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Comment on ‘‘Low-temperature lattice excitation of icosahedral Al-Mn-Pd quasicrystals’’

Jianbo Wang* and Yueling Qin
Department of Physics, Wuhan University, Wuhan 430072, China

~Received 7 February 2001; published 19 December 2001!

By generalizing the wave propagation theory in crystalline solids to icosahedral quasicrystals~IQC’s!, Li and
Liu @Phys. Rev. B63, 064203 ~2001!# introduced the contribution of phasons to the lattice vibration of
quasicrystals to interpret the distinctly large heat capacities of Al-Mn-Pd IQC at low temperature@Phys. Rev.
B 57, 10 504~1998!#. However, we find that Li and Liu adopted several different coordinate systems for IQC’s
in their paper without any appropriate coordinate transformation. When the correct coordinate transformation
is exploited, the calculated results disagree totally with the experimental ones.

DOI: 10.1103/PhysRevB.65.026201 PACS number~s!: 61.44.Br, 05.70.Ce, 62.20.Dc
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In order to explain the observed large deviation of t
specific heat from Debye’s law in Al68.2Mn9Pd22.8 icosahe-
dral quasicrystal~IQC! at low temperature,1 Li and Liu2 gen-
eralized the wave propagation theory in crystalline solids
continuous elastic medium to IQC’s, by which they intr
duced the contribution of phasons to the low-temperat
lattice vibration of IQC’s. Based on that, they derived t
generalized density of vibration states~DOVS! and specific
heat expressions for Al-Mn-Pd IQC’s. Then they obtain
the numerical calculated values, which are in good agr
ment with the experimental data measured by Wa¨lti et al.1

Consequently, they concluded that it was the contribution
phasons that accounted for the excess specific heat value
Al-Mn-Pd IQC at low temperature. However, we wou
point out that they directly employed the elastic constants
IQC’s, both the form and quantities, from several differe
coordinate systems without coordinate transformation, wh
made their calculation totally wrong and their conclusi
unconvincing.

As we know, to apply the generalized elasticity theory
the case of IQC’s, one should note that the elastic const
depend on the choice of the coordinate system, on the
crete matrix describing the projection of the six-dimensio
~6D! hyperspace basis vectors into the 3D physical spa
and even on the personal notation of the elastic constant3–5

Unfortunately, lacking a standard choice like in crystals,
researchers chose a particular coordinate system for IQ
somewhat arbitrarily for their own convenience.5–22 The co-
ordinate systems in the literature can be roughly classi
into two groups. One type of coordinate system can be c
sen with thez axis ~i.e., E3

uu in Fig. 1! pointing towards a
vertex of an icosahedron~i.e., along the fivefold axis!.6–9

Another type of coordinate system has thez axis normal to
an edge of an icosahedron~i.e., along the twofold
axis!.5,10–22 In each case, there also exist different concr
projection matrices and notation of elastic constants, wh
makes it more complex and more confusing to apply
elasticity theory for IQC’s. We will discuss these in detail
another paper.4

In the paper by Li and Liu,2 the authors used the linea
elasticity theory for IQC’s and elastic constant form, giv
by Ding et al.,6,7 to derive expressions for wave propagati
in IQC’s. However, they adopted the projection matrix
0163-1829/2001/65~2!/026201~3!/$20.00 65 0262
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another coordinate system@Eq. ~22! in Ref. 2#, provided by
Elser,10 to get the corresponding direction cosines (l ,m,n) in
3D physical space from the wave propagation direction v
tors in 6D hyperspace. As mentioned above, the coordin
system, used to get the elastic constants form by Dinget
al.,6,7 belongs to the first group. However, the coordina
system corresponding to the projection matrix, provided
Elser,10 is in the second group. So the direction cosin
( l ,m,n) derived by Li and Liu are inappropriate for the
expressions obtained on the basis of the elastic constant
of IQC’s provided by Dinget al. We show the coordinate
system in the physical space adopted by Dinget al.6,7 as Fig.
1. Correspondently, Eq.~22! for the projection matrix in Ref.
2 should be replaced by the following one, which is suita
for the system adopted by Dinget al.6,7

FIG. 1. The stereographic projection showing the coordin
system in the 3D physical space adopted by Dinget al. ~Refs. 6 and
7!, whereE1

uu , E2
uu , E3

uu are the basis vectors in physical space andei
uu

( i 51,2, . . . ,6) are theprojection of the basis vectors from the 6
hyperspace to the physical space. The three solid circles denot
currently studied wave propagation directions, i.e., fivefold, tw
fold, and threefold axis directions.
©2001 The American Physical Society01-1
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TABLE I. The velocities of the acoustic phonons and phasons of the icosahedral Al68.2Mn9Pd22.8 quasi-
crystal along fivefold, twofold, and threefold axis directions respectively. The original values of e
constants used here are the same as those adopted by Li and Liu~Ref. 2!; however, we applied indispensab
coordinate transformation, rather than used them directly, before the calculation~see text for details!.

v1 v2 v3 v4 v5 v6

Axis Direction ~m/s! ~m/s! ~m/s! ~m/s! ~m/s! ~m/s!

A5 ~1,0,0,0,0,0! 6340.5 3570.0 3570.0 3067.8 3067.8 5386.4
A2 ~1,1̄,0,0,0,0! 6340.1 3570.0 3570.0 1830.8 4383.6 5027.5
A3 ~1,1,1̄,1,1,1̄! 6340.0 3564.1 3575.3 1695.8 4733.3 4750.6
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1

A2 S 0 0 1

S 0 C

S cosu S sinu C

S cos 2u S sin 2u C

S cos 3u S sin 3u C

S cos 4u S sin 4u C

D , ~1!

where u52p/5, S5sin 63.4°52/A5, and C5cos 63.4°
51/A5. Then the correct direction cosine (l ,m,n) values can
be obtained. For example, the cosines for the fivefold dir
tion can be obtained asl 50,m50, andn51, rather thanl
5t/A11t2, m50, and n51/A11t2, projected from the
6D lattice vector (1,0,0,0,0,0) with this correct projectio
matrix. Here,t5(11A5)/2 is the golden mean. The soli
circles in Fig. 1 show the three currently studied directio
which correspond to the 6D lattice vectors (1,0,0,0,0,
(1,1̄,0,0,0,0) and (1,1,1,̄1,1,1̄), respectively, in the stereo
graphic projection pattern of IQC’s in physical space.

Furthermore, Li and Liu2 took the following values of
elastic constants from other papers19–22 for their numerical
calculations:l50.75, m50.65, K150.81, K2520.50, and
R50.0066 (1012 dyn/cm2). However, Li and Liu substi-
tuted them in their expressions directly, without appropri
coordinate transformation. No problem exists for the La´
constantsl and m. Unfortunately, it is not the case for th
others. We know that Refs. 20–22, which Li and Liu referr
to for choosing the values ofK1 , K2, and R, adopted the
same coordinate system as Jaric´ et al.13 and Widom,14 and
used the concrete notation of elastic constants defined
Widom.14 The relationships between the elastic constant
the coordinate system used by Dinget al.6,7 ~denoted by the
02620
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superscript D! and those by Widom14 ~denoted by the super
script W! are4 K1

D5K1
W2K2

W/3, K2
D52K2

W , andRD5K3
W .

Using these correct transformations, the above elastic c
stant values should be transformed toK1

D50.98, K2
D50.50,

and RD50.0066 (1012 dyn/cm2) before substituting them
into the expressions.

With the correct projection matrix and elastic consta
values, we calculated the velocities of the acoustic phon
and phasons, the coefficients of the DOVS, and the spe
heat Cph of Al68.2Mn9Pd22.8 IQC, by following the theory
suggested by Li and Liu.2 All the values are calculated with
the aid of the symbolic manipulation programMAPLE ~Ref.
23! and shown in Table I and Table II, respectively.

From Table I, we can see that the values ofv i ( i
51,2,3) are nearly the same as the results given by Re
and are in good agreement with the results of the reson
ultrasound spectroscopy experiment19 indeed, which is a
natural result for the very small phonon-phason coupli
However, the other values in Table I show obvious anis
ropy and are completely different from those in Ref. 2, whi
directly influence the values ofa, b, b, andd as shown in
Table II. Moreover, Li and Liu2 argued that the small aniso
ropy of the values in their Table I might be the reason t
the IQC’s have the small anisotropy of the temperature
pendence of the magnetoresistivity observed in the exp
ment of Rodmaret al.24 However, we would like to point out
here that Rodmaret al.25 have concluded that the temper
ture dependence of the magnetoresistance is isotropic
some small variation could be correlated to a gradient of
Mn concentration of below 0.2%/cm in the growth directio
of the quasicrystal grain after careful examinations.

As shown in Table II, when the correct transformatio
matrix and elastic constant values are used, the value
ef. 2

TABLE II. The coefficients of DOVS andCph of the icosahedral Al68.2Mn9Pd22.8 quasicrystal from the

experiment measurement~Ref. 1! and calculated values based on the theoretical model suggested in R
after correct coordinate transformation, where the theoretical calculated values Calc.A5, A2, andA3 are
along fivefold, twofold, and threefold axis directions, respectively.

DOVS Cph

a (s3/rad3 mol) b (s5/rad5 mol) b (J/mol K4) d (J/mol K6) v0 (rad/s) QD (K)

Expt. data 3.27310217 2.37310243 2.6331025 9.2131028 3.14831013 420
Calc.A5 2.92310217 1.58310243 2.3531025 6.1531028 3.39631013 436
Calc.A2 5.45310217 12.79310243 4.3931025 49.7531028 2.28431013 354
Calc.A3 6.42310217 19.92310243 5.1731025 77.4831028 2.09531013 335
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a, b, b, andd are completely different from those given b
Li and Liu2 and disagree totally with the experimental on
of Ref. 1. If we plot the calculatedCph/T35b1dT2 values,
using the calculatedb, d in Table II, versusT2 with the same
scale of Fig. 4 in Ref. 1, in which the experimental values
provided, we can see the big discrepancy between the c
lated and the experimental values directly. The values a
twofold and threefold axis are much bigger than anticipa

In conclusion, we find that there is a severe mistake
Ref. 2, in which the authors were unaware of the differe
between different coordinate systems for IQC’s and u
both expressions and values for the elastic constants
different systems together, without appropriate transfor
tion. When the correct projection matrix and appropri
o
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transformed elastic constant values are adopted, the ca
lated coefficients of the DOVS andCph of the Al-Mn-Pd
IQC’s based on their theoretical model do not agree with t
experimental results at all. This disagreement indicates t
the theory suggested by Li and Liu2 is inappropriate for de-
scribing the deviation of the specific heat of Al-Mn-Pd IQC
at low temperature from Debye’s law in the present form.
improve this theory, we also suggest more consideration
choosing more appropriate values of the elastic constants
the calculation, besides the correct projection matrix and
indispensable coordinate transformation for elastic consta
given in this paper.

We are grateful to Dr. Ch. Wa¨lti for helpful discussion
about their experimental results in Ref. 1.
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