
RAPID COMMUNICATIONS

PHYSICAL REVIEW B, VOLUME 65, 081307
Magnetic-field effects on a two-dimensional Kagome´ lattice of quantum dots
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Magnetic-field effects on the energy spectrum~Hofstadter butterfly! and the flat-band ferromagnetism are
studied on a two-dimensional Kagome´ lattice of quantum dots. Application of a perpendicular magnetic field
destroys the flat-band ferromagnetism and induces a metal-insulator transition because the flat band has a finite
dispersion. In the half-filled flat band, the ferromagnetic-paramagnetic transition and the metal-insulator one
occur simultaneously at a magnetic field when the Coulomb interaction is strong. These phenomena can be
observed in experiment under reasonable magnetic fields in artificial quantum dot superlattices.
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Tailoring the band structure and electronic properties
been attempted since 1970s by stacking a sequence of s
conductors with different band gaps to produce new mat
als and devices called semiconductor superlattices. The
ergy spectrum of the vertical superlattice is determined
the artificial periodicity and the coupling between quantu
wells rather than by the properties of the individual semic
ductor materials. Recent progress in semiconductor nano
rication technology provides us the route to realize an ar
cial crystal made of quantum dots located on sites of a lat
and coupled to each other, which is called a quantum
superlattice~QDSL!. In arbitrary lattice patterns, the perio
of the lattice and the coupling between dots can be adju
to engineer the band structure. A recent experiment of
quantized Hall conductance of the two-dimensional elect
gas~2DEG! in a periodic potential with square symmetry h
provided evidence of minigaps in the energy spectrum~Hof-
stadter’s butterfly!1 induced by a perpendicular magnet
field. This experiment showed that a uniform artificial latti
can be fabricated with sufficient accuracy by existing te
nology. For further advance in nanotechnology, it is ve
important that we propose theoretical ideas for various lat
patterns with possible interesting effects, which might not
realized in real materials.

Recently, the present authors have proposed the ide
making the QDSL ferromagnetic on some bipartite lattice2,3

and the Kagome´ lattice structure4 by existing technology
without any magnetic element. This idea is based on
mathematical theorem, rigorously proven in a Hubba
model on bipartite lattices5 and the Kagome´ lattice6, that the
ground state is ferromagnetic at zero temperature on th
lattices where the single-particle-energy spectra have dis
sionless flat bands in the tight-binding approximation.7 Sev-
eral other proposals of ways to achieve the flat-band fe
magnetism in real materials have been made.8–10At present,
however, there is no clear evidence of flat-band ferrom
netism in real materials, mainly because the electron fillin
very hard to be controlled and the Jahn-Teller effect lifts
degeneracy of the flat band by the lattice distortion. In
QDSL, on the other hand, we can avoid such problems, a
moreover, various lattice patterns can be designed by
thography technique. Therefore, the QDSL is quite suita
for observing the flat-band ferromagnetism. The QDSL a
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features tunable magnetic-field effects. In normal crystals
magnetic field needed to put a magnetic-flux quantum i
unit cell having a lattice constant of few angstroms is ty
cally of the order of 104 T. But in the QDSL with a lattice
constant of more than few ten nanometers, the magnetic
required is at most few tesla, which is reasonable and ea
tunable.11 Hence, the magnetic-field effects on the flat-ba
ferromagnetism are worth studying on the dot lattice.

In this paper, we study magnetic-field effects on t
KagoméQDSL. The magnetic field destroys the flat ba
and causes a finite dispersion in the energy spectrum bec
it disturbs the interference of the phases of wave functio
The flat-band ferromagnetism is also broken by the magn
field, which can be understood in terms of the competit
between the effective exchange energy and the sin
particle energy. The breakdown of the flat band also caus
metal-insulator transition induced by the magnetic field. F
thermore, when the flat band is half-filled, the ferromagne
paramagnetic transition and the metal-insulator one occu
multaneously when the Coulomb interaction betwe
electrons is strong.

Let us start by examining the single-particle property
the Kagome´ lattice in a magnetic field. We assume a tigh
binding model for the Kagome´ lattice as illustrated in Fig.
1~a!. The calculated band structure in zero magnetic fi
contains the flat band@Fig. 1~b!#. The magnetic flux is incor-
porated in hopping integralt i j through the Peierls phase for
gauge field as

t i j ~A![texp~ iu i j !, u i j 52
2p

f0
E

r i

r j
A•dr , ~1!

FIG. 1. The Kagome´ lattice structure~a! and the band structure
of the tight-binding model at zero magnetic field~b!. The magnetic
flux through the Kagome´ lattice is also shown in~a!.
©2002 The American Physical Society07-1
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whereA is the vector potential of the magnetic field thread
perpendicularly to the 2D plane,f0[h/e[1 is the
magnetic-flux quantum through the smallest triangle in a u
cell, and t(.0) is the hopping integral at zero magne
field. Hereafter, we definef as the magnetic flux through th
smallest triangle in a unit cell@Fig. 1~a!#. Calculated results
for the Hofstadter butterfly~the single-particle energy spec
trum! of the Kagome´ lattice are shown in Fig. 2. Note tha
the flat band at theE/t52 in zero magnetic field is broke
by applying the magnetic field. In the Kagome´ lattice, the
magnetic field affects the interference between the elec
wave functions.12 As a result, the magnetic field breaks th
interference-originated flat band in the Kagome´ lattice.13 For
f5n/8m (n, m: integer!, there are 3m magnetic minibands
and for f5n/8 the number of the magnetic minibands
smallest and the band gap is widest. In real systems,
indeed difficult to observe the small band-gap structures
the Hofstadter butterfly because they are easily smeared
by an inevitable decoherence of the wave functions. Hen
large band-gap structures, such as atf5n/8, will be experi-
mentally relevant.

We have to include the Coulomb interaction betwe
electrons in order to study the flat-band ferromagnetism
the magnetic field. Let us assume the Hubbard model w
the on-site interactionU between electrons with opposit
spins. The Hamiltonian of the Hubbard model is written a

H52 (
^ i , j &,s

@ t i j ~A!cis
† cj s1H.c.#1U(

i
ni↑ni↓ , ~2!

wherenis[cis
† cis , cis annihilates an electron with spins at

site i, and^•••& refers to pairs of nearest neighbors. In o
numerical calculation, we perform an exact diagonalizat
of a finite-size cluster of the Hubbard model on the Kago´
lattice with the Lanzos algorithm. This method has been u
in Ref. 14 to study the flat-band ferromagnetism at zero m
netic field and it has been verified that the numerical res
are fully consistent with Mielke’s theorem for proving th
ferromagnetism on the Kagome´ lattice having infinite lattice
points.6 We employed the antiperiodic boundary condition
avoid excess degeneracy at theG point @see Fig. 1~b!# to

FIG. 2. The single-particle energy spectrum in the magn
field ~i.e., Hofstadter’s butterfly!. The arrow points to the position
of the flat band (E/t52) in zero magnetic field.
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reduce the finite-size effects. Calculated results for
magnetic-field dependence on the flat-band ferromagne
of the 12-site (232 unit cells! cluster are shown in Table I
where the total spins of the ground states are presented
the filling that equals (N520) or is slightly larger (N521)
than half-filling where Mielke’s proof can be applied for th
flat-band ferromagnetism at zero magnetic field. We can
the ferromagnetic-paramagnetic transition induced by
magnetic field. The high-spin state at zero magnetic fi
originates from an effective exchange interaction w
strength of the order of2t,15 which always makes spin
align when electrons are in the energetically degenerate
band.16 Once the flat band is broken and the degenerac
lifted by the magnetic field, the gain in the single-partic
energy of the low-spin states can overcome that of the
change energy in the high-spin state and the flat-band fe
magnetism disappears.17 This ferromagnetic-paramagnet
transition is an unusual type of magnetic-field effect a
seems counter-intuitive because the magnetic field usu
supports ferromagnetism by Zeeman coupling, which fav
the aligned spins along the direction of the magnetic fie
Here, we note that the results for a larger cluster of 332 unit
cells are qualitatively the same as those for 232 unit cells.

The magnetic-field effect on the energy spectrum and
ground-state properties discussed so far also reflect the tr
port properties of the QDSL. We discuss the magnetore
tance when the flat band crosses the Fermi level. We ca
late the Drude weightD, which is defined as the zer
frequency part of the optical conductivitys(v)[Dd(v)
1~regular part for finitev!. The Drude weight is given by18

D

2pe2
52

^C0uK̂uC0&
2Ns

2
1

Ns
(
nÞ0

z^CnuĴuC0& z2

En2E0
. ~3!

HereC0(n) is the ground (nth excited! state with an energy
eigenvalueE0(n) , Ns is the number of sites,Ĵ is the current
operator, andK̂ is the ‘‘kinetic energy’’ operator along the
direction of the current. In the bulk limitNs→`, generally
speaking;D50 means that the system is insulating, wh
D.0 means it is metallic~or superconducting!. Figure 3
shows the magnetic-field dependence of the Drude weigh
the ground states for Kagome´ clusters with 232 unit cells.19

The calculated Drude weights for 332 unit cells are again
qualitatively the same as those for 232 unit cells. Let us
look at the case when the filling is away from half-filled o
the flat band. All the data of the Drude weight are overlapp
at D50 at zero magnetic field, indicating an insulating b
havior, and become finite when the magnetic field is appli

c

TABLE I. Total spins of the ground state of the 12-site~232
unit cells! KagoméHubbard cluster withU/t55 are shown as a
function of the electron numberN and magnetic fluxf.

f
N 0 1/8 1/4 3/8 1/2

20 2 2 0 0 0
21 3/2 3/2 1/2 1/2 1/2
7-2
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indicating a metallic behavior@Fig. 3~a!#. The metal-
insulator transition induced by the magnetic field will man
fest itself in the giant negative magnetoresistance of
KagoméQDSL. This phenomenon can be clearly understo
in terms of a single-particle picture. The group velocity
electrons is zero without the magnetic field and the system
insulating. In the presence of the magnetic field~0,f<0.5!,
the flat band has a finite curvature and the group velo
becomes finite, resulting in the metallic behavior.

Next, we calculate the Drude weights at the half-filled fl
band@Fig. 3~b!#. For smallU/t,3.8 @represented by data fo
U/t50,3 in Fig. 3~b!#, the insulating system turns metall
by applying the magnetic field, which is qualitatively th
same behavior as that for the case away from half-filli
However, for large U/t @represented by data forU/t
55,50,100 in Fig. 3~b!#, the high-spin (S52) states have
negligible Drude weights atf51/8 ~where the data forU/t
55,50,100 are almost completely overlapped atD.0) and
they turn into low-spin (S50) and metallic states with finite
Drude weights abovef51/4. The physical picture of this
simultaneous transition between the metallic-insulating
the ferromagnetic-paramagnetic states at the magnetic
from f51/8 to 1/4 is as follows. When the ground state
ferromagnetic for a largeU below f51/8, all up-spin states
on the ~nearly! flat band are completely occupied at ha
filling, while all down-spin states are unoccupied. In the a
sence of spin-flipping processes like in the present case
spin electrons on the flat band cannot transit in thek space
because of Pauli’s exclusion principle, which results in

FIG. 3. Magnetic-field dependence of the Drude weights o
12-site ~232 unit cells! Kagomé Hubbard cluster is shown.~a!
shows the results when the filling is away from half-filling of th
flat band with U/t50 ~squares forN519 and diamonds forN
521) andU/t55 ~circles forN519 and triangles forN521). ~b!
shows the results at half-filling (N520) with U/t50 ~filled
circles!, 3 ~open circles!, 5 ~filled triangles!, 50 ~open triangles!, and
100 ~filled squares!. The vertical dashed line separates the fer
magnetic and insulating region~left side! and the paramagnetic an
metallic region~right side! for U/t55,50,100.
ys
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insulating state at half-filling atf51/8. Abovef51/4, the
ground states come to have a low spin value where b
unoccupied and occupied states coexist in both up-
down-spin states and electrons can now move, resulting
metallic behavior. Here, we make one remark: the Dru
weight seems to converge to a finite value for the largeU/t
limit for low-spin states.20 This eliminates the possibility o
the Mott transition in low-spin states which occurs in sing
band Hubbard models at half-filling, where the electron nu
ber per one site is exactly one and the interaction energy~of
the order ofU) is needed for one electron to move from o
site to its nearest neighbor. In the Kagome´ lattice, on the
other hand, the electron number chosen in Fig. 3 is not h
filling in the real space even though the flat band is ha
filled.

Finally, we discuss the experimental relevance of
present results. As an example, we discuss the InAs Kag´
QDSL proposed in Ref. 4, which has a dot-diameter of ab
200 nm and a lattice constant of 720 nm. The hopping in
gral t is evaluated as 1.5 meV from the bandwidth and
on-site Coulomb energyU is estimated as 30 meV from th
size of dot. The largest gaps atf51/8 in the Hofstadter’s
butterfly shown in Fig. 2 are roughly estimated ast
;1.5 meV. To detect these gaps in real experiments,
energy gap~or the hopping parameter! should be larger than
the temperature and the broadening caused by imperfec
and disorder. The Zeeman effect can be negligible in
QDSL. In the present example, the magnetic field neede
put a magnetic-flux quantum into the smallest triangle of
Kagomélattice having the lattice constant of 720 nm is abo
0.07 T, which corresponds to the Zeeman coupling;0.03
meV, which is much smaller than the hopping integrat
;1.5 meV. The coupling between the magnetic field a
orbital angular momentum would probably be small due
thes-wave-like nature of the lowest state in the quantum
as demonstrated in Ref. 4.

In conclusion, we have studied magnetic-field effects o
2D Kagomélattice. The energy spectrum is obtained as
function of the magnetic flux and the flat band is destroyed
finite magnetic flux. The ferromagnetic-paramagnetic a
metal-insulator transitions induced by the magnetic field
predicted. For the half-filled flat band, we find that the met
insulator transition occurs simultaneously with th
ferromagnetic-paramagnetic one for largeU/t at a magnetic
field. These magnetic-field effects should be observable
reasonable~order of 0.1T! magnetic fields in the QDSL in a
controllable way by existing technology.

The authors thank Professor K. Kuroki for fruitful dis
cussions. They also thank Dr. S. Ishihara for his contin
ous encouragement and helpful advice. This work w
partly supported by the NEDO International Joint Resea
Grant.
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