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Influence of isotope scattering on the thermal conductivity of diamond
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The thermal conductivity of diamond crystals with different isotope contents is evaluated in the framework
of a microscopic model that considers acoustic- and optical-phonon branches. The phonon Boltzmann equation
is solved iteratively, with the phonon wave vectors taken in the real Brillouin zone and the three-phonon
normal and umklapp collisions, with the isotope scattering, rigorously treated. As a consequence, the evalua-
tion of the thermal conductivity is done avoiding the relaxation-time approximation for the scattering mecha-
nisms. Good agreement with the experimental data is obtained. The calculation reveals a fundamental role of
the optical phonons in determining the thermal resistivity of diamond. Comparison of the theoretical results
with the recent experimental data for germanium and silicon is also proposed.
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I. INTRODUCTION

Besides its very efficient thermal transport at room te
peratures, an important feature of diamond thermal cond
tivity has to be emphasized: the large enhancement of
conductivity obtained when the isotopic purity is increase1

It was observed that it amounts to 50% at room tempera
when the12C concentration goes from 98.9 to 99.9%.

The present paper discusses the thermal conductivity
the role of the isotope scattering in diamond with the fram
work of a recently introduced approach to the solution of
phonon transport equation.2 In Ref. 2, the thermal conductiv
ity of crystals with diamond structure, germanium and s
con, was approached with a numerical iterative procedur
solve the phonon transport equation, and reference was m
to the real Brillouin zone of the crystal. Such a theory avo
the approximations usually introduced in the literature
solve the Boltzmann equation~relaxation time, trial func-
tions in variational methods, etc.! and to describe the struc
ture of the solid~continuum model, with all the difficulties
deriving from its use in the treatment of the umklapp p
cesses and optical phonons!. The only approximation intro-
duced in Ref. 2 was connected with a central pair poten
responsible for the interaction between atoms. In spite o
simplicity, such a potential was shown to provide good d
persion curves for phonon frequencies in germanium
silicon.

It is then very interesting to study the diamond therm
conductivity, and the isotope role too. The discovery of t
great isotope effect1 was followed by many experimental in
vestigations in diamond3–5 and in materials with diamond
structure, particularly germanium and silicon.6,7 The possi-
bility to reach a high thermal transport at room temperat
is very stimulating in the case of silicon,8–10since it could be
exploited in the technology of chemical vapor depositi
~CVD! films, actually proposed for diamond.11–13

Many attempts have been made in the literature to exp
the role of isotopic effect in diamond. All these attemp
were weakened by the approximations used in the calc
tions ~relaxation-time approximations, Debye-like spectru
and so on!.
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To explain the variation of the diamond thermal condu
tivity related to the isotope content, an approach of
Klemens-Callaway type14,15 was tried by Onnet al.4 This
theoretical approach was suggested by the failure of the c
sical Ziman calculation.16 However, in Ref. 4, in order to
obtain a good agreement with the experimental data, a
ther source of phonon scattering was introduced by assum
an increase of the number of vacancies in natural diamo
Against this interpretation, it was argued that large isoto
effects are not inconsistent with the existing theories.17

In the frame of a Callaway approach, based on
relaxation-time approximation, the effect of isotopes was
terwards discussed by Olsonet al.,5 Lanhua Weiet al.,3 and
by Novikov et al.18 It was pointed out in Ref. 3, that th
scattering mechanisms relevant to enhance the isotopic e
are the normal rather than the umklapp processes.

A two-step model for the normal processes was also p
posed for diamond:19 in the first step, the normal process
transfer low-frequency phonons into the high-frequency
gion, in the second step, phonons undergo the resistive
cesses.

It is then interesting to inquire if the observed isotop
effect can be explained by a model where the approach to
solution of the transport equation is avoiding relaxation-tim
approximations and the real crystal structure is taken i
account: in other words, a model where umklapp proces
and optical phonons are rigorously introduced as a con
quence of the lattice dynamics. Although in the case of d
mond the use of a pair potential leads to some discrepan
between experimental and theoretical phonon-dispers
curves, the theory developed in Ref. 2 seems at presen
provide the simplest and, at the same time, most relia
model to discuss the thermal conductivity of such a mater

The Boltzmann transport equation is solved through
iterative procedure.20 The iterative solution allows the simul
taneous treatment of all the scattering phonon processes~nor-
mal, umklapp, and isotope scattering processes! due to ac-
count being taken of the interference among differe
scattering mechanisms. Actually, the effect of isotopes
germanium and silicon was already discussed in Ref. 21,
in the framework of an isotropic lattice model, where optic
©2002 The American Physical Society05-1
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A. SPARAVIGNA PHYSICAL REVIEW B 65 064305
phonons were not treated in a rigorous way.
In the present paper, a discussion of the thermal cond

tivity of diamond and the role of the isotopic defects is p
sented. Calculations for germanium and silicon are rep
posed in comparison with interesting experimental data6,7

The model does not consider the presence of other la
defects, such as vacancies, dislocations, and grain bo
aries, that further reduce thermal conductivity.

II. RESULTS FOR DIAMOND AND COMPARISON
WITH EXPERIMENTAL DATA

The central potential is described in terms of six para
eters denoted byr,r8,b,b8,e,e8 whose definition was given
in Ref. 2. The parametersr,r8,b,b8 appear in the equation
of the atomic motion22 and can be derived by imposing th
best fit of the theoretical phonon-dispersion curves to
experimental points as given in Ref. 23.

In Fig. 1 the result of the calculation of phonon dispe
sions for diamond is shown: the parameters turn out to
r50.15 and b54.2,b850.17 (b,b8 are in units of
1020 g cm22 s22). The value ofr8 is assumed to ber8
52r/8, as obtained in Ref. 2.r,r8 are dimensionless pa
rameters.

The anharmonic parameters«,«8, involved in the phonon-
phonon interaction, require the knowledge of the Gru¨neisen
high-temperature parameter~in the case of diamondgG
50.57, Ref. 19!: the values of« and«8 turn out to be 35 and
0.4, respectively. Such a set of parametersr,r8,b,b8,e,e8
fits the experimental value of the thermal conductivity at 3
K for natural diamond. For the calculation the cell spaci
parameter was taken asa50.356 nm.

The isotope scattering is characterized by a mass di
enceDM which is assumed to be present in a fractionf i of
the atoms belonging to the crystal. The probability rate
the scattering due to a single center used for the calcula
is the same as proposed by Srivastava~see Ref. 22, p. 179!.
The scattering centers are assumed randomly distributed
f i is assumed to be so small that any interference effect
tween any two centers is excluded.

FIG. 1. Theoretical phonon dispersion curves~continuous lines!
for diamond, in comparison with experimental data.23
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Through the iterative procedure described in Ref. 20 o
obtains the thermal conductivity of natural diamond and
isotopically enriched diamond, using forf i(DM /M )2 the
values of 6.931025 and 731026 respectively. The corre-
sponding concentrations of13C are 1.1% and 0.1%.

At 400 K, one obtainsk514.8 W cm21 K21 for natural
diamond andk520.2 W cm21 K21 for the enriched mate-
rial, in full agreement with the experimental conductivitie
~14 and 20 W cm21 K21, respectively4!. The result is satis-
factory because it follows from a microscopic calculatio
the parameters employed in the theory having been justi
through the harmonic and anharmonic vibrational proper
of the crystal.

The relaxation-time approximation is completely avoide
since boundary scattering~the only scattering mechanism
treated with this approach! is not relevant at high tempera
tures.

Figure 2 shows the theoretical behavior of thermal co
ductivity for natural and isotopically enriched diamond as
function of temperature in the range between 200 and 500
The experimental data are those reported by Onnet al. and
by Lanhuaet al.3,4

For the low-temperature region, the thermal conductiv
was determined by treating the boundary scattering throug
relaxation time, that is

tp5LF/sp , ~1!

whereL is the Casimir length,F a correction factor depend
ing on the width to length ratio of the sample,24,25andsp the
velocity of sound for a phonon with polarization indexp. sp
is taken as the value referring to an isotropic model,21 in
which the two transverse acoustic branches have a com
value,sT , to be distinguished from the valuesL of the lon-
gitudinal acoustic phonons:sT and sL are considered inde
pendent of the wave vector. Boundary scattering of opti

FIG. 2. Temperature dependence of thermal conductivity~in
W cm21 K21) for natural diamond~1.1% of 13C, lower curve! and
for isotopically enriched diamond~0.1% of 13C, upper curve!. The
experimental data points of the natural and enriched samples
indicated by~1! and (L), respectively~Refs. 3 and 4!.
5-2
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INFLUENCE OF ISOTOPE SCATTERING ON THE . . . PHYSICAL REVIEW B65 064305
modes is neglected. ForL andF we use the Casimir length
L50.3 cm and the correction factorF50.5.

Figure 3 shows the behavior of the thermal conductiv
in the whole temperature range. Below 200 K, the behav
of the theoretical and experimental curves for the natu
sample are slightly different. The discrepancy is proba
due to the inadequacy of the theoretical dispersion curve
the lower acoustic branch. In fact, below 200 K acous
phonons are expected to play a dominant role in determin
the transport properties.

The microscopic model allows the evaluation of the ro
of optical phonons both in the three-phonon processes an
isotope scattering mechanisms. Table I lists the values ok,
referring to calculations for natural diamond~1.1% of 13C)
in the first two columns, and isotopically enriched diamo
~0.1% of 13C) in columns 3 and 4. Columns 1 and 3 sho
the result of the calculation in which both acoustic and op
cal phonons are taken into account; columns 2 and 4
obtained by considering only acoustic phonons.

At high temperatures the value of the thermal conduc
ity, when only acoustic phonons are considered, is rem
ably higher than the value obtained when all phonons

FIG. 3. Thermal conductivity~in W cm21 K21) for natural
~curve a! and isotopically enriched~curve b! diamond, in the entire
temperature range. The experimental data of the natural and
riched samples are indicated by~1! and (L), respectively~Refs. 3
and 4!.
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included. Thus optical phonons provide the main source
the thermal resistance in the range above 200 K.

Because of their small group velocity, they carry a neg
gible amount of heat but scatter the acoustic phonons
which heat transport is committed. This role of optic
phonons in the three-phonon processes for crystals with
mond structure was previously discussed by Srivastava,26,27

using relaxation times for phonon scatterings and Debye
Einstein phonon dispersion laws, approximations avoided
this paper.

The isotopic effect in diamond is clearly dominant at 2
K. At this temperature, the enhancement of the conductiv
in the isotopically enriched sample is slightly different~of
10%! when only acoustic phonons are considered. At hig
temperatures the difference is;20%: this is in agreemen
with the fact that isotope scattering is enhanced by the h
frequency phonons.

At lower temperatures, boundary and isotope scatter
are the only active processes: due to the time-relaxation
proximation used for the boundary scattering, the theoret
results must be considered only qualitatively. Since, to
author’s knowledge, low temperature data for single crys
are not available, any further discussion is avoided.

Comparison between the experimental data of german
and silicon and the microscopic calculations is presented
Figs. 4 and 5. Figure 4 shows the result of calculations
germanium with different percentages of isotope content

The microscopic potential parameters for germanium
the ones introduced in Ref. 2 and, for the isotope fac
f i(DM /M )2, use was made of the parameterg of the mass
variance defined by Eq.~1! of Ref. 6 and given in Table I of
the same reference. From the same table, the valueLE is
taken as the value ofFL in boundary scattering. The exper
mental data shown in the figure are those correspondin
70Ge ~99.99%!, 70Ge ~96.3%!, natGe, 70/76Ge. The agree-
ment of the present calculation is good for70Ge ~96.3%! and
for natGe.

Figure 5 shows results of the calculations on silicon w
the microscopic potential parameters as in Ref. 2 in the c
of natural ~isotope factor 2.731024) and isotopically en-
riched ~99.7% of 28Si) samples.28 Comparison with the ex-
perimental data29,30 of natural silicon gives a good agree
ment, that is also found for the high-temperature values
the thermal conductivity of the enriched sample.7 For the
data at 100 K, the discrepancy is high: a better agreement
be obtained if the value of the anharmonic parameters«,«8
is changed with temperature.

n-
f the
ned by
TABLE I. Thermal conductivity~in W cm21 K21) of natural diamond~columns 1 and 2! and isotopically
enriched diamond~columns 3 and 4! at selected temperatures. Columns 1 and 3 show the result o
calculation with both acoustic and optical phonons taken into account; columns 2 and 4 are obtai
considering only acoustic phonons.

T (K) Natural (A1O) Natural (A) Enriched (A1O) Enriched~A!

100 85.4 85.4 383 389
200 34.6 37.6 79.3 95
500 11.8 20.0 14.4 29.5
1000 5.6 11.1 6.6 15.6
5-3
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A. SPARAVIGNA PHYSICAL REVIEW B 65 064305
III. CONCLUSIONS

In the calculations of thermal conductivity performed
this paper no continuum approximation is done, since
lattice is described according to its real structure, both in
direct and in the reciprocal space. The matrix elements
phonon-phonon interaction are also given in terms of
geometrical parameters of the Brillouin zone, allowing a r
orous treatment of umklapp processes.

Moreover, the calculation of thermal conductivity aut
matically includes both acoustic and optical modes with d
persion. Let us stress that the calculation rigorously con
ers normal and unklapp scatterings.

The paper is mainly devoted to the discussion of the i
tope effect in the diamond thermal conductivity. The therm

FIG. 4. Thermal conductivities~in W cm21 K21) for germa-
nium as a function of temperature. The experimental data po
correspond to70Ge ~99.99%! (L), 70Ge ~96.3%! ~1!, natGe
~squares!, 70/76Ge (3) ~Ref. 6!.
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conductivity of diamond crystals with different isotope co
tents is evaluated with a theoretical framework that co
pletely avoids the relaxation-time approximations for t
scattering mechanisms. The discussion of the thermal c
ductivity and of the isotope effect with such a kind of theo
and the good agreement obtained with the experimental
turns out to be relevant for the present renewed interest in
thermal transport phenomena.

Moreover, comparison with very recent experimental d
on germanium and silicon, previously not available, are a
included. The mass difference of isotopes completely
plains the variation of the thermal conductivity in diamon
and germanium.

ts
FIG. 5. Thermal conductivities~in W cm21 K21) for natural

~curve a! and isotopically enriched~curve b! silicon as a function of
temperature. The experimental data points for natural silicon
indicated by~1! ~Refs. 29 and 30!. and for the enriched silicon by
(L) ~Ref. 8!.
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