
PHYSICAL REVIEW B, VOLUME 65, 054401
Effects of spin accumulation in magnetic multilayers

C. Heide
Department of Physics, New York University, 4 Washington Place, New York, New York 10003

~Received 30 May 2001; published 27 December 2001!

The diffusion equation for the spin accumulation in magnetic multilayers is extended to capture the time-
dependent buildup of spin accumulation as well as the influence of an external field and arbitrary magnetization
orientations on the spin accumulation. One obtains a consistent formulation for spin accumulation that can
explain such important effects as spin injection, spin filtering, and spin transfer on an equal footing. Spin
transfer is determined by the amount of spin accumulation at the interfaces whereas spin filtering by the
departure from collinear magnetization orientations. The noncollinear magnetization orientations lead to a
spatial decay of the spin accumulation in the transverse direction of the multilayer plane. Spin filtering can thus
be associated with a new length scale in the transverse direction. Moreover, spin filtering is in correspondence
with a biquadratic coupling between layers and changes in the angular dependence of the giant magnetoresis-
tance. What is interesting is that spin filtering is not a prerequisite to spin transfer. Different scenarios for
current-induced magnetization reversal are discussed in which, depending largely on the geometry of the
magnetic multilayer, either spin injection or spin transfer will be dominant.
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I. INTRODUCTION

Essential to electronic devices are interfaces across w
the distribution of individual types of carriers has to chan
In magnetic multilayers~MML’s ! the bulk transport charac
teristics in alternating magnetic and nonmagnetic layers
quire the distribution of spin-up and spin-down conducti
electrons to change across the interface. In the presence
current this leads to spin accumulation. The spin degree
freedom of the conduction electrons can be used in a sim
fashion as electrons and holes in semiconductors, giving
to numerous new effects such as spin injection, spin filter
and spin transfer. To fully exploit MML’s in electronic de
vices, it is thus important to understand the effect of s
accumulation in more detail.

The purpose of this work is then to extend earlier form
lations on spin accumulation without adding to their co
plexity. We will focus on metal-based MML’s where tran
port is considered to be diffusive and spin informati
conserved over a length scale of the order of the thicknes
the layers. Building on a limiting case of combined transp
equations for spin and charge in conjunction with coup
Landau-Lifshitz equations derived in a previous work,1 we
will analyze in detail the obtained diffusion equation. In pa
ticular, we will study the time development of the buildup
spin accumulation which has, at least to our knowledge,
been addressed so far. The transient behavior of spin a
mulation is an important issue since ultrafast switching,
quired, for example, in magnetic read heads or memory
vices, could in principle lead to a number of unexpec
effects when one wants to use MML’s with currents perp
dicular to the plane of the layers~CPP! in future devices.
In addition, we will discuss the effects arising from hig
currents and the noncollinearity of the magnetization
consecutive layers at steady state. These effects are
injection, spin filtering, and spin transfer.

Spin accumulation is a well-studied phenomena dat
back to the seminal works of Johnson and Silsbee.2–4 They
0163-1829/2001/65~5!/054401~17!/$20.00 65 0544
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also gave a theoretical description based on nonequilibr
thermodynamics4 which was formulated independently b
van Son, van Kempen, and Wyder in terms of a diffusi
equations for spin-dependent chemical potentials,5 arriving at
the same conclusions. They realized that a current acro
single magnetic layer leads to the buildup of nonequilibriu
magnetizationdM s—spin accumulation—at the interface
This arises from different scattering probabilities for spin-
and spin-down conduction electrons in the ferromagnet.

Much of the impetus to study spin accumulation in mo
detail was given by the discovery of giant magnetoresista
~GMR! in magnetic multilayers in the CPP geometry by Pr
et al.6 This led to a number of theoretical works that e
tended the basic models to describe spin accumulation. M
detailed treatments have been given later on the basi
linear response theory and the Boltzmann equati
respectively.7,8 It could be shown that the essential featur
of spin accumulation are captured by the spin-dependent
fusion equation and reasonable quantitative agreem
reached when spin-flip scattering at the interfaces was
cluded in the form of boundary conditions.8 In general, only
collinear orientations of the magnetizations in success
magnetic layers were considered.

Later, Dauguetet al. measured the angular dependence
the CPP-MR effect in MML’s.9 Their experiments show a
small but rather noticeable departure from the predicted cu
dependence of the CPP-MR. The problem of angular dep
dence of the CPP-MR was first studied by Wanget al. in a
numerical band-structure calculation of a superlattice wh
confirmed that the angular dependence is not solely
scribed by cosu.10 Comparing the linear response calcul
tions of Camblonget al.11 with those of Vedyayevet al.,12

one notices that the departure of the cosu dependence is due
to the band structure. These results have been confirme
Hernandoet al. in a semiclassical calculation.13 Since these
treatments are rather involved, we would like to revisit th
problem and show that in a simple phenomenological form
lation based on a generalized diffusion equation the exp
ments can not only be well explained but one also fin
©2001 The American Physical Society01-1
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simple analytical expressions. In particular, our treatm
lends itself to the interesting interpretation that the origin
the departure of the cosu behavior is that of spin filtering.

We consider spin filtering as the reorientation of the m
netic moment of the conduction electrons towards the dir
tion of the effective field of the magnetic background.
MML’s the effect of spin filtering was first studied b
Slonczewski14,16 based on a quantum mechanical treatme
The effect of spin filtering reported therein was of the ord
of the s-d exchange splitting of the conduction electrons
the molecular field of the localized electrons. The spin reo
ents itself therefore within a few monolayers completely.
the context of MML’s this is in contradiction to the measur
angular behavior of the CPP-MR where a departure of
cosu dependence is a small correction; there is no comp
suppression of the CPP-MR. We will show that spin filteri
is indeed a much smaller effect limited by the amount of s
accumulation. It occurs over a length scale comparable to
spin diffusion length. It is only in the limit of half-metallic
magnetic layers that spin filtering is bound to a few mon
layers at the interface, a case treated by Bazaliyet al.17

The interesting proposition made in Refs. 14–16 is t
spin filtering leads to spin transfer: the dissipative loss
spin angular momentum from one magnetic subsystem
another that can under certain conditions lead to the exc
tion of spin waves~microwaves!. According to Newton’s
third law, angular momentum must be conserved in a syst
As spin filtering is a transverse effect on the magnetic m
ment of the conduction electrons, the torque thus create
the background magnetization is also transverse.14–16,18The
simplicity of the argument adds to its beauty. Yet we find th
spin filtering is in general not related to spin transfer betwe
magnetic subsystems. This is due to the fact that the do
nant relaxation mechanism for the nonequilibrium magn
zation of the conduction electrons is to the lattice, for e
ample, via spin-orbit coupling.19,20 Spin filtering is,
therefore, likely to be deterrent to spin transfer as it redu
the nonequilibrium magnetization.

Spin transfer only occurs when the energy is conserve
the process of flipping a spin and exciting a spin wave as
been stressed by Berger.22 For the energy to be conserved,
large nonequilibrium magnetizations is required. Referen
1 and 22 show that spin transfer is governed by this con
tion. Once the condition is met, spin transfer is a very e
cient process to relax the nonequilibrium magnetizati
However, it is only this additional contribution of the non
equilibrium magnetization which conserves energy t
relaxes within a few monolayers.

Spin filtering, which does not have an energy barrier
overcome, induces a torque on the background magne
tion, nevertheless. Because this torque is related to a cur
induced biquadratic coupling, it leads, however, to a prec
sion which is conservative and extends into the bulk of
layer. This biquadratic coupling can be regarded as the n
order in the expansion of the nonequilibrium exchange in
action ~NEXI!. In contrast to the bilinear coupling,23–25 the
biquadratic coupling exists even in symmetric structur
However, for the systems that show current-induced mag
tization reversal26–28 the dominant contribution comes from
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the bilinear term which is discussed here in the diffus
regime.

The NEXI can be regarded as a ‘‘figure of merit’’ fo
detecting spin injection. We understand the term spin inj
tion as the change in the nonequilibrium magnetization o
system due to the presence of an external source of none
librium magnetization, for instance, another layer. We co
sider this change a ‘‘nonlocal’’ change as distinct from t
‘‘local’’ change induced by a layer itself. A way to produc
such a nonlocal change in the nonequilibrium magnetiza
is to inject a spin current into a ferromagnetic layer whi
acts as the ‘‘detector’’ or ‘‘analyzer’’ of the injected spi
current. This has been realized experimentally by lettin
spin-polarized electron beam produced in a photocath
pass through a magnetic film29 or by using a multilayer struc-
ture of at least two magnetic layers separated by a nonm
netic one.26–28,30–35Whereas in the former setup the phot
cathode can be regarded as the ‘‘polarizer’’—the source
spin-polarized electrons—and the magnetic layer takes
function of an ‘‘analyzer,’’ the latter scenario is somewh
more complex in that the two magnetic layersboth signifi-
cantly spin-polarize the current. In the limit of a MML with
inversion symmetry at steady state, one can no longer dis
guish the two magnetic layers and the concept of a polar
and analyzer breaks down; the bilinear coupling of the NE
largely vanishes and there is only the, in general, mu
weaker biquadratic coupling of the NEXI left. This implie
that also the spin injection is largely reduced.

One would assume from the works on sp
transfer14–17,21,22 that the absence of spin injection wou
necessarily mean that spin transfer cannot occur and
waves cannot be excited. That this is, however, not the c
has been shown in Ref. 1. This also allows one to recon
the notion of spin transfer with the experiments of Ts
et al.30,31 and Myerset al.26 where a single magnetic laye
was sufficient to observe current-induced excitations. He
we will discuss how spin transfer and spin injection lead
different current-induced switching behavior. We find that f
different geometries of the system studied one or the o
mechanism will be prevalent.

The rest of the paper is then structured as follows. In S
II we derive phenomenological transport equations for n
collinear structures. In Sec. III we deal with applications
the diffusion equation and discuss the different physical s
narios outlined above. These are~A! the time-dependen
buildup of spin accumulation,~B! spin filtering in noncol-
linear MML’s, ~C! magnetic field effects due to noncollinea
ity which turn out to be negligible,~D! the biquadratic cou-
pling of the NEXI which can be regarded as being caused
a spin current-induced quadrupole field,~E! spin transfer and
microwave generation, and, finally,~F! a discussion of
current-induced switching being either based on spin inj
tion or spin transfer. Conclusions are drawn in Sec. IV.

II. DERIVATIONS

In deriving the transport and continuity equations, we f
low a particularly instructive treatment given by Torrey36

~see also Ref. 37!. For simplicity, we assume a fixed back
1-2
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EFFECTS OF SPIN ACCUMULATION IN MAGNETIC . . . PHYSICAL REVIEW B 65 054401
ground of magnetic moments that is constant in time.
The justification for a phenomenological approach lies

the length scales involved in transport across MML’s. T
transport is governed by two characteristic length scales,
electron mean free path and the spin diffusion length;
general, the thickness of the individual layers exceeds
size of the electron mean free path in metallic structures
not that of the spin diffusion length.8 Whereas charge trans
port is therefore largely diffusive, spin information is co
served on a length scale comparable to the layer thickn
This led to the use of spin-dependent chemical potent
whose spatial dependence is described in terms of a diffu
equation.5,8 Although this approach is very intuitive for co
linear MML’s much of its clarity is lost when considerin
arbitrary orientations of the magnetization in different laye
Its correspondence to the approach taken in the followin
referred to Appendix A.

We will embark on phenomenological arguments ba
on drift and diffusion currents to derive expressions for b
spin and charge current. These have to be combined with
appropriate continuity equations in order to derive the dif
sion equation governing the buildup of spin accumulati
For the spin current the corresponding continuity equati
turn out to be coupled Landau-Lifshitz equations betwe
the paramagnetic subsystem of conduction electrons an
calized magnetic moments. The derivation of the latter
referred to Appendix B.

A. Transport equations

The axes of the system are chosen to be arbitrarily
ented with respect to the field direction of the layers. T
conduction electron spins shall be quantized along thez co-
ordinate axis andns is the number of spin-up (s5↑) and
spin down (s5↓) electrons in this direction, respectivel
As for electrons and holes in semiconductors, we use h
the concepts of drift and diffusion current for spin-up a
spin-down electrons. In the presence of both external fie
and a carrier density gradient, the carrier current density
the two types can be written as the sum of a term prop
tional to the drift velocityvW s and a term proportional to th
density gradient:

JWs5nsvW s2D¹W ns , ~1!

and D is the diffusion constant. We assume that the d
velocity is proportional to the force on the conduction ele
tron produced by the action of the field gradients on
electric and magnetic moment, i.e.,KvW s5FW s , where

FW s52e¹W V6mB¹W Heff
z , ~2!

and we neglected the cyclotron effect. The positive sign
for spin-up electrons and the negative sign for spin-do
electrons. The effective magnetic fieldHeff5He1aMd con-
tains the external field and the molecular field coupled to
conduction electrons via an exchange constanta. The mo-
lecular field is derived from the energy per unit volume
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the s-d-type exchange interaction between the conduct
electrons and the more localized electrons producing
magnetic background,

Esd52aM s•Md . ~3!

In Eq. ~2! only thez component is taken into account sinc
the spin is oriented along thez axis. When we rewrite Eq.~1!
with help of Eq.~2!, the z component of the magnetizatio
current takes the following form:

JW M
z 5mB~JW ↑2JW ↓!52msMs

z¹W V2D¹W Ms
z1Dxs¹W Heff

z .
~4!

We have introduced the conduction electron magnet
tion Ms

z5mB(n↑2n↓), the electron mobility ms5e/K
5eDN(«F)/n, and the susceptibility xs5mB

2n/(DK)
5mB

2N(«F), where the expressions after the second equa
implies free conduction electrons andN(«F) denotes the
density of states at the Fermi level. In principle, for gene
band structures all transport parameters are spin depen
However, in a phenomenological approach this depende
can be absorbed in the already existing spin-dependent
rameters. The total number of electrons is given byn5n↑
1n↓ and does not depend on the axis of spin quantizat
Thex andy components can be obtained in a similar mann
Realizing that the equilibrium magnetization is given
M s

05xsHeff , the full magnetization current becomes

J¢M52msM s¹W V2D¹W dM s , ~5!

wheredM s5M s2M s
0 is the nonequilibrium magnetization

i.e., spin accumulation in the system. The expression2H*
5dM s /xs can be regarded as some additional magn
field, in the presence of which the magnetization would be
equilibrium. Johnson and Silsbee recognized it as a gene
ized force that drives the magnetization current.4 One obtains
their result by linearization of Eq.~5!, i.e., M s→M s

0 andD

independent of changes inn. In Eq. ~5! the flow J¢M is ex-
pressed in terms of the forces¹W V and¹W dM s as well as their
respective kinetic coefficients. An equivalent term has be
introduced in Ref. 5 where spin accumulation is understo
as the current-induced difference in ‘‘chemical potentia
for spin-up and spin-down electrons. The equivalence
tween the above-described treatment with that of a sp
notation of the chemical potential is given in Appendix A.

By the same thermodynamic principle, one finds an ana
gous expression for the electric current with different kine
coefficients. However, employing the line of reasoning th
led to Eq.~4! and assuming just for now that thez axis of
quantization corresponds to the field direction, we find
following expression for the electric current density:

JWe5e~JW ↑1JW ↓!

52s¹W V2eD¹W n1msMs
z¹W Heff

z

52s¹W V2
ms

xs
Ms

z¹W dMs
z2

2eD

n
¹W ~n↑n↓!, ~6!

wheres5e2n/K5e2DN(«F) is the conductivity. The term
¹W (n↑n↓) is somewhat unexpected from the thermodynam
1-3
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C. HEIDE PHYSICAL REVIEW B 65 054401
reasoning above as it does not appear as a ‘‘classical’’ fo
on the conduction electrons. From the particular form of t
term, one may deduce that this force is due to the elect
electron interactions in the system which are causing a
fusion of the electric charge and can lead to charge accu
lation effects. This may be best seen for the case o
nonmagnetic metal wheren↑5n↓5n/2. The second term in
Eq. ~6! vanishes, and one simply recovers the sp
independent transport equation in terms of drift and diffus
currents:

JWe52s¹W V2eD¹W n.

In the opposite limit of a strong ferromagnet or even ha
metal, where the spin subbands are strongly splitn↑@n↓ , the
last term in Eq.~6! may be neglected. Assuming for now th
latter limit, the conjugate equation to Eq.~5! for arbitrary
spin orientation is then

JWe52s¹W V2
ms

xs
M s•¹W dM s . ~7!

Since electron and magnetization currents have to vanis
thermal equilibrium, an Einstein relation between diffusi
and mobility constants has to hold, i.e.,ms5eD/(kBT). For
degenerate conductors one does the following replacem
kBT5mvF

2/3, wherem is the effective conduction electro
mass andvF the Fermi velocity.

So far we have considered only quasifree conduction e
trons. Such a treatment is likely to overestimate the diffus
processes in a ferromagnetic metal. It is, however, poss
to define the transport coefficients in a more general fo
the conductivity can be written ass5nems5ne2t tr /m* and
the diffusion constant asD5kt tr , wheret tr is the transport
scattering time which has contributions from spi
independent impurity scattering and spin-dependent sca
ing t tr

215t i
211ts

21 ; m* is the renormalized or effective
mass of the conduction electrons. The constantk5jvF

2/3 is
also renormalized. In general, one has to consider quas
ticles close to the Fermi surface, andj, which is equal to or
smaller than unity, can then be obtained with help of Fe
liquid theory which also allows one to determine the effe
tive mass and a renormalized transport scattering time
order to obtain reasonable agreement with experiments. H
we consider these parameters as phenomenological
stants. In particular a reduced value ofj in the diffusion
constant accounts for the delocalized nature of thed
electrons in most transition metals.

Such an effectively reduced diffusion constant impl
that the magnetization transport is reduced relative to
charge transport. Therefore, later in the text we shall dis
guish between the equilibrium polarizationMs

0z/(mBn) and a
spin-transport asymmetry factorb relating to the nonequilib-
rium magnetization. Only for simple parabolic conducti
bands are they identical. A smaller value forD leads also to
a more satisfying reasoning why the last term in Eq.~6! is
negligible compared to the other two terms. On a more h
ristic level this means that in most metallic MML’s the sp
diffusion length is much larger than the electron mean f
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path, and one may neglect additional charge accumula
effects. This argument was put forward in the treatment
Valet and Fert to neglect a similar term which arises a
‘‘Boltzmann correction.’’8 It had also been pointed out b
Johnson and Silsbee that the use of a renormalized diffu
constant allows for a difference in the spin and charge ac
mulation length;4 i.e., charge and spin are less coupled
realistic MML’s than a free-electron description wou
predict.

B. Continuity equations

Equations~5! and ~7! are not yet sufficient to determin
the spin accumulation. Out of equilibrium, one requires
additional condition of continuity. For the electric curre
this is the standard continuity equation

e
]n

]t
52¹W •JWe . ~8!

For the magnetization current a similar expression is satis
if we consider a single magnetic layer in the absence
external magnetic fields. In a general MML, however, ma
netization is transported across a number of magnetic lay
The conduction electrons, thus, experience a large chang
molecular fields from the background magnetization so t
we have to describe the continuity of the spin polarization
the conduction electrons instead. The change in magn
moment is governed by three contributions: the contribut
of torque exerted by the magnetic background on the ve
moment, the contribution of relaxation processes, and,
nally, the rate of change of magnetization through the surf
of a unit volume elementV0 which is described by the mag
netization current. The first two conditions lead to stand
Landau-Lifshitz equations which have to be supplemen
by the action of the magnetization current. The chan
of the magnetic moment per volume element due to
magnetization current is

2E dV
V0

S ]M s

]t D
[JM ]

5E dS
V0

n•J¢M5¹W •J¢M , ~9!

wheren is the unit vector on the surfaceS of the volume
element. The Landau-Lifshitz equation for a static magne
background derived in Appendix B reads as

]M s

]t
2gM s3He1¹W •J¢M52

dMd

tdl
2

dM s

tsl
. ~10!

On the left-hand side~LHS! of the equation the additiona
term2a(gs2gd)(M s3Md) ought to be included if the sys
tem has different gyromagnetic ratiosgsÞgd for the s- and
d-electron systems. In Sec. III C, we will show that any
these ‘‘precession’’ terms are negligible for most experime
tal situations concerning metallic MML’s. The terms on th
right-hand side are due to relaxation with characteristic tim
tsl andtdl . Both are mainly due to conduction electron sp
relaxation to the lattice, for example, via spin-orb
coupling.19 In general,s-d scattering conserves angular m
mentum, so that it does not contribute to relaxation if t
1-4
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EFFECTS OF SPIN ACCUMULATION IN MAGNETIC . . . PHYSICAL REVIEW B 65 054401
magnetic backgroundMd is fixed.38 In such a situationtsl is
the only contribution to the conduction-electron spin rela
ation ts , also known asT2. However, thes-d scattering can
couple conduction electrons to thermal magnons of the ba
ground magnetization which is the origin of the first term
the right-hand side~see Appendix B and Refs. 52 and 54 f
details!. This is a weak effect at low temperatures. The m
nitude of dMd depends approximately on temperature
given by the Bloch lawdMd5Md(0)2Md(T)}T3/2. In the
following we always considerT50.

We note that Eq.~10! does not describe the precession
the magnetization due to an oscillating external field, sin
we assumed that the magnetic background is held fixed. A
in the regime, where spin-wave excitations occur due to h
currents,30 Eq. ~10! can only describe the onset of spin-wa
excitation after which it is no longer valid and one has
retreat to the more general equations given in Ref. 1. In b
cases one has to take the dynamics of the magnetic b
ground into account. Nevertheless, Eq.~10! serves our pur-
pose to study the buildup of spin accumulation acros
MML before these excitations can occur.

III. APPLICATIONS

A. Time-dependent buildup of spin accumulation

One of the effects not yet studied when considering tra
port across magnetic multilayers is the time-depend
buildup of nonequilibrium magnetization or spin accumu
tion. One would like to know how the nonequilibrium ma
netization distributes itself in the multilayer before the stea
state is reached. The steady state requiresboth charge and
spin distributionsto be constant over time. Here we study t
transient processes of spin accumulation.

We noted before that the length scales for charge and
transport are very different in MML and, hence, their tim
scales. Therefore, one can assume that a steady stat
charge transport is established instantaneously, i.e., w
t tr'10215–10214 s, whereas the spin accumulation reach
steady state only afterts'tsl'10212–10211 s. In the fol-
lowing we consider times longer than the transport scatte
time and shorter than the spin relaxation time.

We would like to motivate the physical situation by stud
ing two simple examples. One could imagine the followi
situation. A ferromagnet is in contact with a ‘‘battery’’ tha
allows no spin-flip scattering. Then the current entering
ferromagnet becomes only polarized by the spin-flip scat
ing in the ferromagnet itself. The buildup of spin accumu
tion is entirely determined by the relaxation timetsl of the
ferromagnet. Although this scenario seems, at first, likely
be realized in many experiments, it leads to the interest
somewhat paradoxical situation that the current acros
‘‘perfect’’ ferromagnet, i.e., one without spin-flip processe
stays always unpolarized. This can be seen from
following line of reasoning.

The corresponding boundary condition that requires
battery not to produce a nonequilibrium magnetization
dM s(2`)5dM s(`)50. At the interface between ferro
magnetF and nonmagnetic batteryN, one has therefore from
Eq. ~5!
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F ~6`!52ms

FMs
z¹W V, ~11a!

JM
N ~6`!50, ~11b!

assuming a current flowing along a fixed axis. In Eq.~11b!
the drift part is absent as the battery in nonmagnetic. Si
JM has to be continuous everywhere, it follows that there
no polarization of the current at the interfaceJM

F (6`)
5JM

N (6`)50. Therefore, the current across a ‘‘perfect’’ fe
romagnet, where Eq.~11a! determinesJM

F everywhere in the
ferromagnet, is always unpolarized. The resistance of the
romagnet is held identical for both spin channels by
boundary conditions.

In general, however, it is more likely that there exist sp
flip processes outside the structure under consideration
other words, it seems reasonable to assume that it is pos
to draw different currents for spin-up and -down electro
from the battery. In such a case the battery produces a n
equilibrium magnetization, and one has onlydM s(`)
2dM s(2`)50. To be more explicit, we consider th
buildup of spin accumulation at the interface,x50, between
a ferromagnet and a nonmagnetic metal layer, when a cur
is flowing in thex direction across it. With Eq.~5! the mag-
netization current in each layer can be approximated by

JM
F '2ms

FMs
z¹W V'

mB

e
sF* bE, ~12a!

JM
N 52D

]

]x
dMs

z[2D
]m~x,t !

]x
. ~12b!

In Eq. ~12a! the first approximation is given by the fact th
due to metallic conduction the current in the ferromagne
dominated by the drift part whereas the second approxi
tion is a linearization in the dependence of the backgrou
magnetization whereb is the spin ‘‘asymmetry’’ factor in the
ferromagnet.8 The asymmetry factor is a transport parame
which, in general, should be considered as a renormalize
phenomenological quantity, respectively. For simple pa
bolic conduction bands it can be directly associated with
conduction electron magnetizationb5Ms

0z/(mBn). The av-
erage conductivity in the ferromagnet is given bysF* 5(1

2b2)/rF* and the electric field defined asE52¹W V. As be-
fore, in Eq.~12b! the drift part is absent as there is no bac
ground magnetization in the nonmagnetic metal. The fu
tion m(x,t) determines the spin accumulation in th
nonmagnetic layer.

In order to study its time development, we further assu
that due to the dominance of the drift contribution to t
electric current for both magnetic and nonmagnetic layers
divergence is zero, i.e., that it has reached steady state.
happens within the transport scattering timet tr which is of
the order of 10215–10214 s. Before the spin accumulatio
has reached a steady statet0't tr,t,tsl'10212–10210 s,
the form of Eqs.~12! allows one to treat the ferromagnet
layer as a constant source of nonequilibrium magnetiza
with m05m(0,t) at all times for the above interval. For th
transient problem in the nonmagnetic layerx.0 one has the
1-5
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C. HEIDE PHYSICAL REVIEW B 65 054401
initial condition thatm(x.0,t0)50 and Eq.~10! reduces at
zero temperature and in the absence of relaxation to

]m̃~x,t !

]t
5D

]2m̃~x,t !

]x2
, ~13!

where m̃(x,t)5m02m(x,t). One, however, has to bear i
mind that the spin accumulation at the interface depends
the total resistance of the structure. Therefore, there is on
fraction of the rate given by the drift current~12a! which one
can actually drive across the interface. This fraction is giv
by the spin accumulation calculated in the resistor-in-se
model, where due to the time scale in consideration s
diffusion can be neglected. The semi-infinite layers have
sistivities for spin-up and spin-down channelsrF

s52rF* (1
6b) andrN

s52rN* . For a constant external biasV that is the
same for each spin channel and the boundary condi
m(2`,t0)2m(`,t0)50, the initial spin accumulation at th
interface is given by

m05eVmBN~«F!
2brF* rN*

~rF* 1rN* !22~brF* !2
. ~14!

As pointed out before, att5t0 there is no spin accumulatio
in the nonmagnetic layer, so thatm(x,t0)50 or m̃(x,t0)
5m0. The solution to Eq.~13! can be found via Laplace
transformation into an image function given by simp
exponentials similar to the steady-state problem. T
backtransformation leads to an error function,

m̃~x,t !5m0 ErfS x

2ADNt
D , ~15!

or the error function complement form(x,t), respectively,
shown normalized to the initial spin accumulationm0 in Fig.
1. At time t5`, m(x,t)5m0. This result is only valid as-
suming that the spin diffusion length is infinite. In reality th
accumulation stops growing aftert'tsl because of spin re
laxation on this time scale.

The magnetization current in the nonmagnetic layer
be derived together with Eq.~15! from Eq. ~12b!:

FIG. 1. Spin accumulation profile in the nonmagnetic layer
veloping in the time steps from left to rightDt50.01, 0.1, 1, 10,
100, 1000 in units of an arbitrary area.
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JM
N ~x,t !52DN

]m~x,t !

]x
5m0ADN

pt
e2x2/4DNt. ~16!

The buildup of spin accumulation is connected to the flow
nonequilibrium magnetization across the interface, i.e., ax
50 from the ferromagnet into the nonmagnetic layer, wh
is determined by Eq.~16!,

JM
N ~x,t !ux5015m0ADN

pt
. ~17!

This flow tends to decrease over time. The amount of m
netization having entered the nonmagnetic layer after timt,

M~ t !5nE
0

t

dt8JM
N ~x,t8!ux50152nm0ADNt

p
, ~18!

where n is the area of the cross section of the interfa
allows us to determine the spin accumulationm0. This could
be done by measuring the magnetic momentM as a function
of time by femtosecond magnetometry~see, for example,
Ref. 29 for related experiments!. Such a measurement give
a direct way to access the amount of spin accumulation a
interface and would be of great value.

Although the flow across the interface vanishes in E
~17! if t→`, it is limited to t5tsl ; therefore one reaches
steady-state condition for the magnetization current. In s
a case, we replace the LHS of the diffusion equation~13! by
m̃(x,t)/tsl and impose again the boundary condition th
both JM and m̃(x,t) be conserved at the interface. In add
tion, the diffusion term in the ferromagnet has to be added
Eq. ~12a!. We also neglect terms in the nonequilibrium ma
netization that are of orderb3 and assume that the averag
density of states is the same in both materials. Then we
substitute in Eq.~17! pt by tsl andm0 by8

m05eJemBN~«F!
blFlNrF* rN*

lFrF* 1lNrN*
, ~19!

wherelF(N)5ADF(N)tsl
F(N) is the spin diffusion length in the

respective material. Due to spin diffusion, this result diffe
from that in Eq.~14!.

B. Spin accumulation in noncollinear structures: Spin filtering

As was pointed out in the Introduction, we consider sp
filtering as the reorientation of the magnetic moment of
conduction electrons towards the magnetic background.
idea is that there is a higher scattering rate for unalign
moments than for already aligned ones. This effect, which
caused by the anisotropy in spin space, can be describe
two different spin diffusion lengths for the conduction ele
tron spin: one for aligned spins~termed parallel! and a sec-
ond shorter one for spins that are not aligned with the ba
ground magnetization~termed transverse or antiparallel!. If
the nonequilibrium magnetization is, thus, antiparallel to
magnetic background, its decay away from the interface w
be fastest.

-

1-6
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EFFECTS OF SPIN ACCUMULATION IN MAGNETIC . . . PHYSICAL REVIEW B 65 054401
The effect of spin filtering is studied on two identic
semi-infinite ferromagnetic layers, whose magnetization v
torsML andMR are at an arbitrary angleu in thezy interface
plane atx50. We rewrite the electric field in Eq.~5! with
help of Eq.~7! in terms of the electric current:

J¢M52
mB

e
pJWe2D@¹W dM s2p~p•¹W dM s!#, ~20!

where we defined a vector of polarizationp5M s
0/(mBn)

which for parabolic free conduction bands is related to
asymmetry factor in the ferromagnet asupu5b. In the two
ferromagnets we have thenpL5(0,0,b), and pR
5(0,b sinu,b cosu). The electric current shall be directe
along thex direction and we neglect spin-dependent scat
ing at the interfaces so that the magnetization current is c
served at the interface:JM(01)2JM(02)50. To determine
the nonequilibrium magnetization, we need to apply also
~10!. In the present case we assume that one can ne
effects from the precession term caused by the external
He ~see Sec. III C!. At steady state Eq.~10! with Eq. ~20!
reads as

DF ]2dM s

]x2
2pS p•

]2dM s

]x2 D G5
dM s

tsl
. ~21!

Without the second term in the square parentheses, Eq.~21!
would be the standard spin diffusion equation written in v
tor form5 and the nonequilibrium magnetization proportion
to b. Including the second term in the square parenthe
which has a prefactor proportional tob2, the nonequilibrium
magnetization contains then in addition corrections to
order ofb3.

The term in the square parentheses can be written in
trix form and mixes the different coordinates if the matrix
not diagonal, leading to the following ansatz:

dM s~x!5m16e6x/l i1m26e6x/l', ~22!

wherem1(2)6 are vectors in spin space. We introduced a s
diffusion length for aligned spinsl i5ADFtsl ~termed paral-
lel! and a shorter one for spins which are not alignedl'

5l iA12b2 ~termed transverse or antiparallel!. We see that
the ‘‘transverse effect’’ gets larger the larger the polarizat
b of the conduction electron is. The necessity of an ad
tional spin diffusion length has been recognized before
transport across domain walls.39 However, this is the first
time that the presence of an additional spin diffusion len
leads to an anisotropic behavior in the spin diffusion w
respect to spin space. Although our treatment is closely
lated to that Hernando and co-workers13 who express the
effects of the noncollinearity via a mixing conductance
spin-up and spin-down electrons, such an anisotropy had
been recognized.

In order to have bounded solutions at6`, we choose the
coefficients in Eq.~22! as follows:m12Þ0, m22Þ0, and
m115m2150 in the right layer, whereasm11Þ0, m21

Þ0, andm125m2250 in the left layer; i.e., the left layer is
equivalent to coefficients with a ‘‘1 ’’ index and the right
layer with a ‘‘2 ’’ one. When we use the continuity conditio
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for the nonequilibrium magnetization at the bounda
dM s(0

1)2dM s(0
2)50, the solution is still underdeter

mined as we have 12 instead of 6 coefficients. To determ
the remaining coefficients, we make use of the fact that
ansatz~22! has to be a solution of Eq.~21! at x50.

For our example we find that there is no contribution
the nonequilibrium magnetization along thex coordinate so
thatm16

x 5m26
x 50. An intermixing between the coordinate

occurs only between thez and y directions in the left and
right ferromagnets. Since for these coefficients the gen
expression is rather complex, we would like to focus on
case of perpendicular alignment,u5p/2, where in the left
layer

m16
z 52m26

y 5z
l i2l'

b
5zl i

12A12b2

b
'

zl i

2
b,

and all other terms being zero. The factorz
5emBN(«F)Je /sF* depends on the current. The last expre
sion only holds approximately forb2!1. Forb2'1 one has
zl i instead. With these coefficients the expression~22! for
the spatial distribution of the nonequilibrium magnetizati
is particularly simple as it keeps only one of the exponent
for each coordinate:

dM s~x<0!5z
l i2l'

b F S 0

0

1
D e1x/l i2S 0

1

0
D e1x/l'G

dM s~x>0!5z
l i2l'

b F S 0

0

1
D e2x/l'2S 0

1

0
D e2x/l iG .

From the above expression follows that at the interface
nonequilibrium magnetization is for both layers at 45°
their respective background magnetization. Sincel i.l' ,
the nonequilibrium magnetization in the bulk of the laye
sufficiently far away from the interface will be directed alon
thez direction in the left layer and along the2y direction in
the right layer. For a better understanding this result is to
compared with an antiparallel configurationu5p, where
m16

y 5m26
y 5m16

z 50 and m26
z 5zbl' /(12b2) as given

previously in Ref. 8. Whereas in the antiparallel configu
tion the decay of the nonequilibrium magnetization aw
from the interface scales withl' and is confined to thez
coordinate, in the perpendicular configuration the decay
both contributions in they andz coordinates, but scales dif
ferently. If it were to scale in the same way, the nonequil
rium magnetization would be always at 45° to the magn
zation of the layers; i.e., its direction takes always the me
of pL andpR , as it is at the interface.

The occurrence of the shorter spin diffusion leng
l'—transverse spin diffusion length—leads to the effect
spin filtering. In the present form, one can think of this effe
as an anisotropy in the relaxation of nonequilibrium mag
tization. The preferential direction of the nonequilibriu
magnetization is parallel to the background magnetizat
alongpL or pR , respectively. In particular for half-metals,17
1-7



c
en
a
s
n
w

de
rs
e

ro
ro
e-
es
as
a
ee
e
n

he
ns

n

nd
a
is

f
P
is

the
to
ss

ro-
de-

he

lel
.

cur
the
-

ent

in
te if
e

ld
tic
n in

g-
the

hat
the
all

he
gh
le
e

ne

e
e

C. HEIDE PHYSICAL REVIEW B 65 054401
where b'1, the effect becomes very large, sincel'→0.
The result of spin filtering is a ‘‘twisting’’ andrelaxationof
the nonequilibrium magnetization as shown in Fig. 2. From
microscopic point of view, electrons precess around the lo
s-d field15,21given the populations and energies are differ
for spin-up and spin-down electrons. This process, when
eraged over elastic and inelastic scattering events, lead
different speeds for electrons diffusing along the parallel a
perpendicular directions to the local exchange field. Since
describe a diffusion process, the picture on spin filtering
veloped here is different to that of Slonczewski who was fi
to point out a similar effect in a ballistic treatment of th
conduction through a tunnel junction.14

In Slonczewski’s treatment, however, the effect was p
portional to the exchange splitting of the conduction elect
bands, i.e.,aMd , and not just to the nonequilibrium magn
tization dMs as found here. Thus the associated ‘‘prec
sion’’ is several orders of magnitudes faster than for the c
treated here.14,21 Also in that example spin filtering was
large effect and localized at the interface. This does not s
to be applicable to the MML’s for which one has measur
the angular dependence of the CPP-MR; for these one fi
only small departures from the cosu dependence, while a
strong spin filtering would completely suppress t
CPP-MR.9 It seems when simply matching wave functio
certain aspects of spin transport are omitted.@An instructive
example is to compare Eqs.~8a! and~8b! of Ref. 24 with Eq.
~2! of Ref. 40 which lacks the effects arising from the no
equilibrium magnetization.# In Sec. III E we will show that
Slonczewski’s idea of spin filtering is only applicable beyo
a spin accumulation threshold. In our phenomenological
proach spin filtering occurs in the bulk of the layer and
only for half metals strictly localized at the interface.

In the following, we would like to show how the effect o
spin filtering influences the angular dependence of the C
MR, a quantity of experimental interest. The CPP-MR

FIG. 2. Shown is the effect of spin filtering. In order to make t
figure easier to view, the background magnetization of the ri
layer is now in thez direction and that of the left layer at an ang
u ~left and right are exchanged with respect to the calculated
ample!. The spin accumulation profile changes along thex direction
of a ferromagnetic layer. At the interface~closest to the viewer! the
nonequilibrium magnetization is at 45° to the background mag
tization of the layer. Since here it is assumed thatl'!l i , the
nonequilibrium magnetization relaxes to the background magn
zation, along thez axis, before it finally decays away from th
interface.
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then the resistance change of the structure with respect to
mutual orientation of the magnetization of the layers, i.e.,
the angleu, which is associated to the voltage drop acro
the interface,

RSI52
1

nJe
E

2`

`

dx
]V

]x

5
mB

exsnJe
@pL•dM s~x!u

2`

0
1pR•dM s~x!u

0

`
#

5b2
l'rF*

n
~12cosu!F~u!, ~23!

wheren is the area of the interface between the two fer
magnetic layers. We introduced a function describing the
parture from the cosu behavior of the resistance:

F~u!5

8
l'

l i
F11

l'

l i
2b2 cos2S u

2D G
82b2@71cos~2u!#1

l'

l i
$82b2@72cos~2u!#%

'F 12

b2 cos2S u

2D
11A12b2

G . ~24!

For an antiparallel alignment of the magnetization of t
ferromagnets the last term in expression~24! vanishes and
we obtain the result thatnRSI52b2l'rF* .8 The departure of
the strict cosu dependence is largest for close to paral
alignment and is proportional tob4 as expected from Eq
~21!. For Co layers, whereb'0.4, the correction is then up
to 8%—a small but noticeable effect.9 The form of the fitting
function in Ref. 9 is somewhat corresponding to Eq.~23!.
However, therein it was argued that this effect can only oc
for different magnetic layer materials. Here we show that
departure from the cosu behavior is a feature of the polar
ization effects arising from noncollinearity: spin filtering.

C. Spin accumulation in noncollinear structures:
Magnetic field effects

One would expect that another interesting effect pres
in noncollinear structures is that of the magnetic fieldHe on
the nonequilibrium magnetization. However, this effect is
fact rather small and becomes only relevant at steady sta
its related term in Eq.~10! is comparable to or larger than th
inelastic scattering rate, i.e.,v'1/tsl . In the following we
shall explain this in more detail. A similar treatment ofspin
precessiondue to the influence of an external magnetic fie
on the nonequilibrium magnetization in the nonmagne
spacer between two ferromagnetic electrodes was give
Ref. 13.

For simplicity, we study again two semi-infinite ferroma
nets with a steady-state current as before but now ignore
corrections to the nonequilibrium magnetization inb3 calcu-
lated in the previous section. We consider, in addition, t
the right layer shall be pinned and that the influence of
magnetic field compared to inelastic scattering is sm

t

x-

-

ti-
1-8
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1/tsl
R@vR . However, in the left ferromagnet these quantit

are comparable to each other 1/tsl
L 'vL . We choose its mag

netization to be directed along thez direction for conve-
nience and let that of the right layer oriented at an arbitr
angleu in thezy plane. Instead of Eq.~21!, we need to solve
for the left ferromagnet

D
]2dM s

]x2
5

dM s

tsl
L

1gdM s3He ~25!

and the corresponding equation for the right one that d
not contain the last term. In order not to complicate o
model, the diffusion constants in both layers are roug
identical as well as the resistivities. These equations hav
be supplemented with the usual boundary conditions of c
tinuity at the interfacex50.

Rather than using a linear combination of exponentia
an ansatz, we transform Eq.~25! into circular coordinates so
that we have

dMs
1~x<0!5mL

1e2 ikx1(x/l),

dMs
2~x<0!5mL

2e1 ikx1(x/l),

dMs
z~x<0!5mL

zex/lL,

where lL5ADtsl
L , 1/l5cos(c0/2)/lL , and k

5sin(c0/2)/lL . The latter two quantities describe a decayi
and oscillatory behavior of the nonequilibrium magnetiz
tion, respectively. Their contribution is determined by t
ratio betweenvL and relaxation time, tanc05tsl

L vL ~assum-
ing that the field is oriented along thez direction so that
vL5ugHe

zu). The corresponding treatment for the right fe
romagnet is largely simplified due to the relative smalln
of the field term: dMs

n(x>0)5mR
n e2x/lR, where lR

5ADtsl
R and n5$1,2,z%. After determining the coeffi-

cients mL(R)
n with help of the continuity conditions at th

interface, the nonequilibrium magnetization is a real quan
in Cartesian coordinates:

dMs
x/y~x<0!56zb sinu@ls/ce

x/l cos~kx!7lc/s sin~kx!#,

dMs
z~x<0!5zbL~12cosu!ex/lL,

where z has been defined in the previous section,L
5lLlR /(lL1lR) is a ratio of the spin diffusion length
from the left and right layers, lc5@lL
1lR cos(c0/2)#/@(lR /lL)12 cos(c0/2)11#, and ls
5lR sin(c0/2)/@(lR /lL)12 cos(c0/2)11#. The expression
for dMs

z(x<0) shows that at large distances from the int
face the total nonequilibrium magnetization tends to ze
However, dMs

x/y(x<0) retains an oscillatory dependenc
For this dependence to have a noticeable effect, the perio
the oscillations should not be significantly longer than
system size. As a demonstration that this, however, will
generally the case we takevLtsl

L 51/4. For an external mag
netic field of 1.4 T the relaxation time has then to betsl

L

51.0 ns which corresponds roughly to a spin diffusi
length lL of several 100 nm. For these values cos(c0/2)
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51.0 and sin(c0/2)50.1 so thatl5lL andk50.1/lL . The
latter leads to a period for the oscillations of 6.3mm. In
order to obtain shorter periods which lead to an observa
spatial variation, one needs to apply significantly high
fields or needs extremely long spin lifetimes; both assum
tions seem to be unrealistic for metallic MML even for ve
pure nonmagnetic spacer layers.13 It becomes only feasible
in semiconductors which show extraordinary long sp
lifetimes.41–43 The termsdMs

x , therefore, can be neglecte
since, in addition,ls'0. Finally, one can writedMs

y(x
<0)'2zbL sinuex/lL which is what one would also obtai
in the absence of the field term in Eq.~25!. The same line of
reasoning holds if we would include the terma(gs
2gd)(dM s3Md) in the LHS of Eq.~25! which is present
for different gyromagnetic ratiosgsÞgd of the s- and
d-electron systems.

An important aspect of the above calculation is that a
for noncollinear orientations of the magnetic moments in d
ferent layers the distribution of the nonequilibrium magne
zationdM s is governed by a standard diffusion equation; t
effect of local magnetic fields on the nonequilibrium magn
tization is rather small. Although calculated in a phenome
logical picture, our results also point to the fact that the fie
due to thes-d type of coupling of the conduction electrons
the local magnetic moments is not altering the nonequi
rium magnetizationdM s as long as the local backgroun
magnetization is stationary. The way the exchange field a
on the nonequilibrium magnetization is only indirect as h
been described in the previous section.

D. Spin injection and NEXI: Bilinear, biquadratic, and
bicubic coupling

The occurrence of spin accumulation has the import
consequence that it can act as an additional magnetic fiel
the magnetic background. This effect, the bilinear coupl
of the nonequilibrium exchange interaction,23–25 is compen-
sated in structures with an inversion symmetry and lin
transport. However, if either the transport is nonlinear, as
example across point contacts and tunnel junctions, or
structure is asymmetric, the magnetic layers become b
early coupled and certain magnetization configurations
come preferable. For sufficiently large currents the coupl
forces the magnetization of the layers to reorient.25 The
NEXI will be largest if the nonequilibrium magnetization i
a ferromagnetic layer is completely determined by an ex
nal source, the polarizer. Hence, the NEXI can be regar
as a ‘‘figure of merit’’ for detecting spin injection by a
magnetic layer, the analyzer.

A single magnetic layer always creates an excess of n
equilibrium magnetization at one interface and a deficien
on the opposite interface.5,44 This distribution of nonequilib-
rium magnetization depends on the direction of the curr
so that it is reversed by reversing the current. For a sin
magnetic layer the nonequilibrium magnetization exists o
‘‘locally’’ ~in the sense as determined in the Introduction!; as
long as the electric current is uniform throughout the syst
it is fully compensated when integrated over the leads. T
magnetic layers in close proximity will establish a noneq
1-9
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C. HEIDE PHYSICAL REVIEW B 65 054401
librium magnetization profile that depends on the mutual o
entation of their local magnetizations. Similar layers w
each produce similar profiles, so that the change betw
different magnetization directions will be large, yet the no
equilibrium magnetization within each layer is almost u
changed. In the limit of a MML with inversion symmetry a
steady state, one can no longer distinguish the two magn
layers and the concept of ‘‘polarizer’’ and ‘‘analyzer’’ break
down.

In essence, the concept of two magnetic layers acting
polarizer and analyzer is best fulfilled if one replaces
analyzer by a single spin impurity, so that there is no ba
effect on the polarizer. Due to the exchange interaction
tween the conduction electrons and the spin impurity,
local moment orients itself with respect to the direction
the moments of the conduction electrons emitted from
polarizer. The current mediates thus a NEXI between
polarizer and the analyzer that determines the minimum
ergy configuration.23–25 In a multilayer the sign of the NEXI
is determined by the direction of the current due to the
spective change in the nonequilibrium magnetization profi
In this sense the NEXI can be regarded as the figure of m
for detecting the spin injection with the analyzer.

So far, when calculating the NEXI, only the nonequili
rium magnetization to first order in the polarizationb which
produced bilinear coupling has been treated.23–25 We have
seen in Sec. III B that there are, however, higher-order c
tributions to the nonequilibrium magnetization. These ter
proportional tob3 led to a deviation of the cosu behavior in
the angular dependence of the magnetoresistance. The
model that predicts the resistance also yields the couplin24

and here we would like to find the associated change in
coupling.

An instructive case is that of two semi-infinite ferroma
nets, which shows no bilinear coupling of the NEXI propo
tional to b2. This is also one of the few cases that giv
simple algebraic expressions, because usually the exp
sions for such a calculation become rather involved. T
averaged nonequilibrium contribution to thes-d exchange
interaction can be written according to Eq.~3! as

Esd8 52a
n

V0
E

2`

`

dxdM s~x!•Md~x!. ~26!

It is interesting to note that the integrand is similar to t
expression forRSI that led to Eq.~23!.24 We now insert the
solutions to the nonequilibrium magnetization~22! into Eq.
~26! and find

ENEXI8 52a2@M42~ML•MR!2#F12
L~ML•MR!

M2 G
52a2M4 sin2u~12L cosu!, ~27!

where we made the same approximation in the denomin
that led to Eq.~24!. From the first expression, one can ide
tify bilinear, biquadratic, and bicubic coupling terms. A
coupling terms depend linearly on current which produ
the feature that they change sign on reversing the curr
Therefore, the notion of bilinear, biquadratic, and bicub
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coupling makes only sense relative to each other for a gi
direction of the current. In Eq.~27! we introduced a biqua-
dratic coupling constanta2 and a scaling factorL which is
unity for b'1 and approachesb2/4 for b!1:

a25
ac

~2mBn!2

nl'

V0
,

L5
l i2l'

l i1l'

5
12A12b2

11A12b2
.

Therefore, the bilinear and bicubic terms to the coupling c
be ignored for most ferromagnets apart from half-met
since they are of the order ofb5 rather thanb4. The current
dependence is given by the dimensionless parametec
5eJerF* lFmBN(«F)b/M , whereM5uML(R)u. Here, we fo-
cus on the biquadratic term which becomes minimal or ma
mal, depending on the direction of the current, for perp
dicular alignmentu5p/2. This is in correspondence to th
standard bilinear NEXI term which range is determined
the spin diffusion lengthl' . However, there is a subtle dif
ference in that the energy discriminates now between a
pendicular configuration of the magnetic moments~mini-
mum in energy atu5p/2! and a collinear one~maximum in
energy atu5p/2) and its range is also determined byl' .
Therefore, the effect of the nonequilibrium magnetization
that of a quadrupole field distinguishing perpendicular fro
collinear alignment.

It seems surprising that a current can induce a biquadr
coupling for two identical semi-infinite magnetic layer
Likewise the departure of the cosu dependence of the mag
netoresistance was unexpected. Yet when the latter effect
put into the context of spin filtering, it occurred naturall
Spin filtering can also be regarded as the driving force for
biquadratic coupling. As the nonequilibrium magnetizati
reorients itself in a truncated ‘‘corkscrew’’ towards the bac
ground magnetization~see Fig. 2!, the field created by the
nonequilibrium magnetization changes its direction acco
ingly. This leads to a perpendicular component in the n
equilibrium magnetization. As the nonequilibrium magne
zation takes an intermediate orientation between
background magnetization of the two layers, the perpend
lar component has contributions along the axes. Whereas
linear contributions cancel in a symmetric structure, the q
dratic ones add. These can be either positive or nega
depending on the direction of the current. The distinguish
feature of the biquadratic coupling contribution from the b
linear one is that the biquadratic coupling is always prese
When the bilinear term exists, however, the biquadratic c
pling is negligible for most structures apart from those ba
on half-metals.

E. Spin transfer and microwave generation

Berger15 and Slonczewski16,21pointed out that at an inter
face between a ferromagnet and a nonmagnetic metal
waves can be excited. Their theories build on band struc
effects at such an interface where an incoming conduc
electron has different refractive indices depending on its s
1-10
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FIG. 3. Normalized spin accumulation profil
along thex axis in a Co/Cu/Co/Cu MML for~a!
parallel,~b! antiparallel, and perpendicular orien
tations. The latter has a profile for the~c! y and
~d! z components of the nonequilibrium magne
zation, respectively. The profiles are normaliz
to the spin accumulation at the first Co/Cu inte
face atx50. The first Cu layer has zero thicknes
and resistance. The second Co layer isx55 nm
thick. The spin diffusion lengths were taken 4
nm in Co and 150 nm in the Cu. The resistivity o
the second Cu layer is about an order of mag
tude less than in the Co.
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ave
orientation; the magnetic moment of an incoming conduct
electron at an angle with the magnetization of the layer p
cesses in the local exchange field of the layer~see Sec. III B!.
Both theories are similar in relying on spin injection b
fundamentally different in the way spin waves are excit
Slonczewski’s main idea is that spin filtering is associa
with the relaxation of angular momentum to the magne
background. In Secs. III B and III C we have considered
rather general situation in which the nonequilibrium mag
tization does not transfer its angular momentum to the ba
ground magnetization but to the lattice viatsl . The relax-
ation of magnetic moment to the backgrou
magnetization—spin transfer—exists only above a dyna
threshold determined by the spin-wave gap of the ba
ground magnetization. This is the distinguishing feature
Berger’s theory.15

Experimentally, however, it has been found by Tsoi a
co-workers30,31 and Myers and co-workers,26 that a spin flip
of the conduction electron can excite collective spin wa
of distinct frequency above a certain threshold currenteven
in a single magnetic layer. In Ref. 1 it was argued that abov
a dynamic threshold spin transfer is promoted by the sca
ing ratetsd which leads to spin-flip processes that excite
local moments to emit microwaves~spin waves!. For these
processes to occur, the nonequilibrium magnetization ha
be sufficiently large at the interfaces of a ferromagnet. The
fore, the excitation processes can, for example, occur e
for an initially unpolarized current, but may be absent in
antiparallel configuration of two ferromagnetic layers.

In the following we are interested in a setup similar to t
experiments of Refs. 26–28: two Co layers, of which one
considered to be fixed and thicker than the spin diffus
length lF , separated by a Cu layer of negligible resistan
and thickness. As previously, we take the magnetization
being constant throughout each layer and we choose the
rent along thex direction. In the present approximation, on
can write the orientation of the nonequilibrium magnetiz
tion in each layer as given by its background magnetizat
Without the corrections inb3, Eq. ~21! takes the form
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D
]2dM s

]x2
5

dM s

tsl
, ~28!

and can be solved for each layer seperately by making
following ansatz:1

dM s
n~x!5m1

ne2x/lsl
n
1m2

nex/lsl
n
, ~29!

where m1(2)
n are constant vectors for layern, where n is

either the left or right ferromagnetic layer or nonmagne
layer. These constants need to be determined by approp
boundary conditions along thex direction. At each interface
both nonequilibrium magnetizationdM s and spin currentJ¢M
are continuous. The nonequilibrium magnetization for o
full model system turns out to be a superposition of the lo
moment vectors of the left~fixed! and right~free! magnetic
layer. We write then dM s(x)5mL(x)1mR(x), where
mL(R)iM s,L(R)

0 iMd,L(R)[ML(R) . The nonequilibrium magne
tization profile is given in Fig. 3 for different orientations o
the magnetic moment vectors.

When we introduced the effects of the NEXI in the equ
tion of motion for the background magnetization in Ref. 2
we neglected the effects of relaxation between conduc
electrons and background magnetization; i.e., we assu
thattsd

21'tds
21'0. Therefore, the equation of motion in Re

25 needs to be supplemented by these additional relaxa
terms derived in the Appendix@Eq. ~B11b!#:

]MR

]t
5gMR3HR1RR ,

RR5lsdMR3@~mL1mR!3HR#2ldMR3~MR3HR!,
~30!

where ld(sd)
21 5td(sd)HR•MR . The nonlocal effects of the

magnetization current are included in the effective field
the background magnetization. For the right layer, we h
HR5Heff,R

0 1aeffML1a(M s,R
0 1mR). Instead ofaeffML we
1-11
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C. HEIDE PHYSICAL REVIEW B 65 054401
introduced the effective nonequilibrium coupling fie
HR

NEXI5aeffML between the layers in Ref. 25.
The expression~30! is identical with the one given in Ref

1 and a generalization of the damping term given in Ref.
in that it includes not only damping terms produced byHR
but also the spin accumulation effects of each individ
layer that enter as spin-transfer terms and are proportion
lsd}tsd

21 . Spin transfer sets in whenlsd(mL1mR) over-
comesldMR on the RHS of Eq.~30!. For an infinitely thin
plate magnetized in the direction perpendicular to the p
so that approximatelyHR

z 'He24pMR[2vH /g one
obtains the condition1

\vH1Dm~xR!S tdl

tdl1tds
D,0, ~31!

where Dm(x)52\g@mL(x)1mR(x)#/xs is the difference
in ‘‘chemical potential’’ for spin-up and spin-down
electrons.5,8 The presence of a second ferromagnetic laye
not necessary to predict current-induced excitations. As
Ref. 1, we could have introduced an effective field due
spin transfer instead,dH5(mL1mR)td /(tsdxd), where
xd /td is given by Eq.~B10!. The modulus of this field show
a linear dependence on the current:

dH5JeL tr . ~32!

The parameterL tr is a length due to spin transfer. As fo
HNEXI , dH changes sign when the direction of the curren
reversed.

We study now our example trilayer in more detail whe
the analysis is reduced to consider the free~right! layer only.
Making use of the ansatz~29! and connecting the left ferro
magnetic layer, the right ferromagnetic layer, and the n
magnetic layer by virtue of the above-mentioned bound
conditions, one obtains explicit expressions for the noneq
librium magnetization in each layer. Since the nonequil
rium magnetization does not change too significantly acr
the free layer, one can integrate over it. The injected n
equilibrium magnetizations in the right layer take t
following form:

mR52c
lF

2l R

~rFlF2rNlN! f 1

rFlF1rNlN
MR , ~33a!

mL52c
lF

2l R

rFlF f 11rNlNf 2

rFlF1rNlN
ML , ~33b!

where lF(N)5ADF(N)tsl
F(N). The functions f 15(1

2e2 l R /lF)2 and f 2512e22l R /lF depend on the thickness o
the layer. Forl R!lF one can retain only linear terms, so th
f 1'0 andf 2'2l R /lF . For Co/Cu,rFlF@rNlN and in this
limit the free layer can be considered as an ‘‘analyzer’’ of t
injected spin current as the contribution ofmR vanishes~re-
fer to Fig. 3!. This is also the case of maximal NEXI whic
can be seen from the effective coupling constant,

aeff

a
5cnlF

~rFlF2rNlN! f 3

rFlF1rNlN
, ~34!
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given for this particular case of a Co/Cu/Co/Cu structu
The above expression has been obtained from Eq.~26! ne-
glecting the self-energy contributions. The functionf 3
5e2 l R /lF(12e2 l R /lF) also depends on the thickness of t
right layer so that forl R!lF one has approximatelyf 3
' l R /lF . In other words, for this particular configuration th
possibility for spin transfer of electrons incident from the le
~fixed! layer is largest if NEXI is largest.

If the condition~31! is met and spin transfer sets in, th
expressions~33! for mL and mR are no longer valid to de-
scribe the nonequilibrium magnetization, if we were to i
crease the current further. In such a case one needs to s
the dynamic problem of coupled Landau-Lifshitz equatio
as pointed out in Ref. 1. However, one can obtain a rou
estimate of theadditional contributions. When spin transfe
occurs, the spin diffusion length in the ferromagnet
changed by the additional spin-transfer relaxation chan
determined bytsd , lF5ADFts andts

215tsd
211tsl

21 .27

In order to obtain the scattering timetsd , we can use the
‘‘detailed balance’’ relation between susceptibilities and sc
tering times of thes- andd-electron systems given in Eq.~6!
of Ref. 1:xdtsd5xstds . This is helpful since the scatterin
time tds;1029–10210 has been estimated before.45 The
static susceptibility of thed-electron system is in the case o
an infinitely thin plate approximately:

xd
05

]Md

]He
'

]Md
0

]Heff,d
0

]Heff,d
0

]He
5

1

4p
.

Thus, with a Pauli susceptibilityxs;1026 we obtain for
tsd;10214–10215 s or a spin diffusion length lF
;1 –10 nm which is of the order of the electron mean fr
path so that the concept of spin diffusion is to replaced
that of a simple decay in the nonequilibrium magnetization
the interface. This is in fact comparable to the length sc
for which the nonequilibrium magnetization decays in Be
er’s theory.15 In other words, Berger’s theory provides th
spin-transfer timetsd which is an unknown parameter in ou
phenomenological approach. The reasoning is similar
Slonczewski’s16,21 and goes as follows. Thes-d scattering
rate equals roughly the precession rate of the nonequilibr
magnetization in the molecular field of the background m
netization. Using for example Eq.~B8a! and assuming tha
there is no external magnetic field, one obtains

gdM s3aMd5
Jr

\uMdu
dM s3Md5

dM s

tsd
~35!

or tsd
215Jr/\, whereJ is the s-d coupling constant andr

the number of spins per unit volume.24 Typical values forJr
are 0.1–0.5 eV so that one has againtsd;10214–10215 s. It
is important to understand that expression~35! is a ‘‘snap-
shot’’ of the magnetization dynamics above threshold~31!
and not a condition that determines the threshold.

We can now calculate the contributions to the nonequi
rium magnetization which occurin addition to the expres-
sions~33! for mL andmR . Since the spin diffusion length is
now at least an order of magnitude shorter, we use the l
wherel R.lF so thatf 1'1 and f 2'1:
1-12
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EFFECTS OF SPIN ACCUMULATION IN MAGNETIC . . . PHYSICAL REVIEW B 65 054401
m̃L(R)'7~c2ccrit!
lF

2l R
ML(R) , ~36!

whereccrit is the parameterc for the critical current deter-
mined from the condition~31!. The total nonequilibrium
magnetization in the right~free! layer is now dM s5mL

1mR1m̃L1m̃R . The last two terms are the above thresho
contribution to the nonequilibrium magnetizationdM̃ s .
Whereas the above threshold contribution of the NEXI v
ishes (f 3'0) due to the relaxation of the conduction ele
tron spins to the local moments, spin transfer depe
strongly on the mutual orientation of the layers. It vanish
for a parallel configuration of the layers and yieldsdM̃ s
5clFM / l R for an antiparallel configuration. The treatmen
in Refs. 15,16 and 21 have, in essence, determined the
equilibrium magnetization by only taking the contributio
m̃L for ccrit50 into account, therefore neglecting the NEX
the dependence on the mutual orientation of the magne
tion of the layers, and the possibility to have spin transfer
an initially unpolarized current.

F. Current-induced switching: Spin transfer vs spin injection

Both spin injection—the change in the nonequilibriu
magnetization of a system due to the presence of an exte
source of nonequilibrium magnetization—and sp
transfer—the dissipative loss of spin angular moment
from one magnetic subsystem to another—can, in princi
lead to current induced switching. This happens for su
ciently strong currents whenHNEXI and dH, respectively,
drive the system into resonance at its eigenmodes. S
HNEXI can be treated as an effective Zeeman term, it usu
excites many different modes instantaneously, so that the
versal process sets in immediately. On the contrary,dH is
usually delayed by driving the low-frequency modes first.
this sense there is some similarity between spin transfer
an external pumping field. This analogy becomes usefu
understand how spin transfer can actually trigger a magn
zation reversal since low-frequency modes, in particular,
uniform mode, are as such not sufficient to drive a reve
process; only nonlinear spin waves do. In the case of
external pumping field, nonlinear spin waves are parame
cally excited when the field amplitude is large. This pictu
of the switching dynamics corresponds then to a nonlin
multimode process similar to what has been studied
Safonov and Bertram for small grains in the absence of G
bert damping46 where after a period of uniform oscillation
nonlinear excitations set in which can be thought of as ‘
overheating of the magnetic system’’ carrying out t
reversal process.

In terms of spin-transfer switching requires that the s
tem is constantly pumped or stimulated as in a LASER c
ity. ~The SWASER concept by Berger needs to be sup
mented by a cavity.21! Hence, there are two constraints whic
have to be taken into account: relaxation of the exci
modes and the geometry, i.e., the ratio between the regio
spin transferVtr and the volume of the layerVF . Via condi-
tion ~31!, Vtr depends critically on current; as has be
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shown in the previous sectionVtr is, in general, restricted to
the region at the interface and grows only slowly into t
bulk of the layer with increasing current as also high
frequency modes are excited.31

We would like to consider a simple example to determ
the possible delay time. To turn over a local moment oS
51, one needs two spin-1/2 conduction electrons to
flipped. Assuming that the damping of the modes occurs
much longer time scales as the spin transfer given condi
~31! is satisfied, i.e.,td@tsd , one can calculate a delay tim
due to the spin transfer by setting the magnetizat
of the background magnetization equal to the transfer
nonequilibrium magnetization:

tsw5
tsdtd

td2tsd

VF

Vtr

M

dMs
'tsd

VF

Vtr

M

dMs
. ~37!

For small Co/Cu/Co pillar devices,27 the ratioVF /Vtr might
vary between 1 and 10. Due to the lateral confinement of
pillar, the spin waves are reflected at the boundaries kee
the energy in the layer. Assumingtsd'10214 s, the time
delay to the switching would then be of the order oftsw51
2210 ns for a ratio ofM /dM;104–105. These times are
considerably longer than what one obtains from magn
field switching but is in agreement of switching as a nonl
ear multimode process where there is an initial delay time
pumped oscillations before the reversal process can set46

The pillar structures show, however, different behavior
different mutual alignment of the magnetic layers as can
deduced from the data on critical switching current vers
external magnetic field.27 Whereas for switching from an an
tiparallel to a parallel configuration there seems to be reas
able agreement with the spin-transfer picture, the reve
switching operation requires much shorter relaxation tim
td to fit the data. From our discussion in the previous sect
there could be in principle three reasons: Because for
parallel configuration the nonequilibrium magnetization
much smaller at the interfaces, switching is more in line w
what one would expect from switching due to sp
injection.25 On the other hand, one could argue that in t
parallel configuration the contribution of spin transfer abo
threshold~31! is very small since the contributionsm̃L and
m̃R cancel each other so that it becomes more difficult
excite higher-frequency modes. Finally the switching
driven by the spin accumulation on the reverse side of
free magnetic layer. Clearer evidence that switching can
caused by spin transfer is given by Wegrowe and co-work
who observe switching only from an antiparallel to a para
configuration in ferromagnetic nanowires but never the ot
way around.33

From the ratioVF /Vtr , one notices, however, that spi
transfer cannot lead to switching in experiments with po
contacts; the contact area is small compared to the volum
the film and spin waves will be carried away from the co
tact region, allowing them to decay more easily. In fact, t
point contact spectrad2I /dV2 were even featureless28 or
spin-wave excitations at least occurred for currents w
above the switching of the domains at the point cont
region.26 Whereas in the former there existed a doub
1-13
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C. HEIDE PHYSICAL REVIEW B 65 054401
domain structure in the contact region of which only o
could be reversed by the current, so that a double-pla
structure was observed in the GMR, the latter showed cl
switching behavior and can be explained by spin injecti
i.e., the NEXI.25

IV. CONCLUSIONS

For the development of electronic devices based
MML’s where a current is driven across the interfaces it
important to employ a general but relatively simple pictu
that allows one to capture the main features of spin accu
lation. In the present work we derived a simple diffusi
equation@Eq. ~10! whereJ¢M is given by Eq.~20!# describing
the time and spatial dependence of the conduction elec
nonequilibrium magnetization, i.e., the spin accumulati
This diffusion equation is a generalization of the one given
Ref. 5, allowing us to treat arbitrary configurations of t
background magnetization within a single magnetic layer
that of a MML on which we focused in this work. Based o
this equation, we could develop a coherent framework
treating apart from spin accumulation the phenomena of s
filtering, spin injection, and spin transfer.

The transient behavior of the spin accumulation at an
terface between a ferromagnet and nonmagnetic layer c
be pictured in terms of a diffusion from a constant sou
into a semi-infinite body. For metallic systems a steady s
is reached within picoseconds and, therefore, does
present a technological obstacle to high-speed switching
plications. We could show that the time-dependent proc
is, nevertheless, of interest as it provides a direct way
measure the amount of spin accumulation at an interface
for comparison, in semiconductor structures the spin l
times can be several orders of magnitudes larger tha
metals,41–43 so that the time-dependent buildup could take
few nanoseconds, provided spins can be injected efficie
from a ferromagnet into the semiconductor. For transitio
metal semiconductor junctions this is a well-know
problem47 since the amount of spin accumulationm0 at the
interface is negligible. All quantities of experimental intere
such as the NEXI~not presented here for a semiconduc
spacer layer!, scale asrF* /rN* which tends to zero due to th
large resistance of the semiconductor, as can be seen
Eq. ~14!, for example. It has been pointed out, however,
Grundler that for ballistic conduction across a band-matc
MML, one could conceive an observable nonequilibriu
magnetization in the semiconductor since the ‘‘resistance
the semiconductor is effectively reduced for ballis
transport.48 Promising candidates to measure the spin ac
mulation at an interface would be multilayers based
magnetic semiconductors49,50 or half-metals as CrO2.51

By studying the effects of noncollinearity, we arrived a
new understanding of spin filtering being caused by two d
ferent spin diffusion lengths: a transverse one and para
one. These gave a basis for the intuitive notion that cond
tion electrons whose moments are not aligned with the ba
ground magnetization ought to be more strongly scatte
than those whose moments are aligned. In transition me
this gives a small, albeit, noticeable effect which manife
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itself in the angular behavior of the CPP-MR.9 Yet when
studying transport in MML’s composed of half-metals, sp
filtering can be very large and should not be neglected. A
we pointed out that a concomitant to spin filtering is a biqu
dratic coupling of the NEXI. All these effects arise from
corrections to the spin accumulation when consider
noncollinear geometries for MML’s.

Further, it was shown how the nonequilibrium magnetiz
tion changes as soon as spin-transfer sets in above thres
The threshold is determined by the amount of spin accum
lation at the interfaces whereby the latter depends stron
on the mutual orientation of the magnetization of the laye
The dynamic picture developed by Slonczewski16,21 is only
applicable in the above threshold regime; i.e., the sp
transfer term@first term in Eq.~30!# dominates spin injection
and cannot be used to determine the threshold itself. Wh
important to realize that both spin injection25 and spin
transfer1 can drive a magnetization reversal. Which proce
will be dominant depends largely on the geometry of t
MML under consideration.
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APPENDIX A: RELATION TO SPINOR REPRESENTATION
OF CHEMICAL POTENTIAL

Instead of using the notion of separate currents for cha
and spin, often another approach is used in terms of sp
currents. The latter occurs more naturally from microsco
calculations, where the wave functions of the system
written as Pauli spinors. For discussing the magnetic pro
ties, however, it is more convenient to use the approach u
in the present work. In the following, a few relations a
stated that show equivalent expressions in the two differ
representations.

The electric current and spin current are defined in ter
of spinor currents as

JWe5Tr$JWss8%, ~A1!

J¢M5
mB

e
Tr$sss8J

W
s8s%, ~A2!

whereŝ is the vector of Pauli matrices. This can be used
rewrite the spinor current,

Ĵ5S JW ↑↑ JW ↑↓

JW ↓↑ JW ↓↓
D 5S JWe1

e

mB
JW M

z e

mB
JW M

1

e

mB
JW M

2 JWe2
e

mB
JW M

z
D , ~A3!
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where JW M
65JW M

x 6 iJW M
y . In analogy, it is possible to give a

expression of the chemical potential in spinor representat

m̂5
1

2S m̄1
\g

xs
dMz

\g

xs
dM 1

\g

xs
dM 2 m̄2

\g

xs
dMz

D , ~A4!

wheredM 65dMx6dM y and m̄52 eV is proportional to
the applied bias. It is also interesting to write down Ohm
law which can be derived by applying the above re
tions to Eqs.~5! and ~7!. After a couple of rather involved
transformations, one arrives at

¹W m̂52
e

s*
S Ĵ1

1

12b2
p̂Ĵp̂D , p̂5S 12pz 2p1

2p2 11pzD ,

~A5!

where p65px6 ipy. This matrix can also be expressed
pss85dss82sss8•p, wherep is the polarization vector in-
troduced before. For collinear alignment, this express
reduced to the standard result8

¹W ms52erF
sJWs , ~A6!

where the second spin index has been suppressed.

APPENDIX B: LANDAU-LIFSHITZ EQUATIONS

Although one could derive the full Landau-Lifshitz equ
tions from microscopic theories,52,53 we follow the spirit of
our phenomenological approach and turn to thermodyna
methods for irreversible processes as outlined in Refs.
54, and 55. This allows us to describe the magnetiza
dynamics with rather general assumptions and treat the
fects of strong interatomic exchange interactions and w
s-d coupling, simultaneously.

The equilibrium state of the magnetic system will be d
turbed when a magnetic fieldHeff changes quickly. Its tem
perature and magnetizationM change so that due to relax
ation processes they do no longer satisfy the equation
state. Rather the equation of state now defines a fieldH̃
which differs fromHeff . The differenceH* 5Heff2H̃ can be
regarded as an additional magnetic field as in the case o
magnetization current. By definition, one always hasH̃3M
50. Since relaxation processes are present, the mag
subsystem generates entropy:

TdS5dU2Heff•dM1H* •dM , ~B1!

whereU is the internal energy of the magnetic subsyste
The first two terms determine the equilibrium contributi
and the last term the nonequilibrium contribution. One the
fore finds for the rate of entropy production of the magne
subsystem,

T
dDS

dt
5H* •

dM

dt
. ~B2!
05440
n,

-
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7,
n
f-
k

-
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he
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.

-
c

By means of irreversible thermodynamics the component
dMi /dt are linear functions of the components of th
additional field,

dMi

dt
5(

j 51

3

L i j H j* , ~B3!

whereL i j is a tensor of kinetic coefficients whose comp
nents are functions of the magnetization,i , j 5x,y,z. The On-
sager theorem states thatL i j (M )5L j i (2M ), so that, when
writing L i j 5L s

i j 1L a
i j in terms of a symmetric and antisym

metric tensor, one findsL s
i j (M )5L s

j i (2M ) and L a
i j (M )5

2L a
ji (2M ). The components of the antisymmetric tens

form in linear order an axial vector which is an odd functio
of magnetization,L a

i j 5g(k51
3 « i jkMk , where g will have

the meaning of the magnetomechanical ratio. Assuming
presence of an axial anisotropy in an isotropic ferromagn
the symmetric tensor is taken diagonal in linear orderL s

i j

5l id i j and will be responsible for the relaxation process
in the system. Now, we can write Eq.~B3! as

dM

dt
5gM3Heff1lH* , ~B4!

where we assumed for simplicityl i5l j . At temperatures
far below the Curie point, an external field produces only
change in the direction of the magnetization not in its ma
nitude. If we take the scalar product of Eq.~B4! with M and
requireM2 being constant, the motion ofM can be consid-
ered as being confined to the surface of a sphere. By virtu
H̃3M50, one finds the standard Landau-Lifshitz equatio

dM

dt
5gM3Heff1

l

M2
M3~M3Heff!. ~B5!

In order to describe the magnetic properties of the combi
spin systems of the paramagnetic conduction electrons~re-
ferred to ass electrons! and the localized magnetic momen
of the core electrons~referred to asd electrons!, we must,
however, consider two coupled equations of motion for
magnetizationM s andMd , respectively. Therefore, we write
similar to Eq. ~B3! a system of equations that contain
addition terms that connect both electron subsystems w
each other:

dMs
i

dt
5(

j 51

3

L ss
i j Hs*

j1(
j 51

3

L sd
i j Hd*

j , ~B6a!

dMd
i

dt
5(

j 51

3

L dd
i j Hd*

j1(
j 51

3

L ds
i j Hs*

j , ~B6b!

where Hs(d)* 5Heff,s(d)2H̃s(d) . The effective fields are
different for s- andd-electron systems,

Heff,s5He1aMd ,

Heff,d5Heff,d
0 1aM s1Hdd ,
1-15
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in that apart from the differents-d exchange contributions
the d-electron system includes the effect of direct exchan
anisotropy, dipole-dipole interactions, and the Oerstedt fi
of the conduction-electron current:Heff,d

0 5He1Hdip1Han

1Hdd1H ind . The fieldsH̃s(d) are connected to the magne
zations by the relationshipsM s(d)5xs(d)H̃s(d) . In the ferro-
magnetic subsystem the susceptibility depends on the his
of the applied field and has only a formal meaning. It has
be replaced by requiring constancy of the magnitude of
magnetizationMd . Conversely, since we can assume t
system of conduction electrons being paramagnetic, ins
of the magnitude of the magnetization being fixed, its s
ceptibility is constant and given approximately byxs
5(\g)2N(«F)/4. We express the kinetic coefficients as

L ss
i j 5

xs

ts
d i j 1gs(

k51

3

« i jkMs
k , L sd

i j 52
xd

tds
d i j ,

~B7a!

L dd
i j 5

xd

td
d i j 1gd(

k51

3

« i jkMd
k , L ds

i j 52
xs

tsd
d i j ,

~B7b!

wherets
215tsd

211tsl
21 andtd

215tds
211tdl

21 . We introduced
different magnetomechanical ratios fors andd spin systems
and relaxation times that either couple the spin systems,tsd
andtds , or couple to some heat bath such as the lattice,tsl
andtdl . The equations of motion are not yet complete, sin
we have not taken into account the presence of a magne
tion current in Eq.~B6a!. The total derivative with respect t
time is replaced by]M s /]t1¹W •J¢M with the help of relation
~9!, so that the equations of motion have formally the sa
form as in Ref. 52:

]M s

]t
2gsM s3Heff,s1¹W •J¢M5

dMd

tds
2

dM s

ts
, ~B8a!

]Md

]t
2gdMd3Heff,d5

dM s

tsd
2

dMd

td
. ~B8b!

Since the system relaxes to its instantaneous or lo
equilibrium value of magnetization, the nonequilibriu
magnetization takes the form
05440
e,
ld

ry
o
e

ad
-

e
a-

e

al

dM s(d)5M s(d)2xs(d)Heff,s(d) . ~B9!

There are a couple of points we would like to discuss.~1!
One can see that the scattering rates betweens- and
d-electron systems are exactly balanced to their lowest or
a scattering ‘‘out’’ term in one subsystem has always
equivalent scattering ‘‘in’’ term in the other one. They co
serve the total spin angular momentumM5M s1Md in the
system.~2! If we assume for a moment that we are interes
in combined solutions of Eqs.~B8a! and~B8b! where~B8b!
is independent of time and assume thatMdiHeff,d

0 and gs

5gd , we obtain the equation of motion~10!. ~3! In order to
point out the difference between a fully paramagnetic sys
treated in Ref. 52 and the system under study, we shall m
use of the condition thatuMdu is constant. Multiplying Eq.
~B8b! by Md , one can obtain the following relation:

xd

td
5

1

Heff,d•Md
S uMdz2

td
2

dM s•Md

tsd
D , ~B10!

which, when inserted into Eqs.~B8a! and~B8b!, allows one
to rewrite the RHS of these equations as

dMd

tds
2

dM s

ts
5ldsMd3~Md3Heff,d!2

dM s

ts8

2ls9Md3~dM s3Heff,d!, ~B11a!

dM s

tsd
2

dMd

td
5lsdMd3~dM s3Heff,d!

2ldMd3~Md3Heff,d!, ~B11b!

where we introducedla
215taHeff,d•Md and the relaxation

times ts8
21

5tsl
211tsd

21(tdl1tds)
21tds , and ts9

21
5tsd

21(tdl

1tds)
21tdl , which couple in Eq.~B11a! the nonequilibrium

magnetizationdM s explicitly to the relaxation processes o
the magnetic background. These damping terms explic
conserve the magnitude of the magnetization of
d-electron system which is not the case for thes-electron
system.~4! One can see from Eq.~B8b! or ~B11b! that the
scattering ‘‘in’’ term can lead to excitations in thed-electron
system via the nonequilibrium magnetizationdM s .
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