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Superconductivity, phase fluctuations, and thec-axis conductivity
of bilayer high-temperature superconductors
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We present a theory of the interplane conductivity of bilayer high-temperature superconductors, focusing on
the effect of quantal and thermal fluctuations on the oscillator strengths of the superfluid stiffness and the
bilayer plasmon. We find that the opening of the superconducting gap and establishment of superconducting
phase coherence each lead to redistribution of spectral weight over wide energy scales. The factor-of-2 relation
between the superfluid stiffness and the change b&lpim the oscillator strength of the absorptive part of the
conductivity previously derived for single-layer systems is found to be substantially modified in bilayer sys-
tems.
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[. INTRODUCTION In this paper we generalize the treatment of Refs. 12 and
13 to the bilayer case. We provide a simple and physically
The interlayer (“c-axis”) conductivity of high- transparent treatment of thleeaxis conductivity in the limit
temperature superconductors is an important and long@ppropriate for the high-temperature supercondutors
standing problem. Experimental restiitshave seemed to Which the interplane coupling is weak relative to in-plane
many worker§°to be sharply at variance with conventional €nergy scales. Our treatment includes phonon, bilayer plas-
understanding and to imply the existence of radically newMon, and quasiparticle absorption. Our results provide a jus-
physics. Other workers, conversely, have argued that man%matlon for previously proposed phenome_nologlcal oscilla-
aspects of the results can be understood in a straightforwaf@" Models and allow us to determine the interplay between

manner® Especially interesting have been apparent Viola_bllayer plasmon features and interlayer phase coherence. Our

tions of the Ferrel-Glover—Tinkham sum rtfieelating the m_ethods may easily be generalized to more complicated Sit!"'
ations such as the three- and four-layer structures found in

superfluid stiffness to changes in the absorptive part of the . . . R :
o . ... other highT; materials, but this generalization is not given

conductivity as temperature is reduced below the transitiof) .

temperaturef; . Tﬁe rest of this paper is organized as follows. In Sec. Il

_ Recently loffe _ar_1d one of 6%1_3 have_ argued _that 'Fhe we present the forrrFl)aIFi)sm; Secq [l gives results calculated in

interlayer conducfuwty is a t_heoretmally simple o_bjeébas_|- the absence of phonons; Sec. IV discusses the spectral

cally the convolution of two in-plane Green functiom®id is  \yeight and sum-rule analysis. In Sec. V we extend our treat-

therefore a sensitive probe of in-plane scattering rates and @fient to incorporate phonoreelevant for some bilayer ma-

the quantal and thermal phase fluctuations characterizing th@rialg, and finally in Sec. VI we summarize our conclusions

superconducting state. A number of predictions were madesnd discuss the applications to experiment.

some of which appear to agree with experiment and some of

which do not The results reported in Refs. 12 and 13 had a

crucial limitation: the equations were derived for a “single- Il. FORMALISM

layer” system such as La,Sr,CuQ,, whereas mostut not

all) of the experimentally studied system@ncluding

Bi,Sr,CaCuw,05 and YBgCu;O;_ ;) have a “bilayer” We study the bilayer system shown in Fig. 1 in which

structure, with a unit cell containing two superconductingéach unit cell contains two conducting planes separated by a

Cu0, planes coupled to each other more strongly than to thélistanced; and coupled by a hoppingy. The distance be-

planes in adjoining unit cells. The new feature introduced bytween a plane in one unit cell and the closest conducting

the bilayer structure is “local field corrections”: application plane in another unit cell id,, so the lattice parameter in the

of a uniform field can lead to a nonuniform charge distribu-interplane direction isi=d, +d,. Planes separated by a dis-

tion within a unit cell, which in turn causes internal fields tanced, are coupled by a hoppint,. We neglect further

affecting the motion of charges. This leads to phenomena nateighbor hoppings, although these can be easily added at the

found in single-plane systems: for example, the bilayer plascost of increased complexity of our equations. In the high-

mon feature observed and discussed by van der Marel arebntext,t,<t; (but our results are valid for any rattg/t,)

others? Interest in this feature was recently increased by theand botht; andt, depend strongly on in-plane momentum,

observatiof* that the bilayer plasmon frequency may pro- being maximal for momenta in the ¢©) region of the zone

vide information about the in-plane electronic compressibil-and minimal for momenta near the zone diagonatsm(

ity, a quantity of great theoretical interest not easily acces= 7). We will usually not write the momentum dependence

sible by other techniques. explicitly.

A. Fundamental equations
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T = & = & 3 = i =€ErR; | +eVindl{ni 1 1+ x "'y /€2, @
c whereR,; | is the position vector of the plane in the interplane
dy YEind2 2 E, i Caction : i
applied direction and the zeros of charge densitand of chemical
l S S S S potential » have been defined to correspond to the states of
A a G, the planes in equilibriume V4 is the electrochemical poten-
(11 l ind 1 tial due to electric fields produced by charge buildup and

—_—— x t=eduldn is inverse of the the exact in-plane density-
_ _ __density correlation function oHj,_pjane. The factors ofe

FIG. 1. Geometry considered in the present paper. Shown is ongrise from converting particle densities to charge densities.

unit cell (chosen as two close planeand part of the next unit cell. The spatially varying chemical potential leads to inter-

The figure also shows tl_we applied spatially uniform electric ﬁeldplane electrical currents described by operators such as
(Eappiied, the charge buildup on plangeepresented as + + +

and— — — —), and the resultant induced fielfs,4; , which in turn d2p
affect the charge flow. ji,1: —et12 f (277)2(eieVi’ltCiT,apu—Ci,pr'_ H.c) (3
We refer to the two planes in one unit cell by the index
I =a,b and to the region between two planes separated, by
as region 1 and the region between two planes separated
d, as region 2; we label the unit cells by the indeXVe take
all planes to be identical and neglect all interplane coupling
except for the hoppings and the internal electric fields in
duced by nonuniform charge distributions. We allow for the
possibility that the planes are at different electrochemica
potential . The Hamiltonian describing the system is then

and therefore to interplane charge buildup, for which we
st solve self-consistently. In the present simple situation,
plication of a uniform electric field leads to two indepen-
ent densitiesi, andn, and two independent chemical po-
Tential difference®Vi=pui ,— uip andeVo= 15— i 4.
Combining the continuity equation, for the current the Max-
ell equation, and the density and evaluating the currents to
eading nontrivial order in; , andE+ leads to an expression
for opijayer- This expression is most conveniently written in
terms of conductivitiesr; (o) appropriate to a single-layer

H=S H, Y d’p t:(p) material consisting of an infinite stack of identical planes all
- in-plane o J (2m)2 1P separated by distancd; (d,) and coupled by hopping
_ ty (tp) and is
X(el(Mi'a_Mi'b)tCiT,a,p,O'Ci,b,p,0'+ HC)
o0~ iw(od;+ 0,d,)/C
d2p ; 0'bilayer(w): : 2~ ( 1~1 - ) (4)
Iy (2 )21:2(p)(el(ﬂ“iflvb_m""‘)t (Tld2+ O'2d1_|(1)/C
i,o T
ith d; ,=d; »/(d;+d,). Here the “blockade parameter”
Xci‘rfl,b,p,(rci,a,p,(r—’_H'C-)1 (1) " L2 L2 ( ! 2) P
. . . 4 2xd
where Hin_pjane (Which we will not need to specijyde- C=—+—5—, (5)
scribes the electronic physics within a Cuane. We shall & edyd;

study the properties of this Hamiltonian by a perturbation
expansion int; and t,. The dimensionless parameter is

t12/Ein-plane WhereE;, piane is the in-plane density of states . )
or inverse of some other important in-plane local energ)}o be constant except in Sec. there we mclgde the effects
§ phonons(important in the optical absorption of some

scale. This approach has been shown to agree with resul heT terial3 b . ith iate f
obtained by other means in a number of contexts, includin Igh-T. materialg by using ans(w).WI appropriate fre-
uency dependence in the expressionsfgp,ye,. The con-

coupled Luttinger liquid$*® and  semiconductor . ol
hettfrostructuregg d stantC expresses the blocking effects arising because charge

We are interested in optical experimentswhich may be which flows onto a plane via the strong lirfkarge conduc-

thought of as involving the application to the system of ativity) will take a long time to flow off via the weak link: if

weak spatially uniform transverse electric field of magnitudethe dr|v_|ng. f.r(.aquency. IS low, chgrge buildup will therefore
ccur, inhibiting additional motion of charge across the

E directed perpendicular to the planes. The experimentall trond link
determined quantity is the bilayer conductivity,jjayer, E 9 i ’ 4 d Il of the obvi limit -
which is the coefficient relating the applied electric field to qua '_On repro uc?f all of the obvious fimits correctly.
the spatial average of the current. The applied field leads t8S @—0 it reduces tojaye,=dz/0+d1 /01, SO Opijayer

an electrochemical potential;, on each plane which has IS dominated by the smaller ~of the coDductlvmes as ex-
three contributions: from the applied electric field, from pected, while ifo=C Im[o(w)d,+ 02(w)d,], then a “bi-
fields generated by buildup of charge on particular planesayer plasmon” pole occur&damped, of course, by the dis-
(shown asj, 41 2 in Fig. 1), and from changes in the in-plane sipative part of the conductivily If d;=d, and o1=0>,
chemical potential due to changes in the in-plane density. Wéhen the system becomes effectively single layered and Eq.
have (4) showsayjjayer=01.

wheree is the “background” dielectric function due to non-
electronic degrees of freedom. In this paper we shall take
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The same theoretical approa¢hut without expanding be averaged over an ensemble describing the phase fluctua-
Eq. (3) in V] can be used to study the current in the presencéions. Reference 12 and 13 showed that in in the case of
of an arbitrary dc voltage, including the study of “intrinsic interest here, these effects may be accounted for by multiply-
Josephson effect” which is closely related to the superfluidng the F—F ™ contribution too by a Debye—Waller factor
part of our calculated conductivity. The observatidiSof  « which is unity for a mean-field BCS superconductor with
an intrinsic Josephson effects in a range of highmaterials no fluctuations, may be reduced from unity by quantal or
provides additional support for the validity of our approach.thermal fluctuations about an ordered state, and which be-

The calculation of the constituent conductivities, is  comes very small if there is no long-range phase order. We
given in Refs. 12 and 13 and relevant results will be recalledollow Refs. 12 and 13 in assuming that the pseudogap state
in the next subsection. We note here that for consistency theig characterized by a conventional superconducting gap but
(and y %) must be calculated to leading nontrivial order in no interplane phase coherence.

the interplane hoppings ,. Thereforey ! is a single-plane Thus (v=1,2 labels plangs
quantity ando; , may therefore be expressed in terms of
convolutions of two-dimensional in-plane Green functions. If K, +1I,

, ®

higher-order expressions are used, then, for example, ex- ulion)= iw
change interaction contributions must be includedCiand
further changes t@jay, Will occur.

We see that the frequency dependence of the bilayer con-
ductivity is complicated and depends on the valueCaind K =4e2d TE f
on the magnitudes and frequency dependencies of the indi- " "

vidual conductivities. In generaky;jayer €xhibits three re- , )

gimes: a high-frequency regime in whichyijaye,= o1d; +aF(p,wy)F(p.oy)], ©)
+0,d,, a low-frequency regime in whichrpjjayer~ o,/d,,  and the paramagnetic contribution given by

and a broad crossover regime with characteristic scale

with the diamagnetic contribution given by

d2
‘;Zup)z[—G(p,w;,)G(p,w;)

(27

d’p
(2m)?

~ ~ _ 2 2 ! ’

w*=C|0'1(w*)d2+0'2(w*)d1|, (6) HV—4e dVT; J’ tV(p) [G(p,wn+wn)G(p,wn)
which depends on the conductivities. If in the superconduct- / /
ing statew* <2A, then the scalev* becomes identical to +aF(p,ont o) F(p,on)], (10

the bilayer plasmon frequenayyjayer and Neamwyjjayer W& whereG,F are the exact normal and anomalous Green func-
have tions corresponding tél;;_pjane-

. The w—0 limit is o—ipg/w with
— | Pbilayer

w_wbilayer+i5’

()

U(wwwbilayer<2A)= de

. , ps,,=8ae’d, T J SL(P)PF(p, @) F(p,wp),
defining the strengthrpyijayer Of the bilayer plasmon ab- n J (2m)
sorption. (12

while the usual f-sum rule” argument® yield (¢ is the
B. Constituent conductivities absorptive part of the conductivity

The calculation of the constituent conductivities is dis- “2dw = 2dew
cussed at length in Refs. 12 and 13. Here we briefly recall K:f _U(l)(w):szrf —oWDw) (12
key results and needed formulas. The conductivities are o 7 ot m
given by correlation functions of current operators such,as
above and involve expectation values of the fotftp) half of the delta function ad=0)

X<C{P(t)ci'p(t)cip(t,)ciip(t'»' To leading order irt, cor- In the highT, materials the anisotropy ofp) is such that
relations between operators on different planes vanish, so tf}ﬁe interplane conductivity is dominated by the “corner” re-
expression may be writteP as the sum of two terms, oNQisng around (@r) and so we follow Refs. 12 and 13 and
|nvolvm“g <Ci,p(E),Ci,p(t’)><Cj,p(t')cjvp(t_)> [i.e., the ’product neglect both the angular variation of the gap and,of. In

of two “normal m;planeT Green function&(p,t—t")] and  hese approximations, and o, have the same frequency
one involving (c; ,(t)c; o(t"))(c; p(t")c; n(t)) [i.e., the  gependence and differ only by a prefactor involving the
product of two ‘anomalous’ in-plane Green functiorép,t square of the relevant hopping.

—t’)]. However, the anomalous Green function involves the |y high-T, materials, the normal-stateaxis conductivity
superconducting order parameter which has a phase whigh characterized by a very broad Drude-like absorption, cor-
we denote b)kf) The product of anomalous Green functions responding to an in-p]ane Green functién the “corner

on planes i and j therefore involves the factor region”) characterized by a very large, essentially frequency-
el 4= (" 1)1 (times a short-ranged function oft which  independent scattering rate. We therefore follow Refs. 12 and
depends on the details of the interplane hopping and th&3 and use this “dirty-limit” form to compute the conduc-
underlying energy scales of the superconductjvityd must  tivities. We note that there is a large and growing literature

(note that in the first equality the integral is only over one-
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on changes to the Green function as the temperature i
changed through the superconducting transitioA>The im-
plication of these changes for theaxis conductivity has g\'
been studied by Ref. 13, but because our main interest here n—?_ '
in the new features introduced by the bilayer structure andg g
because there is no consensus on the physical origin or matf‘{;.
ematical form of the superconductivity-induced changes, we® 0.4
do not consider them here. Further, we shall be intereste(§
mainly in three situations—the normal state, at a temperature o 0.2
well above the “pseudogap formation temperature,” the
—0 limit in the superconducting state, and temperatures well 0 ‘ 1‘0 éo
below the pseudogap scale and neail{o i.e., T.<T<A. ®
Thus we may neglect the temperature, except as it influences
the value of the Debye—Waller parameter We therefore FIG. 2. Real part of the normal-state conductivity scaled by
have 00,4(d;+bd,) for b=1,0.5,0.25,0.075,0.0tfrom top to botton.
N The bilayer frequency »*=11.48,9.91,8.8,8.39 for b
oM(w)=—00,0(|o|—24) =0.5,0.25,0.075,0.01, respectively. The inset shows the imaginary
part of the conductivity fob=0.075.

flw—A o'(0'—|o|)+a,A? do'
v NoZ-A2 (o —||)2-A? ||’

(13) w*:CO'OJEZ 1+ ~

0'0,1d2

(16)

(To,zal)

Ala,— )7
= ——r T +00,50M )0 (2A —|w|) . . : : :
2| o in our discussion henceforth. It is most convenient to express

o8 @ (0 — o)+ a,A2 do’ C in terms of this normal-state value af*.
f 4 - The important dimensionless parameters are the ratio of
v Vo' 2= A2 AT (o' —|w])? |o] normal-state conductivitie®= o,/ 79 ,<1, ®*/A, and the
Debye—Waller factors; , introduced above Ed8). To sim-
00,59 @)O(|w| ~24) plify the presentation of our results, we define conductivity
o+ w'(0' —|o|)+a,A2  do’ units such thatry ;=1 and frequency units such that=1.
f —, For definiteness we choose the normalized interplane dis-
lol-a Vo' 2= AZJAZT— (o' —|w])? |@| ~ ~ .
tances to bel;=0.4, d,=0.6, sow* =0.60(,C(1+2b/3),
(14)  and seta; = a,.
with oy, the normal-staténeither superconductivity nor any  Figure 2 shows the real part of the normal-state conduc-
gap conductivity, frequency independent because we havévity for the five valuesb=1,0.5,0.25,0.075,0.01. The sup-
taken the dirty limit. We note that because differ, so also ~ Pression of the low-frequency conductivity by the blockade
may the quantal fluctuation parameters,. The consider- effect is evident, as is the gradual crossover to the high-
ations of Ref. 13 suggest that is dominated by in-plane frequency isolated layers value. The curves have been scaled
fluctuations, so may not differ much between the two |inkS,by UO,l(al+ baz) so that all have the same high-frequency

and so in the rest of this paper we sgt= a;. . limit. The inset shows the imaginary part fbr=0.075. In
The single-layer superfluid stiffnesses following from the crossover regime, the blockade effect is seen to lead to an
these expressions are out-of-phase response.
o oBCS_ gy o A (15) We now consid(_er the superconductivity induceq changes.
Psv= APs,y vIEE0rS The top panel of Fig. 3 shows the result of evaluating (9.
where p5° is the superfluid stiffness following from the in the single-layer f=1) fully phase coherenta(,=1)
assumption of full phase coherence,&1). case. The opening of thg §uperconducting gap suppresses the
real part of the conductivity for frequencies below Znd
IIl. CALCULATED CONDUCTIVITY changes the form somewhat fei=2A. The establishing of

superconducting phase coherence leads to a divergent low-

In this section we evaluate the formulas derived in thefrequency response characterized by the superfluid stiffness
previous section. The fundamental result is E4), which  pg pijayer. The oscillator strength in the superfluid response
expressed the conductivityy,;jayer Of @ bilayer system in is shown in the top panel as a shaded rectangle.f¥uen-
terms of the conductivities, , of effective single-layer sys- rule arguments discussed at length in the next section imply
tems corresponding to the two interplane spacings of théhat in the fully phase-coherent(=1) case, the area lost in
bilayer and a “blockade paramete€ expressing interplane the absorptive part of due to the opening of the supercon-
interaction effects. We use the normal-state<0) value of  ducting gap is transferred to the superfluid response. It is
the characteristic frequency scalé defined by Eq(6), apparent from the figure that the area in the shaded rectangle
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4 o =04A
o=1 T
3| | —— o=1
15 | R
2 = .|
1 |
1 __________________________________ .
0.5 JoA-k-es o =it e e o
g . —
5 | 2 [ ; S ‘
o=0.1 € ‘ ‘ ‘ ‘
3 M o=0.1
1.5 R
2

o/A 1 2 3 4

FIG. 3. Real part of the conductivity for the single-laydr (
=1) system. The top panel corresponds to the fully phase-coherent FIG. 4. Real part of the conductivity for the bilayeb (
(a,=1) state while the bottom panel to thg=0.1 superconduct- =0.075) system fow* =0.4A. The top panel corresponds to the
ing state. The dashed line in both corresponds to the normal statéully phase coherentd,=1) state and the bottom panel to the
The area of the shaded rectangle equats/2 in each case. =0.1 superconducting state. The dashed line in both corresponds to
the normal-state conductivity. The area of the two shaded rectangles
in each panel equatsps/2 andmpyjjaye, for rectangles centered at

is approximately equal to the “missing” area and we havew:O andwyyayer. respectively.

verified numerically that the areas are equffdw[o(A

:thz)i(lA)t]h: Wg]srb“%‘g’ef/tz' . h involved. | with a,=0.1. Foro>2A the difference between the normal
tcular. b » then tﬁ s:cua |or} |tshmuc (;no;_e _|tnv_o Vt?] AN PAr 50 superconducting conductivity increases as phase fluctua-
ICular, because the form ot the conductivity In the TegIMey; o hacome more important. Both the strength and fre-

. " .
w~w” depends sen3|t.|v.ely_ on the interplay petw@and quency of the bilayer plasmon feature depend strongly on the
712, the supercoryductwny—mduce'd. changessip, wil Iead. value of the fluctuation parameter. Far* =3A,10A, the

to large changes imyijaye;. In addition, some of the oscil- bilayer plasmon moves below the gap as seen in Figs. 5 and
lator _strength ehmmqted from the).<2A region by the 6. For the pseudogap case,=0) both the bilayer plasmon
opening of the gap will go into the bilayer plasmon absorp-and the superconducting ffmction are absent and the

tion instead of into the superfluid delta function. 2A conductivity is roughly the same as tae=0.1 case

The top pa_nels of Figs. 4, 5, f"“.]d 6_show the normal- an e can also study the conductivity for different valueswf
superconducting-state conductivity in the fully phase-and a,, and it is worth noting that in the case when=0

go4hAe r%nAt @;;jlialim;te?rgzgiizlre?r:e'cizn;?rtévne \I/alz;ﬁzg)tt(; ic and a4 #0, it is possible to get a bilayer plasmon feature
Iir.nit 'b—O' 075 Thé oscF:)iIIator s)gren ths in thgeysu erfluidpre—though the superconductingfunction is absent.
DA 9 P Figure 7 plots the bilayer plasmon frequengy;aye,, the

sponse andif it is inside the gap the bilayer plasmon are spectral weight in the bilayer plasmqaye [defined by

shown as shaded rectangles. kdr=0.4A, the bilayer plas- . . X
mon lies within the superconducting gap. The resulting ab—Eq' (7], and the spectral weight in the superconducting

C7 ; : function (at ®=0) ps as a function ofe;=a, for b=0.1
sorption is aé function at the marked frequency, with an x_ . . )
. : . . ndw* =0.4A. The two spectral weights vary linearly in the
intensity corresponding to an integrated area equal to that q . .
_ . uctuation parameter for the given value ©f and hence
the rectangular box shown. Fer* =3A the bilayer plasmon ! R
L . their ratio is independent of the, value.
lies just above the gap, visible as a sharp feature at the gap
edge, and the remainder of the superconducting conductivity
is slightly suppressed over a wide frequency range. &or IV. SUPERFLUID STIFFNESS AND SUM RULES
=10A the bilayer plasmon feature is evident only as a very
broad absorption at frequencies that are much larger tha|[|1
shown here. a
The bottom panels of Figs. 4, 5, and 6 show the effect of ]
phase fluctuations, displaying the superconducting curves for o . IPs,bilayer (17)
the samew* andb values as the respective top panels, but bilayer o

At very low frequencies in the superconducting state one
S
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o =3A
1.5
1
05 |
§ L. -
©
15 | o=0.1
1
0.5

o/A

FIG. 5. Real part of the conductivity for the bilayeb (
=0.075) system forw* =3A. The top panel corresponds to the =0.075) system fow* =10A. The top panel corresponds to the

fully phase coherentd,=1) state and the bottom panel to the

o(w)

0.4

0.2

0.4 [
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o =10A

o=1

o/A

FIG. 6. Real part of the conductivity for the bilayeb (

fully phase coherentd,=1) state and the bottom panel to the

=0.1 superconducting state. The dashed line in both corresponds te0.1 superconducting state. The dashed line in both corresponds to
the normal-state conductivity. The area of the shaded rectangle #ie normal-state conductivity. The area of the shaded rectangle at
=0 in each panel equalsps/s while the area of the rectangle at =0 in each panel equalsps/s while the area of the rectangle at
wpilayer iN the second panel equatpijayer -

wpilayer iN the second panel equatpijaye -

Inspection of Eq(4) shows that

Ps1Ps2

—=————= =m0y A
psada+ psody

Ps,bilayer—

Ct’:[dz"‘ bazal '
(18)

This quantity remains finite in the limif)—o, Q/I'<1.
The values we obtain with odf— < limit are accurate up to
terms of relative order@y;jayer,A)/T .

It is also useful to consider the change in the spectral

weight excluding the superfluid response: we define

where the first equation applies to all bilayer systems and the
second follows from the specific assumptions we have made.
One question of current experimental interest is the relation
between the superfluid stiffness and changes in conductivity

as the temperature is reducéa below the “pseudogap”
scale at which the gap opens aff) below T, at which

phase coherence is established. In Refs. 12 and 13 these re-
lations were established for the single-layer case. The nu-
merical results presented in the previous section show that
differences occur in the bilayer case. To analyze this issue
more precisely, we note that the dirty-limit model analyzed
in this paper should be viewed as arising from a model with
a very large but finite scattering ratE in the limit
(2,Qpjjayer,A)<I'. The standard sum-rule derivations are
based on analysis of th@/I"—< limit. However, one may
obtain sum rules for the superconductivity and pseudogap-
induced changes i without considering this limit. We de-
fine the change in the spectral weightfass increased from

A=0 by

Q 2dw
5K(Q,A,a)=fo T[U(A,a)—o(AZO)]. (19

024506-6

5K+(Q,A,a)=f0

Q 2dw

= SK(Q,A,a)—

and the ratio of change 8K, with « to the superfluid
stiffness given by

. o Lo(A,@)=a(A=0)]

ps(A,a) (20

© =04A
L e - -7 -7 i
‘/‘/ ’,/’/ - = (')bilﬂyenjA
e 7 e pbllayenjp,BCS
K = === PSPsscs
0.2 0.4 0.6 0.8
o

FIG. 7. The bilayer plasmon frequeneyyjayer, the spectral
weight in the bilayer plasmopy;ayer [defined by Eq(7)], and the
spectral weight in the superconductiidunction (at =0) ps as a
function of ;= a, for b=0.075 andw* =0.4A.
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K (Q,A,a)— 6K, (Q,A,0) 09 F i

R(Q)= o) . (21 07 L 1

. 05| .

Now Refs. 12 and 13 showed that for a single-lag&lr) ﬁ 03 |

system, the change in the spectral weight as defined by Eq. & 44 L i
(19) is 2 04

s
(1-a)pE°Ta) \\
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wherepS©Y(A) is defined by Eq(15). Thus the change with

« in total spectral weight at fixed is FIG. 8. Ratio of the change iAK, on the onset of phase co-

herence to the superfluid stiffness defined by &1), Ryjjayer({2

BC =), as a function of the anisotropy parameterNote that the

apg s(A) e

SKs (L=, A a)— Kg (Q=2,A,00= ———— ratio is independent of the value ef and that theb=1 value

2 corresponds to the single-layer case.

(23)

()= value is indicated by an arrow. We have verified that
the calculated quantity does indeed converge to the correct

(—x value, but as can be seen, the convergence is very

and the change witlw in the >0 spectral weight as de-
fined by Eq.(20) is

_ B _ slow.
Ky sl (2=,4,0)= 0K 5 (0=,4,0 Figure 10 shows the changes in spectral weight for the
apECS(A) ng(A,a) case of a large difference in interplane hoppitg=0.075)

(24)  and foro*=0.4A as a function of the cutoff frequendy.
For =1 (top panel, we expect conservation of the total

Use of Eq.(21) gives the value oRg (Q=x)=—1/2. In  spectral weight while fow=0.1 (bottom panel we expect
other words, if the superconducting gap appears withouthe (1— value to be nonzero as given by E5). A re-
phase coherence, the oscillator strength decreases by giarkably slow convergence of the change in the spectral
amount related to the “BCS” superfluid stiffness, essentiallyweight to its{)—c value is evident. We verify th€)—
because the conductivity in the region less than the gap i¥alues numerically by plotting, in Fig. 119Kpjayer as a
suppressed and no additional oscillator strength appears flinction of inverse cutoff frequency. We have verified that
the superfluid response. If phase coherence is now turned otfie 142—0 limit matches the value given by E@5). Con-
the total oscillator strength and the superfluid stiffness insiderable caution must be exercised in experimental investi-
crease, while the spectral weight in tle>0 conductivity — gations of changes in the spectral weight because small dif-
decreases. Comparison of Eq$4) and (23) shows that in  ferences persisting over wide frequency ranges may lead to
the single-layer case the ratio between these changes is 2:appreciable contributions to the sum rules.

Applying these arguments to the bilayer case shows that

2 2

V. INCLUSION OF PHONONS

Kpilaye 2=%,A,a,) = — 1 > (1-a,)mog,d,A. Due to the proximity of the bilayer feature to the optical
2% ' 25 phonons in highF. materials like BjSr,CaCu,Og and
® =04A
The simple factor-of-2 relation between the phase- 3 * '
coherence-induced change 8K, and the superfluid stiff- o5 | i
ness does not occur in the bilayer system essentially because,
when the phase coherence parameter is varied, the strengths 27
of both the bilayer plasmon feature and the superfluid stiff- S sl -
ness vary. To see what the relation is, we plot in Fig. 8 the s
ratio Rpijayel(1=2) as a function of bilayer anisotropy o -
b[Ryijayer(2=2) being independent ofr;=a,=a]. We 05 1
see that the ratio increases monotonicallybas decreased o ‘ ‘ , ‘
from the single-layer valud=1 and changes sign at a 0 1 2 3 4 5
d, /d,-dependent value df~0.2. Thus, unlike in the single- Q/A

layer case, wherg; increased by twice the decrease in £ g Ratio of the change ik . on the onset of phase co-

oK, (Q =), in the bilayer case the increase is ge”ef'ca”yherence to the superfluid stiffness defined by B1), Ryiiayer.

greater than 2K, ((2=«) and indeed for extreme anisot- pjotted as a function of the cutof® for a bilayer p=0.075) sys-

ropy both 6K, ({=) and ps increase asy is increased tem with * =0.4A. Solid line: fully phase-coherenia(,=1) su-

from zero. perconducting state. Dotted line; = 0.1 superconducting state. Ar-
Figure 9 plotsRyjjayer @s a function of the cutoff). The  row: Ryjjaye( Q=) .
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FIG. 10. 6Kyjjayer [defined by Eq(19)] as a function of the w0
cutoff frequencyQ for the bilayer p=0.075) system forw* -163
=0.4A. The solid line corresponds to the fully phase-coherent
(a,=1) state and the dotted line to the,=0.1 superconducting
state. -17
YBa,Cu;0,_5, it is of interest to study the interplay of ‘ ‘ ‘ ‘
phonons and the bilayer plasmon. In the first part of this 175 0 0.01 0.02 0.03 0.04
paper we had takes, = e,=¢.,=const. To incorporate pho- A/Q

non modes we include in our analysis frequency-dependent
dielectric functions for each layek;(w) and g,(w). We
obtain for the interplane bilayer conductivity,

FIG. 11. 6Kpjjayer @s a function of the inverse cutoff frequency
) demonstrating convergence to the correct sum-rule value. The
1/Q =0 value correctly gives th@ — oo value as given by Eq25).

i The top panel corresponds to the fully phase-coherept(l) state

010,— E[gl(sz—dz) + gz(sl—al)] and the bottom panel to the,=0.1 superconducting state.
hono —
Thilayerl ©) = ~ - o - - effects. The lower panel of Fig. 12 shows the full conductiv-
010+ 020, = 72— (102 £201) ity. The electronic continuum contribution ab>2A is
present but very difficult to perceive on the scale of this plot.
w2 ~ ~ It is evident that the coupling between the modes leads as
16772[8182_(81d2+ e201)] usual to level repulsion and that, further, almost all of the
- . . (26
~ ~ o - ~ ' ' '
o1yt oty = 72— (e1d,+ £2dy) 70 F Grren(®) 1
—_ - Gbilayer(w)
This more general formula reduces to Eq. 4 with a value of 8 59 | i
C=4mle on choosing: ;= &,=const(inclusion of the com- g
pressibility termy leads to more complicated formujas & 30 L ]
To study the qualitative effect of including phonons we z \
consider the simplest possible casesgf1 and % 0L h )
© I ;
(0~ £.) I A
gl(w)=gpt —H——F———, (27) or ,
wp—w —loy 80 | ]
where w, is the frequency of the phonon mode apdhe § co Los | i ]
broadening. g
Figure 12 displays the effects of adding, to the situation 5 o4t -
[full phase coherencen(= 1) and bilayer plasmon inside the g %_25 05 0.75
gapl shown in the top panel of Fig. 4, a phonon with a - 20 r /' i
frequency greater than the bilayer plasmon frequency. For 0 s ) s
orientation, the top panel shows the bilayer plasmon part of 0 0.5 1 1.5 2 2.5
the electronic absorption in the absence of phorjcasu- /A
lated from Eq(26) with £;=¢,=1] and the phonon absorp- k. 12. Top panel plots the conductivitypnonod @) With w,,
tion in the absence of electrorisalculated from EqQ(26)  —0.91A obtained from Eq(26) by putting the electron conductivi-

with o,=0,=0]. The bilayer plasmon was represented injes o1,=0 (dotted ling and the broadened bilayer conductivity
Fig. 4 as a rectangle and is shown here with a Lorentziamy, . . () with »* =0.4A andb=0.075(dotted-dashed lineThe
broadening. The phonon feature is rendered optically activ@ottom panel plotsa'gng;'g:(w) [Eq. (26)]. The inset shows the
and shifted up from the phonon frequenay, by bilayer  lower peak not visible on the scale of the plot.

024506-8



SUPERCONDUCTIVITY, PHASE FLUCTUATIONS, AND.. .. PHYSICAL REVIEW B5 024506

30 , | : ,
............ Gphonon(o‘)) 08 N 0L=0.8 |
— 20 - Gbilayer(w) [
£ ! 3
g ;| 3
© 1ot f \'\ 504 - ’
bﬂ e \\\ bQ'
: = = 0 A ‘
0.1 . (a) 0 0.4 0.8 1.2
—~ 400 |
3
‘Tg, 0.8 - 1
1200 (o | , 1 3
5 0 0.2 0.4 5
- 504 - 1
b O ./ 1 L 1 n L -E
0 0.4 0.8 1.2 5
o/A bé
FIG. 13. Top panel plots the conductivity,nonod @) With @), (b) 0 0 - 0‘4 1‘2
~0.23A obtained from Eq(26) by putting the electron conductivi- ’
ties 01 ,=0 (dotted ling and the broadened bilayer conductivity ‘
Tpilayer(®) With w* =0.4A andb=0.075(dotted-dashed lineThe a=0.1
bottom panel plotsspfiovol ) [Eq. (26)]. The inset shows the 08 r 1
lower peak not visible on the scale of the plot. 3
%
oscillator strength goes into the upper mode. The lower mode go a4l
(shown in expanded view in the in$é$ almost invisible. [
Figure 13 shows that roughly the same situation is ob- £
tained if the phonon starts out at a lower frequency than the b‘é
bilayer plasmon. In this case the upper mode shifts by rather 0 I\ ‘ , . ‘
less, but the qualitative features are the same. (© 0 0.4 0.8 1.2
We now briefly outline the effects of increasing phase /A

fluctuations(decreasingr from unity), i.e., increasing tem- i phono
perature. As can be seen from Figs. 4—6, increasing phase G- 14. The figure plotsiizje{ ) [Eg. (26)] for a=0.8 (top
fluctuations decreases the frequency and oscillator strengfi"e) @=0.3 (middie pane}, and«=0.1 (bottom *pane)l for the
of the bilayer plasmon mode. Thus if the “bare” phonon >2Me Set of parameters as in Fig. 14,{-0.23, ™ =0.44).
frequency is greater than the bilayer plasmon frequdasy
in Fig. 12, then relatively minor changes occur in the ab-the case when the bare phonon frequency is greater than the
sorption spectrum aa is decreased. Essentially, the almostPilayer plasmon frequency. From the experimental point of
invisible lower absorption moves to the left and becomes ¥i€w, the behavior of the observed peaks as a function of
bit sharper which in turn results in the slight decrease infémperature might allow us to distinguish between the two
frequency and intensity of the upper absorption. situations where the bare phonon frequency is greater than or
On the other hand, if thee=1 bilayer plasmon is at a Smaller than the bilayer plasmon frequency. _
higher frequency than the phonon, more drastic changes will _ Fmally_, we note that the spectral weight in the superfluid
occur as shown in Fig. 14. Decreasiaglightly results in a  Stiffness is unaffected by the phonons.
decrease in frequency and intensity of the stronger upper
absorption as shown in the top panel of Fig. 14 décr0.8.
As « is further decreased the oy,jjay¢, PEAK in Fig. 13 goes
on moving to the left and eventually overlaps with the
Tphonon PEAK, at which point the lower absorption is almost  We have extended the theory of Refs. 12 and 13 to the
invisible and the conductivity is as shown in the secondbilayer situation of relevance to many experimentally studied
panel of Fig. 14 fora=0.3. On further decreasing the  high-T, materials. The crucial physics is local-field or
Opilayer PEAK crosses over to the left of,,,,,, and the  “blockade” effects: the difference in hopping amplitudes
conductivity is as given by the bottom panel of Fig. 14 for characteristic of a bilayer structure leads to charge imbal-
a=0.1. Also note that the decrease in intensity of the uppeances inside the unit cell; the electrochemical potentials due
peak is much stronger with the decreaserins compared to to these charge imbalances act to suppress the low-frequency

VI. CONCLUSIONS AND APPLICATIONS TO
EXPERIMENT
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response to a uniform electric field and lead to bilayer plas- Further we showed that the coupling of phonons, phase
mon features in the absorption. For the physics of High- fluctuations, and the bilayer plasmon leads to complicated
materials the crucial question is the observability of the ef-effects in the spectrum, which depend sensitively on param-
fects of thermal and quantal fluctuations of the phase of theters suggesting that an unambiguous extraction of the bi-
superconducting order parameter, here parametrized by layer plasmon frequency and spectral weight may be diffi-
“Debye—Waller” parameterx cult. This is unfortunate, as the these quantities in principle

We find a low-frequency suppression of the conductivitycarry information about the physically crucial phase fluctua-
in the normal(neither superconducting nor pseudogsafate  tion properties encoded in the Debye—Waller parameater
discussed in Sec. lll and shown in Fig. 2. However, thiswe suggest, however, how the change is conductivity with
distinct signature is not apparent in the experimental plots oincreasing phase fluctuatiorier increasing temperaturés
the normal-state conductivity. There are two possibilities: ei-expected to be different based on whether the phonon fre-
ther the scale is very high or the effect is masked byquency is above or below the bilayer plasmon frequency.
phonons.

A second, generally valid qualitative result is that the
simple factor-of-2 relation betweesy and the change with
the onset of phase coherence in the 0 oscillator strength This work was supported in part by Grant No. NSF-
which was found for single-layer systems no longer applieDMR-00081075 and stemmed from a crucial remark of L. B.
for bilayer systemgcf. Eq.(25) and Fig. §; the change ip;  loffe, whose advice and insight we gratefully acknowledge.
is generically greater. This qualitative behavior has been obA.J.M. thanks L. B. loffe, S. Das Sarma, and D. van der
served. Marel (who pointed out an error in a previous versidar

A third important result is that the convergence of sum-helpful conversations and the Institute for Theoretical Phys-
rule integrals with frequency can be very slow; so cautionics and Brookhaven National Laboratories for hospitality and
should be exercised in applying sum-rule arguments to dataupport.
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