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In stripe phases, a “hidden order” can exist as an order pararoatére charged stripes. A simple example
arises in an unrestricted Hartree-Fock calculation of the Hubbard model, wheetastablesolution is found
which closely resembles the stripe phase of White and Scalapino. By comparison with uniform mean-field
solutions, it is demonstrated that this phase develops from phase separation, and the order on the charged
stripes is identified. The interface surface tension becomes negative for sufficiently narrow stripes, at which
point the stripes begin to meander, gradually crossing from vertical to diagonal with decreasing doping.
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When the Hubbard model is doped away from the antifer- We study a one-band electron-hole symmetric Hubbard
romagnetic insulator at half filling, a number of calculationsmodel [interaction=UZX;(n;; —1/2)(n;; —1/2)] with bare
find evidence for spatially inhomogeneous solutions. There iglispersione, = —2t(c,+c,) —4t’c,c,, with cj=coska. In
considerable debalté as to whether these solutions are ge-the presence of a mean-field magnetizatigpat wave vec-
neric features of the Hubbard model, or arise only in a retor g, the quasiparticle dispersion becomes
stricted parameter domain. Related issues are whether the
inhomogeneity is driven by phase separation or antiferro-
magneticdAFM) domain wall formatior? and how these fea-
tures are related to “stripes” in cuprates and other oxides. It > 5 ] o
is well knowrf that stripes can develop from a frustrated Where Eo= V(e €k+q) T 4Um,. The site magnetization
phase separation, and a phase on the charged stripes i¢Sd0und self-consistently from
good candidate for “hidden order” in the cuprates. Similar um
issues arise in the dopeel model, where the ground state is mg= > (F(E_)—f(E,))—, )
variously found to be stripedf,or uniform® or phase k Eo
separated?® Reference to earlier calculations may be found,yith Fermi functionf(E) = 1/(1+ e(E~Er/keTy The free en-
in these articles and in the reviews. ergy is '

Unrestricted Hartree-FockUHF) calculationd®*? find
that the holes form filled(one additional hole per row
stripes which act as antiphase boundaries between AFM do- F=ki2_+ Eif(E)—-TS+U
mains. Such filled domain wall stripes are not found in more o
advanced calculation$ of the Hubbard model, and are not whereSis the entropy.
consistent with experiment on the cupraté§Ve here ana- The phase Wit}‘ﬁ:(jz(ﬂ-,ﬂ-) provides a good model for
lyze a metastablestate of the UHF calculations, which the AFM phase at half filling with Mott gap, successfully
closely resembles the White-ScalapiivéS) (Ref. 5 stripes,  describing the spin-wave disperstBnand Monte Carlo
and agrees better with experiment. These stripes can be uresults”*® and serving as the basis for a number of treat-
derstood from a phase separation approach, comparing timeents of strong correlation effecsWhile a fit to the dis-
free energies of low-order commensurate magnetic phasepgrsion of the magnetic insulator SrCy@, finds?® t
dx,0y~ O or Q;=m/a. The resulting mean-field phase dia- =325 meV,U=6.03, andt'=—0.27@, here we study’
grams involve phase separation between the AFM phase and0. We use the same model, with different choicesqof
a metallic phase, either ferromagnetiM), as in early fer- #0Q, to describe a number of competing magnetically-
ron phase approaches to the Hubbard mdtiel, a phase  ogered states. While at half filling the AFM state has lowest
resembling WS stripes, depending on the value of secongaq energy, this is not true for finite-average dopindgad-
neighbor hopping parameter. These stripes are stable local ing to a rich phase diagram, with regimes of phase separa-
free-energy minima in UHF calculations, but globally therejo,. Figure 1 shows the low-temperature free energy as a
are alternative states of lower free enetgjowever, these function of doping for the casé’ =0 for three magnetic

solutions can be stabilized additional interactiondeyond . - =
the pure Hubbard modé¢é.g., charge-density wave or super- phases, the standard antiferromagfRM) q=Q, a ferro-

conducting, and hence may be relevant to experiment. Thesénagnet(FMZ with g=(0,0), and a linear antiferromagnet
additional interactions will be discussed in a companion(LAF) with g=(,0) [see Fig. 8g), below]. The curves are
publication® here we introduce the mean-field model andsymmetric about half filling X=0). For|x|<0.25 the AFM
utilize UHF calculations to calculate the surface tension inlies lowest in energy; between 02%x|<0.65 the LAF lies

the resulting stripe phases. We find that WS-like stripes aréwest, and beyond that, the ground state is nonmagnetic
stable against macroscopic phase separation. (mgq=0). For all dopings, the FM state is metastable. At high
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FIG. 1. Free energy vs doping for several magnetic phases of the [ ( AFM-LAF )

Hubbard model =6.03, t'=0). DiamondsAFM, triangles 0" ‘ w
=LAF, circles=sFM, and squaresPM phase. Dashed lines 0 5 l}?t 15 20
=tangent construction. Inset: Dispersion of magnetic phases: solid
lines=AFM at x=0, dashed linesLAF at x=0.353; Brillouin FIG. 2. Phase diagranx(U) for the Hubbard model, with’
zone pointd”=(0,0), X=(m,0), S=(m,m). =0. Triangles=Hubbard model results, estimated from Fig. 1 of

Ref. 2; dot-dashed line with+'s=t-J model results, Ref. (b),

assumingl/t=4t/U. The WS point is defined by,, the doping on

the charged stripes, which is also approximately the doping where
e two-phase regime terminates.

doping the magnetic phases terminate whgn-0. The in-
set to Fig. 1 shows the dispersions for the stable phase
AFM at x=0 (solid lineg and LAF atx=0.353 (dashed
lines). gap, as found in ordered stripe arrdyand for randomly-
The antiferromagnetic state has a cusp at half filling, withdistributed magnetic polarori&igs. 3a) and 3b)]. [For the
the slope discontinuity being the Mott-Hubbard gap. Awayleft-hand panels of Fig. 3, the UHF calculations were iterated
from half-filling, this state is alwayghermodynamically to self-consistency on 2424 (a), 32X 6 (c), or 12x12 (e,
unstable-the compressibility~ 9%f/9x? is negative. The tan- lattices with periodic boundary conditions. For the disper-
gent constructioridashed linesshows that the equilibrium  sions of the right-hand panels of Fig. 3, these solutions were
state between zero doping apd=x.=0.353 consists of a extended to a 3232 (d,h) or 36x 36 (f) lattice, with one
phase separatiometween the AFM and LAF phases. Note additional iterationFig. 3(b) was on a 2X 24 lattice].
that the mean-field model misses the UHF ground dfate, The LAF stripes resemble the WS stripes of thd
which has “filled” (one hole per rowstripes in an AFM  model: the minimum LAF stripe is two cells wide, and acts
background. It can be shown that, if the last term in ).  as an antiphase boundary between AFM domains, Fi). 3
is omitted, this ground state would be recovered for ladge In both calculations, the doped ground state is found to in-
with the LAF phase stable only for a small parameter range&olve mixtures of LAF and AFM stripes, with no sign of
nearU/t=6-8 (t' =0). insulating, “filled” stripes. The doping is comparable: the
The resulting phase diagrarmvs U is shown in Fig. 2.  star in Fig. 2a) represents the WS stripe phase, assuming an
Phase separation persists for all finlitgbut while the insu-  effective U/t=4t/J, with J=0.3%. Both kinds of stripes
lating state is always AFM, there is a crossover in the metalhave similar fractional transfer of holes onto adjacent AFM
lic stripe component from paramagnetic phase bx U, rows (see caption of Fig. )3 and both are destabilized by
=5.3 to LAF for U>U,). The termination of the two-phase nonzera’ (cf. Ref. 21. We find that the charged stripes have
regime occurs approximately whess= X, the doping on the  a fixed, minimal width forx< 1/6, with the charge per row of
charged stripes. Whet!/ #0, the phase diagram is com- a stripe doubling at higher doping, and the stripe phase ter-
pletely different, with phase separation between the AFMminating neax=1/3; WS find similar doping dependences,
and a FM phas& For largeU, the Hubbard model should systematically shifted due to the difference in hole density
reduce to the&-J model; agreement with recent calculations (1/3 vs 1/4 on a stripe. Similar LAF stripes were found
for the phase separation boundary in the Hubbart t-J previously as metastable UHF solutidisAn LAF-like state
(Ref. 7 models is satisfactorytriangles and+’s in Fig.  has also been found in recent Monte Carlo calculations in the
2(a)]. The deviation at small (largeJ) is expected, since manganiteg? interestingly, a spin flux phase can form from
the models are equivalent only in the largelimit. While a coherent superposition of two LAF phases.
the metallic phase in theJ model is usually taken as para- It is clear from Fig. 3 that the LAF-AFM stripes arise
magnetic, the WS results may hint that it is an LAF phasdrom phase separation, with the stripe spacing evolving as
nearU=11t. expected with doping. The question remains as to whether
Figure 3 illustrates some of the low-energy textures foundhe stripes are stable against macroscopic phase separation,
in UHF calculations, and shows that in the LAF stripe phase.e., is the free energy of the stripe pha&sg, higher or lower
dispersions the added states form additional bands near mithan that of the separated bulk phasts-line) Fg.,? We
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FIG. 4. (a) Free energy(x) per row for a LAF stripe array in
the Hubbard model, with’=0, U =8t andx=1/6, comparing sev-
-2 eral different lattice periodicities:N,M)=(32,32) on a 1286
_4"'8m lattice, and, for 6% 6 lattices,(16,186, (8,8), and(2,2). Energies of
narrower arrays are offset for claritgh) Excess free energper
domain wall atom [y plotted vs 1N, whereN is the charge stripe

FIG. 3. Unrestricted Hartree-Fock calculations of the Hubbardperiodicity, forx=1/12(circles, 1/9 (squaref 1/6 (diamonds, and
model. Left panels: the hole configurations for 1/8, 1/6, 2/9, and ~ 2/9 (stars. Dotted lines connect unstable vertical strip@s.Com-
1/3 average dopings minimizing the free energy. Right panels: th@arison of energy per sit;; of meanderindcircles and diagonal
corresponding dispersion@pen circley solid lines=smean-field  (squarepstripes compared to the filled diagonal striggmonds
bands for undoped AFMb) and LAF (h); dashed lineschemical ~ 12. (d) Pattern of spin and charge order on meandesingl/6
potential. (a,b): Random distribution of holes in an antiferromag- stripe.
netic background forming magnetic polarons xat 1/8 doping.
(c,d): LAF stripes atx=1/6 doping—on the charge stripes the hole netic contribution tos, associated with excess holes pushed
density is 0.27 and the magnetization is 0.46; on the antiferromagonto the magnetic bounding layers, is positive and saturates
netic stripes the hole density is 0.06 and the magnetization is 0.77or wider stripes, while the LAF energy is negative, and os-
(e,): AFM stripes in LAF background at=2/9; there is a weak cillates on the stripes, in parallel with hole density oscilla-
modulation of the hole density on the LAF stripe: 0.246365  tions. These oscillations are due to quantum confinement,
holes on the outetinnen rows. (g,h): LAF configuration at 1/3  similar to the Friedel oscillations seen in electrons confined
doping. on a step on a Cu surfaééThe confinement oscillations

lead to a long-range interaction between domain walls

answer this via UHF calculations, taking care to minimize(across a charged stripavhich explains why the net surface
finite-size effects. This is done k) adjustingU so that the  tension saturates so slowly as a function of stripe width, and
charged-stripe doping, is a simple rational fractiofat  why it depends mainly on the width of the LAF stripes.
U/t=8, x¢=1/3), and(b) working with large lattices, up to For the widest stripes, the surface tensiostarts to level
128x 6. Figure 4 showsa) the average free energy on each off to a value of~0.01t per domain wall atom for an iso-
row of a series of AFM-LAF stripe arrays, of the same av-lated domain wall. As the stripes move closerdecreases,
erage dopingX=1/6) but different stripe widths and) the  ultimately changing sigrinegative surface tensipnWhen
resulting surface tensiomwr (free energy differencd-,, the LAF stripe has a width of eight cells, the surface tension
—Fsepper domain wall atom We label the stripe array with is essentially zero. For narrower LAF stripes straight vertical
N+ M copper(charge periodicity by(N,M), whereN (M) is  stripes are unstable, but can be pinned by commensurability
the width in coppers of a chargmagnetig stripe. The mag- effects on specially chosen lattices; the free energy is gener-
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ally high [dotted lines in Fig. #)]. On larger lattices, the to stabilize this configuration: 2224 for x=2/9, andN’
UHF spontaneously evolves to a meandering stripe patterng 12, with N’ =48(1/6), 24(1/9), and 32(1/12) (there was
Fig. 4(d), with free energy lower than the tie-lif€ig. 4b),  no similar problem for the LAF widtk 2 stripes, which are
lowest points of solid linels The meandering LAF stripes are also metastable The surface tension also depends sensi-
composed of straight diagonal segments, separated by kinkgyely on the free energies of the reference end phases. These
On the straight segments, holes on successive rows atgn pe calculated either exactly, from the mean-field theory,
shifted diagonally by one Cu site, leading to ferromagneticyr nymerically from the UHF. For the LAF the agreement is
alignment between kinks. Remarkably, the free energy of th'auite good: energy per sif, ¢ /t=1.46579(mean field vs
meandering stripes is lower than that of the correspondinq_46578(uHF). E npy /t=2.46577(mean field vs 2.46588
straight diagonal stripes, Fig(e} (although the small differ- (UHF) (UHF’s o AZFL& 24 matrices It was necessary to use
ence could be a finite-size effecThe crossover appears to :

be kinetic energy driven: the holes in the LAF phase arethe LhJHF value fOI'T_Ale fo calchulgte surfalgehten&orr:s.
delocalze o TNEM) o, bt b e LA strpes 176 PSS, cfistons shed some Jnt on the cont
get too narrow, adjacent rows shift to provide a FM couplmg.m the Hubbard model, that it is likely that the elementary

D mmensurabili inning eff it will har o X ) .
ue to commensurability p g effects, it be hard to excitations in the “uniform” lightly-doped-J model are re-

;eﬂeflztgiz Sa:{%ltjlatlon for arbitrary values ©f although ally magnetic polarons. A recent quantum Monte Carlo study
o - .

of the Hubbard modé&¥ also finds that holes add dispersion-
x=2/9) to meanderingl/6, 1/9 to diagonal stripe$1/12). less bands, and do not uniformly dope the AFM phaSee

At x=1/12, the diagonal stripes have a low free energy, an%lso Ref. 24.Hence, the three-sided debate about “uniform

meandering configurations are unstable. Figu® 4dlso in- or magnetic %polaro)ﬂ vs strlp_é Vs (macros_(_:oplcally
cludes the free energy of the diagonal, one hole per rovg)hase—separat t+J ground state is in all probability really a

stripes which are the UHF ground stafeThe free energy dojﬁart:sa?so ?;vtgnzfnee;r:jdeiir?g; Sp;ﬂ;:-separated ground states.

differences are small, and the order of states may be reverse In conclusion, we find WS-like stripes at the HF level in
by including some additionalperhaps phononic or Cou- the Hubbard modehlbeit as metastable stateand we dem-

lomb) interactions. . .
Some mention must be made about the size of the IatticSrIStr":l.te that they arise from a tendency to phage separation,
providing the first estimate of their surface tension.

used. Most of the results correspond to lattices< 86(for
x=1/9 and 2/9, 128x 6 (for all x=1/12, and for the largest C.K.’s research was supported in part by NSF Grant No.
period atx=1/6), or 64x 6 (for the remainingk=1/6), with NSF-9711910. These computations were carried out using
periodic boundary conditions assumed. The meanderinthe facilities of the Advanced Scientific Computation Center

stripes were all on 4812 lattices, and the diagonal on 24 at Northeastern UniversityNU-ASCC). Their support is

X 24 (48x 16 for 1/12. Straight stripes are metastable whengratefully acknowledged. Publication 783 of the Barnett In-

the LAF stripe width is 4, and we had to use special latticesstitute.

There is a gradual crossovifig. 4(c)] from vertical (at
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