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Electronic properties of quasiperiodic heterostructures
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~Received 9 August 2001; published 26 December 2001!

We study the electronic states of different GaAs-AlAs Fibonacci, Thue-Morse and Rudin-Shapiro
quasiperiodic heterostructures grown along the@001# direction. We employ an empirical tight-binding Hamil-
tonian including spin-orbit coupling together with the surface Green-function matching method. We present
results for different generations of the quasiperiodic heterostructures, formed by different building blocks. We
compare these results with those of the constituent quantum wells and with those of heterostructures containing
the same total number of GaAs and AlAs slabs after periodic repetition of the building blocks. The states in the
energy regions near the conduction- and valence-band edges of GaAs do not exhibit any spectrum fragmen-
tation. They show a strong localization of the local density of states in the GaAs layers, and they can be traced
to the states of the isolated quantum wells.
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I. INTRODUCTION

Many studies have been devoted to the physical prope
of quasiperiodic systems1–31 in the last 15 years. This interes
was originally motivated from the theoretical side by t
prediction that these systems should manifest noncon
tional electron and phonon states,9,11,23,25exhibiting energy
spectra with a high fragmentation and fractal character.7,17,24

From the experimental side the growth of Fibonacci2,3 and
Thue-Morse4 multilayers has provided the practical realiz
tion of these systems. The electronic structure of the
bonacci systems has been investigated mainly in the sin
band tight-binding limit. In these studies it was found th
the energy spectrum is self-similar, and the energy ba
divide into three subbands, each of which further subdivi
into three and so on,13–16 thus producing a singular continu
ous spectrum,21 which in the infinite limit reduces to a Can
tor spectrum17 with dense energy gaps everywhere.7–10 More
realistic studies were presented in Refs. 28–30 by using
empirical tight-binding~ETB! sp3s* Hamiltonian.32 It was
stated in these more realistic studies that the Fibonacci s
trum could only be observed, and not clearly, for some
ergy ranges and for wave vectors in the vicinity of the s
perlattice G point. It was found also that the lowe
conduction and higher valence bands exhibited a selec
spatial localization in the thickest GaAs slabs forming t
structure.

It is necessary to consider that in the theoretical and
perimental works one does not study a full infinite quasipe
odic sequenceS` , but reaches only up to some high, b
finite generationSN , after repeated application of the gene
ating rule. It is then a reasonable assumption to expect
the systems for sufficiently highN will display the essentia
features of the ideal infinite sequence. Thus, one takesSN as
an acceptable numerical approximation. This raises the q
tion of the boundary conditions at the extremes of the fin
structure as discussed in Ref. 31. Another question to
considered is the way of building the constituent blocks
generators in the sequence. In Refs. 2 and 3 theA and B
blocks forming the quasiperiodic sequence contained Al
GaAs layers with different thicknesses inA andB. In other
0163-1829/2001/65~4!/045304~8!/$20.00 65 0453
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studies4 A andB blocks contain only one material. It is the
necessary to study if these circumstances can have som
fluence on the electron states of finite quasiperiodic syste

The need to study more complicated sequences than
Fibonacci one can be derived among other things from
fact that the Rudin-Shapiro sequence does not satisfy
conditions for the theorems given in Refs. 17 and 21, a
therefore its spectrum can have other properties.

We study here the electron states near the edges of
valence and conduction bands in finite realizations of
Fibonacci, Thue-Morse, and Rudin-Shapiro sequences,
scribed by an ETB Hamiltonian, such as, those employed
Refs. 29 and 30. We shall compare the results of the qu
periodic heterostructures with those of the constituent i
lated quantum wells and with those of heterostructures h
ing the same total number of blocks than the quasiperio
ones, but obtained by means of a periodic repetition of
building blocks.

In Sec. II we discuss briefly the theoretical model and
method of the calculation. The results for the Fibonacci h
erostructures are presented in Sec. III. Section IV gives
results for the Thue-Morse heterostructures and Sec. V
sents the results for the Rudin-Shapiro heterostructures. C
clusions are presented in Sec. VI.

II. THEORETICAL MODEL AND METHOD OF
CALCULATION

We use an ETBsp3s* Hamiltonian32 including nearest-
neighbor interactions and spin-orbit coupling.33 The ETB
parameters for AlAs are those employed in Ref. 34, a
the ETB parameters for GaAs are those of Ref. 35.
have employed the following energy referenc
EV(AlAs) 520.55, EV(GaAs)50.0 eV. This band offset is
within experimentally accepted values for~001! interfaces36

and corresponds to a66
34 band-offset rule.37 We shall study the

~G! point of the heterostructures as the most likely candid
to show the characteristics of the spectra of the quasiperi
systems.29,30

The quasiperiodic heterostructures involve many
equivalent interfaces. We shall use a version of the surf
©2001 The American Physical Society04-1
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Green-function matching method,38 specially adapted to dea
with an arbitrary numberN of inequivalent interfaces.39 The
eigenvalues are obtained from the peaks in the imagin
part of the trace of the interface projection of the Gre
function of the matched systemG̃S .39 A small imaginary part
of 1023 eV was added to the real energy variable, which w
varied in steps of 0.005 eV~and for finer details in some
areas in steps of 0.001 eV!. The spatial localization was ob
tained by calculations of the local density of states~LDOS!
in the different layers of the quasiperiodic heterostructur
which is directly obtained from the Green function of th
whole systemGS .39

III. FIBONACCI HETEROSTRUCTURES

The GaAs-AlAs Fibonacci heterostructures are grown
stacking recursively along thez direction, with two genera-
tors, blocksA and B, mapping the mathematical rule in th
Fibonacci sequence

S15$A%,S25$AB%,S35$ABA%,
~1!

S45$ABAAB%,...,Sn5Sn21Sn22 .

In order to see the possible influence of the buildi
blocks on the electronic structure of the finite Fibonacci g
erations we shall consider here two differentA andB gener-
ating blocks. The first one, indicated by Fib I in the follow
ing, follows the scheme used in the experimental realiza
of a Fibonacci superlattice.2,3 Thus we shall take anA block
having 20 GaAs layers and 8 AlAs layers, and aB block
having 10 GaAs layers and 8 AlAs layers. Our seco
choice, denoted by Fib II in the following, has anA block
containing 20 GaAs layers and aB block containing 8 AlAs
layers. In both cases the Fibonacci heterostructures wil
sandwiched between semi-infinite AlAs slabs.

We present here results for the eight generation of
Fibonacci heterostructures, Fib I and Fib II, discussed abo
The Fib-I eight generation contains 68 slabs of GaAs a
AlAs layers, whereas the Fib-II eight generation contains
slabs of GaAs and AlAs layers. From Eq.~1! it is easy to see
that Fib I will always have a repetition of the constituent
and 20 GaAs layers quantum wells. On the other hand Fib
due to the presence of theBABandBAABsubsequences, wil
have 20 and 40 GaAs layers quantum wells. In order to
the possible influence of theA andB building blocks on the
electronic structure of the Fibonacci heterostructures,
shall study the electron states of the GaAs quantum w
having 10, 20, and 40 layers. As we have finite Fibona
generations, it will be interesting also to compare the el
tronic structure of the Fibonacci heterostructures with th
of the corresponding heterostructures having the same
number of slabs, but obtained by a finite periodic repetit
of the AB sequence.

In Table I we present the lower conduction and high
valence-band states corresponding to AlAs-GaAs-A
quantum wells, having 10, 20, and 40 GaAs layers.

In Table II we present the corresponding electronic sta
for the Fib-I and Fib-II eight generations. It is easy to s
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when looking to the results of Tables I and II, how the low
conduction states in the Fibonacci heterostructures have
ergies quite close to those of the corresponding sing
quantum wells. The spatial confinement of those states in
corresponding GaAs slabs in the Fibonacci heterostruct
is a clear signature of the origin of the states. The sam
true for the higher valence-band states.

In order to see the spatial localization of the differe
electronic states in the Fibonacci generations we show
Fig. 1 the LDOS in the different layers of the Fib-II heter
structure and in 6 AlAs capping layers to the left and right
the Fib-II heterostructure, corresponding to the two low
conduction-band states@~a! E51.555, ~b! E51.630 eV#. In
Fig. 1~a!, the selective localization in the 40-layer GaA
wells can be seen. This is clearly seen eight times becaus
the presence of theBAAB subsequence 8 times in the F

TABLE I. Energies~in eV! of the bound states near the GaA
valence-band top~negative values, VB! and the conduction-band
bottom~positive values, CB! for ~001! quantum wells as a function
of n, the number of GaAs layers forming the well.

n CB VB

10 20.051
20.115

20 20.014
20.052
20.073

1.634 20.165
40 0.000

20.018
20.048
20.083
20.088

1.659 20.139
1.551 20.171

TABLE II. Energies~in eV! of the lower conduction states~CB!
and higher valence~VB! states of the two types of eight generatio
Fibonacci heterostructures discussed in the text.

CB VB

Fib-I 20.020
20.060
20.080

1.700 20.130
1.630 20.180

Fib-II 0.000
20.015
20.020
20.050
20.060

1.695 20.080
1.655 20.090
1.630 20.145
1.555 20.175
4-2
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ELECTRONIC PROPERTIES OF QUASIPERIODIC . . . PHYSICAL REVIEW B 65 045304
bonacci sequence. Figure 1~b! shows the selective localiza
tion in the 20-layer-GaAs wells. We see five peaks cor
sponding to the existence of theBABsubsequence five time
in the Fibonacci sequence.

In Fig. 2 we present the same information for the tw
highest valence band states@~a! E50.000, ~b! E5
20.015 eV#. The picture is the same as in Fig. 1. In Fig. 2~b!
the spectral strength in the 40-layer GaAs wells is mu
lower than in the 20-layer wells although evident in the fi
ure due to the existence of the second state of the 40-l
well close in energy to the present one.

In Table III we present the corresponding states for
periodic repetition 17 times of (GaAs!20~AlAs!8 and
(GaAs!20~AlAs!8~GaAs!10~AlAs!8 blocks. It is easy to see
when comparing Tables II and III that the energy values
the different states are quite similar, the only difference be
the presence in the spectrum of Fib-II of the energy val
corresponding to the 40-GaAs-layer quantum wells. F
states having higher energy in the conduction-band reg
and lower energy in the valence-band region, it is possibl
follow the analogy, although in some cases it is not so cl

FIG. 1. Spatial distribution of the LDOS, in arbitrary units,
the two lowest conduction states at theG point in the different
layers of a Fib-II eight generation Fibonacci heterostructure.~a! E
51.555; ~b! E51.630 eV.~d, anions;s, cations!.
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We can see that it is not possible to distinguish the trifur
tion of the Fibonacci spectrum in the cases considered h

We have also studied the nineth generation of the Fib
type structure, including 55 AlAs and GaAs blocks, obta
ing the same results discussed before for the eighth gen
tion.

FIG. 2. Same as in Fig. 1 for the highest valence states.~a! E
50.0; ~b! E520.015 eV.

TABLE III. Energies~in eV! of the lower conduction-band~CB!
and higher valence-band~VB! states of the periodic heterostructur
formed by the periodic repetitions of the~GaAs!20~AlAs!8 @~20,8!#
and ~GaAs!20~AlAs!8~GaAs!10~AlAs!8 @~20,8,10,8!# blocks.

CB VB

~20,8! 20.015
20.055

1.697 20.079
1.630 20.178

~20,8,10,8! 20.016
20.058
20.079

1.695 20.132
1.632 20.179
4-3
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A Fib-II heterostructure having anA block containing 10
GaAs layers and aB block containing 8 AlAs layers, gives
the same energy states as given by the Fib-I heterostruc
studied before. This is because theBAABsubsequence give
20-GaAs-layer wells in the heterostructure.

Similar results have been obtained in the case
(GaAs!20~AlAs!8 superlattices and superlattices having t
seventh generation of the Fib-I system as period. It is t
clear that in this case the results are independent of the
ferent boundary conditions.

In Ref. 40 the electronic structure of a GaAs/AlAs F
bonacci superlattice with an enlarged well was studied
means of photoluminiscence spectroscopy. The structure
formed by two eighth generation Fib-I heterostructures w
an extended well having two times the thickness of the w
in the Fib-I structure. The system was symmetrical about
extended well and had two thick cladding AlAs layers. T
photoluminiscence spectrum showed two peaks, one aE
'1.58 eV corresponding to the extended well and the sec
one atE'1.72 eV corresponding to the Fibonacci hete
structure.

In order to check the results coming out from our calc
lations we have considered a similar structure but with t
seventh generation Fib-I heterostructures instead of
eighth. We do so due to memory limitations in our compu
Our A block is formed by (GaAs!20~AlAs!8 and theB block
by (GaAs!20~AlAs!4. The extended well is 40 GaAs laye
thick. These data are quite close to the experimental sys
in Ref. 40. We have found for this heterostructure the t
lowest conduction states atE51.555 ~localized in the 40-
layer well! and at E51.630 eV ~localized in the 20-layer
wells of the Fib-I structures!. The two highest valence state
are located atE50.0 ~localized in the 40-layer well! and at
E520.015 eV~localized in the 20-layer wells of the Fib-
structures!. Thus we should have a transition atE
51.555 eV corresponding to the enlarged well and a hig

TABLE IV. Energies~in eV! of the lower conduction~CB! and
higher valence~VB! states of the two types of fifth and sixth ge
erations complementary Thue-Morse heterostructures discuss
the text.

CB VB

TM-1 20.015
20.060
20.080

1.695 20.135
1.630 20.175

TM-II 0.000
20.015
20.020
20.050
20.060

1.695 20.080
1.655 20.090
1.630 20.145
1.555 20.175
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one atE51.645 eV corresponding to the Fib-I heterostru
tures. These values, without excitonic corrections, agree
sonably well with those of Ref. 40.

IV. THUE-MORSE HETEROSTRUCTURES

These structures are produced by stacking recursiv
along thez direction, with two generators, blocksA and B,
mapping the mathematical rule in the Thue-Mor
sequence41

S05$A%,S15$AB%,S25$ABBA%,...,Sn115SnS̄n , ~2!

S̄05$B%,S̄15$BA%,S̄25$BAAB%,...,S̄n115S̄nSn . ~3!

The S̄n sequence is complementary to theSn one, and the
number of terms in the sequence goes as 2n.

The sameA and B blocks are considered as in the F
bonacci systems, for both I and II cases, that now we s
denote as TM I and TM II, respectively.

We present here results for the fifth generation of
Thue-Morse TM-I structure and the sixth generation of t
TM-II structure. The TM-I fifth generation contains 64 slab

FIG. 3. Same as in Fig. 1 for the sixth generation of the comp
mentary TM-II system.

in
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ELECTRONIC PROPERTIES OF QUASIPERIODIC . . . PHYSICAL REVIEW B 65 045304
of GaAs and AlAs layers, whereas the TM-I sixth generat
also contains 64 slabs of GaAs and AlAs layers. The TM
as the Fib-I, structure will have always a repetition of t
constituent 10- and 20-GaAs-layer quantum wells. On
other hand the TM-II structure, due to the presence of
BAB and BAAB subsequences, will have 20- and 40-GaA
layer quantum wells.

In Table IV we present the lower conduction and high
valence states of the complementary TM-I fifth and TM
sixth generations, respectively. It is easy to see that we ob
basically the same results shown in Table II for the Fibona
heterostructures. The normal sequences give the same re
presented here.

In Fig. 3 we present the LDOS corresponding to the t
lowest conduction states, in the different layers of t
complementary TM-II structure and in six neighboring AlA
layers to the right and left of the quasiperiodic heterostr
ture. In Fig. 3~a! we see the localization in the 40-layer-GaA
wells, appearing 11 times in the Thue-Morse sequence
Fig. 3~b! the localization is seen in the 20-layer-GaAs we
appearing ten times in the structure. The behavior is co
pletely analogous to that seen in the Fibonacci heterost
tures.

FIG. 4. Same as in Fig. 2 for the sixth generation of the comp
mentary TM-II system.
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In Fig. 4 we present the same information as in Fig. 3
the two highest valence states. The picture is the sam
seen in Fig. 3. In Fig. 4~b! we can also see the lower spectr
strength in the 40-layer-GaAs wells coming from the seco
state of this well quite close in energy to the present one

It is then clear that we obtain basically the same pict
seen in the Fibonacci heterostructures.

-

TABLE V. As in Table I for then58, 30, 50, and 60 GaAs
layers quantum wells.

n CB VB

8 20.070
20.143
20.279

30 20.004
20.029
20.034
20.082

1.576 20.125
50 0.002

20.010
20.030
20.058

1.613 20.092
1.538 20.127

60 0.003
20.006
20.020
20.039

1.669 20.043
1.585 20.064
1.530 20.094

TABLE VI. Energies~in eV! of the lower conduction~CB! and
higher valence~VB! states of the two types of fifth and sixth gen
eration Rudin-Shapiro heterostructures discussed in the text.

CB VB

RS-I 20.015
20.060
20.080

1.695 20.130
1.630 20.165

RS-II 1.695 0.003
1.670 0.001
1.660 20.001
1.630 20.005
1.610 20.006
1.585 20.010
1.580 20.015
1.555 20.019
1.540 20.021
1.530 20.031
4-5
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V. RUDIN-SHAPIRO HETEROSTRUCTURES

Here the stacking is recursive along thez direction with
four generators, blocksA, B, C, andD, mapping the math-
ematical rule in the Rudin-Shapiro sequence, which is
tained from the lettersA, B, C, Dvia the following substitu-
tion rules42

A→AC, B→DC, C→AB, D→DB; ~4!

thus giving the following sequence:

S05$A%,S15$AC%,S25$ACAB%,S35$ACABACDC%,... .
~5!

As in the Thue-Morse sequence, the number of term
the sequence goes as 2n. TheA andB blocks are the same a
in the previous cases, for both I and II cases~we shall denote
these systems as RS I and RS II, respectively!. On the other
hand in the RS-I case theC block has 8 GaAs layers and 2
AlAs layers, whereas theD block has 8 GaAs layers and 1
AlAs layers. In the RS-II case theC block has 10 GaAs
layers and theD block has 10 AlAs layers.

We present here results for the fifth RS-I generation, a
the sixth RS-II generation, both having 64 slabs of AlAs a

FIG. 5. Same as in Fig. 1 for the sixth generation of the RS
system.
04530
-

in

d
d

GaAs layers. The RS-I structure will have a repetition of t
constituent 8-, 10- and 20-GaAs-layer quantum wells. On
other hand the RS-II structure due to the presence of theC,
A, AC, ACA, andCACAblocks will have quantum wells o
10, 20, 30, 50, and 60 GaAs layers, respectively, thus in
ducing a richer variety in the heterostructure than in
former cases.

In Table V we present the lower conduction and high
valence states of the 8-, 30-, 50-, and 60-GaAs-layer isola
quantum wells.

In Table VI we present the lower conduction and high
valence states of the RS-I fifth generation and RS-II si
generation. It is easy to see that the RS-I generation g
more or less the same results seen in Tables II and IV for
Fibonacci and Thue-Morse structures, respectively. On
other hand the RS-II structure presents a different kind
spectrum, due to the presence of the combination of thA
andC blocks discussed above. Nevertheless, it is easy to
that the different states have energies very close to thos
the states in the isolated quantum wells given in Tables I
V.

The LDOS for the different states in these structures
provide further evidence on their origin. Figure 5 gives t
LDOS in the different layers of the RS-II structure togeth

I FIG. 6. Same as in Fig. 2 for the sixth generation of the RS
system.
4-6
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ELECTRONIC PROPERTIES OF QUASIPERIODIC . . . PHYSICAL REVIEW B 65 045304
with that of six neighboring AlAs layers to the left and rig
of the quasiperiodic structure, corresponding to the two lo
est conduction states. In Fig. 5~a! we see the localization in
the three wells having 60 GaAs layers. In Fig. 5~b! the lo-
calization is seen in the three wells with 50 GaAs layers.
Fig. 6 we present the same information for the two high
valence states. The picture is the same as in Fig. 5. In b
cases we can see a lower spectral strength in the other w
due to the closeness in energy of both states.

It is then clear that the RS-I heterostructure gives
same picture than that seen for the Fibonacci and Th
Morse-type-I heterostructures. The RS-II heterostruct
gives a different spectrum, due to the bigger richness
quantum well thicknesses, although the origin of the diff
ent states can be tied to the different isolated wells, as in
the other heterostructures considered here.

VI. CONCLUSIONS

We have studied the lowest conduction and highest
lence states in different AlAs-GaAs heterostructures follo
ing the Fibonacci, Thue-Morse, and Rudin-Shapiro
quences, similar to those grown experimentally. We h
considered different ways to form the material blocks en
ing the above sequences. It has been found that the
bonacci, Thue-Morse, and Rudin-Shapiro-type-I heterost
tures, having always in each block a barrier and w
structure, have almost the same energy values. On the o
hand the Rudin-Shapiro-type-II heterostructures exhibit
ta

s.

e

D

d
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ferent energy values coming from the bigger variety of Ga
wells forming the heterostructure. No spectrum fragmen
tion has been found in the energy ranges considered her
the different heterostructures. The different energy states
be adscribed to those of the different isolated quantum we
not only by their numerical values, but also due to th
spatial localization in the corresponding wells forming t
quasiperiodic heterostructures. Heterostructures obtaine
the periodic repetition of the constituent blocks give sta
with almost no difference in the energy and spatial locali
tion as compared to those of the quasiperiodic systems. A
additional check we have studied a heterostructure cont
ing an enlarged well in between two finite Fibonacci gene
tions. The electronic states thus obtained would agree w
with the PL transitions measured in a similar system.

It is thus clear that the electronic spectrum of real AlA
GaAs finite quasiperiodic heterostructures does not exh
the characteristic fragmentation seen in simple o
dimensional models. The different states come from thos
the constituent wells in the structure.

The Rudin-Shapiro II systems provide an interesting w
of producing a heterostructure with a fairly varied system
quantum wells, not possible in other simpler sequences.
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