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Magnetic excitations in the spin-gap system TlCuCl3

A. Oosawa,1 T. Kato,2 H. Tanaka,1 K. Kakurai,3,* M. Müller,4 and H.-J. Mikeska4
1Department of Physics, Tokyo Institute of Technology, Meguro-ku, Tokyo 152-8551, Japan

2Faculty of Education, Chiba University, Inage-ku, Chiba 263-8522, Japan
3Neutron Scattering Laboratory, Institute for Solid State Physics, The University of Tokyo, Tokai, Ibaraki 319-1106, Japan

4Institut für Theoretische Physik, Universita¨t Hannover, Appelstrasse 2, 30167 Hannover, Germany
~Received 8 August 2001; published 15 February 2002!

TlCuCl3 has a singlet ground state with the excitation gapD50.65 meV. The magnetic excitations in
TlCuCl3 have been investigated by means of neutron inelastic-scattering experiments. The constant-Q energy
scan profiles were collected in thea* -c* plane. A well-defined single magnetic excitation mode was observed.
The dispersion relations along four different directions were determined. The lowest excitation occurs atQ
5(h,0,l ) with integerh and oddl, as observed in KCuCl3. A cluster series expansion up to the sixth order was
applied to analyze the dispersion relations, and the individual exchange interactions were evaluated. It was
demonstrated that TlCuCl3 is a strongly coupled spin-dimer system.
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I. INTRODUCTION

The magnetic excitations in quantum spin systems, wh
have a singlet ground state with an excitation gap, are a
subject in magnetism. Recently, neutron inelastic-scatte
experiments have been actively performed to investigate
magnetic excitations in various coupled spin-dimer syste
e.g., (VO)2P2O7,1 Cu(NO3)2•

5
2 D2O,2 BaCuSi2O6,3

SrCu2(BO3)2,4 and KCuCl3.5–8 A variety of dispersion rela-
tions for the propagation of the excited triplet have be
observed in these systems, and the true nature of the
change networks, which was not expected from the cry
structures, has been revealed in (VO)2P2O7 and KCuCl3.

Since large single crystals of KCuCl3 can be obtained, its
magnetic excitations have been extensively investigated
neutron inelastic scattering.5–10The dispersion relations wer
first analyzed using the effective dimer approximation,
which the exchange interactions between individual dim
are reduced to an effective interaction between dimers.6,8,10,11

Later, the cluster series expansion was applied by Mu¨ller and
Mikeska12 to describe the dispersion relation in order
evaluate the individual exchange interactions. From th
analyses, the exchange network in KCuCl3 was elucidated.
Consequently, KCuCl3 has been characterized as a wea
and three-dimensionally coupled spin-dimer system.

In this paper, we investigate the magnetic excitations
TlCuCl3, which is isostructural with KCuCl3.13 This com-
pound has a monoclinic structure~space groupP21 /c).14

The crystal structure is composed of planar dimers
Cu2Cl6, which are stacked on top of one another to fo
infinite double chains parallel to the crystallographica axis.
These double chains are located at the corners and cent
the unit cell in theb-c plane, and are separated by Tl1 ions.
Figure 1 shows the projection of Cu21 ions with spin-12 on
the a-c plane and the exchange interactions between C21

ions. For the notation of the exchange interaction, see R
12.

The magnetic ground state of TlCuCl3 is a spin singlet
with an excitation gap, as observed in KCuCl3.13 The mag-
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nitude of the spin gapD in TlCuCl3 was evaluated from the
critical field of the magnetization curve15,16 and the excita-
tion energy of the direct~electron-spin resonance! ESR
transition17 as D50.65 meV. The lattice parameters, th
critical fields and the saturation fields for KCuCl3 and
TlCuCl3 are listed in Table I. The crystal lattice of TlCuC3
is compressed along thea axis and enlarged in theb-c plane
as compared with KCuCl3. Thus, substituting Tl1 for K1

produces uniaxial stress along thea axis.
Although the crystal structures of TlCuCl3 and KCuCl3

are the same, there is a significant difference between t
magnetic properties, i.e., the spin gap for TlCuCl3 is one
quarter of that for KCuCl3, while the saturation field for
TlCuCl3 is about twice as large as that for KCuCl3.15,18This
suggests that the interdimer interactions in TlCuCl3 are much
stronger than those in KCuCl3. However, the details of the
individual exchange interactions in TlCuCl3 have not been
clarified so far.

FIG. 1. Projection of Cu21 ions with spin-12 on thea-c plane
and the exchange interactions. The double chains located a
corner and the center of the chemical unit cell in theb-c plane are
represented by solid and dashed lines, respectively. The shaded
is the chemical unit cell in thea-c plane.
©2002 The American Physical Society26-1



a
ea
he
s

ns
n

ne

-

e

fe
lin

a
a

on

i
er
g

f

e
it
te

s
e
ne
.
a

en

w
e
n
d
io
e

e
ave

the
he
gy
s

be-
s

ami-
ely
ge
e

ents
gy

tion
n is
en

ural
ita-
the

se

,
g to
xci-
ities
en-
ci-
of

ase
n-
to

etic
ons

of
ag-

rm
ns
r-
the

all
tion

,
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Recently the field-induced magnetic phase transition w
observed by magnetization and specific-h
measurements.16,19 It was demonstrated that the nature of t
phase transition can be described in terms of the Bo
Einstein condensation~BEC! of the triplet excitations
~magnons!.20 In the magnon BEC theory, the magno
around the lowest excitation are relevant to the phase tra
tion. For these reasons, we have investigated the mag
excitations in TlCuCl3.

Recently, Cavadiniet al.21 have also independently inves
tigated the magnetic excitations in TlCuCl3 by means of neu-
tron inelastic scattering. They measured mainly the disp
sions parallel to the principal axesa* , b* , and c* , and
evaluated the intradimer exchange interaction and the ef
tive interactions between dimers, which are given by the
ear combinations of the individual exchange interactions
shown in Sec. III. Although the present measurements
confined in thea* -c* plane, we measured the dispersi
relations not only parallel to thea* andc* axes, but also for
two diagonal directions (h,0,2h11) and (h,0,22h11.4),
which are roughly perpendicular to each other. As shown
the following section, the magnetic excitation is most disp
sive along (h,0,2h11), while it is less dispersive alon
(h,0,22h11.4). The (h,0,2h11) direction is parallel to
the cleavage (1,0,22) plane, in which the hole orbitals o
Cu21 spread. The dispersion relations along (h,0,2h11)
and (h,0,22h11.4) are essential, because the interdim
exchange interactions cannot be uniquely determined w
out them, i.e., there is another set of exchange parame
that can fit the dispersion relations principal axesa* , b* and
c* . We analyzed the dispersion relations using a cluster
ries expansion to sixth order to evaluate the individual int
dimer exchange interactions, which cannot be determi
within the framework of the effective dimer approximation21

The effective interactions calculated with these individu
interdimer exchange interactions are significantly differ
from those obtained by effective dimer approximation.

The arrangement of this paper is as follows. In the follo
ing section, experimental details are described, and the
perimental results are presented. In Sec. III, the experime
results are supplemented by a theoretical analysis base
dispersion curves calculated from a cluster series expans
and the individual exchange interactions are determin
Section IV is devoted to conclusions.

TABLE I. Lattice constantsa,b,c, andb at room temperature
the critical fields Hc5D/gmB and the saturation fieldsHs for
KCuCl3 and TlCuCl3.

KCuCl3 Ref. TlCuCl3 Ref.

a (Å ) 4.029 14 3.982 24
b (Å ) 13.785 14 14.144 24
c (Å ) 8.736 14 8.890 24
b 97.33° 14 96.32° 24
(g/2)Hc ~T! 23.1 15 5.7 19
(g/2)Hs ~T! 54.5 18 ;100 18
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II. EXPERIMENTS AND RESULTS

TlCuCl3 single crystals were grown from a melt by th
Bridgman method. The details of sample preparation h
been reported in Ref. 16. The TlCuCl3 crystal cleaves easily
parallel to the~0,1,0! plane, in which lie thea* andc* axes.

Neutron inelastic scattering was performed using
ISSP-PONTA spectrometer installed at JRR-3M, Tokai. T
constant-kf mode was taken with a fixed final neutron ener
Ef of 14.8 meV. In order to gain intensity, collimation
were set as open-monochromator-808-sample-808-analyzer-
808-detector. The energy resolution was about 2 meV
cause of loose collimations. A pyrolytic graphite filter wa
placed after the sample to suppress the higher-order cont
nations. We used a sample with a volume of approximat
2.5 cm3. The sample was mounted in an ILL-type oran
cryostat with itsa* andc* axes in the scattering plane. Th
crystallographic parameters were determined asa*
51.6059 1/Å , c* 50.71513 1/Å , and cosb*50.0967 at
helium temperatures.

In the previous neutron inelastic-scattering measurem
for TlCuCl3,22 three excitations were observed in the ener
range E<15 meV for the scans along (h,0,0), (h,0,1),
(1,0,l ), (1.5,0,l ), and (h,0,2h21) with 1<h<1.5 and 0
< l<1. From the temperature dependence of the excita
spectra, we concluded that the lowest dispersive excitatio
of magnetic origin. Since the phonon excitation has be
observed at almost the same energy in the isostruct
KCuCl3,23 we inferred that the highest dispersionless exc
tion can be attributed to the phonon excitation. However,
origin of the second excitation was unclear.

We first investigated the temperature variation of the
excitations forQ5(1.5,0,0). AtT51.5 K, three excitations
were observed atE'3, 7 and 12 meV. At room temperature
which is much higher than the temperatures correspondin
the excitation energies, the peak intensity of the lowest e
tation decreases to the background level, while the intens
of the two higher excitations appear to be almost indep
dent of temperature. This indicates that the two higher ex
tations are not intrinsic magnetic excitations. If the cause
the excitations is phonons, their intensities should incre
with increasing temperature. Hence, it is too early to co
clude that the two higher excitations are attributable only
phonons.

In the present paper, we focused on the lowest magn
excitation, and investigated the precise dispersion relati
along (h,0,1), (0,0,l ), (h,0,2h11), and (h,0,22h11.4)
by constant-Q energy scanning for 0<h<0.5 and 1< l<2
~see Fig. 2!. The present scan area is closer to the origin
the reciprocal space than the previous one, so that the m
netic excitations can gain intensity due to the magnetic fo
factor. The dispersion relations along diagonal directio
(h,0,2h11) and (h,0,22h11.4) are necessary to dete
mine the exchange network uniquely within the data for
a* -c* scattering plane.

Figure 3 shows the scan profiles forQ5(h,0,1), (0,0,l ),
(h,0,2h11), and (h,0,22h11.4) measured atT51.5 K. A
well-defined single excitation can be observed in almost
scans. The scan profiles were fitted with a Gaussian func
6-2
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MAGNETIC EXCITATIONS IN THE SPIN-GAP SYSTEM . . . PHYSICAL REVIEW B65 094426
to evaluate the excitation energy, as shown by the solid li
in Fig. 3. The horizontal bars in Fig. 3 denote the calcula
resolution widths. Almost all peaks have widths equal to
resolution limit.

Figure 4 shows the constant-Q scans forQ5(0.1,0,1.2)
measured atT51.5 K and 80 K. A single excitation is
clearly observed atE56.3 meV and T51.5 K. At T
580 K, the excitation spectrum broadens out to the ba
ground level. This indicates that the excitation can be att
uted to a magnetic origin.

The dispersion relationv(Q) obtained for thea* -c* scat-
tering plane is summarized in Fig. 5. It is evident that t
lowest excitation occurs atQ5(0,0,1). However, since the
excitation energy is lower than 1 meV, we could not det
mine the excitation energy due to the incoherent scatte
and the low energy resolution. In Fig. 5, we substituted
gap energyD50.65 meV, which was evaluated from th
previous magnetization15,16and ESR measurements,17 for the
excitation energy atQ5(0,0,1). Recently, Cavadiniet al.21

investigated the magnetic excitations in TlCuCl3 by neutron
inelastic scattering experiments. Their experimental res
along thea* and c* directions are in agreement with ou
results.

Based on the present results, together with the prev
ones, it is evident that the periodicity of the magnetic ex
tation in TlCuCl3 is the same as that of the nuclear recipro
lattice along thea* axis, but doubled along thec* axis, as
observed in KCuCl3.5,6 Hence, it is deduced that the lowe
excitation occurs atQ5(h,0,l ) with integerh and oddl in
thea* -c* plane. This is consistent with the results of rece
neutron elastic-scattering experiments in magnetic field24

When a magnetic fieldH is applied in the present system, th
single excitation splits into three excitations, since the ex
tation should be a triplet excitation. The lowest excitati
energy decreases with increasing magnetic field, and fin
becomes zero at the critical fieldHc5D/gmB . For H.Hc
the system can undergo magnetic ordering due to th
dimensional interactions. Such field-induced magnetic ord
ing has actually been observed by neutron elastic scatte

FIG. 2. Scanning directions forQ along~a! (h,0,1), ~b! (0,0,l ),
~c! (h,0,2h11), and~d! (h,0,22h11.4).
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for Hib and H.Hc'5.5 T.24 Magnetic Bragg reflections
were observed atQ5(h,0,l ) with integerh and oddl in the
a* -c* plane, and are equivalent to those for the lowest
citation at zero field.

There is a sharp contrast between the dispersion cu
for Q5(h,0,2h11) and (h,0,22h11.4) which are roughly
perpendicular to each other. The magnetic excitation is m
dispersive along (h,0,2h11), which is parallel to the (1,0
22) cleavage plane, and is less dispersive forQ perpendicu-
lar to it. The dispersion curve forQ5(h,0,2h11) has a
local minimum ath50.25. This dispersion behavior is sim
lar to that in KCuCl3, which implies that the principal ex
change pathways in TlCuCl3 should be the same as those
KCuCl3. However, the dispersion range i
TlCuCl3 (0.65 meV<v<7.3 meV) is much larger than
that in KCuCl3 (2.7 meV<v<5.0 meV). This suggests
that the exchange interactions in TlCuCl3 are much stronger
than those in KCuCl3. The details of the exchange intera
tions are evaluated in the following section.

III. ANALYSIS AND DISCUSSION

The main point in the analysis of the experimental resu
is that the magnetic interactions in TlCuCl3 are dominated by
the exchange between the two spins forming the pla
Cu2Cl6 dimer ~intradimer exchange!, whereas exchange in
teractions between other spin pairs~interdimer exchange!
can be considered as weaker. The strong antiferromagn
intradimer interaction is the origin of the singlet groun
state.

Since notable anisotropy effects have not been obse
in the static measurements of TlCuCl3,16,19 the full magnetic
interactions will be described by the spin-1

2 Heisenberg
model

H5(
^ i , j &

Ji j ~Si•Sj !. ~1!

For the exchange interactions between spins, we will
the notation given in Ref. 12: the main intradimer exchan
is denoted asJ. The exchange interaction per bond betwe
spins in dimers separated by a lattice vectorla1mb1nc is
denoted as the exchange energyJlmn for pairs of spins at
equivalent positions in their respective dimer and asJlmn8 for
spins at inequivalent positions. Finite values of interdim
interactionsJ . . . will be considered for the following ex-

change paths only: (lmn)5(100),(200),(11
2

1
2 ),(01

2
1
2 ), and

~201!. In the following we present an analysis of the lowe
elementary triplet excitation based on this picture, in th
steps.

~i! The simplest picture is to assume unperturbed pro
gation of the excitation of one dimer from the singlet
triplet state, neglecting the excitation of further triplets du
ing propagation. This leads to the basic dispersion

v6~Q!5J1dv6
(1)~Q!, ~2!
6-3
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FIG. 3. Profiles of the

constant-QW energy scans in
TlCuCl3 for Q along ~a! (h,0,1),
~b! (0,0,l ), ~c! (h,0,2h11), and
~d! (h,0,22h11.4) with 0<h
<0.5 and 1< l<2. The solid lines
are fit using a Gaussian function
The horizontal error bars indicat
the calculated resolution widths.
ge
e

dv6
(1)~Q!5@J(100)

eff cos~2ph!1J(200)
eff cos~4ph!

1J(201)
eff cos$2p~2h1 l !%#62@J

(1
1
2

1
2 )

eff
cos$p~2h

1 l !%cos~pk!1J
(0

1
2

1
2 )

eff
cos~pk!cos~p l !#. ~3!

At this level, only certain combinations of the exchan
interactions enter the dispersion law: these are known as
fective dimer interactions
09442
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J(100)
eff 5

1

2
~2J(100)2J(100)8 !,

J(200)
eff 5

1

2
~2J(200)2J(200)8 !,

J
(1

1
2

1
2 )

eff
5

1

2
~J(1

1
2

1
2 )2J

(1
1
2

1
2 )

8 !,
6-4
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J
(0

1
2

1
2 )

eff
5

1

2
~J(0

1
2

1
2 )2J

(0
1
2

1
2 )

8 !,

J(201)
eff 52

1

2
J(201)8 . ~4!

FIG. 4. Constant-Q energy scans in TlCuCl3 at Q5(0.1,0,1.2)
for T51.5 K and 80 K. The solid line forT51.5 K is a Gaussian
fit.
09442
The factor in front of the individual exchange constantsJ
andJ8 results from the number of identical exchange pa
for the same lattice vector between dimers; it is one o
~identical exchange on two legs or on two diagonals!, 1

2 ~ex-
change on one diagonal only whereas there is no excha
path for the other diagonal! or 0 ~the exchange path does n
contribute!. Dispersion relation~2! is valid in the limit
Jlmn ,Jlmn8 !J.

Since there are two different dimers per chemical u
cell, the dispersion law has two branches, distinguished b6
in Eq. ~2!. However, the structure factor at the zeroth orde
of the form

S~Q,v6!;S sin
Q•R1

2
6sin

Q•R2

2 D 2

, ~5!

where R150.47a10.10b10.31c and R250.47a20.10b
10.31c denote the spin separations in the Cu2Cl6 dimers
located at the corner and at the center of the unit cell in
b-c plane. Under the present experimental condition, i.e.Q
in the a* -c* plane, thev1(Q) branch gives the only non
vanishing contribution. Hence, we can assume that the
served single excitation corresponds to thev1(Q) branch.

~ii ! The simple approach~i! gives a qualitatively correc
picture, which confirms the assumption of one dominat
intradimer exchange interaction, quantitatively. However
is not sufficient. The standard way to improve on this h
s
g
le
FIG. 5. Dispersion relations
v(Q) in TlCuCl3 for Q along ~a!
(h,0,1), ~b! (0,0,l ), ~c! (h,0,2h
11), and ~d! (h,0,22h11.4).
Solid lines are the dispersion
curves calculated by cluster serie
expansion to the sixth order usin
the exchange constants in Tab
III.
6-5
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been to treat the intermediate excitation of two or more tr
lets in an ~random-phase approximation! RPA-like
approximation.6,25 This approximation continues to trea
dimers as units and results in the dispersion law

v6~Q!5AJ212Jdv6
(1)~Q!. ~6!

This result depends only on the effective interactionsJlmn
eff ;

the dispersion law does not distinguish between the con
butions to the interdimer interactions from the different e
change paths.

The measured dispersions were fitted to Eq.~6! using all
the effective exchange constants given in Eq.~4!. The results
are presented in Table II.

~iii ! A systematic approach to improve on the one trip
dispersion law of Eq.~2!, is to expand the energy of th
elementary triplet excitation order by order in the interdim
exchange interactions. The method has been describe
Ref. 12, and it has been found that, from the second or
new terms that are not present in the expansion of the sq
root of Eq. ~6! appear. To determine individual exchan
couplings, we have implemented the cluster expans
technique12,26,27to allow us to calculate one magnon dispe
sion relations up to the sixth order. For tractability, only e

change paths along~100!, ~201!, and (11
2

1
2 ) were taken into

account, whereas the small@as evident from approach~ii !#

interactions along~200! and (01
2

1
2 ) were disregarded. Due t

the complex interaction structure, it was not possible to t
into account only topologically different clusters, and we h
to consider all embeddings, i.e., all the different ways
setting a given cluster on the lattice, up to the desired or
This leads to an exponentially growing number of clus
from order to order. In the present case, we perform calc
tions for the sixth order treating 18 084 colored clusters a
673 826 embeddings.

The series expansion gives the dispersion relation in
form

v~Q!/J511 (
p1>0, . . . ,p5>0

(
(nh ,nk ,nl )

Cnh ,nk ,nl

p1 , . . . ,p5

3)
j 51

5

a j
pjcos@p~nhh1nl l !#cos~pnkk!, ~7!

TABLE II. Intradimer interactionJ and the effective interdime
interactionsJ( lmn)

eff in KCuCl3 and TlCuCl3. All energies are in units
of meV.

Jeff ~meV! KCuCl3 ~Refs. 6,10! TlCuCl3

J 4.34 5.68
J(100)

eff 20.21 20.46

J(200)
eff 0.03 0.05

J
(1

1
2

1
2 )

eff 0.28 0.49

J
(0

1
2

1
2 )

eff 20.003 20.06

J(201)
eff 20.45 21.53
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wherea i ’s are the individual exchange interactions in un
of J,

a15J(201)8 /J, a25J(100) /J, a35J(100)8 /J,

a45J(1 1/2 1/2)/J, a55J(1 1/2 1/2)8 /J. ~8!

Leading terms in Eq.~7! can be combined to an expansion
a square root, as discussed in Ref. 12. We have calculate
coefficientsCnh ,nk ,nl

p1 , . . . ,p5 explicitly up to the fourth order, i.e.

( j 51
5 pj<4; these coefficients are available up on reque

Up to the sixth order, we are able to obtain the dispers
numerically for a given parameter set$a i%. In order to dem-
onstrate the convergence of the cluster expansion, we s
in Fig. 6 the results for increasing orders in the dimer exp
sion for the directionQ5(h,0,1).

For the analysis of the data, we proceeded in two ste
We first performed a least-squares fit to the measured
using the analytically known dispersion to the fourth ord
with the intradimer interactionJ55.68 meV, which was ob-
tained in~ii !. Guided by the result of this fit, we performe
calculations to the sixth order. The parameters for the b
sixth order calculation are given in Table III. The solid line

FIG. 6. Convergence of the cluster expansion with increas
orders in the dimer expansion forQ5(h,0,1). Dotted, dashed, an
solid lines denote the results for the second, fourth, and sixth or
with the exchange constants in Table III. Closed circles are exp
mental data.

TABLE III. Interdimer exchange interactions in TlCuCl3 deter-
mined by the cluster series expansion with the dimer interactioJ
55.68 meV. All energies are in units of meV. AF andF denote
antiferromagnetic and ferromagnetic exchange interactions, res
tively.

J(100)50.34 ~AF!, J(100)8 51.70 ~AF! ⇒ J(100)
eff 520.51

J(1
1
2

1
2 )50.91 ~AF!, J

(1
1
2

1
2 )

8 520.57 (F) ⇒ J
(1

1
2

1
2 )

eff
50.74

J(201)8 52.56 ~AF! ⇒ J(201)
eff 521.28
6-6
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MAGNETIC EXCITATIONS IN THE SPIN-GAP SYSTEM . . . PHYSICAL REVIEW B65 094426
in Fig. 5 indicate the calculated results. The experimen
dispersion curves can be reproduced well by the present
culation.

The results for the effective exchange constants are w
defined and imply, in particular, a significant increase in

value of J
(1

1
2

1
2 )

eff
, when compared to the RPA-like approac

~ii ! above. The individual exchange constants are well

fined for (lmn)5(100) and~201!. For (lmn)5(1 1
2

1
2 ) the

individual exchange constants are determined less reliab
fit of comparable accuracy is obtained forJ(1

1
2

1
2 )

50.23 meV, J
(1

1
2

1
2 )

8 521.37 meV and minor changes i

the remaining parameters. Similar to the situation in KCuC3,
the neighboring dimers couple magnetically along the ch
and in the (1,0,22) plane. The most important interdime
interaction is the diagonalJ(201)8 interaction, which is about
half of the intradimer interaction.

IV. CONCLUSIONS

We have presented the results of neutron inelastic sca
ing for the spin gap system TlCuCl3. Well-defined magnetic
excitation spectra were observed in thea* -c* plane. The
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dispersion relations of the magnetic excitations in TlCuC3

were determined as shown in Fig. 5, and were analyzed
the cluster series expansion. The individual exchange in
actions, which could not be obtained from the effecti
dimer approximation, were evaluated, as shown in Table
TlCuCl3 is a strongly coupled spin-dimer system, in contra
to KCuCl3 that is characterized as a weakly coupled sp
dimer system. The analysis of the individual exchange c
stants shows that the ladder system in TlCuCl3, similar to
KCuCl3, is much closer to an alternating spin chain than h
been previously believed.
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