
PHYSICAL REVIEW B, VOLUME 65, 092204
Microscopic structure factor of liquid para-hydrogen
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We have calculated, by means of path integral Monte Carlo~PIMC! simulations, the microscopic structure
factor of liquid para-hydrogen atT515.7 K. The present simulation results are compared with a recent
experimental determination of the structure factor at a similar thermodynamic state, as well as with a previous
path integral centroid molecular dynamics~PICMD! simulation. The comparison is less than satisfactory.
While the PICMD results are not consistent with the PIMC data, also the experimental results do not quanti-
tatively agree with the present simulations and are not of the accuracy level attainable for other simple liquids.
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In spite of the simple molecular structure of hydrogen a
its importance, both from the fundamental and the appli
tive point of view, the microscopic structural properties
the liquid phase have not yet been experimentally meas
to the desired level of accuracy. In fact, while detailed m
croscopic structural data are available for the heavier isoto
liquid deuterium,1 this structural information is not easil
transferred to the lighter isotope, due to the different r
played by quantum effects.2 In particular, no reliable experi
mental information was available on the microscopic str
ture factor of the hydrogen liquids until 1993.3

Due to the small number of electrons, an x-ray deter
nation of the structure factor of the hydrogens is not an e
task. A neutron diffraction experiment, on the other hand
equally difficult. The influence of recoil effects, whose size
determined by the ratio between the neutron and the mol
lar mass,4 affects the experimental neutron cross section
the hydrogens to such a degree that it is difficult to extr
the relevant information. For these reasons, the first relia
neutron diffraction measurement of the microscopic struct
of dense deuterium gas is relatively recent and was car
out using only the small-angle scattering detectors of a s
dard powder diffractometer at the pulsed neutron source I
~UK!.5 Later, taking advantage of the availability of a ne
small-angle neutron diffractometer for amorphous and liq
systems~SANDALS, at ISIS!, the structure factor of liquid
deuterium could be measured in the vicinity of the trip
point3 and close to the freezing transition.6 Once the know-
how was established, a neutron diffraction experiment
liquid deuterium was also carried out on a standard rea
source,7 which allowed an improvement of the quality of th
experimental results. In fact, the inelasticity corrections
the two experiments are located in different spectral regi
and, therefore, from a critical comparison of the two expe
ments, it was possible to perform an accurate determina
of the structure factor of liquid deuterium which, in turn, w
in excellent agreement with path integral Monte Ca
~PIMC! simulation results.1

Thus, while the experimental structure factor of liqu
deuterium is known with good accuracy, analogous inform
tion for hydrogen is still missing due to basic experimen
difficulties, especially when using neutron scattering. In fa
apart from the smaller molecular mass, which leads to la
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inelasticity corrections, it is the unfavorable ratio betwe
the coherent and incoherent cross sections of hydro
which makes the experimental determination of the mic
scopic structure of light hydrogen so difficult. As a cons
quence, the coherent scattering contribution, which conta
the relevant information on the intermolecular structure,
almost invisible under an overwhelming incoherent ba
ground.

It was therefore most gratifying to observe that in a rec
paper8 Bermejo and co-workers were able to obtain this
formation with an acceptable level of accuracy. In fact, B
mejo et al. did not measure the structure factor of hydrog
directly by means of a neutron diffraction experiment. I
stead, they measured the dynamic structure factorS(k,v)
and utilized the sum rule which relates it to the static str
ture factorS(k),9

S~k!5E
2`

1`

dvS~k,v!. ~1!

Thus, from an experimental measurement of the doub
differential neutron cross section of hydrogen, which is
lated to S(k,v),10 it is possible to derive the microscopi
structure factor. Bermejoet al.8 also compared the exper
mental data forS(k) with simulation results obtained from
both a path integral centroid molecular dynamics~PICMD!
and a classical molecular dynamics~MD! simulation. The
comparison was reasonable, considering that the PIC
simulation gives a much better position for the main peak
S(k) than the classical system~cf. Fig. 1 of Ref. 8!. How-
ever, the results reported by Bermejoet al. are not satisfac-
tory from several points of view. First, the experimental v
ues ofS(k) appear too high in the region of the first peak.
the early days of computer simulation, one of the accep
indicators for the liquid-solid phase transition was the s
called Hansen-Verlet criterion;11 it states that, when the firs
peak of S(k) exceeds the value of 2.85, then the liqu
sample is on the onset of the freezing transition. Even if
Hansen-Verlet criterion was formulated for simple mod
systems~classical monatomic particles interacting through
Lennard-Jones potential! it is hard to believe thatS(k) of
hydrogen, a genuine quantum system for which one exp
a general broadening and damping of the structural featu
©2002 The American Physical Society04-1
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should reach such a large value in the liquid phase. This
is related to the second problem: Due to the expected st
tural broadening, the height of the peak ofS(k) in the quan-
tum simulation results should belower than its classical
counterpart, whereas just the opposite is the case in Fig.
Ref. 8. In fact, by comparing the results presented by B
mejoet al. with a similar picture given by Kinugawa~Fig. 1
of Ref. 12!, it appears clearly that PICMD does give a low
value for the main peak of the quantumS(k) with respect to
the classical case. Last, but not least, in spite of the sm
difference in the thermodynamic conditions, in the quant
calculation reported by Kinugawa,12 the peak height ofS(k)
is belowthe value of 2, while in the paper by Bermejoet al.,
this peak height is well above the level of 2. Furthermore,
the classical calculation, Kinugawa’sS(k) peaks at.3,
which is acceptable sinceclassicalhydrogen would be solid
under those thermodynamic conditions, whilereal hydrogen
remains liquid due to the large effect of the zero-point m
tion.

In summary, the recent results by Bermejoet al.,8 rather
than solving a long-standing problem, seem to raise ser
questions about the experimental and, in particular, the si
lation data. Their results are also at variance with our pre
ous findings, where we were able to achieve an almost
fect agreement between our neutron diffraction data
liquid deuterium and the PIMC simulations.1 For these rea-
sons, we decided to perform independent PIMC simulati
on liquid hydrogen to shed light, if possible, on the origin
these discrepancies, as the experimental aspect is more
cult to resolve. An additional motivation for performing th
present calculations is given by the very good agreemen
previous quantum mechanical simulations with the therm
dynamic derivatives ofS(k) for both the hydrogen isotopes
i.e., deuteriumand hydrogen. These, too, were determin
by neutron scattering experiments and compared well w
the corresponding PIMC results.13,14

The present simulations were carried out using both
isotropic component of the phenomenological pair poten
derived by Normanet al.15 ~NWB! and the Silvera-Goldman
~SG! potential.16 Both potentials are reliable, with the NWB
which is more oriented to the pair interactions and the
potential which takes into account, in an effective wa
many-body interactions. The first one was previously u
by us obtaining excellent agreement with the experime
structure factor of liquid deuterium.1 In addition, we had
already used the NWB potential in simulations of hydrog
and we obtained reasonable agreement for the therm
namic derivatives ofS(k) of liquid para-hydrogen.14 How-
ever, since Bermejoet al.8 used SG, we decided to perform
our simulations using the same model, in order to avoid
possible effect attributable to a different choice of the pot
tial. At any rate, we found that the simulation results a
almost independent from the particular choice of the p
interaction. In the following, for the sake of simplicity, w
will report only the results obtained with the SG potentia

The PIMC simulations were implemented using t
primitive algorithm17 and Trotter numbersP52,4,8,16, and
32. The convergence to the quantum mechanical limit w
verified by monitoring the behavior of the pair correlatio
09220
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function, g(r ), as a function ofP. We found that for liquid
hydrogen atT515.7 K ~number densityn522.8 nm23) it
was necessary to extend the Trotter number up to a m
mum of P532, while, for the case of liquid deuterium,P
516 was sufficient.1

The basic simulation output, i.e., the radial distributi
function for the molecular centers of mass, was limited
intermolecular distances less than some maximum va
Rmax. This upper limit is determined by half the edge leng
of the simulation box which, in our case, usingN5560 par-
ticles and the density stated above, turns out to be.13.6 Å.
However, in order to calculate the structure factor,g(r ) has
to be extrapolated to higherr values since, for an isotropic
liquid, S(k) is related to the radial distribution function b
the expression

S~k!511
4pn

k E
0

`

dr r sin~kr !h~r !, ~2!

whereh(r )5g(r )21. The factorr in the integral amplifies
the asymptotic behavior ofh(r ) and, if this function is not
smoothly extrapolated forr .Rmax, the truncation may pro-
duce spurious oscillations inS(k), especially in the low-k
region. In fact, this problem severely affects the quant
simulation data reported in Fig. 1 of Ref. 8.

A simple and well-established procedure of extrapolat
g(r ) beyondRmax is the recipe by Verlet,18 who suggests to

FIG. 1. Microscopic structure factor of liquid para-hydrogen
T515.7 K andn522.8 nm23. The dashed line is obtained b
direct transformation of the radial distribution function obtain
from the simulation. The solid line is obtained by extending t
simulationg(r ) by Verlet’s recipe~see text!. The solid circle atk
50 is derived from the experimental compressibility of liquid h
drogen.
4-2
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approximate the asymptotic behavior ofh(r ) using a damped
oscillatory function of the form

h~r !;~A/r !exp~2r /r 0!sin~r /r 1!. ~3!

The parametersA, r 0, and r 1 were obtained by fitting the
functional form ~3! to the simulation results, starting from
the third zero ofh(r ), i.e., atr .6 Å. In this way, we could
extrapolate the simulation results forg(r ) and eliminate the
spurious oscillations fromS(k). The structure factor so ob
tained is shown in Fig. 1~solid line!. The dashed line show
the calculatedS(k) using the raw simulation output. It i
well known that truncation errors can significantly affect t
calculated structure factor, especially in the low-k region up
to, and including, the height of the main peak. In particu
the value atk50, S(0)50.42, is almost one order of mag
nitude larger than the experimental value derived from
compressibility and represented by the solid circle in
figure. The Verlet extrapolation, on the other hand, dra
cally reduces the truncation errors and brings the calcula
S(0) very close to the thermodynamic limit.19 In this case,
the simulation resultS(0)50.061 agrees well with the ex
perimental value of 0.054.

In Fig. 2 we compare the present simulation results
S(k) with the data reported by Bermejo and co-workers.8 As
far as the experimental data are concerned, the agree
cannot be claimed to be more than qualitative. In pract

FIG. 2. Comparison between the present PIMC simulation
sults ~solid line! and the data of Ref. 8; the experimental data
represented by the open squares, while the dotted line represen
PICMD simulation data. The solid circle atk50 represents the
experimental compressibility limit derived from the thermodynam
data.
09220
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the two sets of data agree only in the position of the peak
S(k), while the amplitudes of the oscillations are quanti
tively different, with the experimental points significantly e
ceeding the simulation results in the region of the main pe
As noted above, the present simulation data conve
smoothly to the experimental19 compressibility value, while
the experimental data appear rather large in the entire lok
region. Basing on our previous experience with liquid de
terium, the observed differences seem too large to be re

From Fig. 2 we note that also the PICMD simulation da
do not agree with the present PIMC results. As already no
by the authors, the quantum mechanicalS(k) of Bermejo
et al. is severely distorted by truncation errors. Howev
even allowing for these effects, the remaining discrepanc
seem too large. Also, even though this is irrelevant for
discussion of the experimental situation, the classical sim
lation results shown for comparison in Fig. 1 of Ref. 8 de
nitely must be wrong. It is well known~and intuitively ob-
vious! that the peaks ofg(r ) increase in width and decreas
in height as one goes from the classical to the quantum
chanical fluid. As a consequence, peak amplitudes in
quantum mechanicalS(k) should be lower than those in th
classical case. The simulation data reported by Berm
et al., instead, show the opposite trend. In order to dem

-
e
the

FIG. 3. Effect of quantum corrections on the pair distributi
function of liquid hydrogen. The figure shows the raw simulati
data h(r )5g(r )21 and their spatial Fourier transformh(k)
5S(k)21 for the classical simulation and the quantum mechan
limit. The broadening of the radial distribution corresponds, ink
space, to a decrease of the main peak. The shift towards la
distances of the peaks inh(r ) corresponds to a decrease of th
periodicity ink space and to a consequent shift of the main peak
h(k) to lower k values.
4-3
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strate this point explicitly, we compare in Fig. 3 the classi
simulation with the quantum PIMC results. The upper par
the figure contrasts the classicalh(r ) with its quantum me-
chanical counterpart. As expected, the quantum func
shows broader and lower peaks which are shifted to la
distances due to delocalization of the particles. This beha
is reflected ink space by broader and lower peaks which
shifted towards smallerk values~cf. the lower part of the
figure!. We observe that the number of pronounced osci
tions ofS(k) decreases significantly while the position of t
main peak moves fromk52.26 Å21, for the classical case
to k52.04 Å21 in the quantum structure factor.

In summary, we have reported PIMC simulations of t
microscopic structure factor of liquid para-hydrogen us
the Silvera-Goldman intermolecular pair potential. T
present simulation results do not agree with the data p
lished by Bermejoet al.,8 both at the level of the experimen
tal results and the simulations reported in Ref. 8. In our op
ion, based also on our experience with the structure facto
liquid deuterium, the differences observed for hydrogen
too large to be real. We have previously used the same P
.
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simulation program~except for the different mass of the iso
topes! to succesfully predict the structure factor of liqu
deuterium, using the NWB intermolecular potential. It is d
ficult to imagine that the simulations which were so succe
ful for deuterium should give qualitatively incorrect resu
for liquid hydrogen, when the greater importance of quant
effects in hydrogen is accounted for by using a greater T
ter number. We have also checked that the use of a diffe
intermolecular model potential~i.e., SG versus NWB! does
not change the results in a significant way. The only ot
approximation we have made is the assumption of Bo
mann statistics, but exchange effects are negligible, certa
for deuterium and most likely for hydrogen, at these re
tively high temperatures.

Thus, while the simulation results of Bermejoet al.8 are,
at least, partially incorrect, we feel that also the experimen
data are not sufficiently reliable to serve as a reference
theoretical calculations. However, we want to stress ag
that the experimental measurement of the microscopic st
ture of liquid hydrogen is a difficult task and further expe
mental efforts are needed to solve the problem to a satis
tory level of accuracy.
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