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Raman scattering in YBa2Cu3O7:
A comprehensive theoretical study in comparison with experiments
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All Raman-active phonon modes of YBa2Cu3O7 are investigated by first-principles linearized augmented
plane-wave calculations based on density-functional theory for a fully optimized crystal structure. The calcu-
lated frequencies as well as the Raman scattering intensities are in excellent agreement with measured Raman
spectra. The effect of site-selective isotope substitution on the Raman spectra is investigated. The substitution
not only shifts the phonon frequencies, but also leads to dramatic changes in the scattering intensities.
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I. INTRODUCTION

The electronic properties of high-Tc superconducting cu
prates are strongly governed by their crystal structure. D
placements of ions from their equilibrium positions
caused by vibrational modes lead to changes in the electr
structure, due to strong electron-phonon coupling in th
compounds. Electron-phonon coupling and the role of
lattice were subject of investigation since the discovery
high-Tc superconductivity. Results of these investigations
dicate the importance of the coupling of electrons to the
tice in the normal state as well as a significant relation
tween phonons and the superconducting transition.

When ions are displaced from their equilibrium position
the increase of the total energy leads to lattice forces wh
push them back and thereby result in lattice vibrations. At
same time the crystal’s electronic structure and the rela
properties are changed. When an electromagnetic w
propagates through a crystal, its frequency is changed du
the modulation of the dielectric tensor caused by the tim
dependent ionic displacements. This light scattering by
tice vibrations results in the Raman process.

Since Raman scattering is determined by the influenc
the ionic motions on the electronic states in a wide ene
range, Raman spectroscopy provides valuable informatio
both, the lattice properties as well as the electronic s
system. The total energy and the dielectric tensor as a fu
tion of the atomic coordinates required for the theoreti
description of the Raman spectra can be obtained by fi
principles band-structure methods within the frozen-phon
approach. The total energy and the atomic forces acting
the displaced ions yield the force constants necessary to
termine phonon frequencies and eigenvectors, while also
dependence of the dielectric tensor is used to calculate
Raman intensities.

First-principles calculations appeared to be very useful
describing the properties of high-Tc cuprates close to optima
doping, where they demonstrate good metallic behav
While the Raman spectra of YBa2Cu3O72x have been mea
sured on some underdoped samples,1,2 the corresponding the
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oretical investigations are still lacking. This is due to the fa
that first-principles calculations require an ordered struct
which would lead to huge supercells for arbitrary dopi
levels. In this paper we focus on YBa2Cu3O7 which is best
studied, experimentally as well as theoretically.

It turned out that best agreement with experimental dat
achieved when the crystal structure is optimized theor
cally, i.e., when unit-cell volume, axis ratios, and atomic p
sitions are obtained by searching for the lowest total ener3

In order to study vibrational properties and phonon Ram
scattering we have performed frozen-phonon calculati
within this optimized crystal structure. We focus our atte
tion on the Raman-active modes~zero-momentum transfer!
which are divided into three symmetry classes:A1g , B2g ,
and B3g . Each class contains five eigenmodes which
coupled vibrations of Ba, the plane copper atom Cu2,
plane oxygens O2 and O3, and the apical oxygen O4.
A1g modes representc-axis vibrations of these five atoms
while within theB2g , andB3g modes these atoms move
the a andb direction, respectively. The spectral densities
inelastic light scattering are quantitatively compared to m
sured spectra. Our approach also gives us the possibilit
consider the site-selective isotope substitution and its in
ence on the phonon frequencies and scattering intensitie

II. METHOD

A. Raman scattering in the frozen-phonon approximation

In Raman spectroscopy a light beam with frequencyv rmI
irradiates a crystal, where the spectrum of scattered ligh
investigated. The spectrum of scattered light contains pe
around the frequenciesvS5v I2vph ~Stokes process! and
vS5v I1vph ~anti-Stokes process!, wherevph is a phonon
frequency. To calculate the scattering probability, first t
frequencies and eigenvectors of the zero-momen
phonons are determined by solving the eigenvalue equa

D̂Qz5vz
2Qz . ~2.1!
©2002 The American Physical Society01-1
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Here Qz5(e1z , . . . ,eaz , . . . ,eNz) is the eigenvector of the
phonon modez with frequencyvz , which, in general con-
sists of 3N components, whereN is the number of atoms pe
unit cell. Indexa51, . . . ,N numerates the ions, andeaz is
the displacement of the ion. The elements of the dynam
matrix D̂ are the mass-weighted force constantsFi j

ab ,

D j ,l
a,b5

F jl
ab

AMaMb

5
1

AMaMb

]2Etot

]uj
a]ul

b
, ~2.2!

whereEtot is the total energy of the system as a function
ionic displacementsuj

a , Ma is the mass of atoma, and j ,l
5x,y,z are Cartesian indices. Generally, they couple allN
degrees of freedom, since the displacement of atoma in
directionj can result in a force acting on atomb in direction
l. However, the dynamical matrixD̂ is usually split in
smaller blocks determined by the crystal symmetry, allow
a simpler treatment of the problem. As a result, some co
ponents of the vectorQz vanish. For YBa2Cu3O7, each of
the classes—A1g , B2g , andB3g—is represented by a 535
block of the dynamical matrix. The atomic displacements
a given mode are expressed by

uz
a5const

eaz

AMa

. ~2.3!

Within the frozen-phonon approximation, the atomic d
placements are treated as a quasistatic perturbation, w
influences the electron band energies and wave functi
and increases the crystal’s total energy. After calculating
total energies for different displacement patterns the ene
surface can be expanded as a polynomial in all displacem
coordinates,

Etot5A01(
j ,a

Ajuj
a1

1

2 (
j ,a

(
l ,b

Ajl uj
aul

b

1
1

6 (
j ,a

(
l ,b

(
m,g

Ajlmuj
aul

bum
g 1 . . . , ~2.4!

where the coefficients are obtained by a fitting procedu
The numerical effort is dramatically reduced if not only t
total energy is computed self-consistently, but also the for
acting on the atoms within the unit cell. In this case, t
coefficients can be determined by fitting the atomic forc
where the number of configurations needed scales linear
N. This procedure not only improves the accuracy of
results by providing more data for the same number of c
figurations, but makes the investigations of complex syste
like high-Tc materials feasible.4 From the energy surface th
force constants are computed, where the phonon frequen
vz and eigenvectorsQz are obtained by diagonalizing th
dynamical matrix, i.e., solving Eq.~2.1!. After diagonaliza-
tion, the energy can be written as a one-dimensional pote
as a function of each phonon eigenvector,

Etot5a01a2Qz
21 . . . , ~2.5!
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with the frequency of the mode determined by the coeffici
a2. A theoretical analysis of phononic Raman intensities
crystals has been given by several authors.5–7 In this paper,
we follow the description of the Raman scattering proc
derived with the aim to calculate Raman spectra from
servables which can be directly obtained from frozen-phon
ab initio band-structure calculations.8,9 The quantum-
mechanical expression for the Raman efficiency caused
the transitions between the eigenstatesu i & andu f & with ener-
giesEf andEi , respectively, is given by8

Sjl
i→ f5

NVVv IvS
3

~4p!2c4
ud« j l

i→ f u2, ~2.6!

whereNVV is the coherence volume withV being the vol-
ume of the elementary cell, andc is the velocity of light.j
and l denote the polarization direction of the incident a
scattered light, respectively. Here we restrict our consid
ations to one-phonon scattering, while the higher-order p
turbation processes are described in the Appendix. The
trix element of the transition arising due to fluctuations of t
dielectric function in a phonon modeQz has the form

d« j l
i→ f5^ f ud«̂ j l

v Iu i &5^ f u
]« j l

v I

]Qz
Q̂zu i &

5
]« j l

v I

]Qz
^nuQ̂zum&[d« j l

m→n . ~2.7!

Here we have made use of the adiabatic approximation,
writing the eigenstates of the many-body system as a pro
um& ^ ug& of vibrational statesum& and electronic statesug&,
where the latter are independent ofQz . Thus the transition
between the eigenstates occurs in the phononic subsy
only with u i &→u f &5um& ^ ug&→un& ^ ug&. In this case the
matrix element in Eq.~2.7! is a product of an electronic an
a phononic contribution, which can be evaluated separa
The total Raman efficiency of one phonon mode at tempe
tureT is given by the thermal average over the contributio
of all possible transitions:

Sjl 5

NVVv IvS
3(

m
e2Em /kT(

n
@d« j l

m→n#2

~4p!2c4(
m

e2Em /kT

. ~2.8!

This expression describes the integrated line intensity of
observed Raman spectrum. For direct comparison with
periment the spectral density as a function of the Raman s
vR5v I2vS can be obtained by introducing a normalize
line shapeL in account for phonon lifetimes:
1-2



s j l ~v !5

NVV~v I2v
R
!3(

m
e2Em /kT(

n
@d« j l

m→n#2L~v
R
,vmn ,G!

, ~2.9!
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where G is the phonon linewidth, andvmn is the phonon
frequency. ForL(vR,vmn ,G), usually a Lorentzian shape i
taken.

Like the phonon potential in Eq.~2.5!, the frequency de-
pendent dielectric tensor can be expanded as a polynomi
terms of the phonon eigenvector with the coefficients be
obtained by fitting to the first-principles results:

« j l ~v!5b0
j l ~v!1b1

j l ~v!Qz1b2
j l ~v!Qz

21 . . . .
~2.10!

In this case the derivatives of the dielectric functions appe
ing in Eq. ~2.7! are represented by the coefficients of t
polynomial at the incident photon energy. The pure vibro
matrix elements are calculated numerically after solving
harmonic~or anharmonic! oscillator problem for the poten
tial given in Eq.~2.4!. The expressions~2.5! and~2.10! thus
contain all the information necessary from the band-struc
calculations to determine the Raman spectra for a cer
eigenmode. One can see from Eq.~2.7! that the eigenvectors
of the vibrations are crucially important for the Raman sc
tering intensities, and therefore precise knowledge of all
evant force constants is needed to reliably describe the
man spectra.

B. Computational details

The calculations, which are based on density-functio
theory~DFT!, are carried out within the full-potential linea
ized augmented plane-wave~LAPW! method10 using the
program packageWIEN97.11 Exchange and correlation effec
are treated within the local-density approximation~LDA !. In
order to account for overbinding effects by LDA we ful
relaxed the crystal structure,3 i.e., lattice parameters as we
as atomic positions. Thereby the volume turned out to be
smaller than the experimental one. The so obtained geom
was the starting point for the frozen phonon calculations
determine frequencies and eigenmodes of all 15 Ram
active phonons and the scattering intensities for the 5A1g
vibrations.

Our basis set includes approximately 2000 basis functi
supplemented by local orbitals for the treatment of semic
states Y-4s, Y-4p, Ba-5s, Ba-5p, Ba-4d, Cu-3s, Cu-3p,
O-2s. For the A1g modes the Brillouin-zone integration
were carried out on ak-point mesh consisting of 243 point
in the irreducible wedge~IBZ! using a Gaussian smearing
0.002 mRyd. For theB2g andB3g vibrations 144k points in
the IBZ turned out to give sufficient accuracy. In all cas
the k-point mesh was further increased for the computat
of the dielectric tensors. The details of the optimization p
cedure can be found in Ref. 3.
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The force constants were established by least-square
of atomic-force values calculated for 8 to 13 different disto
tion patterns for each class of modes~the actual number de
pending on the symmetry!. After diagonalization of the dy-
namical matrix the atoms were again displaced along
eigenvector. Thereby we could cross check the accurac
the fitting procedure and, more important, accurately
scribe the dielectric tensor as a function of displacement
cording to the exact normal coordinate as given in Eq.~2.10!.

III. RESULTS AND DISCUSSION

A. Phonon frequencies and eigenvectors

Table I shows the phonon frequencies and the correspo
ing eigenvectors of all the Raman-active modes obtained
solving Eq.~2.1!. Although theA1g data have been publishe
elsewhere3 they are repeated for completeness and furt
comparison to the results for site-selective isotope subs
tion. All phonon frequencies excellently reproduce their e
perimental counterparts, with a significant improveme
achieved compared to the calculations carried out for
experimental structural parameters.4,18,19 The corresponding
eigenvectors generally reflect the fact that the motion of o
atom is now less influenced by the displacement of the o
atoms. This was pointed out already in Ref. 3 for theA1g
modes. In particular, it should be mentioned that the O4 c
tribution to the O2–O3 mode is much smaller in comparis
to the result obtained with experimental lattice paramete
since this admixture is responsible for dramatic effects on
Raman-scattering intensity as will be shown below. It sho
also be mentioned that the eigenvectors are in good ag
ment to those estimated from experimental data.22 For the
B2g andB3g vibrations, the modes are clearly dominated
one atomic species. Note that O2~O3! in the B2g (B3g)
mode has a large vibrational frequency due to the stretch
of a rigid Cu-O2~Cu2-O3! bond inx(y) direction.

In addition to already published experimental data, mic
Raman measurements have been performed on single
tals at room temperature using the scanning multichan
technology.20 From the different polarization geometries th
phonon frequencies have been determined for the diffe
symmetry species as given in Table I. In contrast to the d
available in literature, the frequencies of the totally symm
ric modes have been taken in (zz) polarization. Due to the
absence of interference of the phonons with the electro
background in this geometry we could determine the b
frequencies, which are 123, 152, 442, and 500 cm21. Only
the out-of-phase oxygen vibration~often denoted as theB1g
mode! at 338 cm21 has been measured in the usual 4
rotated (x8y8) cross polarization in the (xy) plane because
1-3
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TABLE I. Phonon frequencies~in cm21) and eigenvectors for theA1g , B2g , andB3g modes atq50 in
comparison to experimental data~this work and Refs. 12–17!.

Mode vexp v th Ba Cu2 O2 O3 O4

Ba 116-123 123 0.91 0.41 0.05 0.05 0.04
Cu2 145-152 147 0.42 20.90 20.08 20.06 0.00

A1g (ic) O2–O3 335-338 338 0.00 0.03 20.77 0.63 20.01
O21O3 435-442 422 0.03 0.11 20.60 20.73 20.31

O4 493-500 487 0.02 20.02 0.19 0.24 20.95

Ba 69-79 65 0.90 0.29 0.14 0.08 0.29
Cu2 140-142 142 20.35 0.82 0.38 0.24 0.00

B2g (ia) O4 209-210 222 20.27 20.09 20.03 20.04 0.96
O3 370 389 0.00 20.30 0.06 0.95 0.02
O2 579-585 593 0.00 0.37 20.91 0.18 0.02

Ba 78-83 79 0.91 0.32 0.10 0.15 0.18
Cu2 140-141 141 20.36 0.81 0.25 0.37 20.03

B3g (ib) O4 303-307 293 20.17 20.04 20.03 0.01 0.98
O2 378 372 0.00 0.34 20.93 20.11 20.01
O3 526 546 0.00 20.34 20.23 0.90 20.03
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of its extremely small intensity in (zz) polarization. The ab-
solute cross sections have been determined by accountin
absorbance, reflection, and refraction. TheA1g spectra are
given in Fig. 2. The measuredB3g spectra clearly show the
O2 mode at 378 cm21, which is excellently reproduced b
our calculations.

B. Raman intensities

The calculated spectral densities are shown in Fig. 1
diagonal scattering geometries at room temperature. For
Lorentzian line shapes an overall line broadening ofG
535 K has been chosen. Theory quantitatively reprodu
the experimentally measured intensities presented in Fig
For comparison, in Fig. 1 the calculated intensity of the
and Cu mode are displayed~gray lines! when a smaller
broadening of 18 K is used for the two low-energy mod
With this choice, for the (zz) polarization not only the inte-
grated intensities, but also the spectral densities excelle
agree with their experimental counterparts. The intensitie
the in-plane polarizations are more than one order of ma
tude smaller than those in (zz) geometry as already found b
Heyenet al.21 in the resonant Raman scattering.

The resonant behavior of the total efficiencySzz(v) ~that
is the integrated spectral density! is presented in Fig. 3. Sinc
Raman-scattering experiments exhibit the phonon frequ
cies but at the same time probe the components of nor
vectors, the Raman intensities contain much informat
about the precision of the calculated eigenvectors. The
placement of the apical oxygen has the strongest effec
the electronic structure and thus gives rise to the bigg
scattering intensity21,23 among theA1g modes in (zz) polar-
ization. Since]«zz(v)/]uO4, i.e., the change of the dielec
tric function with O4 displacement, is large, the contributi
of the apical oxygen plays an important role for the Ram
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intensity of both the O4 and O21O3 modes. The dependenc
of «zz(v) upon displacements of the atoms with respect
the eigenvectors of these two modes is seen in Figs. 4 an
The strong change with the O4 coordinate~eigenvector!
arises due to the largez-coordinate matrix element betwee
the O4(pz) and Cu1(dz22y2) orbitals contributing

FIG. 1. Calculated Raman intensities~black lines! of the A1g

modes for a laser wavelength of 514 nm in (xx), (yy), and (zz)
polarization at room temperature. An overall lifetime broadening
G535 K was used. For comparison, the grey curves show the
responding spectra for the Ba and Cu mode, whenG518 K.
1-4
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RAMAN SCATTERING IN YBa2Cu3O7: A . . . PHYSICAL REVIEW B 65 064501
to «zz(v). Due to a resonance of the incident light with th
interband transition between the bands where these orb
are heavily involved,«zz(v) is strongly modulated by the
ion displacement. For the in-plane states this matrix elem
arises only due to the small buckling of the CuO2 layers,
being weakly modulated by the displacements of plane o
gen ions. For that reason the plane oxygen ions give a r
tively small contribution to the Raman activity in (zz) polar-
ization.

FIG. 2. Measured Raman intensities in different geometries f
laser wavelength of 514 nm at room temperature. TheA1g frequen-
cies are determined to be 123, 152, 338, 442, and 500 cm21, re-
spectively.

FIG. 3. Resonance behavior of the Raman intensity in (zz) po-
larization for the three oxygen dominated modes.
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Previously, a good overall agreement between theory
experiment of the Raman intensities as a function ofv I was
found. The only exception was the O2–O3 mode in (zz)
polarization where a much too high intensity was obtain
by the linear muffin-tin orbital~LMTO! calculations.21 This
behavior can be understood by the large contribution of
O4 displacement in the normal vector used in Ref. 21. As
be seen in Figs. 1 and 3 this discrepancy is lifted when tak
into account the eigenvector displayed in Table I. In exc
lent agreement with experiment21,22 the intensity of the O4
mode at the peak position is approximately seven times
big as for the O21O3 mode, whereas the Raman efficien
of the O2–O3 mode is two orders of magnitude smaller th
that of the O4 vibration.

During the vibrations ofB2g andB3g symmetry, the atoms
are displaced from positions lying in a mirror plane. T
displacement to both directions is equivalent leading to
symmetric potential and a saddle point in the dielectric fu
tion « j j . For the latter reason, the first derivative of th
quantity and hence the Raman intensity in diagonal polar

a

FIG. 4. Real and imaginary part of the dielectric tensor com
nent«zz for different atomic displacements along the eigenvector
the O4 mode~upper panel!. The lines correspond to the O4 io
displacement of 0.025 Å~solid!, 0.0125 Å ~dashed!, 0 ~dotted!,
20.0125 Å ~dash-dotted!, and 20.025 Å ~double dash-dotted!.
In addition the corresponding derivatives are displayed~lower
panel!.

FIG. 5. Derivatives of real and imaginary part of the dielect
tensor component«zz with respect to the eigenvector of the O21O3
mode.
1-5
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C. AMBROSCH-DRAXL et al. PHYSICAL REVIEW B 65 064501
tions is zero. Due to the lowering of the symmetry fin
nondiagonal terms are allowed, but they are very small.
deed, the measured Raman intensities are two orders of m
nitude smaller than those of theA1g modes. This finding is
also reproduced by our calculations.

C. Site-selective isotope effect in Raman spectra

Technologically, it is possible to produce the YBa2Cu3O7
crystals with a site-selective oxygen isotope substitution,

FIG. 6. Isotope effect on the Raman spectra of the three oxy
modes in (xx), (yy), and (zz) polarization. The grey~black! lines
indicate substitution of the plane~apex! oxygen atoms by18O,
whereas the dashed lines correspond to the case without sub
tion.
06450
-
ag-
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where only the plane or the apical oxygen sites are occup
by another isotope.24–28Thereby the influence onTc strongly
depends on the type of the substitution. Replacement of o
gen atoms by their18O isotopes has two effects on the R
man spectra. First, the vibrational frequencies are lowe
due to the increased ionic mass. Second, the phonon ei
vectors are altered as well. As already mentioned above,
Raman intensities strongly depend on the eigenvector o
mode, and therefore modifications in the eigenvectors
rectly cause changes in the phonon intensities.29 In contrast,
a substitution of all oxygens by isotopes, only cause a
quency decrease of the oxygen modes byA16/18 and does
not affect the eigenvectors, since the oxygen modes ca
regarded to be decoupled from the Ba-Cu subsystem.

Figure 6 presents the Raman intensities for two differ
cases of the16O→18O substitution compared to the resul
for the nonsubstituted crystal. The eigenvectors and frequ
cies are represented in Tables II and III, respectively. T
dramatic effects of the site-selective substitution on the
tensities of the O21O3 mode and the O4 mode can be u
derstood in the following way. In the nonsubstituted cryst
these modes are close in frequency and hence conside
mixed.22 In the case of18O4 (18O2,18O3) substitution the
modes become more~less! close in frequency, and therefor
the vibrations of the atoms involved get more~less! strongly
coupled. This fact leads to changes in the Raman intens
as shown in Fig. 6 and their resonant behavior.

Excellent agreement between theory and experimen
found for the frequency shifts~see Tables II and III! where
experimental data are available.25 The relatively small devia-
tions from the measured values can be understood by
uncertainties in the substitution: For the O4 substitu
samples a 15% replacement of the plane oxygens was
mated. Since the O4 mode is nearly completely decoup
from the plane atoms, the additional replacement of pla
oxygens does not affect the O4 frequency. In this case,
experimental frequency shift is in perfect agreement w
theory. In contrast, the shift of the experimental O21O3 fre-
quency is enhanced by the18O content of the planes. Th
same holds for the O2–O3 mode, where a small freque

n

itu-
in
Ref.
TABLE II. Phonon frequencies and frequency shifts~in cm21), and eigenvectors for the oxygen modes
A1g , B2g , andB3g symmetries for plane oxygen isotope substitution. Experimental data are taken from
25.

Symmetry Mode v Dv Dvexp Ba Cu2 O2 O3 O4

A1g O2–O3 318.5 219.3 217 0.01 20.03 0.77 20.63 20.01
O21O3 399.7 222.2 221 0.03 0.12 20.61 20.75 20.21

O4 485.0 22.0 20.03 0.01 20.14 20.19 0.97

B2g O4 222.4 0.0 0.27 0.09 0.03 0.05 20.96
O3 368.6 220.2 0.00 20.30 0.04 0.95 0.02
O2 564.3 229.0 0.00 20.38 0.91 20.17 20.02

B3g O4 292.9 0.0 20.18 20.03 20.04 0.01 0.98
O2 353.5 218.7 0.00 20.34 0.94 0.08 0.02
O3 518.6 227.3 0.00 20.35 20.22 0.91 20.03
1-6
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TABLE III. Phonon frequencies and frequency shifts~in cm21), and eigenvectors for the oxygen mod
in A1g , B2g , andB3g symmetries for apical oxygen isotope substitution. Experimental data are taken
Ref. 25.

Symmetry Mode v Dv Dvexp Ba Cu2 O2 O3 O4

A1g O2–O3 337.8 0.0 20.01 0.03 20.78 0.63 0.01
O21O3 418.3 23.6 28 0.04 0.11 20.55 20.67 20.49

O4 463.1 223.9 224 0.02 20.03 0.28 0.35 20.90

B2g O4 210.8 211.6 0.27 0.09 0.03 0.04 20.96
O3 388.8 0.0 0.00 20.30 0.06 0.95 0.02
O2 593.3 0.0 0.00 20.37 0.91 20.18 20.02

B3g O4 276.7 216.2 0.18 0.03 0.02 20.00 20.98
O2 372.2 0.0 0.00 20.34 0.93 0.11 0.01
O3 545.9 0.0 0.00 20.34 20.23 0.91 20.03
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shift can be seen in the spectrum, but no experimental v
is given in Ref. 25. At the plane oxygen substitution only
5% replacement of the apical and chain oxygen was de
mined. Therefore the effects can be estimated to be m
smaller than in the case discussed above. The experim
scattering intensities also allow for a comparison with
calculated spectra to some extent, e.g., the relative incr
of the O21O3 mode with respect to the O4 mode, wh
16O4 is replaced by18O4, is well reproduced by our calcu
lations. For a detailed analysis, however, more informat
from experimental side is needed.

Isotope substitution at the134Ba and 65Cu sites shows
only a minor influence on the intensities of correspond
phonons. This effect can be understood by the small mix
of these modes, clearly seen in Table I. The effect on pho
frequencies and eigenvectors of the Ba and Cu domin
modes in all three symmetry classes are shown in Table
and V. Comparison with experiments30 for theA1g modes as
discussed in Ref. 9 demonstrates excellent agreement a
confirming the precision of the calculated eigenvectors.
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APPENDIX

By taking into account the higher-order terms in theQ̂
expansion of the dielectric function, we can write the mat
element for the transition between the statesum& and un& in
their general form~staying within the adiabatic approxima
tion!,

d« j l
m→n;(

n

1

n! (
zn ,qn

]n« j l
v I

]Qz1q1
•••]Qznqn

3^nuQ̂z1q1
•••Q̂znqn

um& ~A1!

which reduces to Eq.~2.7! when only one specific mode a

q50 is considered. HereQ̂zn ,qn
is the eigenvector for the

phonon branchzn with momentumqn . Taking into account
only one branch Eq.~A1! can further be split into one-, two-
three-phononic, contributions, etc., all of them with total m
mentum transferq11q21•••qn50 as needed for light scat
tering in solids:
d
ken
TABLE IV. Phonon frequencies and frequency shifts~in cm21), and eigenvectors for the barium an
cooper mode forA1g , B2g , andB3g symmetries for barium isotope substitution. Experimental values ta
from Ref. 30.

Symmetry Mode v Dv Dvexp Ba Cu2 O2 O3 O4

A1g Ba 124.4 21.2 21.360.2 0.89 0.44 0.05 0.05 0.04
Cu 147.6 20.3 20.160.2 0.44 20.89 20.08 20.05 20.00

B2g Ba 65.8 20.6 20.89 20.30 20.14 20.08 20.29
Cu 142.3 20.2 0.060.5 0.35 20.82 20.38 20.24 0.00

B3g Ba 80.0 20.8 20.91 20.33 20.10 20.16 20.18
Cu 140.9 20.2 20.460.5 20.37 0.81 0.25 0.37 20.04
1-7
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@d« j l
m→n# (1)5

]« j l
v I

]Q0
^nuQ̂0um&1

1

2

]2« j l
v I

]Q0
2 ^nuQ̂0

2um&1
1

6

]3« j l
v I

]Q0
3 ^nuQ̂0

3um&1•••

@d« j l
m→n# (2)5 (

qÞ0
H 1

2

]2« j l
v I

]Qq]Q2q
^nuQ̂qQ̂2qum&1

1

24

]4« j l
v I

]Qq
2]Q2q

2 ^nuQ̂q
2Q̂2q

2 um&1•••J
@d« j l

m→n# (3)5(
q,q8

8H 1

6

]3« j l
v I

]Qq]Qq8]Q2q2q8

^nuQ̂qQ̂q8Q̂2q2q8um&1•••J . . . . ~A2!

(8 indicates that the sum does not include the terms already considered in the lower-order processes. The total spect
is the sum of different contributions, analogous to Eq.~2.9!:

s j l ~v
R
!5

NVV~v I2v!3(
m

e2Em /kT(
n

(
n

@d« j l
m→n#vS

(n)2L (n)~vR,vmn ,G!

~4p!2c4(
m

e2Em /kT

. ~A3!

TABLE V. Phonon frequencies and frequency shifts~in cm21), and eigenvectors for the barium and
copper mode forA1g , B2g , andB3g symmetries for copper isotope substitution. Experimental values taken
from Ref. 30.

Symmetry Mode v Dv Dvexp Ba Cu2 O2 O3 O4

A1g Ba 122.9 20.3 20.260.2 0.90 0.44 0.05 0.05 0.04
Cu 145.9 21.3 22.160.2 0.44 20.90 20.07 20.05 20.00

B2g Ba 65.1 20.1 20.90 20.30 20.14 20.08 20.29
Cu 141.1 21.1 20.760.5 0.35 20.83 20.38 20.23 0.00

B3g Ba 79.1 20.1 20.91 20.33 20.10 20.15 20.18
Cu 139.6 21.0 21.360.5 20.37 0.82 0.25 0.37 20.03
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