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Anisotropic s-wave superconductivity in MgB2
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It has recently been observed that MgB2 is a superconductor with a high transition temperature. Here we
propose a model of anisotropics-wave superconductivity which consistently describes the observed properties
of this compound, including the thermodynamic and optical response in sintered MgB2 wires. We also deter-
mine the shape of the quasiparticle density of states, the tunneling conductance, and the anisotropy of the upper
critical field and the superfluid density which should be detectable once single-crystal samples become more
generally available.
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I. INTRODUCTION

The recently discovered superconductor MgB2 has re-
ceived great attention, mainly because of its high transit
temperature of approximately 39 K.1–6 This relatively high
Tc value may not be too surprising since MgB2 involves
some of the lightest elements in the periodic table, thus
plying a large Debye phonon frequency for this compou
Indeed, data from thermodynamic measurements2,3 suggest a
significant isotope effect witha50.26 as well as a Debye
frequencyQD'750 K, indicating that weak-coupling BCS
theory is adequate for this compound.7 Recently, the upper
critical field for a dense wire of MgB2 was inferred from the
field dependence of the critical current.6 From these mea
surements it was concluded that MgB2 is an extreme type-II
superconductor with a Ginzburg-Landau parameterk.23.

More surprisingly, a rather small zero-temperature ene
gap D051.20kBTc was deduced from measurements of t
specific heat3,4 and from the optical conductivity.5 Presently,
we do not know of any other examples for such a small ra
D0 /kBTc in conventionals-wave superconductors. This ob
servation naturally suggests an anisotropics-wave order pa-
rameter for this material, where the energy gap detecte
the thermodynamic measurements is in fact the minimum
the superconducting gap function. An alternative explana
has been suggested in terms of two-band models.8,9 Multigap
scenarios have a long history, starting from Ref. 10, but h
never been realized in superconducting materials so far. O
qualitative level, two-gap models can have similar proper
to the anisotropics-wave model we are proposing, and ther
fore experimental tests to distinguish between these theo
are highly desirable.

Drafting an effective model with an anisotropics-wave
order parameter for MgB2, the first important question to
address is the direction and the magnitude of the anisotr
over the approximately ellipsoidal Fermi surface. In the d
tantly related tetragonal systems YNi2B2C and LuNi2B2C,
such an anisotropy has been shown to appear in thea-b
planes.11,12On the other hand, MgB2 has a hexagonal crysta
structure, and thus the anisotropy is most likely to oc
along thec direction similar to other hexagonal crystals, su
as UPt3 ~Ref. 13! and UPd2Al3 ~Ref. 14!, and tetragonal crys
tals, such as Sr2RuO4 ~Refs. 15 and 16!.
0163-1829/2001/65~2!/020502~4!/$20.00 65 0205
n

-
.

y

o

in
f
n

e
a

s
-
es

py
-

r

We therefore propose a BCS model for MgB2 with a su-
perconducting order parameter given by

D~k!5DS 11az2

11a D , ~1!

where the parametera determines the anisotropy,z5cosu,
andu is the polar angle. For the calculations outlined in th
paper, we impose the experimentally observed gap ratio

Dmin~T50!

kBTc
5

D0

~11a!kBTc
51.20, ~2!

which in turn yieldsa'1. In the following, we will therefore
explore the consequences of anisotropics-wave supercon-
ductivity in MgB2 within the framework of weak-coupling
BCS theory, settinga51.

II. DENSITY OF STATES AND TUNNELING
CONDUCTANCE

In Fig. 1~a! the anisotropics-wave order paramete
D(k)5D(11z2)/2, is plotted in momentum space. Th
function is an ellipsoid with a minor axis of lengthD/2
within the a-b plane, and a major axis of lengthD along the

FIG. 1. ~a! Anisotropics-wave order parameter,~b! quasiparticle
density of states,~c! tunneling conductance. Dashed line: Andre
limit, dot-dashed line: Giaever limit, solid line: intermediate tunn
ing matrix element.
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c direction. The smaller magnitude of the gap function with
the a-b plane is consistent with the stronger in-plane Co
lomb repulsion that has been suggested in Ref. 17.

The corresponding density of states can be calcula
from D(k) within weak-coupling theory. It is given by

N~E!/N050 if 0,E,D/2,

5AE

D
KSA2E2D

4E D if D/2,E,D, ~3!

5AE

D
FS sin21A 2ED

~2E2D!~E1D!
,A2E2D

4E D
if E.D ,

where K(k) and F(F,k) are the complete and incomple
elliptic integrals of the first kind. This quasiparticle dens
of states is shown in Fig. 1~b!. It is fully gapped with an
onset of spectral weight at the minimum gap valueE5D/2
and a cusp atE5D. Recent scanning tunneling microsco
measurements report a density of states in good agree
with N(E).18

More generally, the tunneling conductance between a
mal metal point contact and a superconductor depends on
tunneling matrix elementZ, as described by the Blonde
Tinkham, and Klapwijk formalism.19 For unconventional su
perconductors the order parameter can be written as a p
uct of the amplitudeD and a momentum-dependent factorf,
i.e., D(k)5D f , where f 5(11z2)/2 in our case. The zero
temperature tunneling conductance normalized by
normal-state value is then given by

g~E!/g05E
0

1

dz
2~11Z2! f 2

x21~ f 22x2!~112Z2!2 if uxu,1/2,

52~11Z2!@ I 1~x!1I 2~x!# if 1/2,uxu,1,
~4!

5E
0

1

dz
2~11Z2!uxu

uxu1Ax22 f 2~112Z2!
if 1 ,uxu,

where

I 1~x!5E
lim

1

dz
f 2

x21~ f 22x2!~112Z2!2 ,

I 2~x!5E
0

lim

dz
uxu

uxu1Ax22 f 2~112Z2!
, ~5!

and lim5(2x21).
In Fig. 1~c! the tunneling conductance is shown for tu

neling matrix elementsZ50, 1.0, and 10.0. In the Andree
limit ( Z50), the conductance is at its maximum,g(E)/gN
52, for energies below the gap minimumD051/(11a).
Above D0 , it decays rapidly, approaching the normal-sta
value at high energies,g(E→`)→gN . For finite values of
the tunneling matrix elementZ, the tunneling conductanc
exhibits two features at the minimum and at the maximum
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the superconducting gap energy. While for smallZ the con-
ductance is dominated by the Andreev peak atD0 , at larger
Z the cusp atE5D emerges into a peak, and forZ→`
~Giaver limit! the tunneling spectrum resembles the qua
particle density of states. From Fig. 1~c! it appears that the
two-peak structure observed in the point contact meas
ments of Ref. 20 can be well described within the anisotro
s-wave model with a tunneling matrix element in the ran
0.5,Z,1.5. We conclude from this calculation that the tu
neling conductance is quite sensitive to the detailed struc
of the point contact which is a likely reason for the differe
observed spectra of Refs. 18 and 20.

III. THERMODYNAMICS

Following the formalism by Bardeen, Cooper, an
Schrieffer,21 we calculate the temperature dependence of
energy gapD(T), the entropyS(T), the specific heatC(T),
and the thermodynamic critical fieldHc(T) for the aniso-
tropic s-wave superconductor. Here, the entropy is given

S~T!524E
0

`

dEN~E!@ f ln f 1~12 f !ln~12 f !#, ~6!

where f [(11expbE)21. Furthermore, the specific heat an
the upper critical field are obtained from

C~T!5T
]S~T!

]T
and

Hc
2~T!

8p
5E

T

Tc
dTS~T!. ~7!

These results are displayed in Fig. 2, where the vertical s
of S(T) andC(T) is given in units ofN0Tc , andHc(T) is
normalized by (N0)1/2Tc . As expected, the characterist

FIG. 2. ~a! Energy gap in an anisotropics-wave superconductor
~b! Entropy ~solid line! and specific heat~dashed line!. Above Tc

these quantities are equal~dot-dashed line!. ~c! Thermodynamic
critical field for anisotropic~solid line! and isotropic~dashed line!
s-wave superconductors. Inset: deviation of these critical fie
from a parabolic temperature dependence.
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jump of the specific heat atTc , DC/CN51.18, is rather
small compared with the value 1.43 for an isotropics-wave
superconductor. This is consistent with the experimental
ture for MgB2 of Ref. 3, although larger than the valu
DC/CN50.82 quoted in Ref. 4. Furthermore, it is seen
Fig. 2~b! that the thermodynamic critical field is also reduc
in the anisotropic case. ConvertingHc(T) into physical
units, we findHc(0)50.27 T, consistent with 0.26 T ob
served in Ref. 4. The deviation of the critical field from
parabolic temperature dependence, defined by

D~T/Tc![
Hc~T!

Hc~0!
2F12S T

Tc
D 2G , ~8!

is shown in the inset of Fig. 2~c!. The magnitude of this
deviation is substantially larger than for the isotropic ca
again consistent with the experiments.4

Finally, the superfluid densityrs(T) shown in Fig. 3 is
found to be rather anisotropic. Similar to the energy gap
the thermodynamic critical field, upon increasing the te
perature its departure from its zero-temperature value is
ponentially small in the low-temperature regime. On t
other hand, in the vicinity ofTc the superfluid density for the
isotropic case is linear in temperature, whereas for the an
tropic casers(T) is observed to be slightly concave alon
the c direction and slightly convex in thea-b plane. Once
single crystals of MgB2 become available, this anisotropy
the superfluid density should serve as a signature for
anisotropy of the order parameter.

IV. UPPER CRITICAL FIELD

Recent measurements of the upper critical field in sinte
andc-axis oriented samples of MgB2 have reported a some
what unusual temperature dependence.6,9,22This is likely re-
lated to the apparent anisotropy of the superconducting o
parameter, and should thus become even more eviden
measurements of the upper critical field in single crysta
Therefore we consider here the two cases of an external m
netic field parallel and perpendicular to the crystalc axis of
MgB2.

23

FIG. 3. Superfluid densities of anisotropic and of isotrop
s-wave superconductors.
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A. H¸c

The upper critical field along the crystalc direction is
determined from12,24

2 ln
T

Tc
5E

0

` du

sinhu S 12
15

28E0

1

dz~11z2!2

3exp@2ru2~12z2!# D , ~9!

wherer[@vF
2eHc2(T)#/@2(2pT)2#, z[cosu, andvF is the

Fermi velocity within thea-b plane. In Fig. 4, the solution o
this integral equation normalized by its derivative atTc ,
hc2(T)[Hc2(T)/(2]Hc2(T)/]T)uTc

, is plotted along with

the hc2(T) curves for thea-b direction and for the isotropic
case. In the limitT→0 we obtainhc2

c (0).0.824 which is
somewhat larger than the corresponding value for the iso
pic s-wave superconductor,hc2(0).0.728. In the opposite
limit, T→Tc , hc2

c (T) exhibits a rather linear temperatur
dependence within the weak-coupling BCS model, stron
resembling recent observations inc-axis oriented samples o
MgB2.

22

B. H¸a

For the upper critical field within thea-b plane a mixing
occurs of the zeroth and the second Landau levels, lea
to12,24 D(k,r );D„11C(a†)2

…u0&, where u0& is the Abriko-
sov state,a† is the raising operator, andC is the mixing
coefficient between the Landau levels which has to be de
mined self-consistently along with the critical field. Th
yields a set of coupled integral equations,

2 ln
T

Tc
5E

0

` du

sinhu S 12
15

28E0

1

dz@~11sin2 u

1 3
8 sin4 u!1 1

2 Cru2 sin4 u~11 1
2 sin2 u!#

3exp@2ru2~12z2!# D , ~10!

FIG. 4. Upper critical fields of anisotropic and isotropics-wave
superconductors.
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2C ln
T

Tc
5E

0

` du

sinhu S C2
15

28 E
0

1

dz@ 1
4 ru2 sin4 u

3~11 1
2 sin2 u!1C~11sin2 u1 3

8 sin4 u!

3~124ru2 sin2 u12r2u4 sin4 u!#

3exp@2ru2~12z2!# D , ~11!

where again r[@vF
2eHc2(T)#/@2(2pT)2#, sin2 u512z2,

and vF5(vF
bvF

c )1/2. The numerical solution of this set o
equations is shown in Fig. 4. The mixing coefficient~not
shown! is found to decrease monotonously from 0.069 do
to 0.062 as the temperature is increased. This implies a
evant admixture of the second Landau level. In the ze
temperature limit, we obtainhc2

a (0).0.664.
In general, the upper critical field depends on the anis

ropy of the Fermi surface~i.e., different Fermi velocities in
different directions! as well as on the anisotropy of the s
perconducting order parameter.23 In order to separate thes
two effects, in Fig. 4 the reduced upper critical field
shown. The temperature dependence ofhc2 reflects only the
ai
T.
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anisotropy inD(k), because the effect of the anisotropy
the Fermi surface has been eliminated in thisreducedquan-
tity by rescaling of the Fermi velocity.25

V. CONCLUSIONS

Based on presently available experimental data on M2
we have constructed a model of anisotropics-wave super-
conductivity for this compound withDmin /Dmax5

1
2. This

simple theory appears to account rather well for the therm
dynamic properties,3,4 the optical measurements,5 and for the
upper critical field data2,6,9,22on sintered andc-axis oriented
samples of MgB2. Experiments on single crystal sample
will clearly be important to further investigate the applicab
ity of this model.
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