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Magnetic exchange interaction induced by a Josephson current

Xavier Waintal and Piet W. Brouwer
Laboratory of Atomic and Solid State Physics, Cornell University, Ithaca, New York 14853

~Received 12 July 2001; published 3 January 2002!

We show that a Josephson current flowing through a ferromagnet–normal-metal–ferromagnet trilayer con-
nected to two superconducting electrodes induces an equilibrium exchange interaction between the magnetic
moments of the ferromagnetic layers. The sign and magnitude of the interaction can be controlled by the phase
difference between the order parameters of the two superconductors. We present a general framework to
calculate the Josephson current induced magnetic exchange interaction in terms of the scattering matrices of
the different layers. The effect should be observable as the periodic switching of the relative orientation of the
magnetic moments of the ferromagnetic layers in the ac Josephson effect.
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I. INTRODUCTION

Despite their apparent simplicity, ferromagnet–norm
metal–ferromagnet trilayers exhibit many interesting prop
ties. One example is the equilibrium exchange interact
between the magnetic moments of the two ferromagn
which is mediated by the coherent electron motion in
normal metal spacer layer.1 Depending on the thickness o
the spacer layer, this interaction may favor parallel or a
parallel alignment of the magnetic moments,1,2 or, in some
cases, even perpendicular alignment.3,4 In addition, a torque
may be exerted on the magnetic moments when an elect
current is passed through the trilayer. For this nonequilibri
magnetic torque, the preferred magnetic configuration~par-
allel or antiparallel! was found to depend on the sign of th
current,5–8 so that a reversal of the current switches the m
netic moment of the ferromagnets from parallel to an
parallel. This reversal can be observed by a measureme
the conductance, which is larger in the parallel configurat
than in the antiparallel one~this is known as giant
magnetoresistance9!.

A unified description of equilibrium and nonequilibrium
torques can be given using the concept of spin current. In
case of a ferromagnet–normal-metal–ferromagnet~FNF!
trilayer, this description was introduced by Slonczewski
an alternative way to calculate the equilibrium exchan
interaction.10 ~The ‘‘standard’’ way to calculate the exchang
interaction involves a computation of the derivative of t
free energy to the angle between the two magnetic m
ments.! When electrons scatter from a spin-dependent po
tial, as is appropriate for a mean-field description of fer
magnetism, the spin current carried by the conduct
electrons need not be conserved. Since the total spin o
system~i.e., the combined moment of the conduction ele
trons and the other electrons responsible for the magn
moment in the ferromagnetic layers! is conserved, the los
spin current must have been transferred to the magnetic
ment of the ferromagnet, which means that a torque is
erted on the moments of the ferromagnets. In this way,
equilibrium exchange interaction is seen to follow from
equilibrium spin current flowing from one ferromagnet to t
other,10 very similar to the equilibrium~persistent! current
that exists in mesoscopic metal rings,11 whereas the nonequi
0163-1829/2002/65~5!/054407~11!/$20.00 65 0544
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librium torque arises from the nonconservation of spin c
rents flowing in conjunction with the electrical current.5

The nonequilibrium torque is changed when theFNF
trilayer is coupled to one superconductor~S! contact and one
normal-metal~N! contact, instead of to two normal-meta
contacts. The main difference betweenN and S contacts is
that the former can carry both spin and charge curre
while the latter can only carry a charge current for voltag
below the superconducting gapD0. In a previous publication,
we showed that this restriction gives rise to a nonequilibri
torque that, depending on the direction of the electrical c
rent, can lead to the switching of the magnetic moments
perpendicular configuration, rather than a parallel or a
parallel one.12 The equilibrium torque~i.e., the magnetic ex-
change interaction!, however, is not qualitatively affected b
the presence of the one superconducting contact.13

In this paper, we consider anFNF junction with two su-
perconducting contacts. For this system, a macroscopic
percurrent may flow through the junction already in equil
rium, the magnitude and sign of the current depending on
phases of the order parameters of the two superconduc
As ferromagnets break time-reversal symmetry, they are
pected to suppress the Josephson effect. However for s
ciently thin or weak ferromagnetic layers~for instance, a
Cu12xNix alloy14 with x.0.44), the Josephson effect ma
survive. Magnetic Josephson junctions with one ferrom
netic layer have received considerable attention becaus
the possibility ofp-junction behavior,15–18 which has been
observed experimentally only recently.14,19 Josephson junc-
tions with two magnetic layers weakly coupled through
insulating layer were studied in Refs. 20,21, where it w
shown that the supercurrent for antiparallel alignment of
magnetic moments can be larger than for parallel alignm
A junction made of two superconductors with spiral ma
netic order separated by an insulating layer was studied
Ref. 22.

Here, we consider the exchange interaction in anFNF
junction with two superconducting contacts. We find that t
equilibrium exchange interaction is deeply affected by
presence of the superconductors. By the same mechanis
which the supercurrent depends on the relative orientatio
the two magnetic moments,20,21 the exchange interaction de
pends on the phase difference between the two supercon
©2002 The American Physical Society07-1
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ing order parameters. As a result, the supercurrent con
the exchange interaction between the two magnetic
ments. In contrast to the usual magnetic exchange inte
tion, which involves contributions from the whole energ
band, the Josephson current induced magnetic exchang
teraction is carried only by states with an energy within
distance of orderD0 from the Fermi energy. At first glance
one is tempted to consider the Josephson current indu
torque as the direct analog of the nonequilibrium curre
induced torque that exists for normal metal contacts. Ho
ever, as we’ll show in the remainder of this paper, that is
the case: Apart from its magnitude, the Josephson cur
induced torque has most of the features of the standard e
librium magnetic exchange interaction.

This article is devoted to the study of the Josephson c
rent induced magnetic exchange interaction and to its co
quences on the dynamics of the magnetic moments. I
organized as follows. In Sec. II, we present the concep
spin current and discuss the differences between equilibr
and nonequilibrium torque. We then focus on the case o
Josephson junction~both electrodes superconducting!. Sec-
tion III contains a brief review of the scattering approac
that allows for practical calculation of the torques discus
in Sec. II. We are then ready to discuss, in Sec. IV,
magnetic exchange interaction in the Josephson junction
ing various models for the scattering matrices of the norm
and ferromagnetic layers involved. Finally, the effect of t
torque on the dynamics of the magnetic moments is bri
discussed in Sec. V.

II. SPIN CURRENT AND SPIN TORQUE

The system we consider is shown in Fig. 1. It consists
a ferromagnet–normal-metal–ferromagnet trilayer, c
nected to~possibly superconducting! electrodes on the righ
and the left. The two ferromagnetic layers are labeledFa and
Fb , the normal metal spacer layer is labeledN. The magnetic
moments ofFa andFb point in the direction of unit vectors
m̂a andm̂b , respectively. The angle betweenm̂a andm̂b is u.
We assume thatm̂b points in thez direction. For technical
convenience, we have added pieces of ideal lead~labeled 1,
2, 3, and 4) between the layersFa , N, and Fb , and the
reservoirs.

The conduction electrons are described by an effec
Hamiltonian23

FIG. 1. Schematic of the trilayer system considered in this

ticle. Fa andFb are the ferromagnetic layers andmW a andmW b their
respective magnetic moments. The ferromagnetic layers are s
rated by a normal spacerN and are connected to two reservoirs th
can be either normal~N! or superconducting (S). The numbers 1,
2, 3, 4 stand for ideal fictitious leads that have been added
technical convenience.
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Heff5E drW (
a,b5↑,↓

Ca
†~rW !HabCb~rW !

1E drW@D~rW !C↑
†~rW !C↓

†~rW !1D* ~rW !C↓~rW !C↑~rW !#,

~1!

whereCa
†(rW) creates an electron with spina andD(rW) is the

superconducting gap. In the normal regions,D(rW)50. Fi-
nally, the 232 matrix

H52~\2/2m!¹21V~rW !2EF

contains kinetic, potential, and Fermi energy. The poten
V(rW) represents the spin-independent scattering from im
rities, as well as the spin-dependent effect of the local
change field inside the ferromagnets. For simplicity, we
sume that the local exchange field is always parallel to
total magnetization of the layer~which corresponds to the
neglect of spin-flip scattering!. Thus we have

V~rW !5e2 isyu(rW)/2S Vmaj~rW ! 0

0 Vmin~rW !
D eisyu(rW)/2. ~2!

Here, maj ~min! stands for majority ~minority! and
exp@2isyu(rW)/2# is a rotation matrix rotating from the exter
nal reference frame to the direction of the local exchan
field. Outside the ferromagnets,Vmaj5Vmin . For the system
under consideration, the angleu(rW)5u inside Fa and zero
elsewhere.

An expression for the spin current is obtained by writi
down the conservation equation for the spin densityhW (rW),

hW ~rW !5
\

2 (
ab

Ca
†~rW !sW abCb~rW !, ~3!

sW 5(sx ,sy ,sz)
T being the vector of pauli matrices. Th

time evolution of spin density reads

]

]t
^hW ~rW !&5

i

\
^@Heff ,hW ~rW !#&

52¹W • j
⇒

~rW !1
i

2
^C†~rW !@V~rW !,sW #C~rW !&, ~4!

with the spin current density tensorj
⇒

defined as

j
⇒

~rW !52
i\2

4m
^C†~rW !¹W sW C~rW !2¹W C†~rW !sW C~rW !&. ~5!

The spin current density has one index in spin space and
in real space whilê•••& stands for the quantum mechanic
expectation value. Equation~4! shows that, unlike charge
current, spin current is not conserved inside the ferrom
nets. The current induced torque follows from the nonco
servaton of nonequilibrium spin current, while the magne
exchange interaction follows from the nonconservation
the equilibrium spin current betweenFa and Fb . The total
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torque tWa ,tWb ~i.e., the sum of equilibrium and nonequilib
rium contributions! on the layersFa andFb is found as

tWa5JW12JW2 , tWb5JW32JW4 , ~6!

whereJW i is the total spin current that flows in thex direction
in region i ( i 51,2,3,4),

JW i5E dydz jWx~x,y,z!, xP i . ~7!

We now focus on the torquetWa on the magnetic momen
of layer Fa . In addition to the unit vectorm̂a that points
along the magnetization direction ofFa , we introduce the
unit vectorsv̂5m̂a3m̂b /um̂a3m̂bu, which points normal to
the plane spanned bym̂a andm̂b , andŵ5m̂a3 v̂, which lies
in the plane spanned bym̂a andm̂b , but points perpendicula
to m̂a , see Fig. 2. For the configuration of Fig. 1,v̂ is the
unit vector in they direction and the plane spanned bym̂a

andm̂b is thexz plane. From the observation that

@V~rW !,sy#522i
]V

]u
, ~8!

combined with Eq.~4!, we find that the out-of-plane compo
nent of the torqueta

v5tWa• v̂ is equal to the derivative of the
energyE5^H& of the trilayer to the angleu. No such simple
result can be found for the torque in theŵ direction ~the
component of the torque in the plane spanned bym̂a and
m̂b). Hence, we find for the total torque acting on the ma
netic moment ofFa

tWa5ta
vv̂1ta

wŵ, ~9a!

ta
v5

]E

]u
, ~9b!

ta
w52

1

2ErWPFa

drW^C†~rW !~Vmaj2Vmin!~sW • v̂ !C~rW !&.

~9c!

Since the spin current in the direction ofm̂a is always con-
served in the absence of spin-flip scattering, there is no c
ponent of the torque alongm̂a , cf. Eq. ~4!. Although the

FIG. 2. Schematic of the out of plane component of the torq

ta
vv̂ ~left side! and the in-plane component of the torqueta

wŵ ~right
side!. The equilibrium exchange interaction only has an out of pla
component while the non equilibrium torque is mainly in plane.
05440
-
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above derivation may seem a little specific, Eq.~9! can be
shown to hold as well in the presence of two-body inter
tions. As seen from Eq.~9!, the total torque consists of two
contributions, which are sketched in Fig. 2. The in-pla
torqueta

w directly pushesm̂a towards or away fromm̂b . It is
the main component of the nonequilibrium torque, which
discussed in Refs. 5,8. In equilibrium, however, no spin c
rent can flow outside the trilayer, so that, by Eq.~6!,

tWa
equ52JW252JW352tWb

equ. ~10!

Combined with the requirement thattWa(tWb) is perpendicular
to m̂a(m̂b), this relation implies that, in equilibrium, the in
plane torqueta

w vanishes.13 The out-of-plane torqueta
v

causes a precession of one magnetic moment around
other one. This is similar to the Larmor precession of t
moments in a~possiblyu dependent! magnetic field. In the
presence of dissipation, the system will then relax to
lowest energy configuration, where the energy is minim
and, hence, by Eq.~9b!, the torque zero.

According to Eqs.~10! and ~9b!, there are two, equiva
lent, ways to calculate the equilibrium torquetWa

equ: As the

equilibrium spin currentJW2 flowing from Fa to Fb , or as the
derivative of the ground state energyE to the angleu be-
tweenm̂a and m̂b . ~Note that there is a direct analogy b
tween the equilibrium spin current flowing inside the trilay
with an angleu between the two magnetic moments and t
persistent current in a mesoscopic ring in presence of
Aharonov-Bohm flux.! In the remainder of this paper, w
concentrate on the equilibrium torque in the case where b
left and right electrodes are superconducting.

We adopt the simple model that the superconductor or
parameter D(rW) has its bulk value D5D0eif/2 (D
5D0e2 if/2) inside the left ~right! superconducting reser
voirs, while D50 in the normal layers. At the normal
metal–superconductor interface,D(rW) can be approximated
by a step function. This approximation, discussed in Ref.
is valid for the quasi-one dimensional geometry we consi
here. In a Josephson junction, the equilibrium currentI at
finite temperature is given by the derivative of the free e
ergyF of the junction to the phase differencef between the
two superconductors,23,25

I 5
2e

\

]F

]f
. ~11!

This equation is very similar to the equation for the equil
rium spin current between the two ferromagnetic layers,J2

52ta
equ, where Eq.~9! gives

ta
equ5

]F

]u
. ~12!

Combining these last two equations one finds that

]I

]u
5

2e

\

]ta
equ

]f
. ~13!
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XAVIER WAINTAL AND PIET W. BROUWER PHYSICAL REVIEW B 65 054407
In other words, au-dependence of the supercurrent implie
f dependence of the equilibrium torque. This is a very s
gestive result, as it was recently predicted that the Josep
current should be very sensitive to the angleu between the
two magnetic moments.20,21In what follows, we refrain from
calculating the full equilibrium torque but concentrate on
f-dependent part, the rationale being that it is precisely
f-dependent part that can be viewed as the supercurren
duced torque. As we shall see, thef-dependent part of the
torque only has contributions from energies withinD0 of the
Fermi energy and can, therefore, be calculated from the s
tering properties of the junction at and near the Fermi lev

III. JOSEPHSON INDUCED TORQUE

In this section, we discuss the Josephson current
Josephson-effect induced torque for various simple mo
for the ferromagnetic layersFa andFb and the normal space
layer N.

A. Scattering matrix formalism

A general review of the scattering matrix formalism c
be found in Ref. 26, while the particular application to t
calculation of spin currents in FNF trilayers is discussed
Refs. 8,12. Below we briefly introduce our notations a
refer the reader to those papers for more information.

The trilayer is bounded in they andz directions, so that
the corresponding degrees of freedom are quantized and
rise to Nch propagating modes at the Fermi level, withNch

;A/lF
2 , A being the cross section of the junction andlF the

Fermi wave length. Each transverse mode appears as a
moving mode and as a right moving mode, and with com
nents for particle/hole and spin degrees of freedom. We
pand the solution of the Bogoliubov–De Gennes23 equation
in terms of these modes and describe wave functions
terms of the 4Nch-component vectorsC i

L(R) which are the
projection of the wave functions on the left~right! going
modes in the ideal leadi ( i 51,2,3,4, see Fig. 1!. The layers
Fa , Fb , and N are characterized by 8Nch38Nch unitary
scatterings matricesSa , Sb , andSN , respectively,

S C1
L

C2
RD 5SaS C1

R

C2
L D , S C2

L

C3
RD 5SNS C2

R

C3
L D , ~14!

and a similar definition forSb . Each of the matricesSi ( i
5a,b,N) is further decomposed into 4Nch34Nch reflection
(r i ,r i8) and transmission (t i ,t i8! matrices,

Si5S r i t i8

t i r i8
D . ~15!

Further, the scattering matricesSi are diagonal in elec-
tron-hole space Si(e)5diag@Si(e),Si* (2e)#, whereas,
in spin space,SN is proportional to the 232 iden-
tity matrix Sb5diag(Sb↑ ,Sb↓) is diagonal, andSa reads

Sa5e2 isyu/2 diag@Sa↑ ,Sa↓#eisyu/2. The scattering matrice
Sa , SN , andSb are the input parameters of our approach.
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now introduce the 8Nch38Nch matrix SFS(e) which de-
scribes the combined effect of scattering from both fer
magnetic layers backed by the superconductors, as seen
the normal spacer layer.SFS has an ‘‘a-b’’ grading, which
refers to whether scattering is fromFa or from Fb ,

S C2
R

C3
L D 5SFSS C2

L

C3
RD , SFS5S SFS,a 0

0 SFS,b
D , ~16!

with SFS,a5r a81ta@12r A(f/2)r a#21r A(f/2)ta8 and SFS,b

5r b1tb8@12r A(2f/2)r b#21r A(2f/2)tb . The matrix r A

describes the process of Andreev reflection at the super
ducting contacts. Assuming thatD0!EF , it reads, in
electron-hole space,

r A~f!5a~e!S 0 isye
if

2 isye
2 if 0 D , ~17!

where a(e)5e2 i arccos(e/D0)5e/D02 iA12e2/D0
2 and sy

acts in spin space. From Eqs.~14! and ~16!, it follows that
the spectrum of the Josephson junction is given by the s
tions of det@12SFS(e)SN#50. Following Ref. 28, one can
then express the free energyF in terms ofSFS andSN and
obtain an expression for the equilibrium torqueta

equ

ta
equ5kT(

n50

`

Tr

]SFS

]u
~ ivn!SN~ ivn!

12SFS~ ivn!SN~ ivn!
, ~18!

and a similar expression for the current. Herek is the Boltz-
mann constant,T the temperature, andvn5(2n11)pkT are
the Matsubara frequencies,n50,1,2, . . . .

In the rest of this paper, we consider the case of a sh
Josephson junction, i.e., we suppose that the length of
trilayer is smaller than the superconducting coherence len
or, equivalently, that the inverse dwell time inside the trilay
~the ‘‘Thouless energy’’! is larger than the superconductin
gapD0. For a short junction, we can neglect the energy
pendence of the scattering matricesSa , Sb , and SN , and
evaluate them at the Fermi levelEF .

B. Toy model

To illustrate the origin of the Josephson effect induc
magnetic exchange interaction, we first describe a sim
~toy! model for the scattering properties ofFa , Fb , andN:
We assume that both majority and minority electrons
transmitted perfectly through the two ferromagnetic layerFa
(Fb), but pick up phase shifts that differ by an amountba
(bb) as a result of the Zeeman coupling to the exchange fi
inside the magnetic layer. Transmission through the nor
metal spacer layer is ballistic as well. Such an assump
corresponds to a WKB treatment of the exchange field
the case where the exchange field does not depend on
transverse direction. The phase shifts depend on the tr
verse mode. In terms of the potentialV(rW) of Eq. ~2!, they
are given by

ba(b)5
A2m

\ E
Fa(b)

dx@AE2Vmaj2AE2Vmin#, ~19!
7-4
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MAGNETIC EXCHANGE INTERACTION INDUCED BY A . . . PHYSICAL REVIEW B65 054407
whereE5EF2E' is the longitudinal component of the k
netic energy~which depends on the mode index!. This model
is simple enough so that one can calculate the free en
directly ~see, e.g., Ref. 29!. Up to terms independent off, it
reads

F52NchkTK (
6

log cosh
D0 cos@~f6g!/2#

2kT L
ch

,

~20a!

where we abbreviated

g5arccosS cos~ba1bb!cos2
u

2
1cos~ba2bb!sin2

u

2D ,

~20b!

and wherê •••&ch indicated an average over the transve
modes. Equation~20! reduces to the result of Ref. 29 for th
case of a ballistic point contact.

As an illustration, the contribution to the zero temperatu
free energyF from one transverse mode is plotted in Fig.
for a generic choice of the phasesba andbb . We note thatF
indeeds depends on bothf andu. While thef dependence
of F leads to the existence of an equilibrium charge curreI
through the junction—the Josephson current—theu depen-
dence ofF causes an equilibrium spin current betweenFa
andFb , i.e., a magnetic exchange interaction. We also n
that thef andu dependencies ofF are of comparable size
which allows us to estimate the equilibrium exchange int
action astequ;\I crit/2e, whereI crit is the critical current of
the Josephson junction.

The observation that thef andu dependences ofF are of
comparable magnitude is valid for arbitraryba and bb .
However, the location of the minima and maxima inF de-
pends on whetherg is smaller or larger thanp/2: The mini-
mum ofF at fixedu shifts fromf50 to f5p if ba andbb
~and u) are such thatg exceedsp/2. A minimum of F for
f5p corresponds to ap junction. Sinceg interpolates from
ba1bb to ba2bb as one increases the angleu between the
two magnetic moments, thep-junction behavior can be in
duced by rotating one magnetic moment with respect to
other if the phasesba andbb are sufficiently large. Similarly,
by varying f, one can switch the minimum of the free e

FIG. 3. Free energyF as a function ofu andf at zero tempera-
ture for the toy model~20!, with ba5p/3 andbb5p/8. F is plotted
in units of NchD0.
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ergy fromu50 to u5p, thus favoring a parallel or antipar
allel configuration of the magnetic moments.

Figure 3 represents the contribution from only one tra
verse channel. As different transverse channels have diffe
phase shiftsba andbb , their contributions to the supercu
rent and to the magnetic exchange interaction do not nee
add up constructively. In order to observe an apprecia
supercurrent and/or a supercurrent-induced magnetic
change interaction, the ferromagnetic layers must be su
ciently thin or the exchange field must be sufficiently we
that the phasesba andbb typically do not exceed unity—so
that all contributions toI or tequ add up constructively. We
wish to point out that this is not an impossible condition
meet. In fact, the same condition applies to the existence
supercurrent through a magnetic Josephson junction wi
single ferromagnetic layer. Such supercurrents have been
served, see Ref. 14. Moreover, it is important to realize t
it is only thedifferenceof phases between majority and m
nority electrons that plays a role. Any common phases
cancelled out as a result of the Andreev scattering. A
result, the magnitude and sign of the Josephson current
the exchange interaction do not depend on the phase s
picked up in the normal-metal spacer layer. This is very d
ferent from the standard magnetic exchange interact
where the sign and magnitude of the interaction depe
sensitively on the thickness of the normal-metal spacer la

C. Chaotic normal layer

Let us now turn to a more realistic model where reflecti
processes occurring inside the ferromagnetic and norm
metal layers and at their interfaces are fully taken into
count, and where scattering from impurities causes the tra
verse modes to be mixed. In particular, we want to study
effect of spin filtering: The fact that majority and minorit
electrons have different transmission probabilities for tra
mission through a ferromagnet layer.~Spin filtering is the
dominant source of nonequilibrium current-induced torq
for FNF trilayers with normal-metal contacts.! The Joseph-
son current is expected to decrease with increasing reflec
inside theFNF trilayer, and with an increasing amount o
spin filtering.~Since the Josephson current is carried by C
per pairs, both the minority and the majority electrons m
be transmitted in order to get a current; see Ref. 32 fo
discussion of this effect in the context of anFNF trilayer
with one superconducting contact.!

Here we assume that the scattering matrix of the nor
layer is drawn from the circular orthogonal ensemble fro
random matrix theory, i.e., in particle/hole grading we se

SN5diag~S0^ 12 ,S0* ^ 12!, ~21!

where12 is the 232 identity matrix in spin space andS0 is
a 2Nch32Nch unitary symmetric matrix chosen with uniform
probability from the manifold of 2Nch32Nch unitary sym-
metric matrices. The ensemble of scattering matrices co
sponds to an ensemble ofFNF trilayers with the sameFa
and Fb , but different disorder configurations inN. The cir-
cular ensemble is appropriate for a trilayer where the nor
part would be, for example, a dirty metal grain or an am
7-5
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phous material.26 When the transmission probabilities of th
ferromagnetic layers are small, the circular ensemble ca
used for an arbitrary diffusive spacer layer.26 Our choice of a
symmetric scattering matrix implies that the amount of m
netic field leaking into the normal layer from the ferroma
nets Fa and Fb must be sufficiently small, so that time
reversal symmetry is preserved insideN. ~If time-reversal
symmetry is fully broken inN, both the supercurrent and th
Josephson-effect induced torque will vanish to leading or
in Nch.)

We are interested in the limit of a large number of cha
nelsNch. ~For metals,Nch is already of the order of 103 for
contacts with a width of a few nm.! For largeNch, sample-
to-sample fluctuations of the current and torque are m
smaller than the ensemble average, so that the ensembl
eraged torquet̄equ ~or currentĪ ) is sufficient to characterize
a single sample. It reads

t̄equ5kT(
n50

`

Tr
]S FS

21

]u
~SFS2Ḡ!, ~22!

with

G5
1

12SFSSN
SFS . ~23!

The averageḠ is computed in the appendix using the meth
of Ref. 30. The results of that calculation is a self-consist
equation forḠ, analogous to the Dyson equation for the a
erage Green function in a standard impurity average

Ḡ5
1

12SFSS
SFS , ~24a!

where

S5
1

2P~ Ḡ!
~A114@P~ Ḡ!#221! ~24b!

andP is a projection operator. Ine2h space,P reads

PS Aee Aeh

Ahe Ahh
D 5

1

2Nch
trNch ,abS 0 Aeh

Ahe 0 D ^ 1ab^ 1Nch
,

~24c!

where the trace trNch ,ab••• is taken in channel anda-b space,
but not in spin space or particle/hole space.

Equation~24! reduces to a self-consistent equation for t
434 matrix S. This equation remains fairly complicate
and, in general, has to be solved numerically, even whenSFS
is diagonal in channel space. In the limit whereSFS is close
to the identity matrix, i.e., when both ferromagnetic laye
are poorly transparent and reflect majority and minority el
trons with almost the same reflection phase, a further sim
fication of Eq.~24! is possible. Assuming thatSFS is diago-
nal in channel space~i.e., the ferromagnetic layers do no
mix channels!, expandingSFS511dSFS1O(dSFS)2, and
defining the 434 matrixX51/(2Nch)trNch ,abdSFS , Eq. ~24!

reduces to
05440
be

-

r

-

h
av-

t
-

-
li-

Xhe1( he Xee1Xhh( he 1( he Xeh( he 50,

Xeh1( eh Xhh1Xee( eh 1( eh Xhe( eh 50, ~25!

while See5Shh50 since S5P(S). Equation ~25! shows
that for opaqueFN interfaces and for diffusive scatterin
from the normal spacer layer, there is only a restricted nu
ber of parameters~i.e., the free parameters ofXeh ; Xhe is
related toXeh by particle-hole symmetry! that determines the
supercurrent and the equilibrium torque.

We could only obtain a solution in closed form in the ca
where transmission and reflection amplitudes of the fer
magnetic layers were real, i.e., still allowing different tran
mission and reflection probabilities for majority and minori
electrons~spin filtering!, but without spin-dependent phas
shifts in Fa and Fb . Introducing the mode-averaged tran
mission probabilitiesTa↑ (Ta↓) for majority ~minority! elec-
trons

Ta↑5
1

Nch
tr ta↑ta↑

† , Ta↓5
1

Nch
tr ta↓ta↓

† ,

the spin-averaged transmission probabilityGa5(Ta↑
1Ta↓)/2, and the geometric meanga5(Ta↑Ta↓)1/2, with
similar definitions forTb↑ , Tb↓ , Gb , andgb , we find

Ī 5
2e

\
kTNchD0(

n50

`
sinf

AD0
21vn

2

3
gagb

Aga
21gb

212gagb cosf1~vn /D0!2~Ga1Gb!2
.

~26!

Equation~26! is the generalization of Equation~24! of Ref.
28 to the case of contacts with spin-dependent transmiss
in the short junction limit~Thouless energy much larger tha
superconducting gapD0). In the limit of zero temperature, i
reduces to a complete elliptic integral of the first kind. W
note that the Josephson current~26! does not depend on th
angleu, so that there is no equilibrium torque in this cas
Since the assumption underlying Eq.~26! was that the elec-
trons do not pick up phase shifts in the ferromagnetic
gions, we conclude that spin-filtering alone~i.e., the fact that
majority and minority electrons have different transmissi
probabilities! is not enough to create a~Josephson curren
induced! equilibrium magnetic exchange interaction. We n
merically checked that this conclusion still holds whenSFS is
not close to unity.

D. Numerical results

For a numerical solution of Eq.~24! that accounts for the
fact that majority and minority electrons experience differe
phase shifts while scattering from the ferromagnetic layer
would be desirable to have detailed knowledge of the s
tering matricesSa andSb of the ferromagnetic layers. Thes
scattering matrices can, in principle, be calculated fromab
initio calculations, see, e.g., Ref. 27. However, complete d
for all amplitudes~phase shifts and probabilities! are not
7-6
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available in the literature. Therefore, we choose an ansatz
Sa andSb that is close in spirit to the toy model of Sec. IV A
The use of a simple ansatz can be partly justified by Eq.~25!,
which shows that it is only a finite number of parameters t
determines the supercurrent and exchange interaction,
the entire matrixSa or Sb . For our ansatz, we assume th
these scattering matrices are diagonal in channel space
we neglect any channel dependence. We further assume
most of the reflection processes take place at theFN inter-
face. Without loss of generality, we may set the phase pic
up by minority electrons while traversing the ferromagne
layers equal to zero. Then the difference between mino
and majority electrons is fully described by the phasesba(b)
picked up by majority electrons. This leads us to the ans
~in left-mover–right-mover space!

Sb↑,ee5S A12Tb↑ iATb↑eibb

iATb↑eibb A12Tb↑e2ibb
D ^ 1Nch

,

Sb↓,ee5S A12Tb↓ iATb↓
iATb↓ A12Tb↓

D ^ 1Nch
, ~27!

and similar equations forSa↑,ee andSa↓,ee.
With this model for the scattering matricesSa andSb , a

typical plot of the supercurrent atf5p/2 as a function ofu
is shown in Fig. 4. We have taken the values of the para
etersTa↑ , Ta↓ , Tb↑ , andTb↓ from realistic estimates for a

Co-Cu-Co trilayer,27,33 while we fixed the phasesba andbb
arbitrarily. Although the choice of parameters is specific,
observation that the Josephson effect induces a magneti
change interaction between the ferromagnetic layers
found to hold for any generic choice of scattering para
eters.@The only exception being the case discussed aro
Eq. ~26!, for which all scattering phase shifts are either 0
p.# Further, we found that when the phase difference
tween minority and majority electrons becomes of ord
unity, the variation of the supercurrentI with u is of the order
of the critical current, so that, up to a numerical factor, t
magnitudes of maximum equilibrium torque and critical cu
rent are related astequ;\I crit/2e.

We now turn to a slightly different model for the norm
layer which we study by doing the disorder average num

FIG. 4. SupercurrentI at phase differencef5p/2 between the
superconducting orderparameters, as a function of the angleu be-
tween the moments ofFa andFb . The currents is measured in uni
of 2eNchD0 /\. We set Ta↑50.68, Ta↓50.29, Tb↑50.68, Tb↓
50.29, following ab initio studies of Ref. 27 for a Co-Cu-Co
trilayer. The phasesba and bb were arbitrarily set atba

535p/180 andbb5115p/180. kT50.1D0.
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cally using Eq.~18!. In this model,34 which was also used in
Refs. 8 and 12,SN is given by Eq.~21!, where the 2Nch
32Nch scattering matrixS0 is parametrized, ina-b grading,
as

S05S 0 U

UT 0 D . ~28!

HereU is anNch3Nch unitary matrix, uniformly distributed
in the group of unitaryNch3Nch matrices. This model, in
which the normal metal spacer mixes the transverse mo
but does not cause any backscattering is appropriate, e.g
roughFN interfaces. As the same model was considered
quantitative estimates in Refs. 8 and 12, this choice forSN
can be used for a quantitative comparison of the Joseph
effect induced equilbrium torque and the nonequilibriu
torques considered in Refs. 8 and 12. Results are show
Fig. 5 for the same choice of parameters as in Fig. 4.

For all choices ofSa andSb that we considered, we find
that the results are well described by the phenomenolog
relation

]ta
equ

]f
5

\

2e

]I

]u
'NchD0 sinf~J1 sinu1J2 sin 2u!,

~29!

where the constantsJ1 and J2, which are analogous to th
quadratic and biquadratic coupling constants in the stand
magnetic exchange interaction, depend on the deta
choices forSa and Sb . Several properties of this phenom
enological relation are worth while mentioning.~i! The
torque induced by the Josephson current is proportiona
the number of transverse channelsNch, and hence to the
width of the trilayerNch. ~This property holds if the ferro-
magnets are sufficiently weak or thin, so that the phase

FIG. 5. Josephson currentI and equilibrium torquetequ for the
model ~28! for the scattering matrix of the normal-metal spac
layer, and with the same choice ofSa andSb as in Fig. 4. From up
to down, the panels containI (f) for u5p/2, I (u) for f5p/2,
ta

equ(f) for u5p/2, and ta
equ(u) for f5p/2. For the choice of

parameters used for this figure, the Josephson current and the
librium torque can be fitted with the phenomenological relati
~29!, with J150.007 andJ250.025. Torques are given in units o
D0Nch and currents in units of 2eD0Nch/\. kT50.1D0.
7-7
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XAVIER WAINTAL AND PIET W. BROUWER PHYSICAL REVIEW B 65 054407
ference experienced by majority and minority spins is&1,
see the discussion at the end of Sec. III B.! This should be
contrasted with the regular exchange interaction which d
not increase with increasingNch for a disordered normal
metal spacer.8 Thus, for wide junctions, the Josephson torq
is parameterically larger than the standard magnetic
change interaction.~ii ! The torquetequ vanishes atu50 and
u5p, irrespective off, since for these angles only sp
currents parallel to the magnetic moments play a role, wh
are conserved.~iii ! Similarly, the Josephson currentI van-
ishes atf50 andf5p, irrespective ofu. ~iv! The Joseph-
son current depends on the angleu. In the case shown in Fig
5, the junction showsp-junction behavior foru50, which
disappears whenu approachesp. The relative strength of the
u-dependent andu-independent part of the current varie
with the phasesba andbb , and thep-junction behavior is
not necessarily there for all choices ofba andbb .

IV. CONCLUSION AND DISCUSSION

We have shown that for a ferromagnet–normal-met
ferromagnet~FNF! trilayer coupled to two superconductin
contacts, the Josephson effect enhances and controls
magnetic exchange interaction between the magnetic
ments of the two ferromagnetic layers. The Josephson-e
induced torque bears important similarities and differen
with the nonequilibrium and equilibrium torques in anFNF
trilayer with two normal metal contacts.

~1! The Josephson-effect induced torque points perp
dicular to the plane spanned by the directionsm̂a andm̂b of
the magnetic moments of the ferromagnetic layers, such
the standard equilibrium exchange interaction. On the o
hand, the nonequilibrium torque mainly lies inside the pla
spanned bymW a andmW b .

~2! For the Josephson-effect induced torque~or the stan-
dard equilibrium exchange interaction! to exist, transmission
through theFNF junction needs to be phase coherent. Mo
over, existence of the Josephson-effect induced torque
quires that majority and minority electrons experience diff
ent phase shifts upon transmission through or reflection f
the ferromagnetic layers. The nonequilibrium torque, in c
trast, only needs spin filtering~different transmission or re
flection probabilities for majority and minority electrons!,
while coherence is not important.8,31

~3! Similar to the nonequilibrium torque, the Josephso
effect induced torque is carried by states close to the Fe
energy. The standard equilibrium torque has contributi
from states throughout the conduction band.

~4! The equilibrium torquestWa
equ andtWb

equ on the moments
of both ferromagnetic layersFa and Fb , respectivly, are
equal in magnitude, but opposite in direction,tWa

equ52tWb
equ.

No such relation holds for the nonequilibrium torque.
~5! The sign and size of the nonequilibrium torque is co

trolled by the direction of the current. In contrast, the sign
the Josephson effect induced torque is set by the super
ducting phase differencef and by the details of the scatte
ing phase shifts from the ferromagnetic layers; it is not
lated to the direction of the supercurrent in any direct w
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However, the order of magnitude of the Josephson ef
induced torque is set by the size of the critical supercurr
tequ;\I crit/2e.

We close with a discussion on the effect of the Joseph
induced exchange interaction on the dynamics of the m
netic moments. Typically, one of the two ferromagnetic m
ments~say the momentmW b of the layerFb) is fixed by an-
isotropy forces, and the torque is studied through its effec
the momentmW a of the ‘‘free’’ layer Fa . The usual method to
describe the dynamicsmW a in the presence of the current in
duced torque is via the phenomenological Landau-Lifsh
Gilbert equation.5,35 The result of such a calculation is
critical value of the torque necessary for switchingmW a with
respect to the fixed momentmW b . This program was carried
out for the nonequilibrium torque acting on a trilayer co
nected to two normal electrodes in Refs. 5 and 35. The ef
of the equilibrium torque considered here is simpler, as
admits a formulation in terms of the total energy of the s
tem. Using the phenomenological relation~29!, the Joseph-
son induced exchange interaction corresponds to an en
gain d f per unit area equal to

d f 5
D0

lF
2
cosf@J1m̂a•m̂b1J2~m̂a•m̂b!2#. ~30!

The criteria for switching the orientation ofmW a is that the
magnitude of this interaction energy exceeds that of the w
done against anisotropy forces acting on each layer~arising
from shape, crystalline structure, etc.!. For a 2 nmthick Co-
balt layer, those are of the order of 1023 J m22 and can be
decreased by up to two orders of magnitude for if Cobal
replaced by Permalloy36 Ni81Fe19. On the other hand, for
D0'10 K ~as is the case for niobium!, lF'1 Å and J1
'0.01 ~the value found in our toy model simulations wit
slightly optimized values for the phase shift differencesba
andbb), the Josephson induced interaction is of the orde
1024 J m22. Hence, we estimate that control of the relati
orientation ofmW a and mW b should be experimentally acces
sible provided the local anisotropy forces are kept at a m
mum.

When the anisotropy forces are so small that switching
the magnetic moments becomes a possibility, the ac Jos
son effect should provide a clear signature of the switch
of the ferromagnetic moments through the sensitivity of
supercurrent to the angleu betweenmW a andmW b . A possible
scenario is sketched in Fig. 6: the equilibrium current o

FIG. 6. Sketch of the current as a function of time when a sm
voltageV is applied across the junctions. When the Josephson e
induced interaction exceeds the local anisotropy field, the rela
configurations of the two moments switches.
7-8
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served in the Josephson effect should exhibit periodic sh
when the switchings occur. In order to evaluate the fas
time scale at which the switching of the moments can oc
we return to the Landau-Lifshitz-Gilbert equation for the d
namics of the magnetic moments. As before, we suppose
mW b is kept fixed by a strong local anisotropy field, while th
anisotropy field acting onmW a is negligible. Neglecting the
bi-quadratic couplingJ2, the dynamics ofmW a can then be
described by5,35

]m̂a

]t
5m̂a3FgHJ~m̂a•m̂b!m̂b2a

]m̂a

]t
G . ~31!

Here g5gmB /\ is the gyromagnetic ratio,a the Gilbert
damping coefficient andHJ is the effective exchange fiel
representing the Josephson-effect induced torque

HJ5
J1

daumau
cosf~ t !, ~32!

where da is the thickness of the layerFa . Neglecting the
time dependance of the superconducting phase differencf,
this equation is easily solved,

tanu5e2Gt tanu0 , ~33!

with G5gHJa/(11a2). The switching rateG is maximum
for a51 where, using the numerical values conside
above and umau51.6 106 A/m ~for cobalt!, we find G
'10 GHz. On the other hand, typical voltages used in
Josephson experiments are of the order of a fewmV, which
corresponds to frequencies of the order of a GHz. Theref
for these frequencies, it should be possible, in principle
observe the periodic switching of the magnetization orien
tion as suggested in Fig. 6.
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APPENDIX: DERIVATION OF EQ. „24…

In this appendix, we calculate the ensemble averagḠ
where G is defined in Eq.~23!. The ensemble averag
amounts to the calculation of an average over the circ
orthogonal ensemble from random matrix theory~the mani-
fold of unitary symmetric matrices!

Ḡ5E dS0SFS

1

12SNSFS
, ~A1!

where, in particle/hole (e2h) grading, SN5diag(S0

^ 12 ,S0* ^ 12), 12 being the 232 identity matrix in spin space
andS0 being an 2Nch32Nch symmetric unitary matrix, and
dS0 is the invariant measure for integration over the circu
orthogonal ensemble. To perform the average overS0, we
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use the diagrammatic technique of Ref. 30 and calculateḠ to
leading order in 1/Nch. First, G is expanded in powers o
SFS ,

G5SFS1SFSSNSFS1SFSSNSFSSNSFS1••• ~A2!

and the corresponding terms are associated with diagram
full line corresponds to a factorSFS and a dotted line to
factor SN , see Fig. 7~a!. At each dot one sums over a lati
index ranging from 1 to 2Nch, representing the channe
space, and a greek index ranging from 1 to 4, represen
the combination ofe2h and spin space. According to th
diagrammatic rules of Ref. 30, the average is then done
connecting all dots by thin lines, summing over all possib
ways of pairing up the dots. To leading order in 1/Nch, only
planar diagrams contribute, i.e., the diagrams where the
lines do not cross. When two dots are connected, the co
sponding latin indices are identified and summed over,
the constraint is imposed that two greek indices involv
have to be different ine-h space~i.e., if one index corre-
sponds toe, the other one has to correspond toh). The ra-
tionale for this constraint is that only contractions that
volve S0 and its complex conjugate are allowed in th

FIG. 7. ~a! Diagrammatic representation of Eq.~A2!. ~b! The

first two diagrams contribution toḠ. ~c! General structure of dia-

grams contributing toḠ. ~d! General structure of diagrams contrib
uting to S.
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average. Finally, a weight factor is associated with each
gram: each cycle formed by an alternation of dotted lines
thin solid lines in the diagram contributes a factorWi , where
i is equal to half the number of dotted lines contained in
cycle. TheWi are tabulated in Ref. 30; for the purpose of th
integral, we only need their generating function37

(
i 51

`

Wiz
i 215@A~2Nch!

214z2~2Nch!#/2z. ~A3!

The weight factorsWi with i .1 correspond to contribution
to the average that go beyond a Gaussian evaluation u
Wick’s theorem. The first nonvanishing diagrams are sho
in Fig. 7~b!. They correspond to

Ḡ5SFS12NchW1SFSP~SFS!SFS1••• . ~A4!

The projector operatorP was introduced in Eq.~24c!. It
implements the constraint that only greek indices repres
ing e andh degrees of freedom can be contracted.

Now, we are ready to obtain the self-consistent equa
~24! for Ḡ. Except from the zeroth order@first term in Eq.
~A4!#, all the diagrams involved inḠ have the structure
u-

C.

s

v.
.F

v,

tt.
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shown in Fig. 7~c!, where the boxes stand for all possib
allowed contractions. The important point here is that ther
no thin line connecting the two different boxes since we
only considering planar diagrams. The sum over all the d
ferent contractions represented by the right box gives all
possible diagrams and therefore equalsḠ itself. Denoting the
left part of Fig. 7~c! by S, we have

Ḡ5SFS1SFSSḠ, ~A5!

which is Eq.~24a!. The diagrams contributing toS have the
structure shown in Fig. 7~d!. They contain 2n21 building
blocks,n51,2, . . . ,with weight factorWn . ~Only odd num-
bers appear, because of the constraint that only indices
longing toS0 and its complex conjugate can be contracte!

Each building block can be identified withP(Ḡ). Hence,

S5 (
n51

`

Wn Tr @2NchP~ Ḡ!#2n21, ~A6!

which leads to Eq.~24b! if we use the generating functio
~A3! for the weight factorsWn .
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