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Transmission studies of left-handed materials
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Left-handed materials are studied numerically using an improved version of the transfer-matrix method. The
transmission, reflection, phase of reflection, and absorption are calculated and compared with experiments for
both single split-ring resonators with negative permeability and left-handed materials, which have both the
permittivity e and permeabilityw negative. Our results suggest ways of positively identifying materials that
have bothe and i negative, from materials that have eitheror e negative.
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Photonic band gafPBG) structures were originally intro- t1 —t =
duced to control the electromagnetic wave propagation of 1= (1)

_1 _ _1 .
matter'? Not only dielectri¢> but metallic structure’s® Fet” L—ret T

were proposed for applications in the microwave and infrajeret_ (t,) is the transmission matrix for the wave inci-
red regions. Very recently, a new area of research, callegent from the rightleft) of the slab and _ (r.) are corre-
left-hnanded materiald_HMs), has been introduced by Pen- sponding reflection matrices.

dry et al®” and Smithet al® LHMs are by definition com- In numerical calculations, the total volume of the system
posites, whose properties are not determined by the funds divided into small cells and fields in each cell are coupled
mental physical properties of their constituents but by theg those in the neighboring cell. We assume periodic bound-
shape and distribution of specific patterns included in themary conditions in the directions parallel to the interfaces. In
Thus, for certain patterns and distribution, the measured ei‘he |eadsy the transfer matrix can be diagona”zed ana|yti_
fective permittivity e and the effective permeabilityer  cally. If the number of mesh points in the plane perpendicu-
can be made to be less than zero. In such materials, the phage to the propagation ibl, then the transfer matrix is of the
and group velocity of an electromagnetic wave propagate igjze 4N 4N. One half of the eigenvectors corresponds to
opposite directions giving rise to a number of novelthe propagation to the left, and the second half to the right.
propertiesg. This behavior has been called “Ieft-handedness,“COrresponding transmission and reflection matricesd r

a term first used by Veselatfoover 30 years ago, to describe are then of the sizel@x 2N. Factor 2 is due to polarization.
the fact that the electric field, magnetic intensity and propaysing the general form of the transfer matrix as given by Eq.

gation vector are related by a left-handed rule. (1) we express the transmission matrix explicitly as
By combining a two-dimensiondRD) array of split-ring
resonatord SRR$ with a 2D array of wires, Smittet al® t71=L7R 2)

demonstrated for the first time the existence of left-handed

materials. Pendrgt al.” has suggested that an array of SRRswhereL and R are matrices M 2N (2NX4N) that con-
give an effectiveuc, which can be negative close to its tains the left(right) eigenvectors of left-going wave. For the
resonance frequency. It is also well knofthat an array of ~ frequency range of interest, transfer matrix has only one
metallic wires behaves like a high-pass filter, which meangropagating mode for each direction. We find then the trans-
that the effective dielectric constant is negative at low fre-mission coefficient as

quencies. Very recently, Shellgy al!* demonstrated experi- N
mentally that the index of refractiamis negative for a LHM. +
Also, Pendry? has suggested that a LHM with negatine Tij :kzl ikt ©)

can make a perfect lens.

In this paper, we present systematic numerical results fowith i,j=1 or 2 for thep or s polarized wave. The TMM has
the transmission, reflection and absorption properties of leftoeen  previously applied in studies of metallic
handed materials. An improved version of the transfer-matrixstructures;>%as well as in dielectric structures. In all these
method® (TMM) is used. Qualitative agreement with examples, the agreement between theoretical predictions and
experiment$'* is obtained, and new predictions about theexperimental measurements was very gbod.
absorption and the phase of the reflection, to be checked Following the algorithm described by Pendsyal,”" we
experimentally, are presented. have developed a new version of the transfer-matrix code.

The transfer-matrix methddlis used to calculate the EM The main change from the standard algorithm commonly
transmission and reflection of LHMs. In the TMM, we as- used in the PBG studitsis the faster normalization of the
sume that the sample is connected with two semi-infinitedransmitted waves in the calculation of the transmission co-
leads (with e=u=1). The incident wave(say, from the efficient through the structuré.
right) is either reflected or transmitted through the sample. The TMM has been used to simulate the reflection and
Then, the transfer matrix is defined by relating the incidentransmission from an array of square SRRs. Figufa 1
fields on one side of the structure with the outgoing fitlds shows a diagram of a single square SRR of the type used for
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FIG. 2. Transmission of electromagnetic waves through arrays
of SRRs, wires and through a LHM with a real permittivity for the
metal e,,= —3000. The dielectric constant of the boardejs=3.4.

The thickness of the wire is>@1 mm. Magnetic intensity is par-
allel to the SRR axis. For the other polarization, no resonant gap
was observed.

e aNd €. are negativesolid ling). The transmitted power

of the LHM is very high(close to ong because no Ina,, is

(b) taken for the metal. We also studied more realistic cases with
nonzero Ime,,. We found that the resonance frequengy

FIG. 1. (a) The SRR consists from two splitted metallic rings . .
located on a dielectric board. We approximate the rings by square@creases asgen| mcrea}ses and saturatgs t'o a valuevpf
of size w. Other parameters, which influence the resonance fre-&vg'5 as| €m|_’°°' This 'S, clearly shown in Fig. 3 where we
quencyw,, are the ring widtrc, the radial gaj, and the azimuthal POt ¥ versus the magnitude ef,= ¢, +i¢; . The resonance

gapg. (b) Configuration of the unit cell of a LHM. EM wave propa- [T€dency is also sensitive to the permittivity of the board that
gates along the axis and the magnetic intensity is parallel to the the SRR is lying and of the embedding medium. We have
SRR axis, which is the axis. We assume periodic boundary con- found thaty, drops as the dielectric constant of the embed-
ditions in thex andy directions. In the numerical simulations the

unit cell is 5x3.63x5 mm and is divided taN,XNyxXN,=15 10
X 11x 15 small cells. This defines the length usi0.33 mm. The

number of unit cells ire direction varies from 6 to 20, and is 9 for

most of the cases presented here. 9t o % ]

our simulations and for experimeritsin our case we have
c=d=g=0.33 mm and the size of SRR=3 mm. Figure
1(b) shows a three-dimensional realization of the actual
LHM that we have simulated.

Figure 2 presents the results of the transmission versu:
fregency for the split ring resonators alone, and of the LHM,
which consists of the SRRs with metallic wires placed uni-
formly between the SRRs. The square array of metal wires ?
alone behaves as a high pass filter with a cutoff frequency
v.=19 GHz. The cutoff frequency,. of the metallic wires ‘
is given byvc=c,ight/2a\/e— , Wherea is the distance between 1000 10000
the wirescjigp is the velocity of light in the air, and, is the le,|
dielectric constant of the background. In our case
=5 mm andep=1. The cutoff frequency is independent of £, 3. Dependence of the resonance frequengyn the abso-
either value of Reey, or Im €, of the metal, provided that |yte value of the permittivitye,| of metallic compounds. Both real
either|Re €| >1000 or Ime,,>1000. The dot-dashed curve (open circles and complex(solid triangles values of permittivity
is that of the SRR array witlh=5 mm. By adding wires were considered. Error bars indicate the width of gapdoes not
uniformly between the SRRs, a pass band occurs where botlepend ore for |e|=10".

v, [GHz]
=CH
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FIG. 4. (a) Transmission through arrays of SRRiashed ling FIG. 5. Left: Phase of reflection for both SRR and LH&},=

and through a LHMsolid line) with a complex permittivity for the ~ —3000+i 100. Right: The same for homogeneous model.

metal. (b) Absorption versus frequency for the same system as

shown in (a). Permittivity of metal ise=—3000+i 100. Insert ~wherewv, is the plasma frequency or cutoff frequeney of

shows absorption in a composite system with a frequency deperthe wires,v.=v,~19 GHz in our case. A negative. ac-

denteer and uer given by Egs(4) and(5). counts for the deep in the transmission in SRRs and its
form®’ is given by

ding mediae, increasesy, drops from its value of 8 GHz

for e,=1 to a value of 6 GHz whew,=2.0. The valuey, -~ Fv

increases by decreasing the value of the permittigitgf the e 1) = 1= v2—va+ivl ©

dielectric board.r, increases to a value of 9 GHz from 8

GHz Wheneb drops to a value of 1.4 from its Origina' value Whel’eF iS the f|”|ng faCtOI’ Wh|Ch iS in our case C|Ose to 0.3

of e,=3.4. and vo~7.9 GHz is the resonance frequency of the SRR.

The results presented in Fig. 2 are done by assuming thie used thaty=I'=0.2 GHz. There is very good agree-
the permittivity of the metak,, had a large negative value. ment between the solution of present model and numerical
As one can see from Fig. 2, the value of the transmission fopimulations of real structures.
the LHM is very close to one. This value drops considerable Equations(4) and(5) enable us also to explain the differ-
if one uses the fact that,, for the metal is complex. In Fig. €nce between the absorption of SRR and LHM. The portion
4(a) we present results similar to that in Fig. 2, with the only A of the field absorbed in the system is
difference being the value of the Im,,. Notice that the A=(1-R)(1—e~ %) ®)
position of the resonance peak is at the same value at around n
7.8 GHz. Due to the nonzero Ira, there is considerable whereRis the reflectiong is the absorption coefficient, and
drop of the peak of the transmission for the LHM. We haveyz is the length of the systena: is proportional to the imagi-
not done a systematic effort to fit the experimental results Oﬁary part of the refraction index. Owing to the form of Egs.
Smithet al® (4) and(5), both @ and 1— exp(— az) possess a sharp maxi-

In Fig. 4b), we present new results of the frequency de-mum near the resonance frequency and are small far outside
pendence of the absorption for either the SRR or the LHMthe resonance gap. This is true both for SRR and LHM. The
For the arrays of SRRs alone, we find that absorption hagain difference between the absorption of SRR and LHM is
two peaks, shown as dashed lines in Figo)Awhile the  given by the first term in Eq(6). In SRR, 1-R is close to
LHM has only one absorption pegkhown as a solid line in unity for all frequencies outside the resonance gap, where
Fig. 4(b)] at the center of its resonance frequency. This mighti —R is zero. The absorptioA, given by the product in Eq.
be a reasonable way of identifying materials that are left{g), is therefore nonzero only on the borders of the resonance
handed and have both theigy and uer negative. On the gap where both functions are nonzéfdn contrast to SRR,
inset of Fig. 4b) we present the frequency dependence of they — R possess a maximum inside the resonance gap. Then,

absorption as they were found for a simple model, Usfng apsorptionA should have therefore one maximum as shown
the following forms of the frequency dependence of the efin Fig. 4(b).

2

fective permittivity and permeability: In Fig. 5 we present the typical results of the phase of the
reflection for both the LHM and the array of SRRs. Obtained
2 data are in qualitative agreement with that obtained from the
€en(v)=1— _ (4y  homogeneous model given by Eqd) and (5). Notice that
v +ivy there is a substantial difference in their characteristics. The
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phase of reflection increases with frequency in SRR. In avith theoretical prediction& This supports our belief that
LHM, the phase as a function of frequency possesses twir the frequencies in the resonance gap our structure pos-
extrema on the two sides of the resonance gap and decrea@$ses negative effectiye and negative effectivec. Al-

with the frequency inside the gap. We derived the same b

havior of phase from the standard textbook formulas for th
reflection?’ if the frequency dependent permittivity and per-
meability follow relations(4) and(5).

though our method does not allow us to vary the size param-
eters of SRR continuously, we are able to predict, at least

equalitatively, how the position of resonance gap depends on

various parameters of the system. We believe that generali-
zation of our numerical method to nonhomogeneous discreti-

We used an improved transfer-matrix method for numeri-zation of space will enable us to analyze more realistic struc-
cal studies of complex meta-materials. Our numerical data dfures.
transmission confirms the presence of a resonant gap, in . . .
agreement with theoretical predictions and experiments. Oyr, VW€ thank D. R. Smith and I. El-Kady for fruitful discus-
method enables us to analyze also the reflection and absorpe = Ames Laboratory is operated for the U.S. Department
. . y B Energy by lowa State University under Contract No.
tion of the light and also the change of the phase of th§y.7405-Eng-82. This work was supported by the Director of
reflected field. We compare our numerical data that of gpergy Research, Office of Basic Science, DARPA and
simple homogeneous model defined by effective permittivityNATO Grant No. PST.CLG.978088. P.M. thanks Ames
and permeability{Egs. (4), and (5)] and found very good Laboratory for its hospitality and support and Slovak Grant
qualitative agreement either with numerical simulations orAgency for financial support.
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