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Transmission studies of left-handed materials
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Left-handed materials are studied numerically using an improved version of the transfer-matrix method. The
transmission, reflection, phase of reflection, and absorption are calculated and compared with experiments for
both single split-ring resonators with negative permeability and left-handed materials, which have both the
permittivity e and permeabilitym negative. Our results suggest ways of positively identifying materials that
have bothe andm negative, from materials that have eitherm or e negative.
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Photonic band gap~PBG! structures were originally intro
duced to control the electromagnetic wave propagation
matter.1,2 Not only dielectric1,2 but metallic structures3–5

were proposed for applications in the microwave and inf
red regions. Very recently, a new area of research, ca
left-handed materials~LHMs!, has been introduced by Pen
dry et al.6,7 and Smithet al.8 LHMs are by definition com-
posites, whose properties are not determined by the fun
mental physical properties of their constituents but by
shape and distribution of specific patterns included in the
Thus, for certain patterns and distribution, the measured
fective permittivity eeff and the effective permeabilitymeff
can be made to be less than zero. In such materials, the p
and group velocity of an electromagnetic wave propagat
opposite directions giving rise to a number of nov
properties.9 This behavior has been called ‘‘left-handednes
a term first used by Veselago10 over 30 years ago, to describ
the fact that the electric field, magnetic intensity and pro
gation vector are related by a left-handed rule.

By combining a two-dimensional~2D! array of split-ring
resonators~SRRs! with a 2D array of wires, Smithet al.8

demonstrated for the first time the existence of left-han
materials. Pendryet al.7 has suggested that an array of SR
give an effectivemeff , which can be negative close to i
resonance frequency. It is also well known3,6 that an array of
metallic wires behaves like a high-pass filter, which mea
that the effective dielectric constant is negative at low f
quencies. Very recently, Shelbyet al.11 demonstrated experi
mentally that the index of refractionn is negative for a LHM.
Also, Pendry12 has suggested that a LHM with negativen
can make a perfect lens.

In this paper, we present systematic numerical results
the transmission, reflection and absorption properties of l
handed materials. An improved version of the transfer-ma
method13 ~TMM ! is used. Qualitative agreement wit
experiments8,14 is obtained, and new predictions about t
absorption and the phase of the reflection, to be chec
experimentally, are presented.

The transfer-matrix method13 is used to calculate the EM
transmission and reflection of LHMs. In the TMM, we a
sume that the sample is connected with two semi-infin
leads ~with e5m51!. The incident wave~say, from the
right! is either reflected or transmitted through the samp
Then, the transfer matrix is defined by relating the incid
fields on one side of the structure with the outgoing field15
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21r 2

r 1t2
21 t12r 1t2

21r 2
D . ~1!

Here t2 (t1) is the transmission matrix for the wave inc
dent from the right~left! of the slab andr 2 (r 1) are corre-
sponding reflection matrices.

In numerical calculations, the total volume of the syste
is divided into small cells and fields in each cell are coup
to those in the neighboring cell. We assume periodic bou
ary conditions in the directions parallel to the interfaces.
the leads, the transfer matrix can be diagonalized ana
cally. If the number of mesh points in the plane perpendi
lar to the propagation isN, then the transfer matrix is of the
size 4N34N. One half of the eigenvectors corresponds
the propagation to the left, and the second half to the rig
Corresponding transmission and reflection matricest and r
are then of the size 2N32N. Factor 2 is due to polarization
Using the general form of the transfer matrix as given by E
~1! we express the transmission matrix explicitly as

t2
215LTR ~2!

whereL and R are matrices 4N32N (2N34N) that con-
tains the left~right! eigenvectors of left-going wave. For th
frequency range of interest, transfer matrix has only o
propagating mode for each direction. We find then the tra
mission coefficient as

Ti j 5 (
k51

2N

tikt jk
† ~3!

with i , j 51 or 2 for thep or s polarized wave. The TMM has
been previously1 applied in studies of metallic
structures,3–5,16as well as in dielectric structures. In all thes
examples, the agreement between theoretical predictions
experimental measurements was very good.1

Following the algorithm described by Pendryet al.,17 we
have developed a new version of the transfer-matrix co
The main change from the standard algorithm commo
used in the PBG studies13 is the faster normalization of the
transmitted waves in the calculation of the transmission
efficient through the structure.18

The TMM has been used to simulate the reflection a
transmission from an array of square SRRs. Figure 1~a!
shows a diagram of a single square SRR of the type used
©2001 The American Physical Society01-1
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BRIEF REPORTS PHYSICAL REVIEW B 65 033401
our simulations and for experiments.15 In our case we have
c5d5g50.33 mm and the size of SRRw53 mm. Figure
1~b! shows a three-dimensional realization of the act
LHM that we have simulated.

Figure 2 presents the results of the transmission ve
freqency for the split ring resonators alone, and of the LH
which consists of the SRRs with metallic wires placed u
formly between the SRRs. The square array of metal w
alone behaves as a high pass filter with a cutoff freque
nc519 GHz. The cutoff frequencync of the metallic wires
is given bync5clight/2aAe0, wherea is the distance betwee
the wires,clight is the velocity of light in the air, ande0 is the
dielectric constant of the background. In our casea
55 mm ande051. The cutoff frequency is independent
either value of Reem or Im em of the metal, provided tha
either uReemu.1000 or Imem.1000. The dot-dashed curv
is that of the SRR array witha55 mm. By adding wires
uniformly between the SRRs, a pass band occurs where

FIG. 1. ~a! The SRR consists from two splitted metallic ring
located on a dielectric board. We approximate the rings by squ
of size w. Other parameters, which influence the resonance
quencyn0, are the ring widthc, the radial gapd, and the azimuthal
gapg. ~b! Configuration of the unit cell of a LHM. EM wave propa
gates along thez axis and the magnetic intensity is parallel to t
SRR axis, which is thex axis. We assume periodic boundary co
ditions in thex and y directions. In the numerical simulations th
unit cell is 533.6335 mm and is divided toNx3Ny3Nz515
311315 small cells. This defines the length unit50.33 mm. The
number of unit cells inz direction varies from 6 to 20, and is 9 fo
most of the cases presented here.
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meff andeeff are negative~solid line!. The transmitted power
of the LHM is very high~close to one!, because no Imem is
taken for the metal. We also studied more realistic cases w
nonzero Imem. We found that the resonance frequencyn0
increases asuemu increases and saturates to a value ofn0
'8.5 asuemu→`. This is clearly shown in Fig. 3 where w
plot n0 versus the magnitude ofem5e r1 i e i . The resonance
freqency is also sensitive to the permittivity of the board th
the SRR is lying and of the embedding medium. We ha
found thatn0 drops as the dielectric constant of the embe

es
-

FIG. 2. Transmission of electromagnetic waves through arr
of SRRs, wires and through a LHM with a real permittivity for th
metalem523000. The dielectric constant of the board iseb53.4.
The thickness of the wire is 131 mm. Magnetic intensity is par-
allel to the SRR axis. For the other polarization, no resonant
was observed.

FIG. 3. Dependence of the resonance frequencyn0 on the abso-
lute value of the permittivityuemu of metallic compounds. Both rea
~open circles! and complex~solid triangles! values of permittivity
were considered. Error bars indicate the width of gap.n0 does not
depend one for ueu>104.
1-2
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BRIEF REPORTS PHYSICAL REVIEW B 65 033401
ding mediaea increases.n0 drops from its value of 8 GHz
for ea51 to a value of 6 GHz whenea52.0. The valuen0
increases by decreasing the value of the permittivityeb of the
dielectric board.n0 increases to a value of 9 GHz from
GHz wheneb drops to a value of 1.4 from its original valu
of eb53.4.

The results presented in Fig. 2 are done by assuming
the permittivity of the metalem had a large negative value
As one can see from Fig. 2, the value of the transmission
the LHM is very close to one. This value drops considera
if one uses the fact thatem for the metal is complex. In Fig
4~a! we present results similar to that in Fig. 2, with the on
difference being the value of the Imem. Notice that the
position of the resonance peak is at the same value at ar
7.8 GHz. Due to the nonzero Imem there is considerable
drop of the peak of the transmission for the LHM. We ha
not done a systematic effort to fit the experimental results
Smith et al.8

In Fig. 4~b!, we present new results of the frequency d
pendence of the absorption for either the SRR or the LH
For the arrays of SRRs alone, we find that absorption
two peaks, shown as dashed lines in Fig. 4~b!, while the
LHM has only one absorption peak@shown as a solid line in
Fig. 4~b!# at the center of its resonance frequency. This mi
be a reasonable way of identifying materials that are l
handed and have both theireeff and meff negative. On the
inset of Fig. 4~b! we present the frequency dependence of
absorption as they were found for a simple model, usin6,7

the following forms of the frequency dependence of the
fective permittivity and permeability:

eeff~n!512
np

2

n21 ing
~4!

FIG. 4. ~a! Transmission through arrays of SRRs~dashed line!
and through a LHM~solid line! with a complex permittivity for the
metal. ~b! Absorption versus frequency for the same system
shown in ~a!. Permittivity of metal ise5230001 i 100. Insert
shows absorption in a composite system with a frequency de
denteeff andmeff given by Eqs.~4! and ~5!.
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wherenp is the plasma frequency or cutoff frequencync of
the wires,nc5np'19 GHz in our case. A negativemeff ac-
counts for the deep in the transmission in SRRs and
form6,7 is given by

meff~n!512
Fn2

n22n0
21 inG

~5!

whereF is the filling factor which is in our case close to 0
and n0'7.9 GHz is the resonance frequency of the SR
We used thatg5G50.2 GHz. There is very good agree
ment between the solution of present model and numer
simulations of real structures.

Equations~4! and~5! enable us also to explain the diffe
ence between the absorption of SRR and LHM. The port
A of the field absorbed in the system is

A5~12R!~12e2az! ~6!

whereR is the reflection,a is the absorption coefficient, an
z is the length of the system.a is proportional to the imagi-
nary part of the refraction index. Owing to the form of Eq
~4! and ~5!, botha and 12exp(2az) possess a sharp max
mum near the resonance frequency and are small far ou
the resonance gap. This is true both for SRR and LHM. T
main difference between the absorption of SRR and LHM
given by the first term in Eq.~6!. In SRR, 12R is close to
unity for all frequencies outside the resonance gap, wh
12R is zero. The absorptionA, given by the product in Eq
~6!, is therefore nonzero only on the borders of the resona
gap where both functions are nonzero.19 In contrast to SRR,
12R possess a maximum inside the resonance gap. T
absorptionA should have therefore one maximum as sho
in Fig. 4~b!.

In Fig. 5 we present the typical results of the phase of
reflection for both the LHM and the array of SRRs. Obtain
data are in qualitative agreement with that obtained from
homogeneous model given by Eqs.~4! and ~5!. Notice that
there is a substantial difference in their characteristics. T

s

n-

FIG. 5. Left: Phase of reflection for both SRR and LHM.em5
230001 i 100. Right: The same for homogeneous model.
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BRIEF REPORTS PHYSICAL REVIEW B 65 033401
phase of reflection increases with frequency in SRR. In
LHM, the phase as a function of frequency possesses
extrema on the two sides of the resonance gap and decre
with the frequency inside the gap. We derived the same
havior of phase from the standard textbook formulas for
reflection,20 if the frequency dependent permittivity and pe
meability follow relations~4! and ~5!.

We used an improved transfer-matrix method for nume
cal studies of complex meta-materials. Our numerical dat
transmission confirms the presence of a resonant gap
agreement with theoretical predictions and experiments.
method enables us to analyze also the reflection and abs
tion of the light and also the change of the phase of
reflected field. We compare our numerical data that o
simple homogeneous model defined by effective permittiv
and permeability@Eqs. ~4!, and ~5!# and found very good
qualitative agreement either with numerical simulations
.
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with theoretical predictions.20 This supports our belief tha
for the frequencies in the resonance gap our structure
sesses negative effectivemeff and negative effectiveeeff . Al-
though our method does not allow us to vary the size par
eters of SRR continuously, we are able to predict, at le
qualitatively, how the position of resonance gap depends
various parameters of the system. We believe that gene
zation of our numerical method to nonhomogeneous disc
zation of space will enable us to analyze more realistic str
tures.
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