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First-principles theory of the temperature and compositional dependence
of atomic short-range order in disordered Cu-Pd alloys
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We combine the first-principles, Korringa-Kohn-Rostoker coherent potential approximation based calcula-
tions of compositional fluctuations with a statistical mechanical ring approximation to study the temperature
~T! and composition~c! dependence of the atomic short-range order~SRO! in disordered, face-centred cubic,
Cu-Pd alloys. The fourfold splitting of SRO peaks around the equivalentX(0,1,0) points in reciprocal space is
obtained in a wideT-c region. Such splitting is shown to be an ‘‘energy’’ effect caused by the absolute minima
of the Fourier transform of the effective atomic interactions and related previously to the existence of nested
sheets of the disordered alloy’s Fermi surface. However, we find that theT dependence of the SRO peak
position is mostly an ‘‘entropy’’ effect. Both the calculatedT andc dependences of the SRO peaks position are
in good correspondence with the experimental data. The real-space effective atomic interactions and SRO
parameters indicate the tendency for longer-period structures with increasing Pd concentration, as observed.
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I. INTRODUCTION

Diffuse scattering and atomic short-range order~SRO! in
disordered fcc Cu12cPdc alloys around the concentrationc
50.25 have been subjected to intensive experimental
theoretical study. Experimentally,1–10 it has been observe
that the fourfold splitting of the diffuse scattering intens
~related to the SRO Fourier transform peaks11! at the X
points ~0,1,0! and equivalent positions in reciprocal spa
~see Fig. 1! takes place over a wide range of temperatu
and concentrations. The size of the splitting is both tempe
ture and concentration dependent. In particular, at ther
equilibrium, this magnitude increases with temperat
and/or concentration.

In Ref. 12, the atomic interaction parameters for the d
ordered fcc Cu-Pd alloys were extracted from experime
SRO data corresponding to one particular temperature
concentration, using the analyticala-expansion method o
Refs. 13 and 14 to describe the statistical mechanics of c
centration fluctuations. Then, by use of these fixed par
eters, the fourfold splitting of the SRO Fourier transform w
investigated for a number of temperatures and concen
tions. As a result, an increase of the size of the splitting w
temperature was obtained in agreement with experim
However, in contradiction with more recent experimen
data,10 the temperature dependence was found to grow w
concentration.

In Refs. 15–17, a local density approximation~LDA ! de-
rived first-principles electronic structure theory of the sp
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ting phenomena in Cu3Pd was developed. This theory
based on the mixed-space cluster expansion fitted to L
full-potential total energies of ordered compounds. From
calculations, a temperature dependence of the splitting
obtained which compared well with experimental da
However, a narrow temperature interval was conside
and the compositional dependence of the splitting was
studied at all.

In Ref. 18, a first principles concentration-wave approa
based on a finite-temperature, electronic density functio

FIG. 1. A schematic picture of (h,k,0) plane in reciprocal space
©2001 The American Physical Society01-1
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mean-field grand potential of a random alloy was used
investigate the SRO of Cu-Pd alloy for a number of conc
trations. The electronic structure calculations were carr
out with the Korringa-Kohn-Rostoker coherent potential a
proximation ~KKR-CPA! methodology18 ~see also Ref. 19!
and electronic state filling including Fermi-surface effe
were focused upon. Good agreement with the experimen
measured size of the splitting of the SRO peaks about thX
points was obtained and this was linked naturally to the n
ing of flat, parallel sheets of alloy Fermi surface. This feat
has recently been measured by two-dimensional angular
relation of annihilation radiation~2D-ACAR! experiments.20

However, not all electronic effects on an ideal fcc latti
were considered in Ref. 18. This was done in a later pap21

but for Cu12cPdc alloy only at one concentrationc50.25.
Another shortcoming of both studies18,21 is the use of a
mean-field-like spherical model approximation for the co
positional fluctuations that leads to the temperature dep
dence of the splitting being missed.

In this paper, we study the SRO in disordered Cu-
alloys by use of the same KKR-CPA concentration wa
approach as in Ref. 21~see also Ref. 22! but in a wide
concentrational interval. To describe the temperature
pendence of the splitting, we use an accurate and sim
analytical ring approximation developed by one of us a
co-workers.23–29 This approximation has been shown to
able to describe the temperature dependence of the p
tions of SRO peaks for simpler models even with co
stant atomic interactions30–32 ~in contrast to the widely
used Krivoglaz-Clapp-Moss33–35 and spherical
model13,21,24,25,36–40approximations!. Within the ring ap-
proximation, it is possible to take into account the long-ran
contributions to the atomic interactions without major co
plications ~in contrast to the cluster-variation41 and Monte
Carlo42 methods!, because it is the lattice Fourier transfor
of the effective atomic interactions which appears in the f
malism. Moreover, it has been shown26,31 that the numerical
accuracy of this approximation improves with an increase
the effective range of the atomic interactions.

This reliance that the ring approximation makes direc
on the Fourier transform of the SRO parameters means
there is no need to neglect parameters from coordina
shells with large radii. This is important for the description
such a sensitive effect as splitting of the SRO peaks in wa
vector space about a symmetry point because it requir
large number of SRO parameters in direct space.7,12,15 The
advantage of the ring approximation compared to the ana
cal g-expansion13 anda-expansion14 methods is that~at the
same or higher numerical accuracy26,28,43! we have to solve
only one simple nonlinear integral equation@see below Eq.
~11!# instead of the complicated system of equations as in
g-expansion method.43

We note that our approach used in the present pape~a
joint implementation of KKR-CPA linear-response and ri
approximations! may be considered as complimentary to th
used in Refs. 15–17. So, besides the comparatively m
extended investigation performed in the present paper,
also important to study the same issues as in Refs. 15–1
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comparison of the advantages and shortcomings of both
proaches.

II. CONFIGURATIONAL DESCRIPTION

Any binary alloy configuration may be represented
CR51 ~or 0) if the siteR is (is not)occupied by anA-type
atom. Using this in the framework of the lattice gas mode44

a general HamiltonianH of a two-componentA-B disordered
alloy with a Bravais crystal lattice can be written in the fo
lowing form:

H5F (0)1(
R1

FR1

(1)~CR1
2c!1

1

2 (
R1 ,R2

FR1 ,R2

(2) ~CR1
2c!

3~CR2
2c!1

1

6 (
R1 ,R2

FR1 ,R2 ,R3

(3) ~CR1
2c!~CR2

2c!

3~CR3
2c!1•••, ~1!

whereFR1 ,R2 , . . . ,Rn

(n) (n51,2, . . . ) are theseries expansion

coefficients,

c5^CR&5NA /N, ~2!

the sign^•••& means the statistical average, andc and NA
are the concentration and total number ofA-type atoms in the
alloy, correspondingly; the summations on the real-space
tice vectorsRi ( i 51,2, . . . ,N) are carried over allN crystal
lattice sites.

In this work, we investigate the behavior of th
Warren-Cowley45,46 SRO parametersaR :

aR12R2
5~^CR1

CR2
&2c2!@c~12c!#21. ~3!

In fact, aR is a normalized pair correlation function. Th
positive or negative values ofaR correspond, respectively, t
the correlated attraction or repulsion ofA-type atoms sepa
rated by the vectorR. Besides, we study the behavior of th
Fourier transformak of the SRO parametersaR :

ak5(
R

aR exp~2 ikR!,

aR5N21(
q

aq exp~ iqR!. ~4!

In Eqs.~4! and below, the summation onq is carried over all
N points specified by the cyclic boundary conditions in t
corresponding first Brillouin zone.

To calculate the SRO, we use the analytical ri
approximation23–29 developed by use of the thermodynam
fluctuation method.34,35,41,47,48Here a modified thermody
namic perturbation theory41,47–51is carried out to first order.
The small parameter of expansion is the inverse of the ef
tive number of atoms interacting with one fixed atom.37 In
the framework of the ring approximation,

ak512N21(
q

bq1bk , ~5!
1-2
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where

bk5@Ak1Rk1Xk#21, ~6!

Ak511
c~12c!

kBT
~Fk

(2)1m!, ~7!

Rk5
~122c!2

2c~12c! S 1

I k
21D , ~8!

I k5N21(
q

@Ak2qAq#21, ~9!

Fk
(2) is the Fourier transform ofFR1 ,R2

(2) 5FR12R2

(2) ,

Fk
(2)5(

R
FR

(2)exp~2 ikR!, ~10!

m is the quantity to be found from the equation

N21(
q

@Aq#2151, ~11!

T is the absolute temperature, andkB is the Boltzmann con-
stant.

Equations~5!–~11! are the generalization of Eqs.~7.6!–
~7.10! in Ref. 27 by taking into account the chemical pote
tial fluctuations and using the correct equation for deter
nation of the chemical potential.28 The expression forXk is
presented in Ref. 29. It consists of the sum of the ter
proportional to the Fourier transforms ofFR1 ,R2 ,R3

(3) and
FR1 ,R2 ,R3 ,R4

(4) . In the present paper, we assume thatXk is

negligible, i.e.,Xk'0, so that the contribution from thi
high-order term is comparatively small. It should be emp
sized that neglect of the contribution fromXk does not mean
the total neglect of the nonpair atomic interactions beca
the quantityFR1 ,R2

(2) ~and correspondinglyFk
(2)) already con-

tains the contribution from such interactions@see Eqs.~B.5!
and ~B.6! in Ref. 23#. Below we will call the functionFR

(2)

the effective atomic interactions.

III. KKR-CPA-BASED EFFECTIVE ATOMIC
INTERACTIONS

Elsewhere,21,22we have described in detail how the effe
tive atomic interactionsFk

(2) in reciprocal wave-vector spac
can be obtained from electronic-structure calculations.
start with the KKR-CPA description of the electronic stru
ture of the high-T, compositionally disordered state.Fk

(2) is
determined from the response of the electronic structure
the alloy to small-amplitude concentration waves.~We note
that the previous KKR-CPA-based thermodynamics res
useSR

(2)52FR
(2) , becauseSR

(2) is analogous to the Ornstein
Zernike direct correlation function used in the theory of no
uniform classical fluids.18! All electronic effects are included
In particular the alteration of charge that occurs as the at
are rearranged is fully accounted for. The nuclei are c
strained to occupy ideal fcc crystal lattice positions, so
06420
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have neglected the effect of inhomogeneous static ato
displacements. These are expected to be small for Cu12cPdc
alloys. Nevertheless, we took into account thehomogeneous
static atomic displacements by minimizing the alloy’s to
energy with respect to the lattice parameter of the underly
lattice.52

IV. RESULTS AND DISCUSSION

We calculated the functionFk
(2) for disordered face-

centred-cubic Cu12cPdc alloys for a number of values o
concentrationc at T51000 K. Then we used these values
Fk

(2) to fit to a real-space expansion and give the real-sp
coefficientsFR

(2) in Fig. 2 and in Table I. The SRO param
etersaR obtained by integration ofak using Eqs.~4! are also
presented in Fig. 2. For bothFR

(2) andaR , we see the same
tendency for the period of oscillations to increase with co
centration. This fact is in accordance with the experimen
data that show the short-perioda8 (L12) and long-perioda9
structures to appear below and abovec.0.285,
respectively.53

In Fig. 3, the dependence ofFk
(2) calculated for a numbe

of different values of concentrationc for wave vectors along
the high-symmetry lines54 in the first Brillouin zone is
shown. One can see that the position of the absolute m
mum of Fk

(2) depends on the concentration. Atc50.10 this

FIG. 2. The values~a! of the effective atomic interactionFR
(2)

~at T51000 K) and~b! of the SRO parametersaR calculated for a
number of fcc coordination shells in a disordered fcc Cu12cPdc

alloy at four concentrations. Note that in part~b!, the vertical axis is
inverted for comparison with~a!.
1-3
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R. V. CHEPULSKII et al. PHYSICAL REVIEW B 65 064201
position lies on the pointX(0,1,0), whereas for the othe
concentrations, it is on the high-symmetry lineZ@0,1,z#.
There is a tendency for the absolute minimum ofFk

(2) to
shift along the line Z@0,1,z# monotonously from point

X(0,1,0) to pointW(0,1,12 ) with increasing concentration
Note that our results in Fig. 3 are in qualitative agreem
with those presented in Fig. 3 in Ref. 55. The quantitat
difference is caused by the more complete account of
electronic effects in the present study.21,22

We have investigated the Fermi surfaces of the co
sponding disordered alloys and find that the positions
these minima correlate perfectly with the spanning vec
between parallel sheets. Full details of these studies of
Fermi surfaces can be found in Ref. 52 and a compari
with experiment in Ref. 20.

In Fig. 4, we present the dependence of the peak pos
z0 of ak ~see Fig. 1! on temperature for a number of con
centrations. The available experimental data10 are also shown
in Fig. 4. In each case, the lowest temperature for which
calculations were performed corresponds approximately
the critical temperature of the order-disorder phase trans
mation obtained within the ring approximation.56 At c
50.10, there is no splitting at any temperature that was c
sidered. The strongest temperature dependence of the
position is observed forc50.20, when the splitting of the
peak at theX(0,1,0) point disappears atT.1100 K. For
concentrationsc50.20 upwards, there is a tendency for t
temperature dependence of the peak position to diminish
shown in Fig. 4, this is in good agreement with experimen10

Both our calculations and the experimental data10 correspond

TABLE I. The values of the effective atomic interactionFR
(2) ~in

meV! calculated for disordered fcc Cu12cPdc alloy at four concen-
trations. The Cartesian coordinates of the vectorR are given ina/2
units, wherea is the fcc lattice parameter.

Shell R uRu/a c50.10 c50.20 c50.30 c50.40

1 110 0.707 173.338 145.038 127.650 117.40
2 200 1.000 213.919 8.123 26.164 28.613
3 211 1.225 3.840 11.030 8.904 4.470
4 220 1.414 22.525 212.347 25.833 20.408
5 310 1.581 3.585 2.050 4.004 4.607
6 222 1.732 20.620 22.925 2.448 7.215
7 321 1.871 1.293 2.065 0.757 20.128
8 400 2.000 0.969 21.219 20.069 0.725
9 411 2.121 1.381 0.072 0.114 0.714

330 24.189 2.099 4.320 2.833
10 420 2.236 21.819 1.089 2.090 1.213
11 332 2.345 1.292 20.713 0.665 1.312
12 422 2.449 23.427 4.633 3.929 0.513
13 431 2.550 1.727 21.469 22.718 21.668

510 20.680 1.439 0.729 20.553
14 521 2.739 1.425 21.725 21.075 0.419
15 440 2.828 21.301 21.132 0.904 2.234
16 433 2.915 21.430 0.152 20.158 20.074

530 22.543 2.229 1.769 20.374
17 442 3.000 1.001 20.737 0.320 0.668
06420
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to thermal equilibrium and are qualitatively different fro
those data which correspond to a nonequilibrium irradia
disordered state.5 Concerning the experimental data,
should be noted that they are quite scattered~for a review see
Fig. 3 in Ref. 12! and only available for a small temperatu
interval @see~h! and~i! curves in Fig. 4#. It is important that
the experimental data10 presented in Fig. 4 correspond to th
diffuse scattering intensity rather than to the functionak .
Extraction of the contribution caused by static atomic d
placements can change the data.35

In Fig. 5, the calculated SRO Fourier transformak along
the lineZ@0,1,z# in the appropriate first Brillouin zone in th
case of disordered fcc Cu0.79Pd0.21 alloy is shown at some
temperatures.~This concentration is the same as that quo
in the experimental work.10! In Fig. 6, we present both the
theoretical and experimental7 dependences of the peak pos
tion z0 of ak on the concentrationc of disordered fcc
Cu12cPdc alloy at T'1000 K. The theoretical result forT
510 000 K is also shown in Fig. 6, because at such a h
temperature the peak position ofak corresponds to the posi
tion of the minimum ofFk

(2) . This is easy to see from th
following high-temperature approximation obtained fro
Eqs.~5!–~9!:

ak'12
c~12c!

kBT
Fk

(2) . ~12!

As our calculations show, the temperature dependenc
Fk

(2) is weak and we can use the same function over a w

FIG. 3. The wave-vector dependence of the effective ato
interaction Fk

(2) along the high-symmetry lines~Ref. 54! in the
first Brillouin zone for disordered fcc Cu12cPdc alloy at four
concentrations.
1-4
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FIRST-PRINCIPLES THEORY OF THE TEMPERATURE . . . PHYSICAL REVIEW B 65 064201
temperature range.57 Thus, the temperature dependence
the peak positionz0 of ak is primarily an ‘‘entropy’’ effect.
One can see from Eqs.~5!–~9! that the shift of theak peak
position from the position of minimum ofFk

(2) is possible

FIG. 4. The dependence of the peak positionz0 of ak and of the
diffuse scattering intensity~in the case of experimental data! with
respect to the temperature for a number of different concentrat
c of the disordered fcc Cu12cPdc alloy. ~c! The data calculated a
c50.20 but with Fk

(2) corresponding toc50.30. ~h! and ~i! the
experimental data~Ref. 10!.

FIG. 5. The SRO Fourier transformak along the lineZ@0,1,z#
in the case of disordered fcc Cu12cPdc alloy calculated for a num-
ber of temperatures atc50.21. For comparison with experiment
data, see Fig. 2 in Ref. 10.
06420
f

within the ring approximation due to the presence of t
function Rk ~andXk). Therefore, it is the functionRk which
is responsible for the denoted ‘‘entropy’’ effect. Note thatRk
is the difference between the ring and spheri
model13,21,24,25,36–40approximations. From Fig. 6, it follows
that the ‘‘entropy’’ effect on the peak position is strong
low concentrations and brings the theoretical results i
closer agreement with experiment.

As shown in Fig. 4, the temperature dependence of
peak position ofak is remarkably different at different con
centrations. The origin of this@see Eqs.~5!–~9!# can be
traced to the dependence of bothFk

(2) ~‘‘energy’’ effect! and
Rk ~entropy effect! on concentration. From Eq.~8!, it follows
that the entropy effect decreases when the concentration
proaches 0.5. To estimate such an entropy effect, we ca
lated the dependence of the peak positionz0 of ak with
respect to the temperature atc50.20 but withFk

(2) corre-
sponding toc50.30. The result is presented in Fig. 4@curve
~c!#. One can see that the difference between two cur
corresponding to the sameFk

(2) but to the different concen
trationsc50.20 andc50.30 @curves~c! and ~f! in Fig. 4,
respectively# is quite small. Therefore, the entropy effect o
the difference between the temperature dependence of thak
peak positions for different concentrations is not dominan

It is a feature of the effective atomic interactionFk
(2)

which causes the effect. We studied the behavior of the fu
tions bk

21 , Ak Rk , and I k at c50.20 but withFk
(2) corre-

ns

FIG. 6. The dependence of the peak positionz0 of ak with
respect to the concentrationc calculated for disordered fcc
Cu12cPdc alloy at ~a! T510 000 K and~b! T51026 K. ~c! Ex-
perimental data~Ref. 7!.
1-5
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R. V. CHEPULSKII et al. PHYSICAL REVIEW B 65 064201
sponding to bothc50.20 andc50.30. The results are pre
sented in Fig. 7. From this figure, one can see that, in b
cases, the functionRk is of the same magnitude.58 But the
minimum of Fk

(2) @and appropriately ofAk—see Eq.~7!#
corresponding toc50.30 is much deeper than that atc
50.20. Thus, a similar contribution from the functionRk can
shift the position of the minimum ofbk

21 @and correspond-
ingly of the peak ofak—see Eq.~5!# much more atc
50.20 than atc50.30. Therefore, it is the depth of the min
mum of Fk

(2) that determines to which extent the peak po
tion of ak depends on the temperature: the shallower
minimum, the stronger such temperature dependence.

FIG. 7. Some characteristic functions corresponding to the r
approximation~see Sec. II! presented along the lineZ@0,1,z# in the
case of disordered fcc Cu12cPdc alloy at ~a! c50.20, T51050 K,
and Fk

(2) for c50.20 and~b! c50.20, T5700 K, andFk
(2) for c

50.30. The designations of the curves are the same for both par
the figure.
s

e

06420
h

e

V. CONCLUSIONS

In this paper, an approach was implemented to study
temperature and concentration dependences for atomic s
range order in disordered fcc Cu-Pd alloys. The method co
bines the KKR-CPA-based linear-response theory of conc
tration fluctuations with the ring approximation to improv
the statistical mechanics descriptions. In accordance with
perimental data, the fourfold splitting of the SRO Fouri
transform was found to peak at aboutX(0,1,0) and equiva-
lent positions in reciprocal space. It was shown that suc
splitting is an ‘‘energy’’ effect arising from the absolute min
mum of the Fourier transform of the effective atomic inte
actionFk

(2) and, within the KKR-CPA calculations, is linked
directly to nested sheets of Fermi surface.

It was found that the temperature dependence ofFk
(2) in

disordered fcc Cu-Pd alloys is weak and that the tempera
dependence of the SRO peak position is an ‘‘entropy’’ effe
Nevertheless, the diminution of the temperature depende
of the SRO peak position with composition is caused by
deepening of the absolute minimum of the Fourier transfo
of the effective atomic interactionFk

(2) , i.e., by an energy
effect. The increase of the SRO peak splitting with comp
sition is caused by the corresponding increase of the split
of the absolute minimum ofFk

(2) ; i.e., it is also an energy
effect.

Both the calculated temperature and concentrational
pendences of the SRO peak position are in good corresp
dence with the experimental data. Further quantitative
provement may be expected by taking into account
elastic contribution uponFk

(2) caused by the inhomogeneu
static atomic displacements.

In real space, for both the effective atomic interaction a
SRO parameters we obtained the same tendency of the
crease of the period of oscillations with concentration. T
feature is in accordance with the experimental data that
short- and long-period structures appear at low and h
compositions of the alloy, respectively.
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