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First-principles calculations of gap bowing in InxGa1ÀxN and InxAl1ÀxN alloys:
Relation to structural and thermodynamic properties
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First-principles pseudopotential plane-wave calculations are used to investigate the electronic, structural, and
thermodynamic properties of cubic nitride alloys InxGa12xN and InxAl12xN. The alloys are described within a
cluster-expansion method considering configurations in large 64-atom supercells. We find a strong
composition-dependent gap bowing for both InGaN and InAlN alloys. The strongest contribution to the gap
bowing is due to a structural effect, i.e., the composition-induced disorder in the bond lengths. Charge transfer
is found to be important only for InAlN alloys. A small deviation from Vegard’s law is found for the lattice
parameter variation in InGaN and InAlN alloys. The calculated first- and second-nearest-neighbor distances in
InxGa12xN alloys are in good agreement with the experimental data. The investigation of the thermodynamic
stability of InGaN and InAlN alloys shows a significant tendency for spinodal decomposition.

DOI: 10.1103/PhysRevB.65.075213 PACS number~s!: 61.66.Dk, 71.22.1i, 64.75.1g, 71.20.Nr
a
ea
gh
io
e
o

ar

a
a

bl

ow
on
a

a

p
b

y
in

e
ca
on
o
a
e
e

flu

m
le
r o
id
on

da-
bic
to

fly
ure
on.

per-
ry

rm-
-

c-
-

der

uc-

in
To
opri-
s-
ms
s-

ing
I. INTRODUCTION

Nitrogen-based III-V semiconductor compounds and
loys have attracted considerable interest in the last few y
due to their applications in optoelectronics devices, for hi
density optical data storage, and for high-power convers
These devices can operate over a wide temperature rang
remain unaffected by irradiation. An interesting feature
the device applications is generally the use of tern
InxGa12xN and InxAl12xN alloys.1

Extensive experimental and theoretical studies have
dressed optical properties relevant to such technological
plications. Unfortunately, however, there is still considera
disagreement about such fundamental parameters as
bowing of the fundamental energy gap. It is not clear h
the band gap varies as a function of the alloy compositi
Early optical studies of InGaN alloys suggested a sm
energy-gap bowing parameter.2–4 Recent studies found
strong gap bowing in the range of 2–5 eV.5–14For InAlN, the
scatter between different measurements of the band ga
significant. A large gap bowing was recently observed
Yamaguchiet al.,15 a similarly strong bowing was found b
Penget al.,16 and other workers measured a smaller bow
parameter.17,18

Partially these variations may be related to the absenc
samples of high quality due to the fluctuations in the lo
indium molar fraction, the possible spinodal decompositi
and strain effects. The measured values of the band-gap b
ing also depend on the technique of measurement of the b
gap. Photoluminescence~PL! and absorption techniques giv
different values of the band gap of the ternary III-nitrid
alloys. A physical understanding of the mechanisms in
encing the gap bowing is still missing.

In order to clarify the contradictory results we perfor
electronic-structure calculations based on first princip
The first goal of this paper is to understand the behavio
the gap bowing and to determine how it changes in a w
range of In molar fractions. In addition to the considerati
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of the electronic structure, we also address the more fun
mental issue of atomic structure and phase stability of cu
InGaN and InAlN alloys and discuss their relationships
the bowing behavior.

The paper is organized as follows. In Sec. II we brie
explain the theoretical background of the electronic-struct
calculations. Sec. III deals with results and their discussi
The paper is concluded in Sec. IV.

II. METHOD OF CALCULATION

The band-structure and total-energy calculations are
formed using the first-principles density-functional theo
~DFT! in the local-density approximation~LDA !.19 We use a
plane-wave expansion of the eigenfunctions and non-no
conserving ab initio Vanderbilt pseudopotentials imple
mented in the Viennaab initio simulation package~VASP!.20

The Ga 3d and In 4d electrons are treated as valence ele
trons. Atomic relaxation is fully included for all alloy con
figurations studied.

A large 64-atom supercell representation is used in or
to model the InxGa12xN and InxAl12xN alloys. More specifi-
cally, for the 64-atom InnX322nN32 supercells (X5Al or Ga!,
which correspond to 23232 conventional cubic cells, a
zinc-blende lattice is assumed. For a given numbern

50, . . . ,32 of In atoms, there are at least (
32
n ) different

atomic configurations that would have to be optimized str
turally. This is impossible. Therefore, for a given numbern
of In atoms we usually study five different configurations
which the In atoms are not really randomly distributed.
guarantee the random character, we choose a more appr
ate physical strategy. We begin with a maximum In-N clu
tered configuration; then we sequentially move the In ato
out of the cluster, to finally generate a minimum In-N clu
tered alloy~i.e., a maximumX-N clustered alloy!.

For instance, in then54 case with 8 In and 24X5Ga,Al
atoms, the first configuration corresponds to two adjoin
©2002 The American Physical Society13-1
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8-atom cubes of InN. The average In-In distance represen
minimum. Then, we distribute the In atoms step by step o
the other 8-atom cubes. In the fifth configuration ea
8-atom cube contains one of the In atoms. Their distances
as far distant as possible. The band gap of the correspon
ordered alloy varies between the configurations. In the c
of In8Al24N32 the variation amounts to about 0.5 eV betwe
the maximum and minimum clustered configurations. Ho
ever, together with the probability of the occurrence of su
a cluster configuration for a given average compositionx the
configurational average over all 37 InnX322nN32 cluster con-
figurations under consideration gives a reasonable ave
fundamental gap of a random alloy InxX12xN.

For each configurationj and each atomic numbern, the
fundamental physical properties~total energy, band gap
bond lengths, etc.! Pn j are determined. The configurational
averaged quantityP(x) is computed using the Conolly
Williams approach,21

P~x!5( Wn j~x!Pn j . ~1!

The composition-dependent weightsWn j(x) are determined
for an ideal solid solution. They fulfill the constraints o
normalization and definition of the average compositionx, at
least for the In molar fractionsx50.25, 0.5, and 0.75. There
fore, instead of calculating the quantities for the entire co
position region we only use the In8mX8(42m)N32 clusters
(m50,1,2,3,4). In the discussion the results are compa
with those obtained for 8-atom clusters, in order to check
quality of the cluster-expansion method.22

III. RESULTS AND DISCUSSION

A. Electronic properties

Figures 1 and 2, respectively, show the calculated ba
gap bowing coefficient for random InGaN and InAlN alloy
together with values of other theoretical work.23–30 The cal-
culations are based on the DFT-LDA, which should be
reasonable approximation31 for the bowing in contrast to the
gap itself. The aspect of spinodal decomposition into t
random alloys within the miscibility gap is not taken in
consideration. The calculated band-gap bowing param
exhibits a strong composition dependence. This is differ
from conventional III-V alloys which show a weakl
(,1 eV) composition-dependent bowing parameter. T
calculated fundamental gap bowing for InGaN alloys ran
from 1.61 eV (x50.25) to 1.26 eV (x50.75), whereas for
InAlN alloys it ranges from 4.67 eV (x50.25) to 2.20 eV
(x50.75). Our results agree with the recent calculations
van Schilfgaardeet al.,27 but small discrepancies with othe
calculations are obvious. The calculated bowing parame
except of those of Bellaicheet al.28 and Lambrecht,25 are
relatively small in comparison with measured values. Int
esting is the comparison with similar cluster calculations29

which however are restricted to 8-atom supercells. The sm
supercells do not allow the local formation of small InN
XN (X5Ga or Al! clusters which may give rise to a substa
07521
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tial change in the gap value for a given In molar fracti
with the consequences for the bowing parameter shown
Fig. 1.

The extraction of the gap bowing parameter of InGaN a
InAlN from the various optical measurements requir
knowledge of the band gaps of the binary compounds G
AlN, and InN. While the band gap of GaN and AlN is we
known today, the band structure of InN is rather uncerta
because of sample-quality problems. Usually a value
about 1.9 eV~Ref. 32! is considered as the fundamental ga
However, recent studies suggest a smaller gap. O’Donn33

measured peak positions in the photoluminescence spec
at about 1.7 eV for InxGa12xN alloys with an In concentra-
tion of only x50.4 far away fromx51. Similar results were
found by Yamaguchiet al.,15 who measured the peak pos
tion of the PL at about 1.66 eV for InxAl12xN alloys for x
50.6. Optical absorption and photoluminescence meas
ments of high-quality samples, as well as quasiparticle c
culations beyond DFT-LDA, seem to tend to InN ener
gaps close to 1 eV.34 More reliable experimental studies a
highly desirable, since a lower value of the band gap of I
will dramatically reduce the difference between bowing p
rameters determined experimentally or theoretically.

FIG. 1. Composition dependence of the calculated band
bowing ~open circles! for InGaN alloys, compared to other theore
ical values. Reference 28: solid diamonds. Reference 30: open
angles. Reference 29: star. Reference 25: cross. Reference 27:
square. Reference 26: open squares. Reference 23: solid trian
3-2
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In order to better understand the physical origins of
large and composition-dependent bowing in InxGa12xN and
InxAl12xN alloys, we follow the procedure of Bernard an
Zunger35 and decompose the total bowing parameterb into
physically distinct contributions. The overall bowing coef
cient at a given average compositionx measures the chang
in band gap according to the formal reaction

xInN~aInN!1~12x!XN~aXN!→InxX12xN~aeq!, ~2!

whereaInN and aXN are the equilibrium lattice constants o
the binary compound InN andXN, respectively.aeq is the
equilibrium lattice constant of the alloy with the avera
compositionx.

We decompose reaction~2! into three steps:

InN~aInN!1XN~aXN!→InN~a!1XN~a!, ~3!

xInN~a!1~12x!XN~a!→InxX12xN~a!, ~4!

InxX12xN~a!→InxX12xN~aeq!. ~5!

The first step measures the volume deformation~VD! effect
on the bowing. The corresponding contributionbVD to the
total bowing parameter represents the relative response o

FIG. 2. Composition dependence of the calculated band
bowing ~open circles! for InAlN alloys, compared to other theore
ical values. Reference 27: solid square. Reference 24: cross. R
ence 26: open squares.
07521
e

he

band structure of the binary compounds InN andXN to hy-
drostatic pressure, which here arises from the change of t
individual equilibrium lattice constants to the alloy valuea
5a(x). The second contribution, the charge exchange~CE!
contributionbCE, reflects a charge transfer effect which
due to the different~averaged! bonding behavior at the lattice
constanta. The final step, the ‘‘structural relaxation’’~SR!,
measures changes in passing from the unrelaxed to the
laxed alloy bybSR. Consequently, the total bowing param
eter is defined as

b5bVD1bCE1bSR. ~6!

The general representation of the composition-depend
band gap of the alloys in terms of the gaps of the bin
compounds,EInN(aInN) andEXN(aXN), and the total bowing
parameterb is

Eg~x!5xEInN~aInN!1~12x!EXN~aXN!2bx~12x!. ~7!

This allows a division of the total bowingb into three con-
tributions according to

bVD5
EInN~aInN!2EInN~a!

12x
1

EXN~aXN!2EXN~a!

x
, ~8!

bCE5
EInN~a!

12x
1

EXN~a!

x
2

EInXN~a!

x~12x!
, ~9!

bSR5
EInXN~a!2EInXN~aeq!

x~12x!
. ~10!

All these energy gaps occurring in expressions~8!–~10!
have been calculated for the indicated atomic structures
lattice constants. The bowing coefficientsb calculated at In
molar fractionsx50.25, 0.50, and 0.75 are listed in Table
for InGaN and InAlN alloys, together with three contribu
tions bVD @Eq. ~8!#, bCE @Eq. ~9!#, andbSR @Eq. ~10!# due to
volume deformation, different atomic electronegativities, a
structural relaxation. We observe the following facts.

~i! The volume-deformation termbVD of InGaN and
InAlN alloys is large, particularly for InAlN. The importanc
of bVD can be correlated to the large mismatch of the latt
constants of the corresponding binary compounds ('10%
between GaN and InN and'14% between AlN and InN!.
Thus, thebVD term, i.e., the composition-induced disorder
the bond lengths, appears to control the large gap bowin
InGaN and InAlN alloys.

p

fer-

TABLE I. Calculated bowing parametersb for InGaN ~InAlN !
alloys. The contributions due to volume deformation (bVD), elec-
tronegativities (bCE), and structural relaxations (bSR) are also
listed. All values are in eV.

Compositionx 0.25 0.50 0.75

bVD 1.41 ~2.68! 1.32 ~2.45! 1.29 ~2.25!
bCE 0.11 ~1.88! 20.02 ~0.69! 20.29 (20.41)
bSR 0.09 ~0.11! 0.12 ~0.09! 0.26 ~0.36!
b 1.61 ~4.67! 1.42 ~3.23! 1.26 ~2.20!
3-3
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~ii ! The charge-transfer contributionbCE due to the differ-
ent electronegativities of the In andX (X5Al or Ga! atoms
is considerable for InAlN alloys but small for InGaN alloy
Indeed, bCE scales with the electronegativity mismatc
@'2% ('13%), between In and Ga~In and Al! using Paul-
ing’s scale36#. This term governs the composition depe
dence of the bowing in the case of InAlN.

~iii ! The contribution of the structural relaxationbSR is
small for both alloys under consideration. Such a weak ef
has also been found by Wei and Zunger,37 studying mixed-
anion alloys~e.g., GaAsN!. They also show a stronger stru
tural effect on the gap bowing than mixed-cation alloys~e.g.,
GaInAs!. The principal static atomic displacement in mixe
cation alloys with respect to the ideal zinc-blende position
due to anion displacement, while in mixed-anion alloys
principal displacement is due to the cation. The cation d
placements lead to strong intraband coupling within the c
duction band and separately within the valence band; co
quently the cation displacements lower the band g
considerably more than anion displacements.

B. Structural properties

The three different contributions due to the gap bow
are related to the atomic structure, in particular, to the b

FIG. 3. Lattice constants of InGaN~a! and InAlN ~b! vs com-
position ~open circles! compared to the virtual crystal approxima
tion ~VCA! ~dashed line!.
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lengths and second-nearest-neighbor~2NN! distances. The
corresponding information is given in Figs. 3–5. Figures 3~a!
and 3~b! show the variation of the calculated equilibriu
lattice constant versus In concentration for InGaN and InA
alloys, respectively. A small deviation from Vegard’s law
clearly visible, in particular for large In molar fractionsx
'0.8. This is slightly in contrast to calculations using 8-ato
clusters.22 The reason is that within large supercells the lo
InN regions tend to have large lattice constants. We are
aware of any experimental data indicating how closely
lattice constant follows Vegard’s law in InGaN and InAl
alloys. However, similar theoretical results for InGaN allo
were recently published by Lambrecht.25 The physical origin
of this small deviation should be mainly due to the lar
mismatch of the lattice constants of InN andXN compounds.
Figures 4~a! and 4~b! show the calculated bond lengths
RIn-N ,RGa-N and RIn-N ,RAl-N in InGaN and InAlN, respec-
tively, as a function of the In molar fraction together with th
recent results obtained by means of an x-ray absorption
structure~EXAFS! technique.38 We find good agreement be
tween the calculated and experimental values for InGaN
loys. The quality of agreement is not much better as in
case of 8-atom cells, indicating that structural properties
be reasonably described within the smaller cells. The p
dicted bond lengths reveal a weak almost linear depende

FIG. 4. Averaged bond lengths in InGaN~a! and InAlN ~b!
alloys vs composition~open circles! compared to the experimenta
data~solid cirles, Ref. 38!.
3-4
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on the alloy composition.RIn-N ,RGa-N andRIn-N ,RAl-N do not
deviate substantially from their natural values in the cor
sponding binary compounds; the distribution is bimodal. T
individual identities of In-N andX-N bonds are preserved i
the alloys; the accommodations of their natural differen
occur elsewhere. The cation-cation-related splitting~In-N vs
X-N) is much larger for bonds in InAlN than those in InGa
alloys (0.22 Å vs 0.16 Å) due to the large size misma
between the binary constituents AlN vs InN than compa
with GaN vs InN. These results make obvious that, in c
trast to the lattice constants, Vegard’s law fails for bo
lengths of both InGaN and InAlN as in other III-V alloys
The second-nearest-neighbor distances are plotted in F
for InGaN and InAlN. Again good agreement with expe
mental data can be stated for InGaN alloys, in particu
taking into account the uncertainties due to length fluct
tions. The In-In, N-N, In-X, andX-X distances shown in Fig
5 exhibit four distinct values: the smallest distance is fou
for the X-X value ~Ga-Ga and Al-Al!, while the In-In dis-
tance is the largest, and the N-N and In-X lengths are be-
tween the two extremes. We also note that the dependenc
composition for the cation-cation 2NN distances is sign
cantly larger than for the nearest-neighbor bonds. The he
second-nearest-neighbor distancesRIn-Ga andRIn-Al exhibit a

FIG. 5. Averaged second-nearest-neighbor distances in InG
~a! and InAlN ~b! alloys vs composition compared to the expe
mental data. Reference 38: In-In~cross!, In-Ga ~star!, Ga-Ga~solid
circles!.
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stronger composition dependence than the second-nea
neighbor distancesRGa-Ga, RIn-In , and RAl-Al of equal cat-
ions. This feature differs from those observed in other III
alloy systems, where all the second NN cation-cation d
tances almost follow the same composition dependence.39

C. Thermodynamic properties

The properties of the mixed crystals InGaN and InA
studied experimentally are not only influenced by compo
tion fluctuations on an atomic length scale but also by
composition into different random alloys for not too sma
and not too large In molar fractions. Information about su
a miscibility gap follows from the free energy of the mixe
ternary system. An important contribution arises from t
mixing enthalpy. The mixing enthalpy of InxX12xN alloys
can be obtained from the calculated total energies as

DH5EInXN2xEInN2~12x!EXN , ~11!

whereE InXN , EInN , andEXN are the respective total energie
for InXN alloys, InN, andXN. For x50.5 we find 34 meV/
atom for the InGaN alloy and 53 meV/atom for the InAl
alloy. The large values ofDH for InGaN and InAlN alloys
suggest large critical temperatures. Consequently, there
be a tendency for immiscibility in a wide composition ran
at temperaturesT of epitaxial growth. The larger mixing

N
FIG. 6. T-x phase diagram of InGaN~a! and InAlN ~b! alloys.

Solid line: binodal curve. Dashed line: spinodal curve.
3-5
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enthalpy for InAlN alloys suggests a higher critical tempe
ture and, hence, that the immiscibility tendency is mo
prounouced.

From the resulting free energy of mixing,DF5DH
2RT@x ln x1(12x)ln(12x)#, where R is the gas constant
we calculate the temperature-composition phase diagr
which show the stable, metastable, and unstable compos
regions of a mixed crystal for a given growth temperatu
Figure 6 depicts the calculated phase diagrams for InG
and InAlN alloys. We observe a critical temperature of 14
K for InGaN alloys and 2350 K for InAlN alloys. The use o
smaller 8-atom supercells gives rise to slightly smaller cr
cal temperatures, in particular in the InAlN case.40 The
higher critical temperature of InAlN compared to InGaN c
be understood in the light of the larger lattice mismatch
the binary compounds AlN and InN. The mismatch in t
lattice parameters of the binary InN andXN leads to the
existence of an extended miscibility gap accompanied
spinodal decomposition. Our results for InGaN widely ag
with the calculation of Saito and Arakawa,41 who used the
valence-force-field method and found a critical temperat
of about 1417 K. Our results indicate that for intermedia
compositions InGaN and InAlN alloys are unstable at
temperatures commonly used in epitaxial growth. This is
agreement with the fact that recent experimental work42,43

reported strong evidence of phase separation for InGaN
loys. In the case of spinodal decomposition the band gap
its bowing behavior has to be discussed carefully in the
pendence on the measurement method used.

IV. CONCLUSIONS

In summary, we have studied the electronic, structu
and thermodynamic properties of InxGa12xN and InxAl12xN
. J

o

.A

n

n

g,
nd

07521
-
e

s
on
.
N
0

-

f

y
e

e
e
e
n

l-
nd
-

l,

alloys by performing first-principles pseudopotential plan
wave calculations. We found a strong composition dep
dence of the gap bowing of InGaN and InAlN alloys. O
results suggest that the bowing of InAlN alloys have a
markable contribution from the structural~volume deforma-
tion! effect and it is also characterized by an importa
charge-transfer effect. On the other hand, the gap bowin
InGaN alloys is dominated by the structural effect. The l
tice constants of InGaN and InAlN follow Vegard’s law, bu
small deviations occur for large In molar fractions arou
x50.8. The bond lengths and the second-nearest-neig
distances calculated for InGaN alloys are in good agreem
with data obtained from recent x-ray absorption fine str
ture measurements. The hetero second-nearest-neighbo
tances in InGaN and InAlN alloys show stronger compo
tion dependences than the second-nearest-neighbor dista
between like atoms. The calculated phase diagrams indi
a significant phase miscibility gap. The calculated critic
temperatures are 1400 K and 2350 K, respectively, for
GaN and InAlN alloys. These results indicate th
InGaN and InAlN alloys are unstable over a wide range
intermediate compositions at normal growth temperatu
This effect has also to be taken into account in the discus
of the gap bowing.
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