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From classical to quantum Kagomeantiferromagnet in a magnetic field
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We study the magnetic properties of the Kagoamtiferromagnet going from the classical limit to the deep
guantum regime of spin 1/2 systems. In all the cases there are special values for the magnetization, 1/3 in
particular, in which a singular behavior is observed to occur in both the classical and quantum cases. We show
clear evidence for a magnetization plateau foiSalh a wide range oK XZ anisotropies and for the occurrence
of quantumorder by disorder effects.
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Spin systems in low dimensions have become an intensmanifold of states? In this paper we have addressed these
area of research in the last few years due to their possiblguestions using a standard spin wave analysis, Lanczos di-
relevance to highF, cuprates but also in their own right due agonalization of finite clusters, and a two-dimensiofzb)
to their very special propertiésOne of the issues that at- Jordan-Wigner approach. We study teXZ AF on the
tracted attention, both from experimentalists and theorists, i&agomelattice, where, in general, no soft modes are present.
the appearance of plateaus in the magnetization curves faur results show the persistence of the plateau at 1/3 beyond
both one-dimension&l* and two-dimensionar® quantum the symmetricKXX point and even the existence of a plateau
spin systems. Another has been the study of strongly frusfor classical spins in the easy axis case. This suggests that the
trated systems with a highly degenerate classical grounéxistence of the soft modes is not a necessary condition for
state structuré? giving disordered, spin-liquid behavior at the existence of a plateau in the quantum case, although it
low temperature. The spin-liquid behavior can be removedgoes seem to extend the plateau region away from the Ising
or partially removed by degeneracy lifting, through thermallimit of XXZ AF. The quantum ground state does indeed
or quantum fluctuations: the phenomenon known as order bljave a large projection onto a collinear state indicating a
disorder(OBD).**12 Examples are the so-calldd-J, model ~ quantum order by disorder effett.
on a square latti¢d and the Kagoméeisenberg antiferro- We define theXXZ AF Hamiltonian
magnet(AF), where thermal OBD leads to a nematic spin
liquid state**~®The situation is more complicated when one - I R
considers quantum spins defined on such lattices, and the H=J<iE> (S'S/+9/s/+AS Sj)_h'Z S, 1)
role of quantum fluctuation in the selection of some particu- !
lar ground state€GS’s). In the particular case of the Kagome Where§i=(SX,$y,$Z) is a vector of unit lengthy>0 is the

lattice}” state of the art numerical computatidhseem to «chan nstant. and<t < the XXZ anisotr ]
indicate that no nematic order is observed and that the GS [&¢"'@ng€ constant, a € anisotropy pa

a rather complicated spin-liquid-like state, with a spin gaprameter. Specific va!uez‘s—l andA =0 define theXXX and

but with many low-lying spinless states. XX mod_els,_respe_:ctlvely. L
Recent studies of the KagonAF in the presence of a ~ Considering first the XXX case and definingsS,

magnetic field have shown that the value of 1/3 for the nor=2X,_,,55 as the total moment per triangular unit, the

malized magnetization is a special point bringing into playHamiltonian forN spins can be written as

both OBD effects and the presence of a magnetic plateau, an

effect also present for the triangular lattie€. In the classi- NB g g
cal cas&€?! spin wave analysis and Monte Carlo simulation H=-NJS+ > (Esg— §h~sp). )
show the order by disorder selection of a collinear spin- p=1

liquid state together with a magnetic anomaly and a pseudo- R ..
magnetic plateau. In the quantum case, numerical evidenddinimizing with respect toS, gives S,=h/(2J) and a net
from the exact diagonalization of smaB=1/2 clusters GS magnetizationM =h/(6JS) for |h|<h.=6JS. Above
shows the existence of a magnetic platéa8uch behavior this field the spins are ferromagnetically aligned. In zero
has already been observed in theJ, square lattice, where field this condition leads to a rigid coplanar spin configura-
similar phenomena, based on a collinear order of the spinon for each triangular plaquette, but the open nature of the
for particular values of the magnetization, occtits. Kagomelattice allows freedom in the orientation of the tri-
A natural question one can pose is therefore: Is there angular spin planes and a highly degenerate continuous GS
connection between the existence of soft modes in the clagnanifold. Spin wave analysis shows that a branch of modes
sical case and the appearance of magnetization plateaus fior fluctuations out of a discrete, but macroscopically large
the quantum system? Further, is the magnetic plateau accoraubset of collectively coplanar ground states become soft,
panied by quantum order by disorder selection of a reducetbading to their thermal selectidfiz16-2*
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For nonzero magnetic field, a generic classical ground 1
state for a single plaquette is not necessarily coplanar, in
contrast to the zero field caeSelection of a collective 08 +
coplanar state therefore requires selection at the level of each
triangle, as well as between triangles. 06 |

This fact weakens but does not destroy the coplanar
selectiont® For small fields Zhitomirsk&* has proposed that
a discrete set of coplanar states are selected with, on each
triangle, one spii antiparallel to the field and spifsandC
straddling the field direction in ¥ configuration. As in zero 0.2t
field, these states have soft modes associated with out of
plane spin fluctuations and corresponding line defects in real 0
space, allowing rotation of spir® and C aboutA. o 1+ 2 3 4 5 6 7 8
As h—h,/3 the two canted spins close up onto the field h/JS
direction, forming collinear *up-up-downtUUD) spin con- FIG. 1. Zero-temperature magnetization curve, for classical
figurations on each triangle, with magnetizatidh=1/3. spins.A=1.5.
This special point has zero modes for in-plane as well as
out-of-plane spin fluctuatiorfS:? The large number of soft
modes leads to strong thermal selection of the UUD spirdpproaches from above. However, the spin wave analysis
liquid.2021 gives no plateau; rather it gives a continuous relaxation away
To describe the fluctuations over the coplanar states nedirom linear behavior and a point of inflection lat=h./3. A
h./3, we choose a coordinate system oriented with respect ttemaining open question is whether nonlinear corrections
local spin directions? At each site we choose right-handed can give a discontinuity and a finite plateau, as proposed in
axes in spin space with theaxis parallel to the spin and all Ref. 21.
x axes mutually parallel, that is, perpendicular to the spin For A>1 and in zero field the ground states remain
plane The spin orientations are therefore parametrized blighly degenerate and there are soft modes for out-of-plane
S=(€,€,1- ), with a; determined from$|=1, and fluctuations about cc;lfslecti\{ely coplanar states with moment
the quadratlc part of the Hamiltonian reads M=(A- 1_)/3(A+ 1).2° Adding a small field along theaxis
does not lift the degeneracy or remove the soft modes. The
magnetization increases linearly urill=1/3 ath=2JS, in-
5 E [M €€+ MY € el]. (3)  dependently ofA. For higher fields, there is a plateau in the
magnetization atM =1/3, continuing out toh,=(2A-1
The only non-zero elements of the matridd$ andMY are  + 4AZ+4A —7)JS where it starts to grow again, until
the diagonal and nearest-neighbor terms. In particlf, reaching saturation di,=(2+4A)JS. The plateau occurs
entries areM ;=1 andM{'; =1/2 if i and] are nearest neigh- because, in this field region the field and exchange contribu-
bors. While |\/|X turns out to be independent of and the tions to the Hamiltonian both vary quadratically with defor-
particular GS we are considering, this is not the casé/fr ~ mation away from an UUD configuration, leading to a linear
The analysis of the sector is given in Ref. 14. Even for instability. As a result the macroscopic but discrete set of
disordered states the fundamental excitations are propagatinglJD states is selected energetically rather than entropically
modes rather than the localized line defects that provide aand the field must excedu=2JS by a finite amount before
alternative description of the soft fluctuaticffsOne can di- the ground state manifold leaves these configurations. The
agonalize Eq(3) in Fourier space, finding hidden branchesin-plane soft modes avl =1/3 are, however, a property of
of magnonlike excitations, as far as magnetic scattering tectthe XXX point and are removed fax>1. The lower bound-
niques are concerned: an optical branch, an acoustic branchry of the plateau tends to=0 as one approaches the Ising
and a soft branch extending over the entire Brillouin zonelimit, A—<, and there is a zero-temperature plateau extend-
This branch is responsible for the selection of coplanar statesg over the whole of the rande<h,. The zero-temperature
in zero field and is present for all field valuPs! At the  magnetization for the classical case is shown in Fig. 1, for
pointh/h.= 1/3 and for fluctuations around a UUD state theA=1.5. The data were obtained from zero-temperature
y sector also acquires a soft branch, independently of the G®lonte Carlo calculations, decreasing the field from the start-
This fact plays in favor of a selection of the UUD states anding valueh=h,. The plateau region is clearly visible. For
leads to the UUD “spin-liquid” predicted and observed in A<1 and zero field, the out-of-plane fluctuations acquire a
Ref. 20. finite stiffness2* In finite field the ground states are formed
The singular entropy of fluctuations driving the UUD spin by canting the spins out of the plane perpendicular to the
liquid also leads to a magnetic anomaly and the beginningfeld direction. There are, in general, no soft modes khd
of a magnetic plateau. Close ltie= h/3 the growing entropic =1/3 no longer has any special significance.
contribution to the free energy pulls the minimum away from  Classically, there is therefore an extended region in the
the ground state energy and towards the UUD point. ThigA,h) phase diagram at low tempereature where plateau
pulls the magnetization above the linear cuMe=h/h. as  phenomena can be observed, extending from the point
one approachek /3 from below and pulls it below as one (A=1, h=2J9) in a wedge, out to the lineX=0o,h<h,),
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A Of particular interest are the UUD states, wheld3)P
coordinates are also absent from the Hamiltonian at this or-
der. It is obvious that higher-order terms of the Hamiltonian
are crucial for understanding the spectrum of these excita-
tions. In Ref. 28 it was shown how the zero-point fluctua-
tions of the fast variablegherei=1,2) introduce(via the
higher-order termsan effective potential for the soft modes,
apart from lifting the classical GS degeneracy. Following
Ref. 28, processes such as the tunneling effect between the
now discrete set of local minima can give rise to a finite, and
even gaped stiffness of the soft modes. What we should point
out in this example is that the cad|=1/3 corresponds to
: a different situation, where the effective dynamics of the soft
5 x = h/{JS) modes introduced by the interactions with the normal oscil-
lators will be radically different. We argue that because of
FIG. 2. Schematic classical phase diagram in the\j plane.  the absence of this huge number of canonical variablés,in
for the UUD states, quantum fluctuations will indeed play in
as is shown schematically in Fig. 2. A natural question to askavor of a selection of these states and to their stability as the
is therefore: Do quantum fluctuations extend beyond this remagnetic field is Changed away frdn@/3 Such a Se|ection,
gion, leading to a plateau over a larger region of parametefo; 3 magnetic UUD state, is also present for the triangular
space? . lattice, due to zero-point fluctuations over an ordered classi-
In trying to understand this problem, we present here a4 ground staté®?° Following this idea one could follow a
brief description of quantum fluctuations over coplanar state§;sndard semiclassical expansion and argue that if quantum

for_ar_b|trary vaIue; ON: Within a HoIstem—Prlmakpff de? .fluctuations select & coplanar configuration favl <1/3 and
scription for the spin variables, where the quantization axis is

. : . g . a quasicollinear configuration fo>1/3, as do thermal
chosen according to the classical orientation of the spin d&g,  ~ions in the classical caskthe value of the field at
scribed above, thX XX Hamiltonian can be written as

which M=1/3 is reached from above and below will be

S renormalized at the quantum level. This scenario gives rise to

H=Hy+ E[|.|2+ 0(1/\/5)], (4) a plateau aM =1/3 even forA=1. Indeed, taking, for ex-
ample, ag=0 structure, a straightforward numerical integra-

. . I . tion of the free bosonic branches involved either in Yher
whereH, is a quadratic Hamiltonian of magnon creation and L - . . )
quasicollinear Kagomeacua yields a finite plateau width.

annihilation operators. ThO(L/S) part contains higher- . While this estimation is based on a particular ground state
order terms in these operators. By expressing the creation,  ~ . . . o -
(=0 in this casg it is reasonable to assume a similar be-

and annihilation operators in terms of the corresponding car vior f | d state. A bil int
nonical variableQ and P, H., read?’ avior for any coplanar ground state. A more subtle poin
concerns the fact that this approach has to be taken with
1 some care for the Kagonmodel, because the oscillator fre-
_ = P pp. 1900 quencies have a nonanalytic behaviorhat2JS. This can
Ha 2 .E, (M PP+ M QiQj ], © give rise to divergencies in the coefficients of the formal
power series and produce a nonanalytic dependenc&ain
whereMP andMY are the matrices for classical fluctuations the width of the plateau.
in the y and x sectors discussed above. There are therefore Motivated by these semiclassical arguments in favor of a
(N/3)Q coordinates absent i, with the corresponding ca- plateau at 1/3, we further analyze this issue using Lanczos
nonical variable® commuting withH,. This is the quantum diagonalization and a Jordan-Wigner approach, which are
analog of the flat branch. It can be explicitly shown to existmore appropriate in the deep quantum c¥skeet us first
for the ordered coplanar GS with @&=0 ordering vector, focus attention on the exact GS’s obtained from the diago-
using a three-color boson picture in momentum space. In thigalization of the clusters with periodic boundaries shown in
case, by an appropriate canonical transformatibpcan be  Fig. 3. Using a Lanczos algoriththapplied through alls?
written as subspaces, we observe a plateaiviat 1/3 as a function of
magnetic field. Results fad=18 and all 24 spin clusters are

Plateau

_ X +2x+8
- Ax +8

1 ” - - . - shown in Fig. 4 for botiXXX and XXZ with A>1.
72 2 [PLKPL(=K)+ 0, (KX, (KX, (= K], To check whether an UUD order actually occurs, we mea-
o ©6) sured three-point coplanar correlation functions of the form

Cy(i,j K== ;0NN %(1-nf)) on the M=1/3 GS.

wherex is the color index anqb3(IZ)=0 V K. We see then Here (i,j,k) denotes a (iyclic permutation around an el-
the presence of the flat mode in the quantum case, at thementary triangle, erereaé: o' o™ is the usual spin oc-
order in 14/S, as a free-particle-like spectrum. cupation number and? stands for the local density fields
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FIG. 5. Triangular correlation functions measuring variations
around the coplana¥ configurations atM=1/3 in cluster(d).

FIG. 3. Schematic view of clusters considered in exact diago-Solid, dashed, and dotted lines refersAte-2.5, 1, and O respec-
nalizations.(a) 18 spins;(b), (c) and (d) 24 spins;(e) 27 spins. tively. For comparison, the inset shows the corresponding situation
Dotted lines indicate periodic boundary conditions, holdinga M =0, favoring a classical behavior.
throughout all boundaries.

02t

€

. . ) comes sharper fak >1 and broadens steadily upon decreas-
along thed axes forming the coplanaf configuration. Spe- jng the anisotropy. Similar results were observed in the
cifically, after some elementary steps it can be readily showRemaining clusters displayed in Fig.>3This ensemble of
that results therefore gives a strong indication that there is quan-

tum order by disorder selection of the UUD spin liquid over
the plateau region foA =1. The narrowing fo >1 is evi-
Cylij *k):% E <[—sin200fajx+(1+cos€criz) dence for the removal of noncollinear fluctuations away from
(1K) the symmetricXXX point, as one might expect from the
, - energetic arguments presented earlier.
><(1+C036"TJ)](1_nk)>' () As a final step, we now study our system by means of a
It turns out thaiC, increases monotonically with and near ~ generalization of the well known Jordan-Wigner transforma-
the maximum depends very little either on the cluster size, it§On in one dimension, which was originally proposed in Ref.
particular shape, or the plaquette location. A large but unsaf33 and further developed in Refs. 34—36. It consists of a
urated value of this parameter @t 0, as is shown in Fig. 5, Mapping of the original spin variables into spinless fermion
is consistent with the idea of eollinear UUD spin-liquid, ~ variablesc; via S| =ciexdiZ;c/carg(r;— 7)1, where 7
allowing a finite probability for configurations with defects. =x;+iy; is the complex coordinate argf=c/c;—1/2. The
One can follow this idea further by testing if the systemadvantage of this transformation is that it imposes exactly the
selects a single state from the ensemble of states making @ingle occupancy constraint, but at the price of introducing a
the UUD spin liquid. By sorting the probabilities of the minimal coupling with Chern-Simons gauge fields. One usu-
ground state components in real space, we find that the latt@lly proceeds by a mean field decoupling to end up with a
exhibit a sharply peaked distribution, at the top of whichproblem of fermions on the given lattice in a properly chosen
there are a number of UUD states. This is shown schematimagnetic background, which can be solved using standard
cally in Fig. 6 for cluster(e). The weight distribution be-

1 21 uud —
|1/)n| 1 uud
0.8 01 ™ i
06 ) 001
= 0.001 .

04 0 01 i 10% states |
02

04 : : : 0.001

0 2 4 6 600 states

b/ FIG. 6. Ground state of clustée) for M =1/3 andA=2.5. Real
FIG. 4. Magnetization curves foXXZ clusters (=2.5). space states are sorted by increasing weights and normalized to
Dashed, solid, short dashed, and dotted lines denote, respectivetireir maximum valuéup-up-down configurationsThe inset exhib-
the results obtained for clustefs), (b), (c), and (d). The inset its the ground state components far=1. Only weights above
displays the corresponding results for isotropic exchangesX). 103 are shown.
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1 — again consistent with the idea that quantum fluctuations sta-
) bilize a plateau over an extensive range of parameter space.
0.8 1., The Lanczos magnetization curveft 0 yields no conclu-
12 sive evidence on this issue, though there is evidence that the
g 0.6 ¢ 0 s sharp weight structure of the GS components Qisa}ppears.
04 | - 1'/3' _ To summarize, we have studied the,magnet_lzatlon _behav-
ior of both classical and quantum KagomE lattices using
02t a variety of methods. In all cases our results suggest that at
least forA=1, there is selection of an UUD state, which is
0 ultimately responsible for the emergence of a magnetization
0 0.5 1 1.5 plateau atM =1/3. An additional feature particular to the

h/J Kagomelattice is that the UUD state is not a dleordered

] o ) ) state, rather it is a spin liquid. Our evidence for this is that

FIG. 7. Mean field magnetization curves X lattices, using  \ve find a number of states with comparable weights. It
homogeneous fermion densities. For comparison, the inset showssems therefore that the strong fluctuations associated with
the exact magnetization curve of clustey usingA=0. the spin liquid state do not destroy the plateau; rather, the
two effects co-habit. Further investigation of these issues is

techniques. In this language, an external magnetic field aginderway. At the classical level a plateau occurs in a region

plied to the spin system enters as a chemical potential for th@f (A.h) phase space, terminating at the poit=(1h

spinless fermions. In the present case and mainly motivated 2JS), Where a pseudoplateau is driven by the entropic
by the tendency of the AF Kagomattice to disorder, we contribution to the free energy. The results of this paper al-

have chosen a homogeneous mean field, that is, a uniforfAW Us to speculate that quantum fluctuations stabilize a pla-
fermion density CJferE%(lJFM), Y j. We restricted the [€@U OVer a more extensive region of parameter space. The

analysis to the casé =0 where this calculation scheme be- robustness of this result appears to be associated with a clean
comes most reliable. The resulting magnetization curve iSeParation of the GS components according to their weight
shown in Fig. 7. A clear plateau again shows upves 1/3. scale, the highest of which are UUD configurations.

Two other plateaus also appeared =0 and M =2/3, We acknowledge useful discussions with J.T. Chalker, D.
which could be an artifact of the mean field approximafion. Champion, P. Degiovanni, F. Delduc, E. Fradkin, L. Freidel,
More work is needed to be conclusive at this point. A. Honecker, O. Petrenko, G.L. Rossini, and M. Zhitomirsky

It is interesting to recall that the 1/3 plateau is expected tand the financial support of the ECOS-Sud committee. The
disappear for low enougi XZ anisotropy in the triangular research of D.C.C. and M.D.G. was partially supported by
lattice® while our mean-field results suggest that it persistsCONICET and Fundacio Antorchas, ArgentindGrant No.
even in theXX limit of the Kagomelattice. This result is A-13622/1-106.
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