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White-Scalapino-like stripes in a mean-field Hubbard model
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~Received 17 October 2001; published 28 December 2001!

In stripe phases, a ‘‘hidden order’’ can exist as an order parameteron the charged stripes. A simple example
arises in an unrestricted Hartree-Fock calculation of the Hubbard model, where a~metastable! solution is found
which closely resembles the stripe phase of White and Scalapino. By comparison with uniform mean-field
solutions, it is demonstrated that this phase develops from phase separation, and the order on the charged
stripes is identified. The interface surface tension becomes negative for sufficiently narrow stripes, at which
point the stripes begin to meander, gradually crossing from vertical to diagonal with decreasing doping.
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When the Hubbard model is doped away from the antif
romagnetic insulator at half filling, a number of calculatio
find evidence for spatially inhomogeneous solutions. Ther
considerable debate1,2 as to whether these solutions are g
neric features of the Hubbard model, or arise only in a
stricted parameter domain. Related issues are whethe
inhomogeneity is driven by phase separation or antife
magnetic~AFM! domain wall formation,3 and how these fea
tures are related to ‘‘stripes’’ in cuprates and other oxides
is well known4 that stripes can develop from a frustrat
phase separation, and a phase on the charged stripes
good candidate for ‘‘hidden order’’ in the cuprates. Simil
issues arise in the dopedt-J model, where the ground state
variously found to be striped,5 or uniform,6 or phase
separated.7,8 Reference to earlier calculations may be fou
in these articles and in the reviews.9

Unrestricted Hartree-Fock~UHF! calculations10–12 find
that the holes form filled~one additional hole per row!
stripes which act as antiphase boundaries between AFM
mains. Such filled domain wall stripes are not found in mo
advanced calculations5,7 of the Hubbard model, and are no
consistent with experiment on the cuprates.13 We here ana-
lyze a metastablestate of the UHF calculations, whic
closely resembles the White-Scalapino~WS! ~Ref. 5! stripes,
and agrees better with experiment. These stripes can be
derstood from a phase separation approach, comparing
free energies of low-order commensurate magnetic pha
qx ,qy; 0 or Qi5p/a. The resulting mean-field phase di
grams involve phase separation between the AFM phase
a metallic phase, either ferromagnetic~FM!, as in early fer-
ron phase approaches to the Hubbard model,14 or a phase
resembling WS stripes, depending on the value of sec
neighbor hopping parametert8. These stripes are stable loc
free-energy minima in UHF calculations, but globally the
are alternative states of lower free energy.12 However, these
solutions can be stabilized byadditional interactionsbeyond
the pure Hubbard model~e.g., charge-density wave or supe
conducting!, and hence may be relevant to experiment. Th
additional interactions will be discussed in a compan
publication;15 here we introduce the mean-field model a
utilize UHF calculations to calculate the surface tension
the resulting stripe phases. We find that WS-like stripes
stable against macroscopic phase separation.
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We study a one-band electron-hole symmetric Hubb
model @ interaction5U( i(ni↑21/2)(ni↓21/2)# with bare
dispersionek522t(cx1cy)24t8cxcy , with ci5coskia. In
the presence of a mean-field magnetizationmq at wave vec-
tor qW , the quasiparticle dispersion becomes

E65
1

2
~ek1ek1q6E0!, ~1!

where E05A(ek2ek1q)214U2mq
2. The site magnetization

is found self-consistently from

mq5(
k

„f ~E2!2 f ~E1!…
Umq

E0
, ~2!

with Fermi functionf (E)51/(11e(E2EF)/kBT). The free en-
ergy is

F5 (
k,i 56

Ei f ~Ei !2TS1US mq
21

x2

4 D , ~3!

whereS is the entropy.
The phase withqW 5QW [(p,p) provides a good model fo

the AFM phase at half filling with Mott gap, successful
describing the spin-wave dispersion16 and Monte Carlo
results,17,18 and serving as the basis for a number of tre
ments of strong correlation effects.19 While a fit to the dis-
persion of the magnetic insulator SrCuO2Cl2 finds20 t
5325 meV,U56.03t, and t8520.276t, here we studyt8
50. We use the same model, with different choices ofqW

ÞQW , to describe a number of competing magnetical
ordered states. While at half filling the AFM state has low
free energy, this is not true for finite-average dopingx, lead-
ing to a rich phase diagram, with regimes of phase sep
tion. Figure 1 shows the low-temperature free energy a
function of doping for the caset850 for three magnetic
phases, the standard antiferromagnet~AFM! qW 5QW , a ferro-
magnet~FM! with qW 5(0,0), and a linear antiferromagne
~LAF! with qW 5(p,0) @see Fig. 3~g!, below#. The curves are
symmetric about half filling (x50). For uxu<0.25 the AFM
lies lowest in energy; between 0.25<uxu<0.65 the LAF lies
lowest, and beyond that, the ground state is nonmagn
(mq50). For all dopings, the FM state is metastable. At hi
©2001 The American Physical Society02-1
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doping the magnetic phases terminate whenmq→0. The in-
set to Fig. 1 shows the dispersions for the stable pha
AFM at x50 ~solid lines! and LAF at x50.353 ~dashed
lines!.

The antiferromagnetic state has a cusp at half filling, w
the slope discontinuity being the Mott-Hubbard gap. Aw
from half-filling, this state is alwaysthermodynamically
unstable–the compressibility;]2f /]x2 is negative. The tan-
gent construction~dashed lines! shows that the equilibrium
state between zero doping anduxu5xc50.353 consists of a
phase separationbetween the AFM and LAF phases. No
that the mean-field model misses the UHF ground stat12

which has ‘‘filled’’ ~one hole per row! stripes in an AFM
background. It can be shown that, if the last term in Eq.~3!
is omitted, this ground state would be recovered for largeU,
with the LAF phase stable only for a small parameter ran
nearU/t5628 (t850).

The resulting phase diagramx vs U is shown in Fig. 2.
Phase separation persists for all finiteU, but while the insu-
lating state is always AFM, there is a crossover in the me
lic stripe component from paramagnetic phase forU,Uc
55.3t to LAF for U.Uc). The termination of the two-phas
regime occurs approximately whenx5x0, the doping on the
charged stripes. Whent8Þ0, the phase diagram is com
pletely different, with phase separation between the AF
and a FM phase.15 For largeU, the Hubbard model should
reduce to thet-J model; agreement with recent calculatio
for the phase separation boundary in the Hubbard2 and t-J
~Ref. 7! models is satisfactory@triangles and1 ’s in Fig.
2~a!#. The deviation at smallU ~large J) is expected, since
the models are equivalent only in the large-U limit. While
the metallic phase in thet-J model is usually taken as para
magnetic, the WS results may hint that it is an LAF pha
nearU511t.

Figure 3 illustrates some of the low-energy textures fou
in UHF calculations, and shows that in the LAF stripe pha
dispersions the added states form additional bands near

FIG. 1. Free energy vs doping for several magnetic phases o
Hubbard model (U56.03t, t850). Diamonds5AFM, triangles
5LAF, circles5FM, and squares5PM phase. Dashed line
5tangent construction. Inset: Dispersion of magnetic phases: s
lines5AFM at x50, dashed lines5LAF at x50.353; Brillouin
zone pointsG5(0,0), X5(p,0), S5(p,p).
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gap, as found in ordered stripe arrays20 and for randomly-
distributed magnetic polarons@Figs. 3~a! and 3~b!#. @For the
left-hand panels of Fig. 3, the UHF calculations were itera
to self-consistency on 24324 ~a!, 3236 ~c!, or 12312 ~e,g!
lattices with periodic boundary conditions. For the disp
sions of the right-hand panels of Fig. 3, these solutions w
extended to a 32332 ~d,h! or 36336 ~f! lattice, with one
additional iteration~Fig. 3~b! was on a 24324 lattice!#.

The LAF stripes resemble the WS stripes of thet-J
model: the minimum LAF stripe is two cells wide, and ac
as an antiphase boundary between AFM domains, Fig. 3~c!.
In both calculations, the doped ground state is found to
volve mixtures of LAF and AFM stripes, with no sign o
insulating, ‘‘filled’’ stripes. The doping is comparable: th
star in Fig. 2~a! represents the WS stripe phase, assuming
effective U/t54t/J, with J50.35t. Both kinds of stripes
have similar fractional transfer of holes onto adjacent AF
rows ~see caption of Fig. 3!, and both are destabilized b
nonzerot8 ~cf. Ref. 21!. We find that the charged stripes hav
a fixed, minimal width forx<1/6, with the charge per row o
a stripe doubling at higher doping, and the stripe phase
minating nearx51/3; WS find similar doping dependence
systematically shifted due to the difference in hole dens
~1/3 vs 1/4! on a stripe. Similar LAF stripes were foun
previously as metastable UHF solutions.11 An LAF-like state
has also been found in recent Monte Carlo calculations in
manganites;22 interestingly, a spin flux phase can form fro
a coherent superposition of two LAF phases.

It is clear from Fig. 3 that the LAF-AFM stripes aris
from phase separation, with the stripe spacing evolving
expected with doping. The question remains as to whe
the stripes are stable against macroscopic phase separ
i.e., is the free energy of the stripe phaseFstr higher or lower
than that of the separated bulk phases~tie-line! Fsep? We

FIG. 2. Phase diagram,x(U) for the Hubbard model, witht8
50. Triangles5Hubbard model results, estimated from Fig. 1
Ref. 2; dot-dashed line with18s5t-J model results, Ref. 7~b!,
assumingJ/t54t/U. The WS point is defined byx0, the doping on
the charged stripes, which is also approximately the doping wh
the two-phase regime terminates.
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answer this via UHF calculations, taking care to minimi
finite-size effects. This is done by~a! adjustingU so that the
charged-stripe dopingx0 is a simple rational fraction~at
U/t58, x0.1/3), and~b! working with large lattices, up to
12836. Figure 4 shows~a! the average free energy on ea
row of a series of AFM-LAF stripe arrays, of the same a
erage doping (x51/6) but different stripe widths and~b! the
resulting surface tensions ~free energy differenceFstr
2Fsep per domain wall atom!. We label the stripe array with
N1M copper~charge! periodicity by~N,M!, whereN ~M! is
the width in coppers of a charge~magnetic! stripe. The mag-

FIG. 3. Unrestricted Hartree-Fock calculations of the Hubb
model. Left panels: the hole configurations forx51/8, 1/6, 2/9, and
1/3 average dopings minimizing the free energy. Right panels:
corresponding dispersions~open circles!; solid lines5mean-field
bands for undoped AFM~b! and LAF ~h!; dashed lines5chemical
potential. ~a,b!: Random distribution of holes in an antiferroma
netic background forming magnetic polarons atx51/8 doping.
~c,d!: LAF stripes atx51/6 doping–on the charge stripes the ho
density is 0.27 and the magnetization is 0.46; on the antiferrom
netic stripes the hole density is 0.06 and the magnetization is 0
~e,f!: AFM stripes in LAF background atx52/9; there is a weak
modulation of the hole density on the LAF stripe: 0.245~0.365!
holes on the outer~inner! rows. ~g,h!: LAF configuration at 1/3
doping.
04110
-

netic contribution tos, associated with excess holes push
onto the magnetic bounding layers, is positive and satur
for wider stripes, while the LAF energy is negative, and o
cillates on the stripes, in parallel with hole density oscil
tions. These oscillations are due to quantum confinem
similar to the Friedel oscillations seen in electrons confin
on a step on a Cu surface.23 The confinement oscillations
lead to a long-range interaction between domain wa
~across a charged stripe!, which explains why the net surfac
tension saturates so slowly as a function of stripe width, a
why it depends mainly on the width of the LAF stripes.

For the widest stripes, the surface tensions starts to level
off to a value of;0.01t per domain wall atom for an iso
lated domain wall. As the stripes move closers decreases,
ultimately changing sign~negative surface tension!. When
the LAF stripe has a width of eight cells, the surface tens
is essentially zero. For narrower LAF stripes straight verti
stripes are unstable, but can be pinned by commensurab
effects on specially chosen lattices; the free energy is ge

d

e

g-
7.

FIG. 4. ~a! Free energyf (x) per row for a LAF stripe array in
the Hubbard model, witht850, U58t andx51/6, comparing sev-
eral different lattice periodicities: (N,M )5(32,32) on a 12836
lattice, and, for 6436 lattices,~16,16!, ~8,8!, and~2,2!. Energies of
narrower arrays are offset for clarity.~b! Excess free energyper
domain wall atom EDW plotted vs 1/N, whereN is the charge stripe
periodicity, forx51/12 ~circles!, 1/9 ~squares!, 1/6 ~diamonds!, and
2/9 ~stars!. Dotted lines connect unstable vertical stripes.~c! Com-
parison of energy per siteEsite of meandering~circles! and diagonal
~squares! stripes compared to the filled diagonal stripes~diamonds!
12. ~d! Pattern of spin and charge order on meanderingx51/6
stripe.
2-3
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ally high @dotted lines in Fig. 4~b!#. On larger lattices, the
UHF spontaneously evolves to a meandering stripe patt
Fig. 4~d!, with free energy lower than the tie-line@Fig. 4~b!,
lowest points of solid lines#. The meandering LAF stripes ar
composed of straight diagonal segments, separated by k
On the straight segments, holes on successive rows
shifted diagonally by one Cu site, leading to ferromagne
alignment between kinks. Remarkably, the free energy of
meandering stripes is lower than that of the correspond
straight diagonal stripes, Fig. 4~c! ~although the small differ-
ence could be a finite-size effect!. The crossover appears t
be kinetic energy driven: the holes in the LAF phase
delocalized along the~FM! rows, but when the LAF stripes
get too narrow, adjacent rows shift to provide a FM couplin
Due to commensurability pinning effects, it will be hard
repeat this calculation for arbitrary values ofU, although
x0;1/4 atU516t.

There is a gradual crossover@Fig. 4~c!# from vertical ~at
x52/9) to meandering~1/6, 1/9! to diagonal stripes~1/12!.
At x51/12, the diagonal stripes have a low free energy,
meandering configurations are unstable. Figure 4~c! also in-
cludes the free energy of the diagonal, one hole per
stripes which are the UHF ground state.12 The free energy
differences are small, and the order of states may be reve
by including some additional~perhaps phononic or Cou
lomb! interactions.

Some mention must be made about the size of the la
used. Most of the results correspond to lattices 9636 ~for
x51/9 and 2/9!, 12836 ~for all x51/12, and for the larges
period atx51/6), or 6436 ~for the remainingx51/6), with
periodic boundary conditions assumed. The meande
stripes were all on 48312 lattices, and the diagonal on 2
324 (48316 for 1/12!. Straight stripes are metastable wh
the LAF stripe width is 4, and we had to use special lattic
S
c.
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to stabilize this configuration: 12324 for x52/9, andN8
312, with N8548(1/6), 24~1/9!, and 32~1/12! ~there was
no similar problem for the LAF width52 stripes, which are
also metastable!. The surface tension also depends sen
tively on the free energies of the reference end phases. T
can be calculated either exactly, from the mean-field the
or numerically from the UHF. For the LAF the agreement
quite good: energy per siteELAF /t51.46579~mean field! vs
1.46578~UHF!; EAFM /t52.46577~mean field! vs 2.46588
~UHF! ~UHF’s on 24324 matrices!. It was necessary to us
the UHF value forEAFM to calculate surface tensions.

The present calculations shed some light on the con
versy in thet-J model. The doped AFM phase is so unstab
in the Hubbard model, that it is likely that the elementa
excitations in the ‘‘uniform’’ lightly-dopedt-J model are re-
ally magnetic polarons. A recent quantum Monte Carlo stu
of the Hubbard model18 also finds that holes add dispersio
less bands, and do not uniformly dope the AFM phase.~See
also Ref. 24.! Hence, the three-sided debate about ‘‘uniform
~or magnetic polaron!7 vs stripe5 vs ~macroscopically!
phase-separated8 t-J ground state is in all probability really a
debate about three kinds of phase-separated ground s
Our results favor~meandering! stripes.

In conclusion, we find WS-like stripes at the HF level
the Hubbard model~albeit as metastable states!, and we dem-
onstrate that they arise from a tendency to phase separa
providing the first estimate of their surface tension.
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