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Corrections to the prevalent bubble model of positronium annihilation in liquids
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The prevalent bubble model to account for the medium dependent pick-off process for posit(@gum
annihilation in liquids is based on the notion of a bublde cavity) in which Ps gets self-trapped. This
description, however, suffers from several rather unrealistic features. The Ps atom is treated as a structureless
point particle, the potential responsible for its entrapm@st well as the molecular density profile of the
cavity) is taken to have a sharp and discontinuous boundary, and the expected change in the surface tension
from its bulk value(due to the curvature effects in such microbubpiesneglected. We demonstrate that all
thesead hocassumptions can be corrected for in a rather simple manner, without the introduction of any new
free parameter. The finite size of the positronium atom taken in conjunction with the diffusivity of the bubble
boundary plays a crucial role. As a consequence, the discrepancies in the prediction of the annihilation
characteristics are removed and satisfactory agreement with observations is achieved.
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. INTRODUCTION The model was further developéd-3but in its prevalent
form the positronium is considered to be a point particle of
The positronium atontPs consists of an electro@™ and mass 2n (m=mass of an electrormoving in a spherical
a positrone™® bound in its lowess state (=0), and exists as  well (SW) of depthU, and rangeR, and the density profile is
the spin-singlet para-positroniunp{Ps) and the spin-triplet taken to be of the same shape, vig(r)=po®@(r—R), r
ortho-positronium ¢-Ps). These are formed in liquids and being reckoned from the center of the cavity, wheérgx) is
molecular solids, in the ratio 1:8n the absence of any spin the Heaviside step function, apg is the number density of
polarization of the electrons in the mediunn vacuum the molecules in the bulk of the liquid. Hencefort shall be
p-Ps, having charge conjugation parity pluS=t+1), de- called the bubble radius. The zero point motion of the posi-
cays into twoy particles with a lifetime of 0.125 ns, while tronium inside the bubblgexisting in a localized state of
the o-Ps, with C=—1, cannot do so, and annihilates into energyEg) exerts an outward “force” on the wall given by
threey photons with a much larger lifetime of 140 ns. How- JdEq/JR that is balanced by the inwar@ontractilg force
ever, in the presence of matterPs can decay into twg  due to the surface tensian of the surrounding liquid, thus
photons through a process known as pick-off annihilationminimizing the total energy of Ps-bubble system,
whereby the positron in-Ps senses electrons with opposite
spin in the surrounding medium and annihilates through the d 5
two photon mode. This component of the positron annihila- (9_R(E0+47TR 0)=0. @
tion spectrum is of great utility since it enables its use as a
microprobe in the study of condensed matter, and hence 8ince the pick-off annihilation involves the positron from the
proper understanding of the underlying process is of parapositronium and the electrons in the surrounding medium,
mount importance. the rate for the process is governed by the product of the
The rate for pick-off annihilation is observed to be con- probability of finding the positronium in the liquicgiven
siderably lower than what would be expected if the atéans  through its wave function bitssy|?) and the density of elec-
molecules of the liquid were close packed around the posi-trons in the medium. This factor is given in this model by
tronium. This led Ferrellto propose that the repulsive elec-
tron exchange interaction between Ps and surrounding atoms o
could lead to a self-trapped localized state for the center-of- ZefprPozzeffpo4wf | sw(r)|?rdr, (2
mass motion of Ps as it finds itself in a confining potential. R
The interaction energy between the positronium and the sur-
rounding atom is dominated in the relevant range by th
integral corresponding to the exchange of the electron in th . U
positronium and the valence electron of the atom involvingper molecule for plck-c_)ff annihilatioqin e_ffect the number
the Coulomb potential between the electron and the core d f valence electrons, since the Ps atom is unable to penetrate

the atom. As a result the overlap of the probability densityt e core of the surrounding atom#ultiplying this with the

for finding the positron at the site of the electrons in thea}nnihilation rate given by Quantum electrodynamics, one ar-
surrounding atomgwhich are pushed away as it wers rives at the result,
reduced and this would lead to the desired increase in the

lifetime. )‘EJ?c):k—offE)\p:477r(2)CPOZeffPOr (3

here the factofP, shall be referred to as the overlap inte-
gral andZ.¢; is the effective number of electrons available
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for the pick-off rate, where,=e?/mc? is the classical elec- thené,, (andAE,) can be predicted. Though the agreement
tron radius,e being the charge of the electron aecdthe  appears superficially to be reasonably good it is found that
velocity of light. The normalized wave function for the ¢,, is systematically underpredict&d sometimes by as

positronium center-of-mass motion in the given sphericainuch as 20% for some liquids. To bring this discrepancy into

well* is sharper relief another strategy is found to be more
sinker revealing™® The model parametersU and R) are deter-
0 for r<R mined on the one hand by fitting the lifetime data and on the
1 2ko r other by using the angular correlation measurement, and then
Yswr)=—F= 1+ Rx e ol =R) a comparison of the two sets is made. It is found that the
Vam 0 sin KoR——— for >R,  potentialU, obtained by using the former protocol can be as

much as a factor of 2 smaller than that arrived at through the
(4) later methodology, while the range paramekericould be

10-15% smaller. This type of discrepancy was initially
=/ 2 = — 2 - . > A,
whereko . 4m!50/h and Ko 4m(U EO)./.ﬁ , the en pointed out by Nakanishi and JéaTable |). This inability
ergy E, being given by the eigenvalue condition,

to provide a consistent set of parameters to fit the two mea-
koCOtkoR=— . (5) surements clearly underli_nes the need to modify the model.
Apart from the unsatisfactory nature of the prevalent
Apart from the influence of the bubble on the annihilation bubble model revealed through the detailed comparison with
rate (and hence the lifetimethe bodily motion of the posi- data as discussed above, it should also be recognized, even
tronium confined in the bubble implies, via the uncertaintyfrom a purely theoretical point of view, that despite its popu-
princip|e (and by virtue of momentum conservatjom non- Iarity, it is difficult to accept a picture thdt) treats the Pos-
trivial angular correlationnot back to back as for positro- itronium as a structureless point particlé) considers the
nium decay at restfor the two photons emitted through the liquid-vapor interface as a sharp discontinuityi,) neglects
annihilation of positronium in the bubble. The angular cor-the curvature dependence of the effective surface tension of
relation curveN(6) is determined from the momentum dis- such a microbubble and uses the bulk value.
tribution P(p) of the positronium that in turn is given in
terms of the square modulus of the Fourier transform of the

wave function, viz., II. CORRECTIONS TO THE PREVALENT MODEL
P(p)=47027 2 6 In vie_w of the_ s_eri_ous _Iac_unge in the prevalen'g model of
(p)=47p|4(p)| (63 positronium annihilation in liquids, we go on to introduce
with corrections due to each of the neglected factors.

3 1|92 e
W(p)= ( ﬁ) f 'J/(r)exl< L 7 d’r, (6b) A. Correction due to finite size and structure of the positronium

In order to introduce the structure of the positrontim
into the framework of the prevailing model we need to ap-
preciate that Eq4) for (r) simply describes the motion of

o) 1 o "
N(0)=fm GBP(P)dD- (6c)  the center of mass of the positronium, where=(r .
c > > >
+r_)/2, andr, andr _ are the coordinates of the positron

The experimentally measured quantity,, the full width at  and the electron with respect to the center of the bubble. The
half maximum of the narrow componerimainly due to complete wave function of the positronium is, however,

p-Ps) of the angular correlation curve is readily determinedyy) (o) wherep=r, —r_ is the relative coordinate be-
from tween the positron and the electron, and the internal ground-
state wave function of the positronium is given by

and

N(z6)=3N(0). (6d)
The same basic phenomenon also gives rise ippko
broadeningAE, of the decayingy photons that is easily B(0)= /_e—g/a ®)
seen to be ma’

A E.y= m 02(91/2 . (7)

wherea=2(%%/me?). Here we have taken recourse to some
The bubble model described above has been used extesimplifying and not unreasonable assumptions, to wit, the
sively for the interpretation of the characteristics of positro-internal wave function of the positronium is not modified by
nium spectroscopy in liquids. If the parameters of the modethe environment, and the solvent molecules being much
(Up andR) are determined by using the observed values oheavier than the Ps atom allows the use of adiabaticity, and
surface tensionr, the balance conditiofEqg. (1)] and the the center of mass and relative motions remain separable.
experimentally measured rate for pick-off annihilatinp, The pick-off ratdin lieu of Egs.(2) and(3)] is now given by
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TABLE |. Parameters of the prevalent bubble mog@ethout finite Ps size and diffusivity correction®r
various liquids taken mainly from the paper of Nakanishi and J&ef. 4 however, the lifetime data of
those marked with * are cited from that of JetiRef. 24. The subscripts or 6,,, designate values deter-
mined by fitting lifetime @) or angular correlation dated(,,), respectively. The last column shows percent-
age error inf,;, when bubble parameters are fitted using lifetime data.

Liquid [Rl,  [Rly, [El. [Ely, [Uo, [Uolsy, er
A) (A) (eV) (ev) (ev) (eV) in 61,
n-pentane 4.85 5.36 0.42 0.44 0.75 1.44 —-17
n-hexane 4.65 5.08 0.46 0.47 0.79 1.33 -15
n-heptane 4.55 4.97 0.48 0.49 0.84 1.44 -15
n-decane 4.33 4.81 0.52 0.42 0.90 1.72 -17
Iso-octane 4.66 5.53 0.46 0.49 0.83 4.78 —18
Cyclohexane 4.26 4.67 0.54 0.55 0.90 1.54 -16
Methylcyclohexane 4.36 4.83 0.52 0.54 0.92 1.78 -17
Benzene 411 4.53 0.58 0.59 0.96 169 -—17
Toluene 4.14 4.58 0.57 0.59 0.97 181 -17
Ethylebenzene 4.08 4.39 0.58 0.59 0.96 140 -13
o-xylene 4.06 4.51 0.59 0.58 0.99 1.54 -15
m-xylene 4.11 4.45 0.58 0.59 0.98 1.50 —-14
p-xylene 4.13 4.48 0.57 0.58 0.97 1.52 —-14
Mesitylene 4.18 451 0.57 0.59 0.99 1.54 -13
Diethylether 4.75 5.25 0.44 0.45 0.78 1.50 -16
*Methanol 4.26 4.69 0.51 0.52 0.79 1.23 -17
*Ethanol 4.30 4.77 0.51 0.52 0.80 1.37 —18
Propanol 4.36 4.72 0.52 0.53 0.92 1.46 -13
Butanol 4.30 4.66 0.54 0.55 0.95 1.56 —14
Octanol 4.18 4.63 0.56 0.58 0.97 1.84 -15
Acetone 4.29 4.72 0.53 0.54 0.89 1.57 -16
Water 3.12 3.47 0.92 0.93 1.36 2.14 —-19

. . B. Correction due to diffuse bubble boundary

)\p=47TF§Cf d3r+f dr_ and curvature dependence of surface tension

The picture of a sharp bubble boundary is at variance with
Xf d3Fe| w(r)|2|¢(e)|2p(re)5(F+—Fe), (9) the general notion of a liquid-vapor interfateand even
more so in the case of bubbles with such microscopic dimen-
sions, as revealed through the numerical-simulation studies
R of small liquid drops-®" This aspect too, in the present con-
wherer  gives the location of the picked-off electrgwhich  text, has been remarked upon by Roeflighile addressing
is annihilated by the positron at that poirand p(re) the  the pick-off process in liquid helium: “the agreement be-
density of these electrons given Hyp(r), wherep(r) is  tween the calculated values and the experimental data is sur-
the number density of the surrounding molecules. Now it isprising, for the bubble may not possess a definite radius,
possible for the center of mass of the positronium to be inthere very well may be a transition region between the cavity
side the bubble while the positron is outside and contributeghat has a helium atom density of zero and the bulk density
to the pick-off rate and also vice vergm contrast to the of the liquid.” The more realistic density profile(r) should
earlier description using a structureless positroniufine ~ contain a parametéR characterizing the “size” or “radius”
evaluation of the multiple integral is straight forward though Of the cavity, as well as another quantifycharacterizing the
tedious, and the details are relegated to Appendix A. As wdliffuseness of the transition layETA suitable form for the
shall see later the correction due to finite positronium size t&lensity profile as obtained from a molecular dynamics study
the rate, using the bubble model with a sharp boundary, i8f liquid drops’ is
small because the additional contribution arising from the
. . . . . -R/A
positronium center of mass being inside and outside the (1)=po| 1— l+e
bubble are of opposite sign and tend to cancel each other. p Po 14 e(r—R)/A
However, this is not the case when the bubble boundary is
made diffuse. Juxtaposition of the two corrections, it is seenwhich smoothly interpolates betwegi=0 at the center of
enhances the effect. the bubble (=0) and the bulk densityg, asr becomes very

: (10
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large. The prevailing form of the bubble model results whenThe introduction of diffusivity in the bubble surface enables

A—0 as in that limitp(r)—pe®(r —R). us to incorporate, in a natural manner, the influence of its
Since the repulsive exchange interaction between the Radius of curvature on the surface energy, leading to the no-

atom and the host molecules is short ranged, it is not todion of an effective surface tensian.¢; in place of its bulk

unreasonable to take the self-trapping poteritadlich binds  valueo. This is because this finite-size effect necessitates, in

the positronium to the bubblgo have the same radial de- view of the underlying theory, the introduction of not only

pendence, and accordingly we adopt, the radiusR of the surface of tension but also the distace

characterizing the diffusivity of the surfadevhich is the

separation between the surface of tension and the equimo-

lecular dividing surface Indeed an approximate relation be-

tweeno ¢ and o, based on thermodynamic considerations,

which is the celebrated Woods-Sax0ws) potential® (in  for a surface with radius of curvaturewas put forward by

vogue among nuclear physicist§he same symbold, and  Tolmarf® and by Koenig*

R are used for the depth and the range for the WS as was

used for the spherical well with the understanding that these r

are parameters that are fitted to reproduce the data. The Ter(r) =0 A’ (14

Schralinger equation for the center-of-mass motion of the ] )

positronium trapped in this potential will have to be solved@nd, accordingly, the surface energy of the bubble, instead of

for the lowest and only relevant state that has the orbitaP€ing 4mR?o [see Eq(1)], will now be

angular momentunmt=0 (s wave and the corresponding RO

wave function can be found analytically in terms of Gauss’s ES:f O’eff(r)4ﬂ_r2dr

hypergeometric functior{fAppendix B. Since A/R is ex- 0

pected and found to be rather small, the diffuseness can be 2A  AZ [R4A

treated as a perturbation on the spherl_cal-well potentlgl = 47R%0| 1— —+2—2In( ” (15)

(Usw) with the same depth and range, and indeed the shift in R R A

the energy due to diffusivity may be obtained perturbativerWh”e the possible importance of this effect was emphasized

as long back by Nakanishet al,?? as also by Byakov and

o PetuchoV, since they based their discussion on a model with

AE=47TJ (Uws—Usw|#rsw(r)|?r?dr, (128 a sharp bubble boundary, the diffusivitywas introduced by

0 hand as a free adjustable parameter. In our version, on the
the only non-trivial part of the integral beinﬁﬁfwsuév\ﬂf contrary, the diffusivity of the bubble boundary has been
wherefys=1/(1+ e ~R/4) the Woods-Saxon function and organically included, and as such the enekgyypf the posi-
uSV\/:rd/SW' This integra' for smallA/R can be eas”y ap- tronium in the bubble, vide quZb), dependS on botR and )
proximated by writingu,,= (d/dr)F, integrating by parts A. As a consequence the total energy must be minimized
and expandingF(r) in a Taylor series about=R. The with respect to both these parameters, and thus the single
method employed is simply akin to what is done in statisticacondition[Eq. (1)] is now replaced by two, namely,
mechanics textbookSin the calculation of the specific heat

1+e R4

Uns=Ug) 1= T o

1-— : (11

of a Fermi gas at low temperature$ @nalogous to the tem- & = i(E+ Eg)=0, (163
peratureT and R analogous tcEr, the Fermi-energy The JR dR
result is
272 % _ 9 (E+Eg) =0 (16b)
Ugm“A —_—=— s)=0.
AE=— 22" 2usy(R)Ugy(R) oA JA

Therefore, even though a new parameiewas introduced,
2U m2A2 K(Z) kg c 2772A2;<§ the additifonal minimiztatior:hcon;jritions_ e_?sures Ejha}t we hha'wﬁ
= >——=Eo . no more free parameters than the primitive model on whic
3 1+ KR kot xo 3(1+ xoR) we are making the corrections.
(12b

The same correctiofto lowest order is also obtained when
the eigenvalue condition for the Woods-Saxon potential is In comparing the consequences of incorporating our cor-
expanded in powers df/R (Appendix B, providing thereby  rections in the primitive model of positronium annihilation in
a cross check on the expression. To the same order of accliquids, we have summarized the results through three tables.
racy the perturbed wave function has the form of the unper- The bubble parameters obtained from the prevailing
turbed solutior(Eq. (4)] except thak, and «, are replaced spherical-well model, in which the bubble potential and the
by k and « that solve the modified eigenvalue condition,  molecular density of the medium follow the sharp profile
(and the curvature corrections to the surface tension ignored
2, 2 is shown in Table I. The severe inadequacy of the model is
(k+ k%) |. (13 . ; o
clearly exposed through the glaring discrepancies in the val-

IIl. RESULTS AND DISCUSSION

77_22

k cotkR=—k| 1+ 3
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TABLE Il. Same as Table I including finite size and diffusivity corrections.

Liquid [Rl,  [Rl,, [El. [El,, [Uol, [Udy,  %em
(A) (A) (eV) (eV) (eV) (eV) in 61
n-pentane 5.04 5.03 0.47 0.47 1.19 128 —2.17
n-hexane 4.86 4.87 0.50 0.50 1.26 1.24 0.47
n-heptane 4.73 4.74 0.53 0.53 1.37 1.32 0.93
n-decane 4.54 4.52 0.58 0.58 1.45 151 -141
Iso-octane 481 4.79 0.52 0.54 1.40 155 —254
Cyclohexane 4.47 4.48 0.60 0.59 1.59 1.54 2.87
Methylcyclohexane 4.54 4.53 0.58 0.59 151 156 —1.08
Benzene 4.33 4.33 0.63 0.63 1.56 1.58 —0.39
Toluene 4.34 4.34 0.63 0.63 1.63 1.63 -0.25
Ethylebenzene 4.32 4.33 0.63 0.61 1.53 1.37 3.46
o-xylene 4.27 4.28 0.65 0.64 1.64 1.54 2.06
m-xylene 4.32 4.33 0.64 0.62 1.63 1.46 3.31
p-xylene 4.33 4.35 0.63 0.62 1.61 1.47 2.88
Mesitylene 4.34 4.36 0.64 0.61 1.74 1.48 5.05
Diethylether 4.94 4.93 0.50 0.50 1.26 1.32 -1.45
Methanol 4.63 4.62 0.52 0.54 1.10 121 -3.69
Ethanol 4.63 4.62 0.53 0.55 1.14 131 -4.76
Propanol 4.53 4.55 0.59 0.57 1.56 1.38 3.75
Butanol 4.45 4.47 0.61 0.59 1.65 1.46 3.70
Octanol 4.37 4.36 0.63 0.63 1.62 1.65 -0.59
Acetone 451 451 0.58 0.58 1.43 1.46 -0.79
Water 3.44 3.44 0.97 0.96 2.16 2.13 0.24

ues of the bubble parameters, viz., the depth of the confinindifferent corrections are introduced, and the attendant change
potentialU, and the rang® obtained by fitting the lifetime in the percentage departure of the predicted valued,of
7, on the one hand, and the angular correlattgp on the  from observations, in the case of three liquids for the sake of
other. The respective quantities are indicated through the coiflustration. It is worth noticing that the effects of the finite
responding subscripts. Note that there is a mismatch of aboyiositronium size and the diffusivity taken in isolation are
a factor of 2 between the values 0f; determined through each not quite as significant as when they are taken in con-
the two proceduregand a 15-20% difference in the values junction. These corrections in fact reinforce each other co-
of the bubble radiu®). The last column shows the percent- herently. The deepening of the wetefer Table 11) with the
age deviation in the predicted valuesfyj, from its experi-  introduction of diffusivity in the bubble boundary has led to
mental value for a variety of liquids, with the bubble model the positronium center-of-mass wave function being drawn
parameters determined by fitting the lifetime data. It is im-inwards and thereby the finite-size effects are also magnified,
portant to observe that in all the cases there is a systematas the cancellation referred to at the end of Sec. IlA is
underprediction. thereby offset. However, it is observed that the endtgiue

In order to demonstrate the effect of inclusion of the finiteto the center-of-mass motion of the positronium in the well is
size and internal structure of the positronium, the diffusivitynot very sensitive to these changes. It is gratifying to observe
of the bubble boundargand the confining potentinnd the  a posteriori that the value ofA, is generally small being
curvature dependence of the surface tension, we employ the0.15 A, and what is more relevant/R~0.03<1. This
same procedure as described above, and the results dsenecessary or else the Tolman type of description would
shown in Table Il. It is clear that the errors in valueségf,  have been quite meaningless.
are no longer systematically underpredicted or overpredicted Thus we have demonstrated the inadequacies of the
and that the errors have become significantly smaller. Morg@revalent model of positronium decay in liquids, and have
importantly the values of the model parameters arrived at bghown how the inclusion of the corrections that we have
fitting the lifetime and angular correlation data are no longelintroduced brings the model in closer agreement with experi-
widely divergent, as was the case for the prevailing modelment, and most importantly makes the description more self-
but are in fact rather close to each other. Indeed one may sapnsistent. In particular, by expressing these as perturbative
that the model has become more robust as a consequenceaafirections to the existing spherical-well model we have
the corrections that we have introduced. been able to make these results easily accessible. We also

In order to understand the relative importance of the dif-emphasize that the modifications discussed are of particular
ferent sources of correction, we have depicted, through Tablenportance in the case of high surface-tension liquids such as
I, the evolution in the values of the model parameters as thevater and other associated liquids. We should stress, that
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TABLE lll. Bubble parameters determined using lifetime data for the representative three liquids water,
n-heptane, and methanol, showing evolution of the parameters and errors as modification are introduced in
steps: SW= spherical well; SWF= spherical well with finite-size correction; SWB spherical-well with
diffusivity correction; SWFD=spherical well with finite-size and diffusivity corrections.

Water n-heptane Methanol

R E Uy % err R E U % err R E Uy % err

Model in in in
R) (V) (Vv 0112 A (ev) (ev) 0112 Ay (v (v 0112
SW 313 092 136 -19 455 048 084 -—-15 426 051 0.79 -17

SWF 324 092 152 -13 463 048 091 -12 434 051 084 -14
SWD 343 088 149 -14 477 049 101 -9 462 050 088 -—-12
SWFD 344 097 216 +024 473 053 137 +093 463 052 11 -3.69

apart from the question of numerical comparison with obserwhere the limits on the and ¢ integrals are discussed be-
vation, the corrections also represent removing some rathéow. On the other hand if the positronium were treated as a
unphysical characteristics of the existing model. Furtherpoint particle in a spherical well we would have
more, it may be worth remarking that there may very well be
situations where the internal structure of the positronium
plays an important part. Thus, for example, GoldarRSkiad
conjectured on the possibility of the swollen positronium to
explain the apparent change in the hyperfine splitting be-
tweeno-Ps andp-Ps in media as opposed to its value in the
vacuum as revealed through effect of magnetic fields. Our
inclusion of this aspect into the model permits a scope for
such discussions, not possible with the prevalent version.
Although there have been certain simplifying assumptiongvhereN is the normalization constant appearing in &t).of
made regardinga) the unperturbed wave function of Ps, the text. Thus the correction factor,
irrespective of the environment and that center of mass and
relative coordinates remain separabhhich may not be al-
ways applicable and, therefore, remains as fraility for the Ap
presenk, (b) that the self-trapping potential and the density )\(0)
profile of the host molecules have the same radial depen-
dence, andc) that the Tolman lengthX) in Eq. (14) is used
to be the same as the diffusivity parameter, nevertheless, the
interpretation of a wide variety of experimental data may
make the application of this model quite useful.

)\E}O):47TrSCPOZeff47TJ'R redr|ey(r)|?

—2kR
= (4m)2r3cpoZerN?sirPkR PR (A2)

4 xe2rR
a®sir’kR

R
e*ZKRf dr sinzkrf d(cosa)j do p%e 2972
0

+sin2ka dre*Z"rf d(cosa)j dggzeze’a}
R
APPENDIX A (A3)

The effect of the internal structure of the positronium on

the pick-off rate is givervide Eq. (9) as Forr <R, since the positron must lie outside the cavity to

. contribute to the pick-off rate, the range of theintegral is

A= Amr2coZ stéj d30 e—2¢/a 2 from 2[\/R2—_r23|520—rcos¢9] to o, for given 0 going
p= #TT0CPoLett 53 ' @ |9 () from 0 to 7 with r from O to R. Note that in the limit of a
structureless positronium this regiom<(R) is unable to

choosingr as the temporary z axis and the angle mad@by contribute at all.

as the polar angl@, the problem is reduced to the integral, ~ FOrr=R, on the other hand, there are three regions that
contribute, two of them with &p<2(—rcoséd

1 —JR?=rZsirtg) and 2(-r cosf+ VRZ—rZsirfg) < o<,
Np=4mr5CpoZetr——g (4) when cod lies between—1 and— yr?—R?/r, and one with
ma o ranging from 0 tox with —r?—R%/r<cosf<1. The
o integrals can be carried out analytically except for some ex-
><(27T)f r2df|l/f(f)|zf d(COSH)f do p2%e 203, ponential integral functions of the forifize™ “/rdr, etc., or
0 the real part of such integrals far complex that are easily
(A1) evaluated numerically.
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and to translate the eigenvalue conditi®8a) into

The corrections to the positronium center-of-mass wave

function due to diffusivity of the bubble boundary is, as we
have argued in the text, best approached by starting from the
Schralinger equation for a Woods-Saxon potential. Thel (v—u+1)I'(v—p)

wave function for the lowest staté=€0) may be obtained
through a change of variables from the radial coordimate

1

y= 1+ e—RIA” (B1)

whence the reduced wave functiafr)=r (r) is found to
satisfy the Gauss hypergeometric equétiand

u(r)=Ny"(1-y)*Fi(u+v,ut+rv+12v+1y),

(B2a)
whereN is the normalization constant and
4mA2 1/2
M=i[T(E+ Uge R4 (B2b)
mAZ 1/2
V=72 (Up—E) (B20¢)

The eigenvalue condition for the ener@yis given by the
requirementu(r =0)=0 necessary for the well behavior of
the wave functiony at the origin, which implies

Yo(1=Yyo)*sF1(m+v,u+v+1,2v+1y5) =0,

(B3a)
wherey,=y(r=0) is given by
B 1

Yo= [ oRa’ (B3b)

SinceA/R is rather smallyy is very close to unity, and for

[(=2u)

(1-yo)*F(p+v,u+rv+1,2u+1;1

—yo)+ I'(2u) 1 yo) #F(r—
Yo F(V"',U«"'l)r(v-i-,u,)( Yo (v—p,v

(B30

—pu+1-2u+1;1-yqy=0.

In the limit A—0O when the Woods-Saxon potential goes
over into the spherical well, by virtue of the fact that (1
—yo)*—e kR “and through use of identities such as
I'(2)T'(1-2)=w/sinwz, we can easily recover the eigen-
value condition for the spherical well, namell,cotkR

— k. We can go on to find the next to leading order term,
viz., corrections to ordeA? in the eigenvalue condition for
which we shall need the expansion of the gamma function

* k
INT(1+2)=— yz+k21 (—1)k2?§(k) for |z]<1,

where vy is the Euler-Mascheroni constant atitk) are the
Bernoulli numbers. Actually we shall only need the term
£(2)= 7?6, and shall arrive at the result

ZAZ

k cotkR= — x| 1+ (K2+xH)+---|, (B4

as the modified approximate eigenvalue condition. This is
easily seen to be in agreement with the perturbation calcula-

such arguments of the hypergeometric function it is useful tdion given in the tex{see Eq(13)]. The modification in the

use the identity,
I'(c)I'(c—a—b)
I'(c—a)l'(c—b)

I'(c)I'(a+b—c)
I'(a)I'(b)

XF(c—a,c—b,c—a—b+1;1-2),

F(a,b,c;z)= F(a,b,a+b+c+1;1-2)

(1_Z)C—a—b

wave function to the same order can similarly be obtained by
implementing appropriate expansions of the hypergeometric
function in the regiomr <R andr>R. One readily arrives at
the result that the form of the wave function, to the order
with which we are concerned is the same, in a formal sense,
with the solutions for the spherical wg¢bee Eq.(4)] except
that kg and ko are replaced bk and « modified in accor-
dance with Eqg. B4, with the normalization constant appro-
priately changed.

*Email address: bichitra@anp.saha.ernet.in

1IR.A. Ferrell, Phys. Rev108 167 (1957.

2T.B. Daniel and R. Stump, Phys. Rei5 1599 (1959.

SA.T. Stewart and C.Y. Briscoe, iRroceedings of the Conference
on Positronium AnnihilationWayne State Universitedited by
A.T. Stewart and L.O. RoelligAcademic, New York, 1959 pp.
383-386.

4H. Nakanishi and Y.C. JeaRositron and Positronium Chemistry
edited by D.M. Schrader and Y.C. Jeéglsevier, Amsterdam,
1988, pp. 159-192.

SV.M. Byakov and V.R. Petuchov, Radiochem. Radioanal. 158t.
91 (1983.

5V.I. Goldanskii and V.P. Shantarovich, Appl. Ph{s.335(1974.

7S.J. Tao, J. Chem. Phys6, 5499(1972.

8L.0. Roellig, inPositron Annihilation edited by A.T. Stewart and
L.O. Roellig (Academic Press, New York, 1967%. 127.

9T. Mukherjee, B.N. Ganguly, and B. Dutta-Roy, J. Chem. Phys.
107, 7467(1997).

10T, Mukherjee, S.K. Das, B.N. Ganguly, and B. Dutta-Roy, Phys.
Rev. B57, 13 363(1998.

094114-7



DHANADEEP DUTTA et al. PHYSICAL REVIEW B 65 094114

yM. Byakov and V.. Grafutin, Radiat. Phys. Cheri8, 14  '®M.A. Preston and R.K. BhaduriStructure of the Nucleus

(1984). (Addison-Wesley, Reading, MA, 1975. 97.

12T, Mukherjee, D. Gangopadhyay, S.K. Das, B.N. Ganguly, and B1°K. Huang, Statistical Mechanics(Wiley, New York, 1963,
Dutta-Roy, J. Chem. Phy410, 6844(1999. pp. 227-230.

18p. Gangopadhyay, B.N. Ganguly, T. Mukherjee, and B. Dutta-?°R.C. Tolman, J. Chem. Phy&7, 333(1949.
Roy, J. Phys.: Condens. Mattét, 1463(1999. 2l 0. Koenig, J. Chem. Phy48, 449 (1950.

The need to introduce corrections to the primitive bubble modeP?H. Nakanishi, S.J. Wang, and Y.C. Je#mternational Symposium
to take account of the internal structure of the positronium was on Positron Annihilation Studies of Fluid®Vorld Scientific, Ar-
emphasized by D.M. Schrader and Y. Kobayaghivate com- lington, 1987, p. 292.
munication. However, the program was not carried out by them. 23V.l. Goldanskii, inPositron Annihilation edited by A.T. Stewart

M. Plischke and B. BergenseBquilibrium Statistical Mechanics and L.O. Roellig(Academic Press, New York, 1957%. 183.

(Prentice Hall, New Jersey, 198&. 122. 24K. Jerie, in International Symposium on Positron Annihilation
16A 1. Russanov and E.N. Brodskaya, J. Colloid Interface 62j. Studies of Fluidsedited by S.C. Sharm@Vorld Scientific, Ar-
542 (1977). lington, Texas, 1987 pp. 415—-416.
7S, M. Thompsonet al, J. Chem. Phys81, 530 (1984; M.J.P.  2°S. Fligge,Practical Quantum Mechanics(Bpringer-Verlag, Ber-
Nijmeijer et al, ibid. 96, 565 (1992. lin, 1971), pp. 162-166.

094114-8



