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Photonic crystal circuits: Localized modes and waveguide couplers
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Localized modes and waveguide couplers in photonic crystal circuits are discussed. Emphasis is placed on
circuit geometries which include waveguide channels containing dielectric barriers, channel bends, or junctions
with other waveguides. Photonic crystal circuits composed of waveguide channels of both linear and nonlinear
dielectric materials are treated. A waveguide coupler which allows energy to be transfered from one waveguide
channel to another through weak interchannel interactions is studied.
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I. INTRODUCTION

Recently the electromagnetic modes of certain types
photonic crystal circuits have been studied in terms of tig
binding models.1–3 The tight-binding model formulation
characterizes the fields in the circuit channels by sets of
ferences equations with solutions given as closed formed
pressions involving elementary functions. Reference 1 gi
a discussion of the propagating mode solutions for a var
of such photonic crystal circuits including those containi
dielectric barriers, junctions of waveguide channels, opt
switches, and waveguide channels connected by short li
The transmission and reflection of electromagnetic mo
entering circuit input leads, reflected by or propaga
through the circuit, and exiting through output leads we
obtained. The properties of nonlinear photonic crystal
cuits were studied in Refs. 2 and 3.

In this paper the theory in Ref. 1 is extended to tre
nonpropagating circuit modes. These are a different clas
modes which are localized excitations, bound to a sub
work of the photonic crystal circuit, and not exhibiting tran
mission and reflection properties. In some instances the
calized modes in waveguides formed from nonlinear me
are discussed as an extension of the work in Refs. 2 and
study of the modes of waveguide couplers4 is also presented
The waveguide coupler is formed between two infinite
long waveguides by a weak link interaction between a fin
length of the two channels which can transfer energy
tween the two waveguides. This is the photonic crystal
cuit analogy of fiber optics couplers.

In this paper many of the same circuits and sets of diff
ence equations found in Ref. 1 are considered. Conseque
only a brief review of the difference equation formulatio
and an abbreviated discussion of the circuit geometries
the equations which describe them are given. Schem
drawings are presented of the photonic crystal circuits trea
in this paper, but with most of the schematics the reade
referred to Ref. 1 for the associated set of difference eq
tions. To facilitate cross reference, the notation used in Re
is adopted here.

Following Ref. 1, a two-dimensional photonic cryst
formed as a square lattice array of infinitely long, paral
identical dielectric cylinders1,5,6 is considered. The periodi
dielectric constant of such a system is given by
0163-1829/2002/65~7!/075406~11!/$20.00 65 0754
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e~rW uu!5H e, urW uu2nacî 2macĵ u<R for n and m integers

1, otherwise,
~1!

whererW uu5x î1y ĵ , ac is the lattice constant, andR,ac/2 is
the radius of the dielectric cylinders. The electromagne
modes of interest to us are translationally invariant along
z axis with an electric field polarized along thez axis.

A waveguide channel is formed by adding impurity m
terial to a row of cylinders.1,5,6 The total dielectric constan
of the waveguide segment,eT(rW uu), is given by eT(rW uu)
5e(rW uu)1de(rW uu) wherede(rW uu) is the change in the photoni
crystal dielectric constant due to impurity material. For
straight waveguide

de~rW uu!5H de, ux2nracu,uy2nsacu<t for $n% integers

0, otherwise,
~2!

wherer ands are fixed integers, the length of the wavegui
segment depends on the range of the consecutive inte
$n%, 2t!R is the length of a side of one of the single-si
impurities. General circuit geometries are formed by piec
together waveguide segments with a variety of lengths
slopes in thex2y plane.

Using standard techniques,1,5–7 the electric fields of the
photonic crystal waveguide and circuit modes can be writ
in the form

E~rW uuut !5E0~rW uu ,v!exp~2 ivt !, ~3!

whereE0(rW uu ,v) satisfies

E0~rW uu ,v!5E d2r uu8G~rW uu ,rW uu8uv!de~rW uu8!S v

c D 2

E0~rW uu8 ,v!.

~4!

Here G(rW uu ,rW uu8uv) is the Green’s function of the Helmholt

operator,¹21e(rW uu)(v/c)2.
Following Ref. 1, the impurity material in each cylinder

assumed to be of small enough cross-sectional area in tx
2y plane so that the electromagnetic field in it is consta
For impurity material centered on the lattice si
(nrac ,nsac) wheren, r, s are integers, the field in the im
purity material is denoted byEnr,ns whereEnr,ns5E0@n(r î
©2002 The American Physical Society06-1
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ARTHUR R. McGURN PHYSICAL REVIEW B 65 075406
1sĵ)ac ,v#. In a straight segment of waveguide channel w
slopes/r , Eq. ~4! reduces to the difference equation

Enr,ns5de(
m

Bnr,ns;mr,msEmr,ms. ~5!

Here

Bnr,ns;mr,ms5S v

c D 2E
(mr,ms) thimpurity

d2r uu

3G@n~r î 1s ĵ!ac ,rW uuuv#, ~6!

andm runs over the integers denoting the waveguide chan
sites.1 A photonic crystal circuit, composed of a number
such waveguide segments, is described by a set of differe
equations of the form of Eq.~5! for each of the waveguide
segments composing the circuit. As further simplification,
many instances Eq.~5! can be restricted to same site a
nearest-neighbor couplings.~As noted in Refs. 1 and 6, th
Green’s function at frequencies in the stop gap can de
rapidly in space, particularly near the center of the stop g
The rate of decay depends on the photonic crystal and
stop gap being considered. For the numerical results f
Refs. 1 and 6, used to illustrate the theory in this pap
nearest-neighbor interactions are adequate for a good re
sentation of the properties of the system.! The difference
equations with these restrictions are

Enr,ns5g@a~0,0!Enr,ns1a~r ,s!~E(n11)r ,(n11)s

1E(n21)r ,(n21)s!#. ~7!

Herea(0,0)5B0,0;0,0/(4t2), a(r ,s)5B0,0;r ,s /(4t2) wherer
and s are defined in Eqs.~5! and ~6!, and g54t2de. The
solutions of Eq.~7! are obtained by choosingv to be a
frequency in the stop band of the photonic crystal, comp
ing a(0,0) anda(r ,s), and solving Eq.~7! for $Enr,ns% and
g ~i.e., de) characterizing the modes.

The simplest example of Eq.~7! is that of a single-site
impurity for which

E0,05gsa~0,0!E0,0. ~8!

Here gs is the value ofg needed to support a single-si
impurity, so thatgs54t2des givesdes5(1/4t2)@a(0,0)#21.
This result will be used for comparison in our discussio
below.

The theory of this paper will be illustrated by numeric
results generated in Refs. 1 and 6. These are for a sq
lattice photonic crystal withe59, R50.377 96ac with fre-
quencies in the 0.425,vac/2pc,0.455 stop gap for
nearest-neighbor waveguide channels witht50.01ac or t
50.1ac . In this stop gap thea(0,0) anda(1,0) coefficients
of Eq. ~7! are from Eqs.~A1! and ~A2! of Ref. 1, approxi-
mately given by

a~0,0!5ac~0,0!1a1S vac

2pc
2

vcac

2pc D , ~9!

and
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a~1,0!5ac~1,0!1b1S vac

2pc
2

vcac

2pc D . ~10!

Herevc is the mid stop gap frequency,ac(0,0) is the value
of a(0,0) atvc , ac(1,0) is the value ofa(1,0) atvc , and
a1 andb1 are frequency-independent constants.

We now turn to a discussion of localized wavegui
modes in a variety of different waveguide network geo
etries. This is followed by a treatment of intrinsic localize
modes2,3 at a junction and a treatment of the modes of wa
guide couplers.

II. SINGLE-CHANNEL WAVEGUIDES

In this section single-channel waveguides contain
single-site impurities, dielectric barriers, and right-ang
bends are considered.

A. Single-site impurities

Consider a straight infinitely long waveguide chann
containing a single-site impurity.5 This is schematically rep-
resented in Fig. 1~a!. In Fig. 1~a! the large black dot is the
cylinder forming the impurity site@located at the lattice site
(0,0)# and the dielectric medium forming the cylinders in th
upper waveguide channel@located in the lattice at (0,lr ) for
l51,2,3, . . . # may be different from the dielectric medium
forming the cylinders in the lower waveguide channel@lo-
cated in the lattice at (0,lr ) for l521,22,23, . . .#. The
equations describing the waveguide channel are

E0,lr 5g l@a~0,0!E0,lr 1a~r ,0!~E0,(l 11)r1E0,(l 21)r !#,
~11!

whereu l u>2, g l5g for l>2, g l5g0 for l<22,

E0,6r5g6@a~0,0!E0,6r1a~0,r !E0,62r #1g1a~0,r !E0,0,
~12!

whereg15g, g25g0, and

E0,05g1a~0,0!E0,01ga~0,r !E0,r1g0a~0,r !E0,2r .
~13!

Here the impurity located at (0,0) is characterized by
parametersg1 , de1; the cylinders forming the upper wave
guide channel are characterized by the parametersg, de; and
the cylinders forming the lower waveguide channel are ch
acterized by the parametersg0 , de0. Theg, g0, andg1 can
all be different.

A bound-state solution of Eqs.~11!–~13! of the form
E0,lr 5ae2 lq for l>1, E0,05c, and E0,lr 5belk for l<21
can be found. This is a mode which has a maximum fi
intensity at the (0,0) lattice site and a field intensity whi
goes to zero at an infinite separation from (0,0) for all dire
tions in the x2y plane. Substitution into Eqs.~11!–~13!
givesa5g1c/g5de1c/de, b5g1c/g05de1c/de0, where

g5@a~0,0!12a~0,r !coshq#21, ~14!

g05@a~0,0!12a~0,r !coshk#21. ~15!
6-2
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PHOTONIC CRYSTAL CIRCUITS: LOCALIZED MODES . . . PHYSICAL REVIEW B 65 075406
FIG. 1. Schematic plot of waveguide channe
for waveguides in a square lattice photonic cry
tal. Note that only the cylinders of the waveguid
channel are shown and the remaining cylinders
the square lattice photonic crystal are not show
The waveguide channels are labeled with the a
propriateg ’s andde ’s describing the channel di
electric parameters. Thex axis in horizontal and
they axis is vertical. The waveguides shown ar
~a! waveguide channel with impurity,~b! wave-
guide with a right-angle bend,~c! junction of an
infinite and a semi-infinite waveguide,~d! junc-
tion of two infinite waveguides, and~e! wave-
guide coupler. The different colored circles i
these drawings represent different types of imp
rity materials.
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These equations relateq, k, and the couplings in the differ
ence equations toa, b, c, g, andg0. The value ofg1 required
for a bound state at the single-site impurity is given by

g15@a~0,0!1a~0,r !~e2q1e2k!#21. ~16!

Once the impurity mode frequencyv is fixed in the stop gap
of the photonic crystal anda(0,0) anda(0,r ) are computed,
Eq. ~16! determines theg1 needed~or sinceg154t2de1, the
de1 needed! for a bound-state mode with a given set ofk and
q at frequencyv. The field intensities (a andb) of the mode
are set by the parameterc, i.e., the field intensity at the im
purity site.

In the limit that k and q become infinite, Eqs.~14!–~16!
reduce to the single-site impurity limit, i.e.,g5g050 and
g15a(0,0)21. If only k is taken to be infinite, the case of
semi-infinite waveguide which terminates in an impurity
obtained. The medium in the semi-infinite waveguide ch
nel is given byg5@a(0,0)12a(0,r )coshq#21 and the me-
dium at the termination site isg15@a(0,0)1a(0,r )e2q#21.
If the termination site is of the same medium as that of
waveguide channel, a semi-infinite waveguide will not su
port a localized mode bound to the termination. For there
be a very weakly localized mode~i.e., in the limit of smallk
and q), to terms of order k and q, g5g05@a(0,0)
1a(0,r )#21 andg15@a(0,0)12a(0,r )(12q2k)#21.

By adjusting the media forming the waveguide chann
the envelop of the bound state can be spread out prefe
tially in the waveguide channel along one or both chan
directions from the impurity site. This may be of applicatio
in the design of lasers and other devices in which modes w
anisotropic field distributions can be of interest.~These de-
sign characteristics are a property of many of the soluti
presented in this paper and will be addressed in the Con
sions section.!
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As an illustration of the theory, consider the square latt
e59, R50.377 96ac photonic crystal containing t
50.01ac , r 51 or t50.1ac , r 51 waveguide channels.1,5,6

Writing the g ’s in terms of thede ’s and using the the nu
merical data of Refs. 1, 5, and 6 at the mid-gap frequen
vac/2pc50.440 in Eqs.~14!–~16! yields

de0

des
5@11r1coshk#21, ~17!

de

des
5@11r1coshq#21, ~18!

and

de1

des
5@11r2~e2q1e2k!#21, ~19!

Here r150.170, r250.085 for waveguide channels witht
50.01ac , and r150.374, r250.187 for waveguide chan
nels with t50.1ac . As a comparison with the case of
single-site impurity in an otherwise perfect photonic cryst
we have written Eqs.~17!–~19! in terms ofdes defined be-
low Eq. ~8! and have used the definition ofg0 , g, andg1 in
terms of de0 , de, and de1. Equations~17!–~19! give the
conditions needed to observe a bound state atvac/2pc
50.440. In Fig. 2 g05de0 /des , g5de/des , and g1
5de1 /des versusk are plotted for fixedq53. Results are
shown for both thet50.01ac and thet50.1ac waveguide
channels. The lines labeled~a! present results forde0 /des ,
the flat lines labeled~b! presents results forde/des , and
dotted labeled~c! presents results forde1 /des . In all three
sets of lines the results for the systems formed fromt
50.1ac waveguide channels lie below those for the syste
formed from t50.01ac waveguide channels. In both thet
6-3
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ARTHUR R. McGURN PHYSICAL REVIEW B 65 075406
50.1ac and thet50.01ac systemsq53 so that the impurity
mode decays quickly away from theg1 site in theg channel.
Consequently, ask becomes large so that the impurity mo
decays quickly away from theg1 site in theg0 channel, the
value ofg1 ~or de1) approachesgs ~or des) for a single site
in an otherwise pure photonic crystal. In general, all ofde,
de0, andde1 are less thandes .

To illustrate the frequency dependence in Eqs.~14!–~16!,
in Fig. 3 additional results are shown for the square latt
photonic crystal and waveguide geometry treated in Fig
In Fig. 3 plots ofeq andg5de(v)/des(v) versus frequency
are presented for the case in whichq5k. Both t50.01ac and
t50.1ac types of waveguide channels are considered.
these plotsg1 has been taken to be equal to the value ofgs
at vac/2pc50.440. In this case, as expected,eq diverges
andg goes to zero asvac/2pc approaches 0.440. This is th
k, q infinite ~i.e., g5g050) limit discussed above. As th
frequency is lowered below 0.440, the impurity wave fun
tion in the waveguide channel is seen to contract around
impurity site and the dielectric strength of the wavegu
channel increases.

To obtain a solution for a single-site impurity made fro
a Kerr nonlinear medium,g1 in Eqs. ~11!–~13! is replaced
by g1(11duE0,0u2). The solution of the resulting equations
obtained from that of the linear case by replacingg1 by
g1(11ducu2).

B. Barriers

Consider an infinitely long straight waveguide containi
a dielectric barrier. The waveguide channel is located on
lattice sites (lra c ,lsac) where r and s are fixed integers
defining the slope of the waveguide in thex2y plane andl
ranges over the integers. The barrier material is located
the sites labeledl 52n,2(n21), . . . ,(n21),n and is
characterized byg154t2de1 for the material added to th
cylinders in the barrier. The remaining sites of the wavegu

FIG. 2. Plot along the vertical axis ofg05de0 /des , g
5de/des , andg15de1 /des versusk for the system described in
Eqs. ~11!–~13!. In these plotsq53 and for the sets of curves la
beled ~a!, ~b!, ~c!, the upper curves of the set are fort50.01ac

waveguide channels, and the lower curves of the set are ft
50.1ac waveguide channels.
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are characterized byg054t2de0 for the material forming the
channel outside the barrier. The set of difference equati
for this system can be found in Eqs.~25!–~28! of Ref. 1.

A set of localized electromagnetic modes are bound to
barrier material. The fields of these modes in the impur
materials forming the waveguide channel and the barrier
of the form

Elr ,ls5ale
2qu l u, ~20!

where l 56(n11),6(n12), . . . , with al5a for l>(n
11), al5b for l<2(n11), and

Elr ,ls5ceikl1de2 ikl , ~21!

wherel 50,61,62, . . . ,6n. The coefficientsa, b, c, d, and
the values ofg0 andg1 for modes of frequencyv in the stop
gap are determined from the set of waveguide differe
equations@see Eqs.~25!–~28! of Ref. 1#. Substituting Eqs.
~20! and ~21! into these difference equations gives

FIG. 3. Plot of: ~a! eq versus frequencyvac/2pc for the t
50.1ac ~upper curve! and thet50.01ac ~lower curve! waveguides,
and b! g5de/des versus frequencyvac/2pc for the t50.1ac

~lower curve! and thet50.01ac ~upper curve! waveguides. In these
plots we consider a system withq5k and a fixed couplingg1

54t2de1 as described in the text.
6-4



PHOTONIC CRYSTAL CIRCUITS: LOCALIZED MODES . . . PHYSICAL REVIEW B 65 075406
FIG. 4. ~a! Plot of eq versusk solution of Eq.~25!. ~b! Plot along the vertical axis ofg05de0 /des ~solid curve! andg15de1 /des ~dashed
curve! versusk for the system in Eq.~24!. ~c! Plot of eq versus frequencyvac/2pc for the case of fixedg1 described in the text.~d! Plot
of g0 versus frequencyvac/2pc for the case of fixedg1 described in the text.
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g05@a~0,0!12a~r ,s!coshq#21, ~22!

g15@a~0,0!12a~r ,s!cosk#21, ~23!

and the matrix equation

Ub11 b12 b13 b14

b21 b22 b23 b24

b31 b32 b33 b34

b41 b42 b43 b44

UUa

b

c

d

U50, ~24!

where b115b225g0e2q(n11), b315b425g0e2qn, b125b21

5b325b4150, b135b245b14* 5b23* 52g1eik(n11), and b33

5b445b34* 5b43* 52g1eikn. The condition for Eq.~24! to
have a solution is that

e22qsin 2kn22e2qsin~2n11!k1sin 2k~n11!50.
~25!

From Eq.~25! we find that Eqs.~20! and ~21! yield a solu-
tion provided that e2q5sin(2n11)k/sin 2nk6$@sin(2n
11)k/sin 2nk#22sin 2(n11)k/sin 2nk%1/2 and 21<e2q<1.
07540
Once k and q have been set, Eqs.~22! and ~23! give the
impurity strengths of the waveguide channel and barrier m
terials needed to support the mode.

In the limit thatq becomes infiniteg050, and Eqs.~22!,
~23!, and ~25! correctly give the conditions for localize
modes to exist on a finite waveguide segment of lengthn
11. In this limit the discrete set of modes in the finite se
ment are of the form of Eq.~21! for k a solution of sin 2(n
11)k50. In the other extreme of very weakly bound mode
eq approaches61 and k are determined from sin 2kn2
6sin(2n11)k1sink(n21)50.

As an illustration of the theory, consider thee59, R
50.377 96ac photonic crystal with t50.01ac and (r ,s)
5(1,0) waveguide channels for an impurity mode of fr
quencyvac/2pc50.440 in the mid gap. From Eq.~25! the
values ofeq versusk for bound states are found. A plot o
these is given in Fig. 4~a! for n55. A discrete sent of inter-
vals in (k,q) space is found. Outside of these intervals
localized modes are found. Next consider the values ofg0

andg1 required to observe localized barrier modes of a p
ticular k, q. Figure 4~b! presents results forg05de0 /des and
6-5
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ARTHUR R. McGURN PHYSICAL REVIEW B 65 075406
g15de1 /des versus k from Eqs. ~22! and ~23! for
vac/2pc50.440.~Again we have written theg ’s in terms of
de ’s.! Heredes is the value ofde @obtained below Eq.~8!#
for a single site defect of frequencyvac/2pc50.440. In Fig.
4~b! the solid line shows results forg05de0 /des , while the
dashed line shows results forg15de1 /des . The results for
de0 /des exhibit a stronger dependence onk than do those
for de1 /des due to the coshq factor in Eq. ~22! and the
strong dependence ofq on k. An interesting feature in the
physics of the barrier problem, from that of the single-s
impurity discussed in Sec. II A, is thateq can be both posi-
tive or negative.

In Figs. 4~c! and ~d! plots demonstrating the frequenc
dependence of the barrier results are shown foreq and g0
5de0(v)/des(v) versus frequencyv. Here g1 has been
taken to be equal togs evaluated atvac/2pc50.440, and a
number of solutions are found for both positive and nega
values ofeq.

C. Bend

Consider a waveguide with a right-angle bend in
channel.1 @In Fig. 1~b! we present a schematic figure of th
waveguide channel indicating theg0 andde0 characterizing
the cylinders forming the waveguide channel.# The wave-
guide is in a square lattice photonic crystal. One part of
waveguide channel is on the negativex axis and the other
part is on the positivey axis. As in the considerations in Re
1 of this geometry, for propagating mode solutions, b
nearest- and next-nearest-neighbor couplings in the w
guide equations are included. Next-nearest-neighbor c
plings are included as they distinguish between stra
waveguides and waveguides with right-angle channel be
The waveguide channel is taken to be of a single type
dielectric impurity material. The difference equations for th
system are obtained from Eq.~4!, and the reader is referre
to Eqs. ~42!–~46! of Ref. 1 for a detailed presentation o
these equations along with a discussion of their propaga
mode solutions.

Solutions for modes bound at the right-angle bend are
the form

Elr ,05aeql, ~26!

wherel 521,22, . . . ,

E0,lr 5be2ql, ~27!

wherel 51,2, . . . , and

E0,05h. ~28!

Substitution of this form into the difference equations giv
g05@a(0,0)1a(r ,0)coshq#21 and a matrix equation rela
tion for a, b , h,

Ua11 a12 a13

a21 a22 a23

a31 a32 a33

UUa

b

h
U50, ~29!
07540
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where a115a125e2q, a2152a235a3252a3352eq, a22
5a315a(r ,r )/a(0,r ), and a13522 coshq. For a solution
of Eq. ~29! to exist,

e4q2F S a~r ,r !

a~0,r ! D
2

11Ge2q22S a~r ,r !

a~0,r ! Deq2S a~r ,r !

a~0,r ! D
2

50.

~30!

This gives theq needed for a bound state at frequencyv. In
the limit that ua(r ,r )/a(0,r )u!1, e2q'12a(r ,r )/a(0,r )
for a(r ,r )/a(0,r ).0 or 2@11a(r ,r )/a(0,r )# for
a(r ,r )/a(0,r ),0 so that one of these forms will give
mode localized at the channel bend. Whichever of th
forms represents the localized mode solution in this limit,
rate of decay of the field of the localized mode away fro
the bend is governed byq'ua(r ,r )/a(0,0)u. As expected
whena(r ,r ) vanishes the localized mode disappears.

III. WAVEGUIDE JUNCTIONS AND INTRINSIC
LOCALIZED MODES

A branched waveguide or waveguide junction is made
attaching a semi-infinite waveguide at a site of an infin
waveguide.1 @In Fig. ~1c! a schematic figure of the junction i
shown labeled by theg ’s andde ’s characterizing the sites o
the channel.# For generality it is assumed that the channels
the two waveguides are of different types of impurity ma
rials and the point of attachment is made of a third type
impurity material.

A. Linear media

The difference equations describing the branched wa
guide in Fig. 1~c! can be generated from Eq.~5!, or the
reader can find them in Eqs.~55!–~59! of Ref. 1. The bound-
state solutions, localized at the waveguide junction, are
the form

E0,lr 5ble
2qu l u ~31!

for l 561,62,63, . . . , with bl5b for b>1, bl5c for bl
<21,

Elr ,05ae2kl ~32!

for l 51,2,3, . . . , and

E0,05d. ~33!

Substituting these into the difference equations gives

g05@a~0,0!12a~r ,0!coshq#21, ~34!

whereg0 describes the channel material in the infinite wav
guide channel, and

g15@a~0,0!12a~r ,0!coshk#21, ~35!

whereg1 describes the channel material in the semi-infin
waveguide channel. Equations~34! and~35! relate the impu-
rity dielectric constants in the two waveguide channels to
mode frequencyv, andk andq. The material at the junction
site is described by the parameterg2. From the set of differ-
ence equations, the coefficientsb, c, a, d are related by
6-6



PHOTONIC CRYSTAL CIRCUITS: LOCALIZED MODES . . . PHYSICAL REVIEW B 65 075406
Ug1a~r ,0!e2k g0a~r ,0!e2q g0a~r ,0!e2q 2@12g2a~0,0!#

g1 0 0 2g2

0 g0 0 2g2

0 0 g0 2g2

UUa

b

c

d

U50. ~36!
d
e

ht
u
e
s

n
un

e
d
d

ted

the
me-

he

.

in
g.
For a solution of Eq.~36! to exist

g25
1

a~0,0!1a~0,r !~2e2q1e2k!
. ~37!

This givesg2 needed for a mode of frequencyv with set
values ofk and q. In the limit that q5k and g05g15g2

5g, we find that eq56A2 so that g52/@2a(0,0)
63A2a(r ,0)#. This case indicates that there will be boun
state modes at the junction of two waveguides with chann
formed from the same type of material.

A generalization to the case of two infinitely long straig
intersecting waveguides can be made. Consider a waveg
along thex axis intersecting at the origin with a waveguid
along they axis @see Fig. 1~d!#. The equations describing thi
are

Elr ,05g@a~0,0!Elr ,01a~r ,0!~E( l 11)r ,01E( l 21)r ,0!#,
~38!

wherel 561,62,63, . . . ,

E0,lr 5g@a~0,0!E0,lr 1a~r ,0!~E0,(l 11)r1E0,(l 21)r !#,
~39!

wherel 561,62,63, . . . ,

E0,05g@a~0,0!E0,01a~r ,0!~Er ,01E2r ,01E0,r1E0,2r !#.
~40!

Equations~38!–~40! have a solution of the formElr ,0
5E0,lr 5de2qu l u. Substituting gives g5@a(0,0)
12a(r ,0)coshq#21 for g in terms ofv andq. The condition
that a bound state exists at frequencyv in the stop band is,
for a(0,0), anda(r ,0) evaluated atv, eq56A3. This re-
quires thatg5A3/@A3a(0,0)64a(r ,0)#.

The numerical data in Refs. 1,5 and 6 can be used
illustrate thee59, R50.377 96ac square lattice photonic
crystal with eithert50.01ac , r 51 or t50.1ac , r 51 wave-
guide channels. For theg05g15g25g54t2de limit of the
junction in Fig. 1~c!, the bound-state condition isg54t2de
51/@a(0,0)63a(1,0)/A2#. For the junction in Eqs.~38!–
~40! with r 51, the bound state condition isg54t2de
51/@a(0,0)64a(1,0)/A3#. In Fig. 5 plots of g
5de(v)/des(v) versus vac/2pc in the 0.425<vac/2pc
<0.455 stop gap are presented for these two types of ju
tions geometries. In these plots results are presented for j
tions made either entirely fromt50.01ac waveguide chan-
nels or entirely fromt50.1ac waveguide channels. Th
results give an idea of the relative dielectric strengths nee
to bind modes at the junction channels compared to the
07540
-
ls

ide

to

c-
c-

ed
i-

electric strength needed to bind an impurity at a isola
single site in the bulk photonic crystal.

B. Kerr nonlinear media

The analysis of junctions can be extended to consider
case of waveguide channels composed of Kerr nonlinear

FIG. 5. Plots of the ratiog5de/des versusvac/2pc for the
junction of an infinite and a semi-infinite waveguide and for t
junction of two infinite waveguides. Figure 5~a! is for junctions
formed from a system oft50.01ac waveguide channels and Fig
5~b! is for junctions formed from a system oft50.1ac waveguides.
The lines in these plots are labled as: a! the 1 root case of the
system described in Fig. 1~d!, ~b! the 1 root case of the system
described in Fig. 1~c!, ~c! the2 root case of the system described
Fig. 1~c!, and ~d! the 2 root case of the system described in Fi
1~d!.
6-7
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dia. Outside of the channels the photonic crystal is formed
linear dielectric materials. In previous publications2,3,8 it has
been shown that a single-channel waveguide formed f
Kerr nonlinear media supports both propagating and stat
ary intrinsic localized modes. The analysis is based on m
ods developed in the study of intrinsic localized modes
nonlinear vibrational systems9 and can be extended to sho
that stationary intrinsic localized modes centered about
junction of an infinite and semi-infinite waveguide wi
channels of Kerr nonlinear media exist. A junction with t
geometry in Fig. 1~c! is considered for the case in which a
of the sites of the waveguide channels are composed o
identical Kerr medium.

Following Ref. 2, the junction equations in Eqs.~55!–~59!
of Ref. 1, generalized to Kerr nonlinear media, become

Elr ,05g@a~0,0!Elr ,01a~0,0!DElr ,0
3 1a~r ,0!~E( l 21)r ,0

1E( l 11)r ,0!1a~r ,0!D~E( l 21)r ,0
3 1E( l 11)r ,0

3 !#,

~41!

wherel 51,2,3, . . . ,

E0,lr 5g@a~0,0!E0,lr 1a~0,0!DE0,lr
3 1a~r ,0!~E0,(l 21)r

1E0,(l 11)r !1a~r ,0!D~E0,(l 21)r
3 1E0,(l 11)r

3 !#,

~42!

wherel 561,62,63, . . . ,

E0,05g@a~0,0!E0,01a~0,0!DE0,0
3 1a~r ,0!~E0,r1E0,2r

1Er ,0!1a~r ,0!D~E0,r
3 1E0,2r

3 1Er ,0
3 !#. ~43!

These equations are obtained from Eq.~4! by taking
de@( lr î 10 ĵ )ac#5de@11DuElr ,0u2) and de@(0 î 1 lr ĵ )ac#
5de(11DuE0,lr u2).

As in Ref. 2, solutions are sought for highly localize
modes of the form

E0,05a, ~44!

E0,lr 5Elr ,05aA0~21! le2 lq, ~45!

where l 51,2,3, . . . , andE2 lr ,05Elr ,0 . ~For a good genera
discussion of the form of this solution and its application
nonlinear difference equations, the reader is also referre
the review by Seivers and Page.9! Substituting Eqs.~44! and
~45! in Eqs.~41!–~43! gives three nonlinear equations for th
parameters characterizing intrinsic localized modes,

1/g0511a23bD23cD3, ~46!

1/g05
1

D
@D1aD32b~11DK !2c~11D3K3!#, ~47!

and

1/g05122b coshq. ~48!

Here g05a(0,0)g, D5A0e2q, andK5e2q are solved for
in terms ofa5Da2, b5a(r ,0)/a(0,0), andc5ab charac-
terizing the couplings and Kerr nonlinearity in the syste
07540
f

m
n-
h-
n

e

an

to

.

From this solution,D, K, g0 or equivalentlyg, A0 , q are
given in terms of the mode frequencyv and the coefficientD
of the Kerr term.

For highly localized modes~i.e., uDu, uKu!1), the terms
DK, D3, andD3K3 in Eqs.~46! and ~47! and theK term in
Eq. ~48! can be ignored. The solution of the resulting equ
tions is

K5
a6a@1112~a11!b2/a2#1/2

6~a11!b
, ~49!

D5~a11!K, ~50!

g05F12
b

KG21

. ~51!

Using the numerical results in Ref. 1 for thevac/2pc
50.440 mode of thee59, R50.377 96ac square lattice
photonic crystal witht50.01ac waveguide channels, the m
nus sign case of Eq.~49! gives

K5
Da22Da2@110.090~11Da2!/~D2a4!#1/2

0.52~11Da2!
'2

0.087

Da2
,

~52!

D5~11Da2!K'20.087S 11
1

Da2D , ~53!

g05F12
0.087

K G21

'@11Da2#21. ~54!

These results characterize the shape of the intrinsic local
mode and the value ofg0 needed for its existence in terms o
the coefficientD of the Kerr term and the maximum ampl
tudea of the mode. The corresponding results for wavegu
channels witht50.1ac can be obtained by replacing 0.08
on the far right hand side of Eqs.~52!–~54! by 0.187.

IV. WAVEGUIDE COUPLERS

A waveguide coupler is a circuit which transmits electr
magnetic energy from one waveguide channel to anoth4

The circuit treated below is the photonic crystal circuit an
ogy of a coupling circuit which is of considerable interest
fiber-optics technology.

A schematic drawing of the coupler circuit is shown
Fig. 1~e!. The two U-shaped waveguides couple to one
other through weak interactions between sites along the
allel bottom parts of the U’s. The separation between
bottom of the U’s is a distancedr, and the sides of the two
U’s go off to infinity in opposite directions with no couplin
interactions between them. The difference equations desc
ing the waveguide coupler are:~i! For the sides of the U’s

Ejr ,lr 5g@a~0,0!Ejr ,lr 1a~0,r !~Ejr ,(l 11)r1Ejr ,(l 21)r !#,
~55!
6-8



s

e

id

f
a

pe
in
to
u

r-

a
he

r

en-

our
ave

of

s
qs.

to-
n-

PHOTONIC CRYSTAL CIRCUITS: LOCALIZED MODES . . . PHYSICAL REVIEW B 65 075406
wherej 50 or N andl 5d11,d12,d13, . . . ford a positive
integer giving the separations of the waveguide channel
their closest approach orl 521,22,23, . . . . ~ii ! For the
bottom of the U’s

Elr , j r 5g@a~0,0!Elr , j r 1a~0,r !~E( l 11)r , j r 1E( l 21)r , j r !

1dElr , j 0r #, ~56!

where (j , j 0)5(d,0) or (0,d) and l 51,2,3, . . . ,N22,N21.
The boundary conditions joining the waveguide chann
are

E0,dr5g@a~0,0!E0,dr1a~0,r !~Er ,dr1E0,(d11)r !1dE0,0#,
~57!

E0,05g@a~0,0!E0,01a~0,r !~Er ,01E0,2r !1dE0,dr#,
~58!

ENr,dr5g@a~0,0!ENr,dr1a~0,r !~ENr,(d11)r1E(N21)r ,dr!

1dENr,0#, ~59!

ENr,05g@a~0,0!ENr,01a~0,r !~ENr,2r1E(N21)r ,0!

1dENr,dr#. ~60!

The weak interaction between the two different wavegu
channels is given byd so that in the limit thatd50 the two
channels have no interactions between them.

A solution of these equations is of the form

E0,lr 5aeipl1be2 ipl , ~61!

wherel 5d11,d12,d13, . . . ;

E0,lr 5ceipl1dce
2 ipl , ~62!

wherel 521,2,2,23, . . . ;

ENr,lr 5reipu l u, ~63!

wherel 5d11,d12,d13, . . . ;

ENr,lr 5ueipu l u, ~64!

wherel 521,22,2,3, . . . ;

Elr ,dr5@ i sin~ql !x1cos~ql !x1#eikl1@2 i sin~ql !y

1cos~ql !y1#e2 ikl , ~65!

wherel 50,1,2, . . . ,N; and

Elr ,05@cos~ql !x1 i sin~ql !x1#eikl1@cos~ql !y

2 i sin~ql !y1#e2 ikl , ~66!

where l 50,1,2, . . . ,N. Here b and c are the amplitudes o
the incident waves in the upper and lower waveguide ch
nels, respectively, andr and u are the amplitudes of the
waves transmitted in the upper and lower channels, res
tively. The solutions in the region of the coupling, given
Eqs.~65! and~66!, are generalizations to the discrete pho
nic crystal waveguide of the solution of the waveguide co
07540
at

ls

e

n-

c-

-
-

pler problem in fiber-optics. A good discussion of the fibe
optic solution which is readily generalized to Eqs.~65! and
~66! is in the text by Yeh.4

Substituting Eqs.~61!–~66! into Eqs.~55!–~60! gives

g5@a~0,0!12a~r ,0!cos~p!#21, ~67!

g5@a~0,0!12a~r ,0!cos~q!cos~k!#21, ~68!

2a~r ,0!sin~q!sin~k!5d. ~69!

Once the wave vectorp is chosen, the dielectric~i.e., g) is
determined by Eq.~67!. Then for fixedg andd, q andk are
determined by Eqs.~67! and ~68!. For weak coupling~i.e.,
d/a(r ,0)!1) k'p, andq is a small modulation causing
periodic transfer of the fields from one waveguide to t
other and back. The wave forms given in Eqs.~67! and~68!
are a linear combination of slowly varying sinq and cosq
with coefficientsx, x1 , y, y1 determined by the difference
equations and their boundary conditions.

Upon substituting Eqs.~61!–~66! into Eqs.~55!–~60! and
eliminating x, x1 , y, andy1 from the resulting set of linea
equations, four equations are found which relatea, b, c, dc ,
u, andr to one another. The reader is referred to the App
dix where these equations are listed as Eqs.~A1!–~A4!.
When the amplitudesb and c of the waves incident on the
waveguide coupler are specified, the resulting set of f
equations in four unknowns are solved for the reflected w
amplitudesa and c and the transmitted wave amplitudesr
andu.

As an illustration of the theory, consider a coupler
length N, for which b51 andc50 in the smallq, small d
limit. If q50.1 so that cosq'1, then from Eqs.~67!–~69!
k'p with d'2qa(r ,0)sinp. The transmission coefficient
for the two waveguide output channels are given from E
~A1!–~A4! by ur /bu2 anduu/bu2 as functions ofN for fixed k,
p, q and coupler separationd which we take to bed55. In
Fig. 6 plots are presented forur /bu2 and uu/bu2 versusN,
using the Ref. 1 numerical data for the square lattice pho
nic crystal witht50.01ac nearest-neighbor waveguide cha

FIG. 6. Plot ofur /bu2 ~solid! and uu/bu2 versusN for the wave-
guide coupler described in Eqs.~55!–~60!.
6-9
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nels, for the case in whichp5k5p/4 and vac/2pc
50.440. The solid curve is forur /bu2 and the dashed curve i
for uu/bu2. As with fiber-optic waveguide couplers, the tran
mission is seen to oscillate between the two output wa
guide lines as the length of the parallel coupler is increas

The results in Fig. 6 exhibit an approximate periodici
The wavelength inN is approximately 32 which correspond
to a wavenumber 2p/3250.196'2q. Consequently, the
wave first changes waveguide channels when the lengt
the couplerN equalsp/2q. This is what is observed in th
case of fiber-optics waveguides.~For an heuristic explanation
of the physical process involved in these energy transfers
reader is referred to the text by Yeh.4! The terms in Eqs.
~A1!–~A10! of the Appendix containing trigonometric func
tions with qN and 2qN arguments are associated with th
periodicity. The effects of functions containing arguments
kN'pN are less dominant in determining the periodic
properties of the transmission coefficient and reflection co
ficients for the results shown in Fig. 6.

V. CONCLUSIONS

The localized electromagnetic modes in a number of
ferent photonic crystal circuits have been studied usin
recently developed difference equation method.1 This is an
alternative to approaches based on computer simula
methods10–25and allows for the treatment of particular typ
of large, complex photonic crystal circuits. Modes bound
waveguide channels formed from both linear and Kerr n
linear media have been treated, and the theory resulting f
these studies has been illustrated with numerical data f
Ref. 1. A theory of waveguide couplers has been presen
In general the presentation in this paper completes the w
presented in Ref. 1.

Two points to note are:~i!. The photonic crystal circuits
are actually generalizations of the optics of layer system
more complex topologies. It is expected that a richer phy
cal content will arise from this greater complexity.~ii ! In the
present formulation it is possible to design circuits whi
exhibit electromagnetic modes of a desired set of spatial fi
distributions and frequencies. This comes about because
natural way to solve the difference equations of our theor
to fix the frequency and fields distributions and solve for
dielectric contrasts needed to support the modal solut
that have these characteristics.

The results here are currently being developed to han
channels made of impurity materials of larger cross-sectio
area in the plane perpendicular to the cylinder axes. This
difficult problem, but its solution should result in a theory
great usefulness in the development of photonic crystal
cuits. In this regard we note a recent review in which t
future prospects of photonic crystal circuits is discussed.13
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APPENDIX

The four equations obtained by substituting Eqs.~61!–
~66! into Eqs.~55!–~60! and eliminating the coefficientsx,
x1 , y, andy1 between the resulting set of equations are

@A0~p!1A1~N,p!#eipda1@A0~2p!1A1~N,2p!#e2 ipdb

1@B0~p!2B1~N,p!#c1@B0~2p!2B1~n,2p!#dc

1C~N,p!u1D~N,p!r 50, ~A1!

@B0~2p!2B1~N,2p!#eipda1@B0~p!2B1~N,p!#e2 ipdb

1@A0~2p!1A1~N,2p!#c1@A0~p!1A1~N,p!#dc

1D~N,p!e2 ipdu1C~N,p!eipdr 50, ~A2!

@A0~p!1A1~N11,p!#eipda1@A0~2p!1A1~N

11,p!#e2 ipdb1@B0~2p!* 2B1~N11,p!* #c

1@B0~p!* 2B1~N11,p!* #dc1C~N11,p!eipu

1D~N11,p!eipr 50, ~A3!

and

@B0~p!* 2B1~N11,p!* #eipda1@B0~2p!*

2B1~N11,p!* #e2 ipdb1@A0~2p!1A1~N11,p!#c

1@A0~p!1A1~N11,p!#dc1D~N11,p!e2 ipdeipu

1C~N11,p!eip(d11)r 50, ~A4!

where

A0~p!5
sin~q!@cos~q!2cos~k!eip#

2@sin~q!22sin~k!2#
, ~A5!

A1~N,p!5
sin~2Nq!

4 sin@N~q2k!!sin~N~q1k!#
, ~A6!

B0~p!5
sin~k!@cos~q!e2 ip2cos~k!#

2@sin~q!22sin~k!2#
2

i

2
, ~A7!

B1~N,p!5
@sin~Nk!cos~Nq!22 i cos~Nk!sin~Nq!2#eikN

2 sin@N~q2k!#sin@N~q1k!#
,

~A8!

C~N,p!5
sin~Nk!cos~Nq!

2 sin@N~q2k!!sin~N~q1k!#
, ~A9!

D~N,p!52
sin~Nq!cos~Nk!eipd

2 sin@N~q2k!#sin@N~q1k!#
. ~A10!
6-10
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