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This article derives an electron-phonon interaction suitable for interpreting ultrasonic attenuation measure-
ments in the ruthenate and cuprate superconductors. The huge anisotropy found experif@ntalyenet
al., Phys. Rev. Lett86, 5986(2001] in S,RuQ, in the normal state is accounted for in terms of the layered
square-lattice structure of SRuQ,, and the dominant contribution to the attenuation isR®I0, is found to be
due to electrons in the band. The experimental data in the superconducting state are found to be inconsistent
with vertical line nodes in the gap in either tfE00) or (110 plane. Also, a general method, based on the use
of symmetry, is developed to allow for analysis of ultrasonic attenuation experiments in superconductors in
which the electronic band structure is complicated or not known. Our results, both for the normal-state
anisotropy and relating to the positions of the gap nodes in the superconducting state, are different from those
obtained from analyses using a more traditional model for the electron-phonon interaction in terms of an
isotropic electron stress tensor. Also, a brief discussion of the ultrasonic attenuationgiis \gRen.
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[. INTRODUCTION of an electron stress tensor appropriate to an isotropic fluid
gives an elegant and simple formulation of the theory. How-
This article describes a theory of ultrasonic attenuation irever, it seems clear that a new approach is needed if one
the ruthenate and cuprate superconductors. It has been stimuishes to be able to account in detail for the ultrasonic at-
lated largely by the work of Lupieet al! which presented tenuation observed in the recent experiments ofRSD;.
the results of detailed experimental measurements of ultraFhe approach developed in this article takes account of the
sonic attenuation in both the normal and superconductingrystalline and electronic structure of,8uQ,, but also can
states of SiIRuUQ,. The goal of that work was to use ultra- be shown to reduce to the traditional isotropic electron—
sonic attenuation as a tool to gain information on the presstress-tensor approach in an appropriate lithiis limit not
ence and location of nodes in the superconducting gap. Quiteeing appropriate for SRuQ,).
unexpectedly, however, they found a huge anisotropy in the This article shows that the strong anisotropy of the ultra-
measured attenuation, even in the normal state. Some of thejonic attenuation in SRuQ, is intimately connected with its
results are shown in Fig. 1. Notice that the normal-state atlayered square-lattice structure. We start from the idea that
tenuation of the longitudinal wave propagating along thethe electronic structure of §RuQ, in the neighborhood of
[110] direction is lower by a factor of approximately 30 than the Fermi surface can be well described in terms of a simple
that of the[100] longitudinal wave. Furthermore, the attenu- tight-binding Hamiltoniart?*® in which a central role is
ation of the transverse wave along tht00] direction is  played by hopping matrix elements describing the hopping
lower than that of the transverse wave along[thE0] direc-  of an electron from one ruthenium ion to a nearest-neighbor
tion by a factor of more than 1000. Lupiet al. note that  or next-nearest-neighbor ruthenium ion. To develop a model
their results indicate the need for a new theory of thefor the electron-phonon interaction, we assume that the hop-
electron-phonon interaction allowing for a significant varia-ping matrix element depends on the distance between the
tion of the different sound-wave modes. They also suggesbns, so that if a sound wave stretches the distance between
that the lack of a reliable theory of ultrasonic attenuation intwo ions, the matrix element describing the hopping of an
Sr,RuQ, has greatly hindered the use of this technique as &lectron between these two ions changes. It is easily seen
tool for gaining information about the location of the gap that a transversely polarized sound wave traveling in the
nodes in this material. [100] direction in the ruthenium-ion square lattice does not
The use of ultrasonic attenuation as a tool to locate thetretch the nearest-neighbor bond between two ruthenium
positions of nodes in the energy gaps of superconductors hasns and, hence, is not coupled to the electr@ideast by a
been described, for example, by Moreno and Colefbm. nearest-neighbor couplingThis is the reason for the ex-
their model, the phonon strain field couples to a stress tensaremely low attenuation of the T100 sound wave reported in
describing the flow of electron momentum. The electronRef. 1 (see Fig. L It is also easily seen that for a two- or
stress tensor is taken to be that appropriate to an isotropttiree-dimensional hexagonal lattice or for a three-
electron fluid. This approach, which can be traced back talimensional body-centered or face-centered lattice, or if the
early work on ultrasonic attenuation in heavy-fermion next-nearest-neighbor interaction is large, this argument does
superconductors;®in swave superconductof$and in nor-  not apply. Thus the highly unusual strongly anisotropic ultra-
mal metals’ has also been used in the most recent attemptsonic attenuation observed in,8uQ, is directly related to
to understand ultrasonic attenuation inMu0,.>* The use  the layered square-lattice structure of this material. The an-
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nodes in the gaps can be described as either “active” or
“inactive” and that the temperature dependence of the ultra-
sonic attenuation is very different in the two cases. These
ideas are described in greater detail below and exploited to
gain information on the positions of the gap nodes in
SKLRUQ,. Our calculations are done in the hydrodynamic
limit. The opposite(“quantum”) limit relevant for either
very pure samples, or very high frequencies, has been con-
sidered in Ref. 14.

A consequence of our work is the recognition that the
traditional isotropic electron—stress-tensor model of the
electron-phonon interaction makes certain nodes “acciden-
tally” inactive for the case of longitudinal sound waves. This
accidental inactivity is a consequence of the fact that the
isotropic electron—stress-tensor model of the electron-
phonon interaction is not sufficiently general to describe re-
alistically the electron-phonon interaction. In a more realistic
model, all nodes are active for longitudinal phonons. Thus,
the isotropic electron—stress-tensor model for the electron-
phonon model gives misleading results for the temperature
dependence of the ultrasonic attenuation associated with lon-
gitudinal phonon modes in some cases and should not be
used in studies aimed at determining the positions of the
nodes in the gap of an unconventional superconductor.

Although the emphasis in this article will be on ultrasonic
attenuation in SIRuQ, because of the availability of experi-
mental data for this materialjt should be noted that our
detailed results for the band are also applicablexcept for
the interlayer interactiorto cuprate superconductors such as
YBa,Cu;Og , « ; furthermore, it is a simple matter to develop
an appropriate interlayer electron-phonon interaction for the
YBa,Cu;Og .,  Structure analogous to the result fop,BuO,
developed here. The analysis in Sec. V allows us to make
some general statements about the symmetry-imposed prop

FIG. 1. Experimental data on the mode viscosity for the fourerties of the electron-phonon interaction and their manifesta-

in-plane sound-wave modes taken from Ref. 1. The mode viscosityions for the ultrasonic attenuation in unconventional super-
n plotted here is related to the attenuatianby the formula» conductors, in particular, in URt

=apud/(2m)?, wherep is the densityps is the sound velocity, The discover} of superconductivity in the layered per-
gndv Is the frquency. Al Sound_"\.’a\’? mOd.eS have both the OIIreC'ovskite SsRu0Q, and the proposHi that the superconducting
tion of propagation and the polarization lying in the basal plane

The nature of the mode_(for longitudinal andT for transversgas Cooper pairs in that material formed in a spin-friplet state

well as the Miller indices of the propagation direction are shown inhave St'ml‘"ated ConS|derque interest and skse Ref. 17
the figure. for a review of the properties of FRuQ,, and Ref. 18 for a

review of the symmetry classification and the physical prop-

isotropy in the attenuation of longitudinal wav@sg., for the ~ erties of unconventional superconductors in genetantil
L100 and L110 waves of Fig.)lalso finds an elementary recently, it was thought_that the superconducting order in
qualitative and quantitative explanation in terms of theS2RUC, could be described by the order paramed¢k)
model developed in detail below: this explanation depends-z(ky+ik,).">*®Because the Fermi surface oh,BuQO, has
on the details of the Fermi surface geometry and will bea quasi-two-dimensional cylindrical foffhwith no points at
given later. ky=ky,=0, the Fermi surface for this order parameter is fully
After developing a detailed model for the electron-phonongapped. More recently, however, power-law temperature de-
interaction in S§RuUQ, and confirming that the model ac- pendences more characteristic of a gap having line nodes
counts well for the ultrasonic attenuation in the normal statehave been found in a number of experiments, including spe-
we proceed to an analysis of the ultrasonic attenuation in theific heat?*?! nuclear quadrupole resonanfeQR),? pen-
superconducting state with the objective of gaining informa-etration depti> thermal conductivity*?® and ultrasonic
tion on the positions of nodes in the superconducting energgttenuatiort. It is not easy to reconcile the presence of triplet
gap. The basic ideas here have been clearly set out in tHgooper pairs, a broken-time-reversal symmetry, and line
article by Moreno and ColemériThey show that for a given nodes in the gap. A number of proposals to do so have nev-
sound-wave propagation direction and polarization, theertheless been made. These include spin-triplet states charac-

014517-2



ELECTRON-PHONON INTERACTION AND ULTRASONIC. . .. PHYSICAL REVIEW B5 014517

terized by vectorsd(k) of the form d(k)oci[sin(kxa) Ky M

+isinka)] (Refs. 26—28and having vertical line nodes in JB

(100 planes, so-calledtwave states characterized byk)

o z(ketiKy)keky O by d(K)oz(Ky+iky) (K5—k?) 1012729 Y\/‘ Xz ]

having vertical line nodes ifil00) and (110 planes, respec- X
a<

=~

tively, by f-wave states characterized by(k)ozk,(k,
+iky)2 (Refs. 2, 31, and 32and having horizontal lines
nodes in the plan&,=0, by states characterized luifk)

oci(kx+iky)cos(<zc) (Ref. 29 and having horizontal line (—
nodes in the plank,= 7/(2c), or by states characterized by

d(k) =7 sink.a/2)cosk,al2)+i coska/2)sinkal2)]coskc! FIG. 2. Schematic of the Fermi surface of,Bu,0, showing
2) (Refs. 29 and 3Pand having horizontal line nodes in the the «, B8, and y bands. Also shown are portions of theand
planek,= mr/c. The analysis of the ultrasonic attenuation ex-bands that are predominantkz in character.
periments given below allows many of these possibilities to
be ruled out and suggests that attention be focused on thoggqd dyz.17'33'34The Hamiltonian describing the band struc-
possibilities characterized by the existence of horizontal lingyre of a single plane can thus be writtén
nodes.

The structure of the article is as follows. Section Il devel-
ops a tight-binding model of the electron-phonon interaction Hoplane= >, o= ra)e e (D)
accounting for the details of the layered square-lattice struc- o' ano o Y
ture occurring in the ruthenate and cuprate superconductors.
Section Il evaluates a formula giving the ultrasonic attenusyhere CI . Creates an electron with spin in the vth (v
ation in the normal state of §RuQ, in terms of the model ={xy,xzyz}) ruthenium orbital on the ruthenium ion at the
electron-phonon interaction given in Sec. Il and shows thasjte n of the ruthenium square lattice. Because of the
the extremely strong and unusual anisotropy of the attenuasjane of reflection symmetry at the center of the Rpne,
tion is accounted for by the model. Section IV makes use Othere is no overlap between tig orbitals and those otz
the model electron-phonon interaction to determine the acandyz symmetry. This means that one sheet of the Fermi
tivity or inactivity of the gap nodes for various proposed gyrface(the y sheet can be attributed to they orbitals,
superconducting gap structures fo,Bu0,, thus allowing  whijle the @ and 3 sheets result from hybridization of thxe
statements to be made about which of the various proposalgdyz orbitals. Also, from symmetry, there is no nearest-
for the gap structure are consistent with the experimentgheighbor overlap between thez andyz orbitals, while the
ultrasonic attenuation data. Section V shows that a detailegyrgest overlap integral for arz orbital is expected to be
model of the electron-phonon interaction is not necessary tQ;ith nearest-neighbor ions in the x directions, since the
determine which nodes in the superconducting state are agspes of these orbitals point in these directions rather than in
tive or inactive by showing how to obtain such information o +y directions. This means that the and yz orbitals
from symmetry arguments only. Such arguments are suffitorm ‘approximately independent one-dimensional bands,
ciently powerful to be applicable to cases where the devely;it the hybridization of these bands giving relatively small
opment of a detailed model of the electron-phonon interacpertyrhations to the energies, except where the bands cross.
tion is not available. Our detailed model for,BuUQ, is A schematic view of the Fermi surface is shown in Fig. 2.
shown to be consistent with these argumefaithough the To derive an expression for the electron-phonon interac-
isotropic electron stress tensor model |_s)nmnd fu_rther— tion, we assume that the hopping matrix elements in(Eg.
more, some new results relating to the interpretation of ulip the vibrating lattice depend on the instantaneous positions
trasonic attenuation in UPtare presented. The Appendix ¢ the ruthenium ionsrn=r(°)+un, wherer© is the equi-
gives a discussion of the universality of the low-temperatureyy . position of the ionn at lattice Sit@'” and u. is its
temperature-independent contribution to the attenuation ifyisnjacement from equilibrium. The lowest-order contribu-
the superconductmg state, showmg that the _pres(mcab_— . tion to the electron-phonon interaction is found by expanding
sencg of universal behavior is associated with the activity \he nopping matrix elements in powers of the ionic displace-
(or inactivity) of the gap nodes. mentsu, and keeping only linear terms. First consider doing

this for only the nearest-neighbor hopping matrix elements
Il. ELECTRON-PHONON INTERACTION IN LAYERED for the xz orbitals that lie in thexx directions relative to

CUPRATE AND RUTHENATE SUPERCONDUCTORS each other, since this is a relatively simple effectively one-
dimensional case. This results in the interaction

The approximate two-dimensional nattief the Fermi
surface of SJRuQ, suggests that it can be described, to a

first approximation, in terms of electrons interacting princi- HX2 :g_xz 2 (Up U )

pally through intraplanar interactions. The Fermi surface e-phplane™ gz & A¥nx  Fntax

consists of three sheefsee Fig. 2, which can be thought of N .

as being derived from the three ruthenium orbitls, d,., X(Cyzn,oCxzn+aot CxzntacCxzna): (2)

014517-3



M. B. WALKER, M. F. SMITH, AND K. V. SAMOKHIN PHYSICAL REVIEW B 65 014517

Hereu,  is the xth component of displacement of timeh So far, we have considered only electron-phonon interac-
ion in the plane, and, ., refers to the ion one Bravais- tions associated with the stretching of bonds between ions
lattice vectora in the positivex direction from thenth ion.  lying in a single plane. It is reasonable to expect these inter-
Notice that, for reasons of symmetry, this expression doeactions to be larger than the interplanar ones because the
not contain displacements normal to the bond axis. Thuseparation between Ry@lanes is relatively large, although
(even though we have not assumed that the forces betwedhis should be confirmed by comparison with experiment.
the ions are centrglonly displacements that stretch the bondHowever, the intraplanar interactions that we have consid-
distance contribute to the electron-phonon interaction in thigred so far do not affect transverse phonon modes that have
case. Introducing the lattice Fourier transforms of the sitéheir wave vector in the basal plane and their polarization
variables in Eq(2) and summing this Hamiltonian over all perpendicular to this plane. This is because, to first order in
planes in the crystal, gives the displacements, such phonon modes do not stretch the
bond distances and, more rigorously, because the basal plane
. , . is a plan_e of reflection symmetry. Hen'ce', to account for the
e—ph_\/_ﬁ qJKEUG Ok+q/20,jP,iCrk+q+G,oCrk o (3) attenuation of these phonon modes, it is necessary to con-
R sider interplanar interactions.
where v=xz, G is a reciprocal lattice vectoquzaT In describing the interplanar interactions it is reasonable

+ag;, aq; destroys a phonon corresponding to'waveq\'/jectorto consider first interactions involvingz and yz orbitals

q and polérizatiorj, andN is the total number of ruthenium Since these orbitals have Io-bes _stu_:kmg out of the plane,
ions in the crystal. The wave vectors and k are three- whereas the lobes of they orbitals lie in the plane. The fact
dimensional wave vectors and this Hamiltonian is for thethat the parts of the Fermi surface that are made up from the

whole crystal. Here xz andyz orbitals show the largest corrugatihalong the
c-axis direction support this consideratitthin addition we
9%+ 2= 9q, F1(K,Q), (4) choose to consider interactions betwee.n ruthenium ions at
. ' the corner and the body center of the unit ¢elhich are the
with nearest-neighbor interplane pairsinfortunately, thexz and

yz orbitals are not a convenient basis for describing this
interaction. For this reason, the new basig,=(cy,

, ) +¢,)/V2 and ¢,,=(—ctc,)/2 will be introduced.
Clearly, the ¢z orbitals will interact well with themselves
along body diagonals in the directions of the vectarsb

F}’(k,q)=g”2 (3-R)[R-g(q)]cogk-R), (69 tcand—a—b+c, while the »z orbitals will interact well
R with each other along the body diagonatsa+b+c anda
. . : —b+c.

where wq; is a phono_n fr_equency,;j_ Is the .sound ve;louty The nearest-neighbor body-diagonal interactions between

fqr a phonon of polarization, €(q) is a unit vector in the ¢z orbitals are described by Eq&), (4), (5), and (6) with

direction of the phonon polarization) is the total mass of »=¢z and with the sum oveR conta,\inin’g tvx;o terms witld

the ionsin a pl’lmltlve unit Ce”, and a Caf(as |nq) indicates equa| to the Bravais lattice Vectoéia_._ b+ C) and %(_a

a unit vector. Since we are interested in this article only in_p ¢). Also, the nearest-neighbor body-diagonal interac-

low-frequency phonons, the expressi@) is given to the  tions betweenyz orbitals are described by Eq®), (4), (5),

lowest nontrivial order in the phonon wave vecwrThe  and(6) with v= 7z and with the sum oveR containing two

result of this section for the interaction of phonons with theterms withR equal to the Bravais lattice vectokf —a+b

xz electrons as described by H@) is given by Eqs(3), (4), 1) and (a—b-+c). The coupling constants for these two

(5), and(6) with »=xz and with the sum oveR containing  interactions satisfygé?’=g””. Because the best simple ap-

a single term withR equal to the Bravais lattice vectar proximation to the band structure is in terms of ¥mandyz

_ Similarly, the interaction of phonons with thye electrons  states, and not in terms of tife and 7z states, the electron-

is described by Eqs(3), (4), (5), and (6) with v=yz and  phonon interaction derived in théz and 5z representation

with the sum oveR containing a single term witR equal to  should be transformed back to the andyz representation.
the Bravais lattice vectob. Also, the coupling constant is

calledg*f=g*?=gY%
The nearest-neighbor interaction of phonons with xlge
(v band electrons is described by Eq8), (4), (5), and(6)

1/2

ﬁwqyl-
2

MUJ'

gqj= —V2i

Ill. ULTRASONIC ATTENUATION IN THE NORMAL
STATE OF Sr, RuO,

with v=xy and with the sum oveR containing two terms As noted in the Introduction, there is an extremely strong
with R equal to the Bravais lattice vectoesand b. The  anisotropy of the ultrasonic attenuation in the normal state of
coupling constant is calleg”. Sr,RuQ,. This section shows how this anisotropy can be

The next-nearest-neighbor interaction of phonons with theccounted for in terms of the electron-phonon interaction just
xy (y band electrons is described by Eq®), (4), (5), and  described and the known Fermi-surface geometry of
(6) with v=xy and with the sum oveR containing two  SrLRuO,.
terms withR equal to the Bravais lattice vectoes-b and The attenuation constart(q) for an acoustic phonon of
a—b. The coupling constant is callegl ”. wave vector g and polarizationj is given by «;(q)
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=(vj7q’j)_1, whererg ; is the phonon lifetime. Because the Therefore, in what follows, Eq7) with F; replaced bylEj
formula for the ultrasonic attenuation in the superconductingvill be assumed to be the correct expression for the phonon
state is closely related to that for the normal state, the latterelaxation rate. It should be noted that, for phonons propa-
more general formula for the superconducting state will b&yating along high-symmetry directioriéj(k,q) differs from
given here, and the formula for the attenuation in the norm /(k,q) only for longitudinal phonons.

state immediately follows. The result of evaluating the pho- ~ The phonon lifetime in the normal state can be calculated

non lifetime in the hydrodynamic limitthe electron quasi- fom Eq. (7) by putting the superconducting energy gap
particle mean free path much shorter than the phonon wavgsqual to zero, which gives

length from the self-energy of the phonon Green'’s function

in the superconducting state is 2
1  8wgjm ) ’
P >~ Ne[(Fi(k,a))rs—(Fj(k,Q)gs], (10)
1 16wc24'jN|:jwde of o Py
E_ Pviz 0o €| de where 7, is the electron lifetime in the normal state.

In some early work® on ultrasonic attenuation the model
x(sz(k,q)rk Re Ve?—|A]%)ks, (7) Hamiltonian was formulated in terms of the potential energy
V(X), assumed to be a function of the continuous electron
where N is the density of states at the Fermi level in the position coordinatex and describing the interaction of the
normal statef(€) is the Fermi distribution function, and the electron with the lattice and with impurities. In this formu-
Fermi surface average is defined by lation, two problems arise that are eliminated by a canonical
transformation to a coordinate system fixed to the moving
lattice. The first is that the perturbation of the potential due to
the distorted lattice is not necessarily small. This problem
. 8 does not occur in the tight-binding formulation because the
J dS /vy perturbation is naturally formulated in terms of a strain co-
ordinate (i.e., the ratio of the displacement to the phonon
The integration ovedsS, in this equation is over althe y, ~ Wavelength rather than simply a displacement coordinate
xz, andyz) sheets of the Fermi surface, with the electron-[See Eq(2)]. The second problem is that it is simpler to work
phonon matrix element chosen appropriately for each sheef! @ coordinate system in which the impurities are static in
The expressior(7) is valid for all singlet superconducting the zero-order Hamiltonian so that the electron’s energy is
phases, as well as for unitary triplet phases, for whicHeonserved in the impurity scattering process. In the tight-
|A,|2=|d(Kk)|2. This formula is similar to that employed in binding approach o_f thl_s article the impurities are static in
Ref. 2, except that in our expression the electron-phonoﬁhe .zero-qr.der Hamiltonian. For example,_potentlal scattering
matrix elemen€;(k,q) replaces the isotropric electron stressPY |mTpur|t|es can be modeled by adding an extra term
tensor of Ref. 2. Also, the formula has been generalized to b¥».n,Cv.n, oCv.n; .+ 10 the Hamiltonian for thevth orbital on
applicable to anisotropic multisheet Fermi surfaces. Thehe impurity site labeled by;. There is no dependence of
quantity 7 is the Bogoliubov quasiparticle lifetime, and for this impurity potential on the ion displacements, and the im-
Eq. (7) to be valid, the conditiorkgT>#/7, must be satis- purities are thus static in this representation. Thus, our ap-
fied (see the Appendix for a more detailed discusgion proach has features qualitatively similar to those of some
One aspect of the above discussion that is unsatisfactongrevious approachés,even though the details of implemen-
is the failure to give a full treatment of the Coulomb inter- tation are different.
action so that charge neutrality is preserved in the distorted Before proceeding further, we show that our formulation
lattice that occurs in the presence of a longitudinal soundeduces to the traditional isotropic electron—stress-tensor for-
wave. A microscopic treatment of this question for our tight-mulation in an appropriate limit. It is knowhthat for hex-
binding multiband model is beyond the scope of this articleagonal crystals, sound-wave propagation is isotropic with re-
This question has, however, been treated in early work ospect to rotations about the axis. (This is not true for
ultrasonic attenuation in metals with anisotropic Fermitetragonal crystals, such as,BuG,.) Therefore, we expect
surfaces?® There it was found that charge neutrality can bethat the isotropic electron—stress-tensor model could give an
simply imposed in terms of an appropriately chosen spatiallyappropriate description of sound-wave attenuation in a two-
varying chemical potential. This leads to the same formuladimensional hexagonal lattice, particularly if the Fermi sur-
for the attenuation as is obtained when the charge-neutralitiace is taken to be a small circle about the p&irtO so that
correction is neglected, except that the original electronihe electron energy spectrum can be approximated by that for
phonon matrix element is replaced by a related effectivdree electrons, but with an effective mass. For these reasons,
electron-phonon matrix element. Translated into our notawe consider for the moment a two-dimensional hexagonal
tion, their result is that the electron-phonon matrix elementattice. The quantity;(k,q) defined in Eq.(6) can be writ-
Fi(k,q) in Eqg. (7) should be replaced by the effective ten in the form
electron-phonon matrix element

| Frxadsio,

<sz(kaQ)>Fs:

- Fi(k,q) = A.fas(K)eig, 11
E(k,a)=F;(k,q)— (F;(k.9))rs. 9) D=0 Aufusl)es Ly
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wherea and 8 are summed over theandy components of For transversel; phonons interacting with electrons in
two-dimensional vectors. Here thexz sheets of the Fermi surface via nearest-neighbor inter-
actions
fas(k)= 2 RuRgcosk-R) 12 % (k,q)= g cospsing cogkefa),  (18)

Bravais-lattice vectors that make angles of 120° with eactermi surface
other. Now, for a Fermi surface that is a small circle sur- yz _ B . B
rounding the pointk=0, the approximation cok{R)~1 F¥%(k,q) =g cos¢ sin ¢ cogkiPa). (19)

1 2 i i . . .
—2(k-R)” is valid. This leads to the result Now assume that the attenuation of longitudinal phonons

~ B is dominated by their interaction with electrons on thand
Fap(K)=Fap(k) = (Ffap(k))es B sheets of the Fermi surface as described by Ed8.and
= — 2a2(k ks~ 3K28,p) (13  (17) (and that the interaction with electrons of thesheet

. . o . can be neglectedThe attenuation will therefore be propor-
where a is the lattice constant. This is precisely the formtional to

taken by the effective electron-phonon interaction in the iso-

tropic electron—stress-tensor model used by many (F3Yes— (FL)2s=p*[g*f cog kiP)1?
authoré ! and shows that our formulation of the theory of . B
ultrasonic attenuation is equivalent to theirs in an appropriate x(cos'p+sinp—p*). (20

limit. Herep®” is defined to be the fraction of the density of states
To prepare for a more detailed study of the ultrasonicassociated with thez (or theyz) band.(The fraction of the
attention as observed in Ref. 1 explicit expressions f0fdensity of states associated with theband is calledp?, so
Fi(k,q) [derived from Eq.(6)] are now given for our thatp?+2p*f=1))
Sr,RuO, model for the case that both the phonon wave vec- |t is convenient to define the longitudinal anisotropy to be
tor g and its polarization vectag(q) are in the basal plane. /7, where the mode viscosities of the L100 and L110
Furthermore, a Simple model of iSOtrOpiC phonons is aSphononS,nLloo and ML110» respective|y, are defined in the
sumed in which the polarization vector is parallel to thecaption to Fig. 1. The experimental value of the longitudinal
wave vector for longitudinal phonons and perpendicular toanisotropy is approximately 3@ee Fig. 1 The theoretical
the wave vector for transverse phonons, even when the wavgrmula for the longitudinal anisotropy in the case that the
vector is not along a high-symmetry direction. The directionattenuation is dominated by phonon interactions with elec-

of the phonon wave vectay in the basal plane is character- rgns in thexz andyz bands igfrom Eq.(20)]
ized by the anglep that it makes with the (i.e., a) axis.

For longitudinal phonons interacting with electrons in the Mo 1—p*?
v sheet of the Fermi surface via nearest-neighbor interac- RETEPYTE (22)
tions M0 3-p

Using the experimentally determined valtiep®$=0.21
gives a longitudinal anisotropy from E@21) of 2.7. This
value of the longitudinal anisotropy is too small by a factor
of 10 to account for the experimentally observed value
(which is 30. Thus interactions of longitudinal phonons with
electrons in thex and B8 sheets of the Fermi surface cannot
account for the strong anisotropy of the attenuation of longi-
F11(k,q)=g” cosé sin [ cog k.a) —cogkya)]. (15) tudinal phonons observed in gsaug,l and these interac-
tions must be dominated by other interactions.

For longitudinal phonons interacting with electrons in the  Now suppose that the attenuation of longitudinal phonons

xz sheets of the Fermi surface via nearest-neighbor interads dominated by their interaction with electrons in théand

Fl(k,q)=g"[cos ¢ cogk,a) +sir’¢ cogkya)]. (14)

For transversd@ ; phonons T, phonons have their polar-
ization as well as their wave vector in the basal pjanter-
acting with electrons in the sheet of the Fermi surface via
nearest-neighbor interactions

tions and neglect the contribution to the attenuation from electrons
in the xz andyz bands. The longitudinal anisotropy in this
F%(k,q)=g% cog ¢ cogkEra), (16)  case is given by
hile for int ti ith elect in t heets of th
\lliverlnii (S)lrjrlfr;((:eéac ions with electrons in thez sheets of the Mo (co§(kxa))7— p(cogka)),
Mo ({3[cogk.a)+cogkya)]}?),~p¥(cogk,a)),
FYA(k,q)=g*# sir’ ¢ cog ki’a). 1 (22

In arriving at this result, this hybridization of thez andyz ~ Here the subscripy on the angular bracket@s in(),) in-
bands has been neglected, as have interband transitions. Tilieates that the average is over thresheet of the Fermi
bands are thus one dimensional and characterized by trsurface only. To begin with, for the purposes of obtaining a
Fermi wave vectok?? . qualitative understanding of Eq22), neglect(cosk,a)),
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since numerical estimates show that it is small. Now notdfrom Egs.(14) and (23)], together with the experimentally
that at theX point of the Fermi surfac&k,a= 7 andk,=0,  measured values of the viscositi@s,oo and 7 199, can be

so cosk,@)+cosk,a)=0. Because they sheet of the Fermi used to put an upper limit on the magnitude g3f/g” of
surface passes close to this point, the value of lkgas( 0.041. This is an upper limit because, as will be argued be-
+coskya) will be small here and this will contribute to a low, a different interaction could be responsible for the T100
large value of the longitudinal anisotropy. Furthermore, itattenuation. This upper limit is surprisingly small, given that
should be noted that th¥ point is a saddle point of the the ratio of the next-nearest-neighbor to nearest-neighbor
electron energy versus surface, so that the Fermi velocity hopping matrix elements for the band as estimated from

v, goes to zero there. This means that in carrying out thehe parameters assumed in Ref. 13 is about 0.3. There is,
Fermi-surface average using E@®), points close to theX  however, nca priori reason why the sensitivity of a hopping
point will be more heavily weighted, thus further enhancingmatrix element to bond stretching should be directly propor-
the magnitude of the longitudinal anisotropy. To obtain antional to the magnitude of the matrix element itself.

explicit value for the longitudinal anisotropy, we make use of There is at present no experimental information on the
the tight-binding approximation te, given in Ref. 13, with  attenuation ofl, phonons: i.e., by definition those transverse
the parameters given in that article. Thus we use, for th@honons with their propagation vectgrlying in the basal
electron energy in they band, e,=Eqy+2t[coska) plane and their direction of polarization perpendicular to the
+cosk,a)]+4t’ cosk@)cosksa), with parameters H, basal plane. The attenuation obtained from a consideration of
—Eg,1,t")=(—0.4-0.4-0.12). This allows Eq(22) to be  the body-diagonal electron-phonon interaction described
evaluated numericallyincluding now the relatively small above is given in terms of

effect of a nonzero(cosk,a)),l, giving the result

(7L100/ ML120 =37. This is in reasonable agreement with the  F$57%(k,q) = g*> 7] cos¢ sin(3k.a)cog 3k,a)
experimentally determined value of approximately 3@e

Fig. 1), considering the fact that no attempt was made to +sin¢Cos(%kxa)sin(%kya)]sin(%kzc).

adjust the Fermi-surface parameters to improve the agree-

ment and that the inclusion of a relatively small contribution (25

from the less anisotropic attenuation due thexzeandyz  Some factors of order unity have been absorbed into the
electrons would also reduce the calculated longitudinal andefinition of g¢*”?. When squared and averaged over the

isotropy. The conclusion is that electrons on theheet of  Fermi surface, this formula gives an attenuation independent
the Fermi surface give the dominant contribution to the ul-of the direction ofg in the basal plane.

trasonic attenuation and that the detailed Fermi-surface struc- Similarly, the attenuation off; phonons by the body-
ture for electrons on the sheet is important for understand- diagonal electron-phonon interaction with the and yz

ing the large anisotropy in the attenuation of the longitudinalhands is described by

sound waves.

So far, only t_he effect of the nea_rest-nelghk_)or electron- F%nz(k,q):aggz, 7 cog 2 ) cod Lk,c)
phonon interactions on the ultrasonic attenuation has been
discussed. Note that for these interactions, the ultrasonic at- x sin( k,a)sin(3k,a). (26)

tenuation of the T100 waves is zdree Eqs(15), (18), and
(19) for ¢=0]. This is because transverse waves propagatingiere, « is a numerical constant of order unity. The interac-
in the 100 direction do not stretch the nearest-neighbotion of T, phonons by the body-diagonal electron-phonon
bonds. Such waves do, however, stretch the next-neareshteraction with they-sheet electrons is described by an
neighbor bonds, and attenuation of the T100 waves from thgientical formula, except we put=1 and call the coupling
next-nearest-neighbor electron-phonon interaction is to bgonstanty””.
expected. This attenuation associated with basal-plane

phonons interacting withy-sheet electrons can be found in

) IV. ULTRASONIC ATTENUATION
terms of the quantity

IN THE SUPERCONDUCTING STATE

/ — - - Now that a satisfactory model for the electron-phonon
Y = Y
Fiu(ka)=g7cos2d)sinfk.a)sintk,a). 23 interaction has been established, it is possible to proceed

] ] with confidence to an interpretation of the ultrasonic attenu-
The fact that the attenuation of the T100 phonons is abouliion measurementsgperformed in the superconducting state

1000 times smaller than that of the L100 or T110 phonons igf sr,Ru0,. The basic idea is to use the principles described
a good indication that, in $RUG, the next-nearest-neighbor py Moreno and Colemdrto gain information about the lo-
electron-phonon interactions are in general less importantsiion of the gap nodes in SuQ,. Evidence for the exis-
than the near-neighbor interactions. tence of gap nodes, some of which is presented in Fig. 1

The formula from Ref. 1, has been summarized in the Introduction.
At low temperatures in a superconductor with gap nodes,
ry\ 2/ ; ly Bogoliubov quasiparticles in the neighborhood of the
7\ “(sird(ka)sir?(k,a only bog quasip g
M)=<g—> (sim(ke@)sin(kya) s (24) nodes are thermally excited, and hence only these quasipar-
Moo\ g7 (cog(ke@))es ticles can interact with the phonons to absorb tiand thus
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o/oLp attenuation of the T100 sound wave should increase mark-
edly more slowly with temperature at low temperatures than
that of the other three sound-wave types, and this is not the
case. This rules out states that have ofl90) line nodes,

1.0 active

0.5 e such as thd-wave state withd= z(k,+ iky) KKy -
inactive The arguments of the previous paragraphs have ignored
0.0 — the effects of thex and 8 sheets of the Fermi surface. Our
0.0 05 1.0 T,

implementation of our model is inaccurate for the behavior
FIG. 3. Qualitative behavior of the ultrasonic attenuation rela-0f the electron-phonon matrix element(41.0 nodes for the
tive to that in the normal state vs temperature relativd o The  « and 8 sheets of the Fermi surface because we have not
attenuation of sound for the case where only inactive nodes argaken into account properly the hybridization of the and
present grows more slowly by a factor f relative to that where yz bands, which is important in tHa10] directions. A more
active nodes are present, at temperatures well balow detailed discussion could be given to remedy this deficiency.
This will not be necessary, however, as it will be seen that
. ) the more general and powerful symmetry arguments of the
by Eq. (7). Everythm.g deperlds on the behavior of thefollowing sgection confirr% the conéusionsyreaghed above.
electron-phonon matrix elemefj(k,q) at the wave vectors It should be noted that the electron-phonon interaction
k corresponding to the nodes. If this matrix element is NONyeyeloped in this article gives results that are significantly
zero_at the nodes for a particular phqnon, then the p.honoaifferent from those obtained when the electron-phonon in-
can interact well W'th. the nodal_ Bogoliubov ql4615'part'des’teraction is formulated in terms of an isotropic electron stress
and the nodes are said to be active for that particular phonort]énsor(e 9., see Refs. 2, 10, and)1This can seen, for
If, on the other hand, the matrix element is zero at the nodes = T ’

for a particular phonon, then the coupling of the phonon toexample, in the top panel of Fig. 2 of Ref. 11, where a model

Bogoliubov quasiparticle precisely at the node is zero and\”th gap nodes |r(1_10) planes 'S gnaly_zed, an_d the_ L_100

grows as the distance from the node is increased. In this cas@Ode shows behavior characteristic of interaction with inac-
the nodes are said to be inactive for the phonon in questiort!V® Nodes, since its calculated attenuation grows much more
The ultrasonic attenuation at temperatures well below th&lOWly as the temperature is increased from zero than the
gap in the case where only inactive nodes are present @@lculated attenuation of the T100 mode. As noted in Ref. 11,

proportional toT2 times the ultrasonic attenuation when ac- the intensity of the coupling of the L100 phonon to the elec-
tive nodes are presefss illustrated in Fig. 3. trons in the isotropic electron—stress-tensor model is propor-
Suppose that the only nodes in the superconducting gafional to the factor %ﬁ—%)z, which is zero in(110) planes,
are vertical line nodes in thel10 planes. Then it is clear making the(110 nodes inactive. This inactivity of the10)
from Eq. (15) that the electron-phonon matrix element for nodes for the L100 phonon is an “accidental” inactivity; i.e.,
the T110 phonon is zero at the nodemcek,= *ky forkin it is a particularity of the isotropic electron—stress-tensor
a (110 plang, and(110) nodes are thus inactive for the T110 g|ectron-phonon interaction which would not be present in a
phonon. For T100 phonons, the nearest-neighbor electronygre general model an@s demonstrated in the follow sec-
phonon matrix element of E15) is zero for allk because tion) is not required by symmetry. In fact, as shown above,

g’:g' Thus, for the Tl.O%tt)ho_non, its activity isbdeterminedthe(llo) nodes are active for L100 phonons for the electron-
y the next-nearest-neighbor interaction given by @§) or phonon interaction developed in this article. Thus it seems

Egdéie?n mg;gofh?ﬁzghgﬁrmzrrlgo (22)0 222 Ilase igg\éetgorclear that the isotropic electron—stress-tensor model should
P ' Y. _q ~ not be used in interpretations of ultrasonic attenuation ex-
show that_the electron-phonon matrix eleménis nonzero periments which aim at locating the positions of the gap
at nodes in(110 planes for both L100 ¢=0) and L110  podes in an unconventional superconductor.
(¢=m/4) phonons, showing that both of these modes are Finally note that the electron-phonon matrix element for
active. Thus, if the only nodes in the gap are thos€litD)  tne attenuation of transverd® phonons in SIRuO, (i.e.,
planes, the attenuation of the T110 sound wave would iNthose that have a propagation veaydn the basal plane and
crease significantly more slowly on increasing the temperag polarization perpendicular to the basal plaisegiven by
ture from zero Fhan thgt pf the T100, L100, or L110 sou_nqu_ (25). The factor sirk,c/2) contained in this expression
waves. From Fig. 1 this is clearly not the case, thus rulingneans that this matrix element is zero for horizonal nodes
out states that have nodes only(irL0) planes. In particular lying in the planek,=0 or on thek,=2/c surface of the
this rules out a superconducting spin-singlet statkiqfki Brillouin zone. Thus, horizontal nodes &=0 or at k,
symmetry, as well as a spin-tripldt state with d=z(k, =2m/c are inactive forT, phonons, and the comparison of
+iky)(k)2(—k§). the attenuation fofT, phonons with that for other active
Next consider the case that the only nodes in the supephonons can be used as a test for such nodes. Unfortunately,
conducting gap are vertical line nodes in @0 planes. it is more difficult to find a definitive test for horizontal
Arguments similar to those given above show that thesaodes that might appear k= 7/c, such as in the proposal
(100 nodes are active for L100, L110, and T110 soundof Ref. 30, since there does not appear to be any phonon
waves, but inactive for T100 sound waves. In this case thenode that is inactive for such nodes. This is related to the

to attenuate a sound wavd he lifetime of a phonon is given
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fact that such nodes are not required by the symmetry of thethenium-ion position, it follows thagy . qpq,; IS pUre
order parameter, but are accidental. imaginary, is an even function of its argumént /2, and is
So far we have investigated only the effects of the relayn odd function of its argument

tively large differences in the temperature dependence of the Symmetry arguments can be used to show that, for a
attenuation that are expected to occur as a result of the difrgnsverse phonon with wave vectpalong the[110] direc-
ferences between active and inactive nodes. Such differenc@gy, and its polarizatiof in the basal plane, perpendicular to
do not appear to occur in the experimental results currently, yertical lines nodes 110 planes are inactive. Suppose
available for SsRuQ,. There is, however, an intriguing thatk has its basal-plane component in {id.Q] direction.

smaller diffelren(_:e_in the temperature dependence noted Byhen under a reflection in a plane normal to the basal plane
Lupienet al.” This is that the ratio of the attenuation of the g, containingg, ¢, , must have a definite parityi.e
) v,K,o Sy

T100 mode in the superconducting state to its normal-statgjiher ¢
value is somewhat larger at low temperatures than that of the
other measured sound wave modsse Fig. 1. This attenu-

V,k,(T_>+CV,k,O' or CV,k,O'_)—CV,k,U')' A|501 Aq,j_>
Agj . Frqm these properties it follows thgiﬁ.+q,2’q’j =0 for
(Z” k lying in the samg110) plane that containg. A related

ation is much smaller than that of the other measured soun rgument shows that fdr lying in the plane perpendicular to
wave modes and was accounted for above in terms of 8, gL, =0. For this latter argument, it is necessary to as-

second-neighbor intraplanar electron-phonon interaction. that|q| <|K| thatq” b laced b
This is not the only possibility, however. It is possible thatSLVJme atiq » S0 MaGy1 g2, CaN bE replaced by
the interplanar body-diagonal electron-phonon  interactiorPka,j - 11US, for a T110 sound wave, the vertical line nodes
could be the most important for this mode. This interaction” the (110 planes are inactive. Furthermore, there are no
has the characteristic feature that the squared matrix elemefYMmetry arguments that show tHat0 nodes are inactive
contains the factor cé,c/2). If there are horizontal nodes for T100, L100, or L110 sound waves, and they must there-
close to either thé&,=0 or k,=2/c planes where this fac- fore, in general, be active. .

tor has its maximum, then this would give the T100 sound- N @ similar way it can be shown that symmetry requires
wave modes a boost in attenuation at low temperatures reld2at (100 vertical nodes be inactive for T100 sound waves,
tive to the other observed nodes, in agreement withvhile these nodes are in general active for T110, L100, and
experiment. L110 sound waves.

In summary, the results of ultrasonic attenuation Making use of the fact that the basal plane is a plane of
experimentd, when looked at in the light of the above- reflection symmetry, one can also show that line nodes in the
theoretical considerations, provide evidence against verticdllan€k,=0 and in the pland,=2/c are inactive forT,
line nodes in either th100] or [110] plane. Also, the ex- sounq waves having in the basal plane and polarized per-
periments are consistent with horizontal line nodes. FinallyPendicular to the basal plane.
as to the positions of the horizontal line nodes, positions N the long-wavelength limitq|<|k|, the symmetry argu-
close to either thé,=0 or k,=2/c planes appear to be ments given above can be formulated in a particularly simple
favored. form. In this limit, the functionT:jV(k,q) determining the

symmetry of the electron-phonon interacti@nd which can

be obtained from Eq€9) and (6)] can be written as
V. CRYSTALLOGRAPHIC SYMMETRY, THE ELECTRON-

PHONON INTERACTION, AND ACTIVE NODES

In the last section an explicit model of the electron- FjV(k,q)zg”a’B:Ex]y'Z Fap(K)0a8) - (27)
phonon interaction was used to deduce the activity of nodes

of different types relative to a given sound-wave mode.Note that, in the isotropic electron—stress-tensor model,

While there is reason to believe that the model for thefaﬁ(k):RaRB_(lld)5aﬂy whered is the dimensionality of

electron-phonon interaction is a relatively good one, since i% e system; this isotropic stress-tensor expression is not used
accounts well for a number of unusual features of the souné1 Y ' P P

attenuation in the normal state of,BUQ;, it is nevertheless there) I, thJ a g'vﬁ.n K, the;re IS a sytr?rr;]etlry oggratlop frtom
of interest to develop an approach that is not dependent on© crystafiograp 'C_ point group which feav s_mvarlan '
the details of the particular model. Such an approach, whicRut changes the sign aj.e; s, then the matrix element
exploits the crystallographic symmetry, is indeed possiblef«s(k) vanishegone should also use the fact that in sym-
and will now be sketched. Such symmetry arguments will bénetry operations,e; and g transform like vectors and
particularly useful in cases where the electronic structur&j(—d)=¢€(d)]. In particular, one of the consequences is
may not be well known or is sufficiently complicated that athat there are no zeros Eﬁ’(k,q) required by symmetry for
detailed model is difficult to develop. all longitudinal waves, so the nodes are always active for this
In this section, the Hamiltonian describing the electron-polarization. Also, it is clear that a symmetry-imposed line
phonon interaction will be taken to be that of E8), where  zeros for transverse waves can be present onkyig in a
the matrix elemengy. 4,4 ; Will be assumed to be com- high-symmetry plane.
pletely general and subject only to the restrictions imposed Interband transitions of electronic quasiparticles have
by symmetry. For example, from the properties of the Herbeen ignored in our discussion. Such transitions are expected
miticity of the Hamiltonian, its time-reversal invariance, and to play a role only when two bands cross, and since there are
its invariance with respect to spatial inversion in arelatively few quasiparticles associated with such points,
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their effects in general should not be important. However, ifSr,RuQ,, these being that the structure is a layered one with
a case is encountered where interband transitions play a sig-relatively large distance between the Ru@yers and that
nificant role they will have to be investigated carefully, sincethe Ru ions in a layer form a square lattice with the largest
the symmetry properties of the electron-phonon matrix eleelectron-phonon interaction being between nearest-neighbor
ment for such transitions are different from those for intra-Ru ions. A detailed model electron-phonon interaction based
band transitions. on the idea of a tight-binding Hamiltonian with hopping ma-

As an application of these ideas to a material with a relatrix elements that depend on the ion displacements does a
tively complicated Fermi surfac&;*® consider ultrasonic at- good job of quantitatively accounting for the huge anisotropy
tenuation in UP4*>*!which is believed to give evidence for observed in ultrasonic attenuation in the normal state of
the existence of basal-plane line nodes in the superconducgr,RuQ,. The dominant contribution to the attenuation
ing gap. We examine the consequences of the conjecture theémes from the interaction of phonons with electrons in the
the order parameter is characterized by a singlet-state gappand. The attenuation of transverse sound waves propagat-
A(ky ky,kz) transforming in accordance with tit& repre-  ing in the[100] direction and having their polarization in the
sentation of the point grouPg, or by the triplet-state order basal plane is exceptionally small because such waves do not
parameted,(k, Ky ,k,) which transforms according #,,.  stretch the nearest-neighbor bond lengths and, hence, have
(These are two of the most commonly assumed candidataso nearest-neighbor electron-phonon interaction. The strong
for the order parameter; e.g., see Ref.)I®irst note that anisotropy for the propagation of longitudinal waves in the
from their symmetry classification, both of these order pabasal plane can be related to the fact that #tgheet of the
rameters change sign under reflection in the basal pldhe.  two-dimensional Fermi surface describes a large circle pass-
space group of URtis P6;/mmg which has as, reflection  ing close to theX point of the Brillouin zone. An analysis of
plane) Hence, the ultrasonic attenuation dati the superconducting state

B in terms of our model electron-phonon interaction rules out

Alky ky ko) =—A(ky ky, —k), the possibilities that the only nodes in the superconducting
gap are vertical lines nodes {100 planes or vertical line

da(Ke Ky Kz) = =d(ky ky, —ky). (28) nodes in(110 planes. The experiments performed so far are
The constraints of this equation require the order paramete@nsistent with the existence of horizontal line nodes such as
to be zero ak,=0; i.e., there will be a line of nodes wher- those proposed in Refs. 29 and 30. With respect to the posi-
ever a sheet of the Fermi surface cuts the basal p[@ime  tions of horizontal line nodes, positions close to the planes
Fermi surface consists of several sheé&tS,with each sheet k,=0 ork,=2/c appear to be favored, but a more detailed
having its own gap, but all gaps are expected to have thanalysis is need to confirm this.
same symmetry and to satisfy E@8).] Note that Eq.(28) A general methodbased on crystallographic symmetry
also requires the order parameters to be zero at surfaces @fgumentsof determining the existence of inactive nodes for
the hexagonal Brillouin zone &,= = m/c. This is because & given sound wave mode is developed. This method is use-
(Ky,ky,+m/c) and (. k,,—m/c) are equivalent points. ful even when it is not possible to develop a detailed micro-
There are two toroidal sheets of the Fermi surface that cutcopic model for the electron-phonon interaction.
the surface,= /¢ of the Brillouin zoné®*°and hence give As a by-product of our theory, we also propose that the
line nodes there. The presence of these Brillouin-zone sutltrasonic attenuation data in URtan be interpreted in favor
face line nodes, associated by symmetry with those in thef the existence of horizontal line nodes in the plage:
basal plane, does not seem to have been previously notice#.7/c, as well as in the plank,=0.

Because the basal plane of YR$ a plane of reflection Our results, both for the anisotropy of the ultrasonic at-
symmetry, symmetry arguments similar to those given abovéenuation in the normal state and for questions related to the
show that both basal-plane line nodes &gpd /¢ Brillouin-  positions of gap nodes in the superconducting state, are dif-
zone-surface line nodes are inactive Tqrsound waves with ferent from those obtained when using the traditional method
q”a and po]arization para||e| ta, but active forTl sound of modeling the electron-phonon interaction in terms of an
waves withg|la and polarization parallel tb. The tempera- isotropic electron stress tensor. In particular, the isotropic
ture dependence of the ultrasonic attenuation‘@4tshows electron—stress-tensor model makes certain superconducting
that the nodes are active & sound waves and inactive for 9ap nodes accidentally inactive, when they are in fact active.
T, sound waves, giving clear evidence of the existence of the Note added in proofA fundamental justification of our
basal plane anét,=r/c Brillouin-zone-surface line nodes. EG:(9) has been given in terms of a model explicitly includ-
These comments extend previous discussions to includ@g Coulomb interactions between the electrons in Ref. 48.
Brillouin-zone-surface line nodes and also ensure that th¥/e would like to thank V. Mineev for drawing this article to
analysis remains valid for the complex Fermi-surface geom@Ur attention.
etry that actually occurs in URt
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In particular, for quasi-2Dd-wave order parametera,
=A(Cos 2p (dy2_y2 symmetry or A=A, sin 2p (d,, Sym-
metry) and a cylindrical Fermi surface, g(e)
One of the remarkable features of unconventional super=(2/m)K(Aq/€), whereK(x) is the complete elliptic inte-
conductors is that some of their transport coefficients attaimral. The functione(e) determines, for example, the inverse
“universal” (i.e., independent of the disorder concentragtion mean free time of quasiparticles,
values at sufficiently low temperatures. In particular, univer-
sality was first predicted for electrical conductivityafvave -
superconductors in Ref. 48ee also Ref. 43and for thermal @22 Ime(e), (A6)
conductivity in Refs. 44 and 45 and observed experimentally
in thermal conductivity in Ref. 46. In this appendix, we studyand the disorder-averaged quasiparticle density of states
the low-temperature behavior of ultrasonic attenuation in un{DOS):
conventional superconductors, using the model formulated in ~
Sec. Il N(e)=Ng Reg(e(e)). (A7)
In the absence of vertex corrections, the ultrasonic attenu- ) ) o
ation coefficient in the hydrodynamic approximation is given 1he behavior of the attenuation coefficient strongly de-

APPENDIX: SYMMETRY AND UNIVERSALITY
OF ULTRASONIC ATTENUATION

by pends on the value of the phase sldift Here we consider
two limiting cases of weak impuritiegBorn limit), when
aj(q,T) 1 Jw ( (9f) A(g,e) 8o—0, and strong impurities(unitary limit), when &,
—_— = €l —— -—, (Al) /2.
(q.Te)  7nJo %€/ Re e(e) The solution of Eq(A4) at zero energy is purely imagi-
wherej=L,T,,T, labels the phonon polarization and nary in both case(e=0)=il"y, where

FOZAO exq_’ﬂAoTn) (A8)

1
A(g,6e)= ——(F4(K,q))cd
@€ P )< i(k:Qes in the Born limit and

2Ime(e

| B2k R [e(e)|?+e%(e)— 2| Ay b o)
i(K,Q) Re . 0—R2o\Vo5x - 1A -
J ~ . .

62(6)_|Ak|2 s 2A0’Tn In Ao’Tn

in the unitary limit. The zero-energy scattering ritgdeter-

(A2) mines the crossover energy scale separating two qualitatively
The temperature-independent ultrasonic attenuation in thdifferent types of the behavior of the observable quantities. If
normal state is given by the typical energy of excitationgemperaturgis greater than
I'y, then one can neglect the self-consistent energy renormal-
8w? . _ ization and use the quasiparticle Boltzmann equation for cal-
j(0,Te) = —2 Nero(FA(K,0))s. (A3)  culating the kinetic properties in the superconducting state
pY; (for the application of this approach to unconventional super-

The expressiorfAl) is similar to that given in Ref. 3, the conductors, see, e.g., Ref.)4Th contrast, if the typical en-
only difference being in the angular dependence of theergy is smaller thaii’y, then the self-consistency effects be-
electron-phonon interactiofsee also Ref. ) To reproduce COMe important, and the quasiparticle Boltzmann equanon is
the results obtained with the help of the isotropic electromot applicable. In the former case, the imaginary paré

stress tensor, one should repldegk,q)— (k-q)[k-g(q)]  small compared to Re— ¢, and we obtain
—(1d)[q-&(a)].

The functione(e) describes the self-consistent renormal- (q,T) _ if“’ (_ f?_f) Ai(9,€) (A10)
ization of quasiparticle energy due to impurity scattering and aj(q,Te) 7o de '
satisfies the equation
where
ety o (Ad) (F7(k.a) Re V= TAJ)
= —— , 2(k, e Jei—
27y co@8y+g2(€)sirt s, A(q,€)=27(e)— a € TIPS - aa)

: , . - <Fj2(k,Q)>Fs
whereg(e) is the retarded Green’s functida at coinciding
points (see Ref. 18 for a review of the effects of disorder in The expressiofA10) is equivalent to Eq(7) for isotropic
unconventional superconductprsAssuming electron-hole impurity scattering. It should be noted that the quasiparticle
symmetry, scattering ratéA6) in the Born limit decreases with energy
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in the superconducting state, and at some temperdattire
=(wT,)T. the applicability condition of the hydrodynamic

approximation is violated. It turns out, however, that in real

experimental conditions for FRuQy, the crossover tempera-
ture T* is so small that we neglect this complication here.

In the low-temperature regime, we replace drby o,

take the limit Ree—0, calculate the integral over energy,
and obtain

2
I
(ré+|Ak|2>3’2> s
(F2(k,a))rs '

F#(k,q)
a;(q,T) :i
aj(anc) ZTH

(A12)

We see that, aT<I', the ultrasonic attenuation does not
depend on temperature.

In the Born limit, for typical disorder concentrations in
cuprates and ruthenateE, turns out to be exponentially
small compared t@ . (in particular, in the experimental con-
ditions of Ref. 1, Agrn~Iy an/é0ap~10, so thatl'o/T,
<10 3). For this reason, only the “high-temperature” limit
is relevant for Born impurities.

For unitary impurities, howevel’, can be as large as

0.1T., which means that, on one hand, there might be no

clear power-law behavior of(T) at I'g,<T<T, (it was

PHYSICAL REVIEW B 65 014517

) R
(T3+[Ad2¥2) o ™ Bo

whereF is the value o1|~:j(k,q) at the line of nodes. There-
fore, as seen from Eq6A3) and(A12), the ultrasonic attenu-
ation does not depend on the impurity concentration. In con-
trast, for inactive line nodes,

<ﬁ,-2<k,q) (AL3)

2 2
l—‘O 0

_> _Fo T8, A
(Te+[AdD¥) o ™ A3

Inr—o, (A14)

<ﬁ,-2<k,q>

whereF | is the value of the transverse derivativel?q(k,q)

at the line of nodes. Therefore, in this case, the ultrasonic
attenuation does depend on the impurity concentration. Com-
paring Egs.(A13) and (A14), we see that the contribution
from inactive nodes is typically much smaller than that from
active ones, and one can make a conclusion that if, for a
given polarization and propagation, there are active nodes
present, the attenuation coefficient is universal at low tem-
peratures. In particular, the attenuation of longitudinal waves
should always be universal. On the other hand, for example,
the attenuation of the in-plarnie, waves for the order param-
eters with horizontal line nodes lafj=0 cannot be universal,
because such nodes are inactive. Also, forf-arave order

parameteld(k)oci(kXJriky)kxky, the attenuation coefficient

pointed out, e.g., in Ref.)3and, on the other hand, the Of the T110 phonons is universal, whereas that of the T100

low-temperature regime can be observable. The contribuphonons is not. For the order parametd(k)oz(ky
tions to the ultrasonic attenuation from active and inactive+iky)(kf—k§) the situation is opposite: the T100 attenua-
nodes can be easily separated because of their different dgen is universal, but T110 is not. It should be noted that the
pendences on the impurity concentration. For active linecalculations based on the isotropic electron—stress-tensor
nodes at a cylindrical Fermi surface, model give different results.
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