggh t'ﬂonsxcera/Nzllrc (Xe;=% in our casg Accordingly to
the array, ac current circuits are formed between neighbogq (s 'if there is some spread of critical currents of junc-
junctions. The electrical scheme of the ac circuit of SUChtions, the distance at which the in-phase locked state is ob-

system is shown in Fig. @it is supposed that the dc bias geryved at givers andv is between the points of the intersec-
current flows through the line of junctiondt follows from o of the curvesF (|k—k'|) and = const.

Eq. (2) that synchronization of~activejunctions in the system 1 check our consideration we made numerical simula-
appears due fo the ac curréfit produced by each active jons of the quasi-infinite chain of junctions with a supercon-

junction and flowing through other active junctions. Coeffi- ducting plane shown in Fig. 9. The dynamic equations in Eq.
cientsy,,» which determine this ac current have different (1) get the extended form

characteristic distances of the deday distances of the in-
teraction with other junctionsin different systemé&:}” For [1— (= 1)*SI[ Bedr(7) + op( 1)+ sin(@) 1=T—ay(7),
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0.2 from the ends of the array. The ac currents produced by
1 a active junctions in the cluster decay at edges of the array that
0.1 provides the condition of the quasi-infinite system for which
: /./-—’—'\.\ the Eq.(7) is fitted. We set values of critical currents of
- 0.0 passive junctions, .= 1.3 while critical currents of active
2 : junctions were distributed around the averaged valug,
‘E’ -0.1 - =1 with the spread.
- : B —1:p =1 The ac poweP across thelwho_le array normalized on the
-0.2 1 . BC _0’ - - 08 ac power of the single active junctioR, placed in the
) o1 T e middle of the array of passive junctions is as follows:
0.3 1
| N 2
6 1 2 3 4 5 6 7 8 9 P n=1
| k-K’ | —=————"——, n=1,..N, 9
Po - — 2
(¢1—v1)
wheren is the number of the junctio is the total quantity
4-\ of junctions (active and passive ¢, is the time-dependent
—, b voltage across theth junction,v, is the averaged dc voltage
3 across thenth junction, ¢; andv; are the time-dependent

voltage and the averaged dc voltage across the single active
o junction which is placed in the middle of the array of passive
a o junctions, two lines above expressions represent averaging
o over time and over the random value of critical currents dis-
tributed uniformly within the interva{1— 8,1+ &}. If active

14 junctions are synchronized in phase with zero phase shift
then P/Py=N2(¢1— 17)%/(p1— v1)2=N2Z, whereN, is the
0 : : . i . amount of active junctions in the cluster.
1 2 3 4 5 6 7 The normalized ac power across the array of two active
| k-k’! junctions as a function of the distance between them is

shown in Fig. 10b). We can see tha&/P, changes from 4 to
FIG. 10. () The dependence dfm(yu)| on the distance be- 3 5 if the distance increases tdif-phase oscillationsand
tween the junctiongk—k'[. The solid line represents the SVA ap- pecomes almost zero fk—k’|>4 (antiphase oscillations
proximation, solid circles obtained from the solution of dynamic Thaese results are also in full agreement with predictions of
equations. The parameters of the calculations Age=1, B¢ the SVA approximation.
=0.5, BLs=1, i=1.10, (b) The dependence of the normalized ac  \We investigated the ac power across a cluster of 11 junc-
power across the array of two junctioR$P, on the distance be-  tions placed in the middle of the array of 30 junctions. Active
tween junctions5=0.01, other parameters are the same a®in  junctions were uniformly distributed along the cluster. To
investigate the influence of the distance between active junc-
. , tions on the ac power across the array we consider only the
Busti+ _CS(ZQK_Qk*l_QKH):‘Pk’ k=12, (8 et of configurations of active junctions in which they dis-
tributed uniformly along the cluster, so we do not average
whereq is the charge on the capacitance of kiie junction.  P/Pg over different configurations of active junctions inside
We investigated the imaginary part of the connection cothe cluster. The relatioR/P, as a function of the amount of
efficients and the total ac power of two active junctionsactive junctionsN, is plotted in Fig. 11. The value d®/P,
placed on different distance from each other. The evaluatiois insufficient until N,<5 (antiphase oscillations of junc-
of |Im(y)| within the SVA approximation is as follows®  tions), thenP/P, increases slowly untiN,=6 and then in-
[IM(Yige) =T+ 2)/V]Smax, Where 8yax is the highest spread creases sharply &t,= 7. The further increase ™, leads to
of critical currents at which synchronization exists when thethe increase oP/P, as a square of their quantity, that is
first junction is atkth position and the second junction is at characteristic of the phase coherence of all active junctions.
thek’th position. To know the sign of the values () we  We can note two particularities in Fig. 11: the increase of
checked the in-phase or antiphase behavior of voltage osciP/P, from almost zero values &t,>4 and the beginning of
lations. The calculated values of the k) [shown by solid  the total in-phase radiation of all junctions [df=7. These
circles in Fig. 10a)] are in a good agreement with those features ofP/P,=f(N,) behavior can be explained in the
obtained by means of the SVA approximation. ranges of the SVA approximation. When there are few active
We consider the cluster of two active junctions placed orjunctions in the array, they are placed far from each other and
different distance from each other in the middle of the arrayoscillate antiphasgsee Figs. 1&) and 1@b)]. The ac power
of 30 passive junctions. Such disposition of the cluster ofacross the array is therefore insufficient. The critical distance
active junctions allows us to avoid the effects of reflectionsfor the array withé=0.01 isr.=2. If active junctions are
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140 and showed that the maxima of the “locking voltagé”
1201 appear at the_ _Ieft side (_)f the resonance voltageWe ana-
lyze the stability of the in-phase solutions of dynamic equa-
1004 tions and found that solutions in the vicinity of the resonance
at the maximum of have the highest stability.
80+ Due to the circulating current the valuesffire as much
&c’ as fifty percent higher than those obtained for the load con-
a0 sisting of a resistance and an inductance thus provides the
40 phase locking up to 15% spread of critical currents. We
showed that a superconducting resonator shunt gives advan-
20+ tages for synchronization of Josephson junctions in compari-
P son with the traditional shunts made of normal conductors.
00 5 4 6 8 10 12 We found the optimal values of McCumber paramei@fs
parameters of the load capacitar[e‘,@l, and inductance pa-
N, rameters of the systeri, for phase locking.

There are thresholds of the phase-locked state at small as
well as large values of system parameters. By means of the
SVA method we found that the origins of these thresholds are
=1.10, and5=0.01. an insufficiency of the “locking voltage’F to get phase

locking at these values of parameters. We finally discussed
distributed regularly along the cluster,ld{=5 there appear aspects of realization of this promising system, particularly,
configurations in which active junctions are placed at theusing HTSC technology. Because the resonance contour is
distancer . from each other, several active junctions are syn-used as a load, the system has to be tuned to the required
chronized in phase and others are not synchronized witfrequencies of radiation. Parameters of the circuit should be
them. AtN,=6 junctions oscillate in phase with their first close to calculated valuespg ~0.4-0.68 ~3-5,8¢c
neighbors and antiphase with second neighbors. The addition 0.8—1.3) to get a wider the range of frequencies at which
of one more active junctionN,=7) into the center of the junctions radiate coherently. We can consider the present sys-
cluster creates the nucleous of the several junctions whictem as an alternative to the many-junction SQUAMich
oscillate in phase and pull all active junctions into the phasealso gives phase locking up to 15% spread of critical cur-
locked state. Note that if the seventh active junction is addegents but is sensitive to external magnetic fields because of
to the one of the ends of the cluster, the state in which onlyst closed superconducting loop.
the part of junctions is synchronized still exists and the ac In the second part, we applied the SVA method to the
power across the array is not so largmit the total phase consideration of the quaS|-|nf|n|te system_of a many-junction
locking appears if an eighth active junction is added in thedf@y and a superconducting shunt which is placed close
middle of the cluster Thus, from the consideration of Fig. €nough to the array to form ac currents between neighbor

11 we can make the conclusion that in the system with manifnctions through the plane. In such a system the connection
active junctions there are configurations which lead to th oefficients decay with the distance from the junctions which

threshold of the ac power. are into the voltage stat@ctive junctions If ag:tive jun(_:-
tions are placed far from each other, they oscillate antiphase
and the total ac power of radiation is almost zero. We show
VI. CONCLUSIONS that in-phase synchronization of active junctions appears if
they are placed at some critical distance from each other. To
. . 4 mprovide this critical distance the concentration of active junc-
of two Josephson junctions with McCumber paramef@s  {ions must be high enough depending on the spread param-
~1 loaded by a superconducting shunt and a capacitancgier s, We checked these predictions of the SVA approxima-
We analyzed the dependence of voltages at which junction§on by numerical solution of the dynamic equation. We
oscillate coherentlythe locking interval on parameters of showed that if junctions are distributed uniformly along the
the system by both the method of slowly varying amplitudeschain then there is in-phase locking of some active junctions
(SVAs) in the available ranges of parameters as well as byvhen the quantity of active junctions exceeds the critical
solving numerically the system of dynamic equations. Devalue. We also showed that there are configurations at which
pendencies of the locking interval on different parameterghe total phase locking of all active junctions appears after
obtained within SVA approximation are in a good agreementhe addition of one more active junction to the cluster. This
with those obtained by means of solution of dynamic equaaddition leads to the threshold of ac power. We believe that
tions. The analytic result give a contribution to better underthis mechanism is valid for two-dimensional arrays, too, and
Standing of the mechanism of phage |ocking and dynamigives an explanation of the experimental observed threshold
behavior of the system. in the number of rows.
The load consisted of inductance and capacitance pro-
vides the current resonance in the system and the circulating
current through junctions. This circulating current synchro-  This work was partially supported by German DFG Con-

nizes the oscillations of both junctions. We analyzed the betract No. Se 664/7-2 and German BMBF Contract No. 13 N
havior of real and imaginary parts of the circuit impedanceg808A.

FIG. 11. The dependend®/P, on the quantity of active junc-
tions N, . Parameters of calculationgc=1, Bc =05, BLs=1, i
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