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Kondo effect of impurity moments in d-wave superconductors:
Quantum phase transition and spectral properties

Matthias Vojta and Ralf Bulla
Theoretische Physik III, Elektronische Korrelationen und Magnetismus, Institut fu¨r Physik, Universita¨t Augsburg,

D-86135 Augsburg, Germany
~Received 15 August 2001; published 4 December 2001!

We discuss the dynamics of magnetic moments ind-wave superconductors. In particular, we focus on
moments induced by doping nonmagnetic impurities into cuprates. The interaction of such moments with the
Bogoliubov quasiparticles of the superconductors can be described by variants of the pseudogap Kondo model,
characterized by a power-law density of states at the Fermi level. The numerical renormalization-group tech-
nique is employed to investigate this Kondo problem for realistic band structures and particle-hole asymme-
tries, both at zero and finite temperatures. In particular, we study the boundary quantum phase transition
between the local-moment and asymmetric strong-coupling phases, and argue that this transition has been
observed in recent nuclear magnetic resonance experiments. We determine the spectral properties of both
phases and the location of the critical point as a function of Kondo coupling and doping, and discuss quantum-
critical crossovers near this phase transition. In addition, changes in the local density of states around the
impurity are calculated as functions of temperature, being relevant to scanning tunneling microscopy experi-
ments.

DOI: 10.1103/PhysRevB.65.014511 PACS number~s!: 74.72.2h, 74.25.Jb, 75.20.Hr, 71.27.1a
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I. INTRODUCTION
Impurities have proven to be a powerful probe for inve

tigating the bulk behavior of complex many-body system
In the field of high-temperature superconductivity, a varie
of phenomena has been observed under doping with m
netic as well as nonmagnetic impurities: a suppression of
superconducting critical temperatureTc and an increase o
the residual in-plane resistivity,1,2 a damping of collective
magnetic excitations~the so-called resonance mode3!, a pos-
sible pinning of stripes and vortices, and impurity-relat
local bound states seen in scanning tunneling microsc
~STM!.4–6

A particularly interesting piece of physics is the magn
tism of impurities which are substituted for Cu ions. Expe
ments have been performed with magnetic spin-1~Ni! as
well as nonmagnetic spin-0~Zn, Li! impurities. Whereas the
spin-1 impurities naturally carry an on-site moment which
expected to give rise to some kind of Kondo physics,
behavior of nonmagnetic impurities is more surprising.
series of nuclear magnetic resonance~NMR! experiments7–14

clearly showed that each impurity, despite having no on-
spin, induces a localS51/2 moment on the neighboring C
ions at intermediate energy scales. In particular, the lo
susceptibility associated with Li ions in YBa2Cu3O61x
~YBCO! has been found to show a Curie-Weiss-like beh
ior, with a strongly doping dependent Weiss temperat
which appears to vanish for strongly underdoped sample
this implies the existence of free moments in the underdo
regime down to temperatures of order 1 K. Microscopic p
spectives on the formation of these local impurity mome
will be discussed in Sec. II.

Accepting that nonmagnetic impurities induce local m
ments, these moments are expected to interact with the
ementary excitations of the bulk material.15 In this paper, we
will be mainly concerned with ad-wave superconducting
bulk state, i.e., with temperaturesT below the superconduct
0163-1829/2001/65~1!/014511~17!/$20.00 65 0145
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ing Tc : the relevant low-energy excitations of thed-wave
superconductor are fermionic Bogoliubov quasiparticles a
bosonic antiferromagnetic spin fluctuations~as seen in neu-
tron scattering!; quantum phase fluctuations which may b
come important near a superconductor-insulator quan
phase transition will not be considered here. The interacti
of impurity moments with fermionic and bosonic degrees
freedom can be discussed separately, as they lead to dis
phenomena associated with fermionic and bosonic Ko
models. Also, the energy scales of these two phenomena
pear to be well separated, as the fermionic Kondo temp
ture in the superconducting state is below 100 K whereas
spin fluctuation energy scale is given by the energy of
‘‘resonance mode,’’3 which is 40 meV at optimal doping.

The interaction of an impurity spin with bosonic spin
fluctuations of a quantum disordered antiferromagnet is
scribed by a ‘‘bosonic Kondo model.’’16–18 It was recently
studied in the context of impurities in two-dimension
nearly critical antiferromagnets, where it leads to a~211!-
dimensional boundary quantum field theory with a numb
of interesting universal properties.16 If the bulk state has a
finite spin gap, then the impurity moment is not screen
i.e., it contributes with a Curie term to the impurity susce
tibility. However, the moment is spatially ‘‘smeared’’ over
length scale given by the magnetic correlation length, i
part of the moment is carried by neighboring spins. Anoth
result of Ref. 16 was that a finite concentration of impur
moments leads to a universal damping of the collect
spin-1 mode of the bulk magnet. Together with rece
neutron-scattering experiments,3 this provides further evi-
dence ofS51/2 inducedlocal moments near Zn sites in cu
prate superconductors: it was argued16 that these moments
are required to explain the strong effects of a small conce
tration of Zn impurities on the ‘‘resonance peak’’ in the sp
dynamic structure factor.
©2001 The American Physical Society11-1
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In this paper, we will focus on the interaction of the im
purity moment with thefermionicbulk degrees of freedom
namely, the quasiparticles of thed-wave superconductor. Im
portantly, the single-particle density of states~DOS! of the
Bogoliubov quasiparticles vanishes at the Fermi energy,
so we expect a number of features quite distinct from
usual Kondo effect in metals.19 The Kondo effect in system
where the host DOS follows a power law near the Fe
level, r(e);ueur (r .0), was studied quite extensively i
the context of the pseudogap Kondo model.20–30A number of
studies,20,21,28,29 including the initial work of Withoff and
Fradkin, employed a slave-boson large-N technique;31 fur-
ther progress and insight came from numeric
renormalization-group~NRG! calculations,23–26 the local-
moment approach,27 and a dynamic large-N method.30 The
general picture arising from these studies is that there ex
a zero-temperature~boundary! phase transition at a critica
Kondo couplingJc , below which the impurity spin is un
screened even at lowest temperatures. Also, the behavio
pends sensitively on the presence or absence of particle-
symmetry: in the particle-hole symmetric case there is
complete screening even for Kondo couplingsJ.Jc . A
comprehensive discussion of possible fixed points and t
thermodynamic properties was given by Gonzalez-Bux
and Ingersent26 based on the NRG approach. Figure 1 su
marizes their findings forr .1/2, including the caser 51
relevant ford-wave superconductors~also see Fig. 16 of Ref
26!.

Spectral properties of the pseudogap Kondo model@for

FIG. 1. Schematic zero-temperature renormalization-group fl
diagram~Ref. 26! for the pseudogap Kondo model with a powe
law density of statesr(e);ueur with r .1/2. The horizontal axis
denotes the Kondo coupling, the vertical axis denotes particle-
asymmetry~parametrized, e.g., by the potential scattering stren
U for a particle-hole symmetric host band structure!. The model has
two stable fixed points~solid dots!: the weak-coupling local mo-
ment~LM ! fixed point, where the impurity is essentially decoupl
from the band, and the asymmetric strong coupling~ASC! fixed
point, where the impurity moment is fully screened. The thick li
represents the second-order phase transition between the two
temperature phases, and the open dot is the critical fixed point.
that there is no screening in the particle-hole symmetric case e
for infinitely strong Kondo coupling.
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the relevant case of SU~2! spin symmetry# have so far been
investigated for the particle-hole symmetric case only.24,27

However, interesting properties are to be expected espec
for the asymmetric case, considering the results
static20,21,28and dynamic30 large-N approaches.

The study of spectral properties of Kondo impurities
metals as well as in superconductors has been revived du
recent advances in STM. Tunneling to clean surfaces of
terials with bulk or surface impurities has made it possible
directly observe local spectral properties associated with
purities. In particular, Kondo impurities on metal surfac
have been found to give rise to adip or Fano-like line shape
in the tunneling DOS.32,33 In contrast, in cuprated-wave su-
perconductorspeakstructures in the local DOS close to th
Fermi energy have been found for both Zn and
impurities4–6 doped into Bi2Sr2CaCu2O81d ~BSCCO!.
Whereas the results for Ni appear to be well described b
model with combined potential and static magnetic~spin-
dependent! scattering,34 the signal of Zn impurities—a huge
tunneling peak at energies of 1–2 meV – is more puzzling
is tempting to identify this peak with a quasibound state in
purely potential scattering model,34–38 but such a state ap
pears at low energies only for a range of very large poten
values depending upon microscopic details.34,39,40 Further-
more, the spatial dependence of the zero bias pea
surprising—see further discussion in Sec. V—and the
served spatially integrated spectrum is asymmetric betw
positive and negative bias,4 while the potential model pre
dicts approximate symmetry.41 Recently, it was proposed42

that some of the properties of the Zn resonance can be
plained by taking into account the Kondo spin dynamics
the magnetic moment induced by Zn. The screening of
moment by the Boboliubov quasiparticles provides a natu
low-energy scale~the Kondo temperature! explaining the en-
ergetic location of the peak seen in STM.

The purpose of this paper is twofold: On the one hand
want to study the fermionic pseudogap Kondo effect us
realistic band structures for the cuprates. We shall show
the transition between a free moment and a screened mo
in the pseudogap Kondo model can be driven by vary
doping in the high-Tc compounds—this provides an expla
nation for the strong doping dependence of the Kon
~Weiss! temperature observed in NMR.12,13 On the other
hand, we want to examine a number of properties of
pseudogap Kondo model close to this transition, and re
them to experimental findings, in particular STM measu
ments.

The remaining part of the paper is organized as follow
In Sec. II we briefly discuss the issue of properly modeling
nonmagnetic impurity in cuprates—we will motivate th
model consisting of a Kondo and a potential scattering te
and further discuss a number of theoretical aspects in S
III. In Sec. IV we turn to the simplest model, namely,
pointlike magnetic impurity with a realistic host density
states~taking dispersion and gap data of actual cuprate m
terials!. Using the numerical renormalization-group metho
we will discuss static and dynamic properties of the tw
stable fixed points as well as of the quantum critical regim
We will determine the critical coupling constant and t
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crossover scale as function of doping, and make contact
the transition seen in NMR experiments. In Sec. V we exte
the impurity modeling to a spatially distributed magne
moment and additional potential scattering and presen
particular the resulting local conduction electron DOS wh
is relevant for STM experiments. A brief discussion of op
issues will close the paper.

Parts of the discussion in Sec. II were already given
Refs. 42 and 43, but we decided to include them here to k
the paper self-contained. Readers mainly interested in
experimental consequences for cuprates might skip the t
nical issues in Sec. III, and have a look at Sec. IV C~espe-
cially Fig. 9!, as well as Secs. IV B 2 and V which are relat
to STM observations.

II. EFFECTIVE MODELS FOR NONMAGNETIC
IMPURITIES

As NMR experiments show, nonmagnetic impurities c
induce local moments in correlated hosts. In this section
will briefly discuss theoretical perspectives on this pheno
enon.

To describe a nonmagnetic impurity in a strongly cor
lated superconducting system, two approaches appear
sible. ~i! One starts with a basic model for the bulk syste
containing correlation terms, e.g., a one- or three-band H
bard model with strong on-site interaction, and describes
nonmagnetic impurity by a potential scattering term as s
gested by its chemistry. This approach is notoriously di
cult, as a strongly correlated model~which is hard to deal
with even without impurity! has to be treated including th
impurity and in the low-temperature limit. This task is almo
impossible for current numerical techniques such as Mo
Carlo or exact diagonalization,44 and analytical approache
suffer from uncontrolled approximations.~ii ! One separates
the questions of moment formation and interaction of
moment with the bulk system. To describe the latter, one
employ effectivemodels for both the impurity and the bul
system. The model for the bulk system has to contain o
the minimal ingredients to describe the desired lo
temperature physics—in the present case this is ad-wave
BCS model which does not contain correlation effects ot
than the Hartree-Fock pairing term. The impurity term of t
effective model has to account for the correlation effects
lated to the introduction of the impurity—in the case of i
terest it has~at least! to contain the magnetic moment and
scattering potential.

In this discussion and the rest of the paper, we will ad
approach~ii !; also see Ref. 43. Therefore, we will not a
tempt a rigorous derivation showing the existence of
magnetic moment near the nonmagnetic impurity, but inst
give some plausible arguments for its appearance. If we c
sider an undoped paramagnetic Mott insulator as refere
system atT50, the moment formation is easily seen to ar
from breaking singlets7,45 by removing spins. These unpaire
spins will remain in the vicinity of the impurities if the hos
antiferromagnet hasconfinedspinons, i.e., elementary spin-
excitations. In this picture each impurity can be understo
as a localized ‘‘holon’’ which binds the moment of aS
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51/2 ‘‘spinon.’’ By continuity, the described mechanism
also expected to be effective at small, but finite hole dopi
At larger doping, a related picture can be developed by a
ogy with the theory46 for moment formation in the disor
dered metallic state of Si:P—small variations in the poten
combine with strong local correlations to induce very loc
ized spin excitations. Other theoretical perspectives47–50 on
local-moment formation in the cuprates have also be
given—most of them are based on the related idea
strong potential scatterers can form quasi-bound states a
impurity sites near the Fermi level.48 Accounting for the
strong local Coulomb repulsion, each bound state will c
ture only a single electron, and the low-energy physics w
again be described by an impurity spin model.

It is evident that the magnetic properties associated w
the induced moment will depend strongly on the hole dop
level. The undoped limit, i.e., the undoped paramagne
Mott insulator, has a freeS51/2 moment near each impurity
while the strongly doped limit~where electronic correlation
are presumably weak! does not. From continuity one expec
that the freeT50 moment will survive in the superconduc
ing state for a finite range of doping; spin quantization su
gests that the size of the moment as measured by the C
term in the susceptibility is alwaysS51/2 independent of
doping, i.e., each moment will contribute a divergent Cu
susceptibility;1/4T even in the~underdoped! superconduct-
ing state. Then, a quantum critical point separates the w
and strong doping limits. On the strong doping side of t
quantum critical point, the moment is Kondo screened aT
→0, and such a regime is continuously connected to a
gime, at higher doping, where the moment does not e
form at intermediateT. We wish to argue that this quantum
phase transition is precisely the transition present in
pseudogap Kondo model, and this claim is supported
quantitative calculations in Sec. IV.

We note that the pictures of the moment formation quo
above do not give reliable information about the parame
of a possible effective impurity model. NMR suggests th
the magnetic moment is spatially distributed among the
sites near the impurity~but fluctuates as a single entity!.
However, the precise microscopic form of the coupling b
tween the spin moment and the conduction electrons is
known — one has to keep in mind that the moment is form
by a particular~bound! state of the conduction electrons ne
the impurity, and it interacts with the other states~i.e., linear
combinations! of the sameconduction electrons. In the ab
sence of a precise knowledge of the appropriate microsc
model, we will employ some simple Anderson- and Kond
like models for the impurities which are discussed in t
following section.

III. MICROSCOPIC MODELS AND METHODS

For the remainder of this paper we restrict our attention
effective low-energy models consisting of a BCS-lik
d-wave superconductor, a scattering potential, and a m
netic moment,H5HBCS1Hpot1Hmag. In particular, we ne-
glect the strong short-range magnetic correlations of the b
material. As mentioned in Sec. I, these low-energy magn
1-3
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fluctuations couple to the impurity moment leading to
bosonic Kondo model. Due to the nonzero spin gap, the m
effect of this coupling is an additional spatial ‘‘smearing’’ o
each impurity moment, which can be absorbed in the eff
tive impurity model.

We assume that the cuprate superconductor can be
scribed within BCS theory, so we use

HBCS5(
k

Ck
†@~«k2m!tz1Dkt

x#Ck . ~1!

Here Ck5(ck↑ ,c2k↓
† ) is a Nambu spinor at momentumk

5(kx ,ky) (cka annihilates an electron with spina on a Cu
3d orbital!, tx,y,z are Pauli matrices in particle-hole spac
and m is the chemical potential. For the kinetic energy«k ,
we will use a tight-binding form which includes neares
neighbor hopping as well as longer-range hopp
processes,51 while we assume ad-wave form for the BCS
pairing function,Dk5(D0/2)(coskx2cosky).

In the numerical calculations of this paper we will negle
order-parameter relaxation due to the impurity. This eff
might play a role for strong scattering potentials, in tha
suppresses the magnitude of the gap and leads to a
zero-energy DOS. However, STM experiments4,5 showed
that the local change in the gap size is rather small. Furt
more, the induced zero-energy DOS will also be small, a
the resulting~finite! Kondo temperature will be exponen
tially suppressed. So we expect results including ord
parameter relaxation to be similar to ours below, at le
regarding the magnetic properties of the impurity in the
perimentally accessible temperature range.

A. Anderson vs Kondo model

An effective model for a~magnetic or nonmagnetic! im-
purity consists of a potential scattering term and a magn
term. The potential scattering term is assumed to be local
at the impurity site:

Hpot5U(
s

c0s
† c0s . ~2!

The problem of a single scatterer can be solved exactly, w
the standard result for theC Green’s function in Nambu
notation:

G~r ,r 8,v!5G0~r2r 8,v!2UG0~r2r0 ,v!

3tz@11UG0
„~0,0!,v…tz#21G0~r02r 8,v!;

~3!

G0 is the Green’s function of the host,NsG
0(r ,v)

5(ke
ik•r@v2(«k2m)tz2Dkt

x#21, and r05(0,0) is the
scattering site.

The magnetic moment can be either coupled to a sin
site ~point-like impurity! or be spatially distributed. For a
pointlike magnetic impurity coupled to a single siter
5(0,0) of a ~metallic or superconducting! host, the most
general form is a single-impurity Anderson model:
01451
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Hmag5(
s

V0~ f s
†c0s1H.c.!1e f(

s
f s

† f s1U fnf↑nf↓ .

~4!

In the so-called Kondo limit,V0→`, e f→2`, and U
→`, charge fluctuations on the impurity orbital are froze
and the Anderson model can be mapped onto a Kondo m
~Schrieffer-Wolff transformation!,

Hmag5JS•s0 , ~5!

where s05N21(kk8abcka
† 1

2 sabck8b is the conduction band
spin operator at the impurity siter05(0,0), N the number of
lattice sites, andJ52V0

2(1/ue f u11/uU f1e f u). For U f /2Þ
2e f this mapping also introduces an additional poten
scattering term which can be absorbed inU ~2!.

Both models allow for a straightforward generalization
spatially distributed impurities, which are, however, n
longer equivalent. The Anderson model

Hmag5(
Rs

VR~ f s
†cRs1H.c.!1e f(

s
f s

† f s1U fnf↑nf↓

~6!

is easily seen to describe an Anderson impurity coupled
single linear combination of conduction electrons on the s
R, c̃5(RVRcR /V where V25(RVR

2 . In the Kondo limit,
such a model maps onto a Kondo model with nonlo
Kondo couplings. In contrast, the straightforward generali
tion of the Kondo model@Eq. ~5!# to an extended impurity
reads

Hmag5(
R

JRS•sR ; ~7!

this model represents a multichannel Kondo model.52,53 The
impurity spin couples to all possible linear combinations
the conduction electrons on theR sites. In other words, a
spatially extended Kondo impurity generically couples
different angular momentum channels of the conduct
electrons.

The relation between models~6! and~7! was recently dis-
cussed in Ref. 54. It was argued that in an Anderson mo
like Eq. ~6! the coupling to acorrelated host opens new
screening channels, and the effective model will be a mu
channel Kondo model@Eq. ~7!#. The main idea is that
conduction-band correlations reduce charge fluctuations
the host, and, if an electron hops onto the impurity site, it h
to hop back preferentially onto the same conduction-ba
site from which it came.

We note that the different screening channels generate
such a mechanism are certainly not equivalent, and the l
T behavior will be determined by a single-channel fix
point. ~However, this does not exclude that genuine mu
channel physics may be realized at intermediate temp
tures.! We will employ a Kondo model of the form of Eq.~7!
in Sec. V when discussing STM experiments on Zn
BSCCO.
1-4
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B. Influence of superconducting correlations

A Hamiltonian of the formHBCS1Hmag not only de-
scribes a host with a pseudogap density of states, but
contains superconducting correlations. From diagramm
perturbation theory it is clear that the Kondo problem in
normal-state system with a power-law DOS~e.g., a semi-
metal! is not equivalent to the Kondo problem in a superco
ductor with the same DOS—in other words, anomalo
Green’s function contribute to the screening.

For the special case of a pointlike Kondo impurity in
s-wave superconductor, however, it was shown55 that the
problem with anomalous Green’s functions can be map
onto a Kondo problem in a normal-state system with a mo
fied gapped DOS, containing an additional particle-h
asymmetry~i.e., a potential scattering term!, but without
anomalous Green’s functions.

In d-wave superconductors such a mapping has not b
achieved so far, and the situation is less clear because
anomalous Green’s functions of thed-wave superconducto
provide a coupling between different angular moment
channels. Therefore, it is expected that the Kondo problem
a d-wave superconductor involves infinitely many bands~an-
gular momenta! even for a pointlike impurity.

Various approximate methods which have been emplo
for solving the Kondo problem in ad-wave superconducto
handle the anomalous Green’s functions differently. M
calculations turn out to be insensitive to superconduct
correlations in the host material, i.e., they treat a semim
rather than a superconductor.

For instance, in the standard slave-boson appro
anomalous terms are formally included; however, for a po
like impurity in a d-wave superconductor their contribution
are easily seen to drop out. The standard implementatio
the numerical renormalization-group method uses the h
density of states as the only input, and anomalous terms
ignored. Based on the results fors-wave superconductors, w
nevertheless expect that the results obtained by the N
method are at least qualitatively correct in a generic parti
hole asymmetric situation, as the main influence of
anomalous Green’s functions is possibly an additio
particle-hole asymmetry.

C. Numerical renormalization-group method

The NRG method was developed by Wilson for an inv
tigation of the Kondo model.56 Due to the logarithmic dis-
cretization of the conduction band, it is able to access a
trarily low energy scales, which is also essential for t
model discussed in this paper.~However, due to the logarith
mic discretization it is not possible to resolve sharp str
tures at high energies.! The NRG method is a nonperturba
tive method, as the impurity site including the strong loc
Coulomb interaction is treated exactly.

The NRG method was generalized to a number of diff
ent impurity models, such as the pseudogap Kondo
Anderson models.23–26For these models, the main modific
tion is the mapping of a nonconstant conducti
electron density of states onto a semi-infinite chain fo
~see, e.g., Ref. 24!.
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Recently the NRG method was extended to the calcu
tion of dynamic properties at finite temperatures; we refer
reader to Ref. 57 for details. We should mention here t
information on spectral quantities for frequenciesv!T can-
not be determined from the NRG method; the resolution
limited by the temperature and possible structures at frequ
cies much smaller than the temperature are missed by
approach. However, this causes no problem when compa
with, e.g., STM experiments, because the finite tempera
in both the sample and tip introduces a thermal broaden
such that structures on scales smaller thanT will not be re-
solved. The NRG calculations presented in this paper
mostly performed with a discretization parameterL52 and
600 or 800 levels.

D. Slave-boson mean-field approximation

The slave-boson mean-field approximation31 to the Kondo
impurity model is a large-N approach, i.e., it becomes exa
in the limit of large spin degeneracyN→`. It is known that
this method is not quantitatively accurate for the physi
caseN52, and has numerous artifacts, both at finite te
peratures in general as well as near the quantum-crit
point in the pseudogap Kondo model. However, it is e
pected to capture the qualitative physics in a Kondo scree
phase. The method was applied in a number of papers to
pseudogap Kondo model,20,21,28,29and we will mention some
results below.

IV. POINTLIKE MAGNETIC IMPURITIES

In this section, we discuss general properties of the as
metric pseudogap Kondo model, in particular the quant
phase transition between the local-moment and the asym
ric strong-coupling phases. Since we are mainly intereste
the universal properties near this transition, we restrict
attention here to aS5 1

2 impurity coupled to a pseudoga
band structure, and give most results for general value
the pseudogap exponent 1/2,r<1 ~some results are als
valid for 0,r<1/2). We will obtain numerical results usin
the NRG method, where the DOS is the only host quan
entering the calculation. For technical purposes, namel
convenient calculation of the impurity spectral function~or T
matrix!, the impurity is modeled by an Anderson Ham
tonian @Eq. ~4!# ~instead of a Kondo Hamiltonian! with U f
522e f , and parametersuU f u,ue f u much greater than the
bandwidth, which places the model in the Kondo limit.58

When specifying the results for high-Tc compounds, we
consider an impurity coupled locally to a single site of t
hostd-wave superconductor. To obtain quantitative estima
for characteristic energies, we use tight-binding hopping
rameters extracted from normal-state angle-resolved ph
emission~ARPES! data51 and sizes of thed-wave gap as
obtained from a number of tunneling and ARPES expe
ments in the superconducting state.59,60

A. Zero-temperature phase transition and static properties

As discussed in a number of papers over the l
years,20–30 the pseudogap Kondo model@with a power-law
1-5
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DOS r(e);ueur ] shows a phase transition as a function
the Kondo coupling. For pseudogap exponentsr .1/2 there
are two stable zero-temperature fixed points,26 namely,~i! a
local-moment ~LM ! regime is reached for weak initia
coupling—here J flows to zero, and the impurity is
unscreened—and~ii ! an asymmetric strong-coupling~ASC!
regime which is reached only for sufficiently large Kond
coupling and particle-hole symmetry breaking. The ren
malization group flow is sketched in Fig. 1.

Particle-hole asymmetry is a relevant parameter in
pseudogap Kondo problem, as seen in Fig. 1. For a part
hole symmetric host band structure, it can be parametr
by the amount of potential scattering at the impurity. In t
general case of an asymmetric host, particle-hole asymm
can still be cast into asinglenumber, in the case of a poin
like Kondo impurity the real part of the local host Green
function ~after inclusion of potential scattering! is a suitable
choice. We will see below that, e.g., the location of t
‘‘Kondo’’ peak will depend on the sign of this overa
particle-hole asymmetry. Concerning the cuprates, this o
all sign cannot be extracted from experiments or theory, a
depends on details of the two-dimensional band struc
which place the van Hove singularity either below or abo
the Fermi level.~Remarkably, this van Hove singularity ha
never been observed experimentally.!

For the following discussion, it is useful to define susce
tibilities describing the response to external magnetic fie
We allow for a space-dependent fieldHu coupled to the hos
and a local fieldH imp at the impurity,

HBCS→HBCS2(
ibg

Hu,a ~ i !cib
† sbg

a cig ,

Hmag→Hmag2H imp,a Sa . ~8!

With these definitions, a space-independent uniform field
plied to the whole system corresponds toHu( i )5H imp5H.
Response functions can be defined from derivatives of
free energy,F52T ln Z (kB51), as follows:

xu,u~ i ,i 8!5
T

3

d2ln Z

dHua~ i !dHua~ i 8!
,

xu, imp~ i !5
T

3

d2ln Z

dHua~ i !dH imp,a
,

x imp,imp5
T

3

d2ln Z

dH imp,adH imp,a
. ~9!

From these quantities we can define various observab
starting with the impurity contribution to the total suscep
bility,

x imp~T!5x imp,imp12(
i

xu, imp~ i !

1(
i ,i 8

@xu,u~ i ,i 8!2xu,u
bulk~ i ,i 8!#, ~10!
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where xu,u
bulk is the susceptibility of the bulk system in th

absence of impurities. The local impurity susceptibility, i.
the response of the impurity spin to a local field, is given

x loc~T!5x imp,imp, ~11!

which is equivalent to the zero-frequency impurity spin a
tocorrelation function. Importantly, NMR Knight shift ex
periments measure a different quantity—there a unifo
field is applied to the whole sample, and the local respons
given by

xNMR~T!5x imp,imp1(
i

xu, imp~ i !. ~12!

Note that sometimes this quantity is referred to as ‘‘loc
susceptibility,’’ e.g., in Ref. 22.

After having defined the susceptibilities, we return to t
pseudogap Kondo problem. We briefly recall the impur
thermodynamic properties of the relevant stable fixed po
~LM and ASC!—these were given, e.g., in Ref. 26. Th
local-moment fixed point has all characteristics of a dec
pled spin-1/2: susceptibilityTx imp51/4, entropySimp5 ln 2,
and specific heatCimp50. At the asymmetric strong
coupling fixed point the impurity spin is fully quenched
Tx imp50, Simp50, andCimp50. Remarkably, the leading
corrections26 here areD(Tx imp),DSimp ,DCimp}T2r for 0
,r<1, in other words, the impurity susceptibilityx imp(T)
vanishes asT→0 for r .1/2.

We note that there exists a third stable fixed point of
pseudogap Kondo model, namely, a symmetric strong c
pling fixed point. It is reached for pseudogap exponentr
,1/2 in the particle-hole symmetric case for sufficien
strong Kondo coupling; its thermodynamic properties a
somewhat different from the ASC behavior quoted above26

However, the real materials are generically particle-h
asymmetric, and the physics of the particle-hole symme
strong-coupling fixed point is of no relevance here.

B. Quantum-critical and crossover behavior

In this section, we focus on the properties of the impur
model in the vicinity of the quantum-critical point separatin
the local moment from the asymmetric strong-coupli
phase.~Critical properties of the particle-hole symmetr
pseudogap model are different, and were examined, e.g
Refs. 22 and 24.!

In the vicinity of the critical point, one can define a
energy scaleT* , which vanishes at the transition, and d
fines the crossover energy above which quantum-critical
havior is observed.61 If T* is much smaller than both th
bandwidth and the superconducting gap, we expect all
servables to show a scaling behavior as a function ofT/T*
and v/T* . Importantly, for the special case ofr 51, loga-
rithmic corrections occur—strictly speaking, these corre
tions invalidate one-parameter scaling behavior since a
ond ~high-energy! scaleL ~of order bandwidth! enters in the
form of ln(T/L) or ln(v/L). However, for most practical pur
poses the logarithmic corrections are small, and in any c
do not change the leading power-law behavior. We have
1-6
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tracted the logarithmic corrections from the NRG results
some observables, and they are quoted below.

We start with the dependence of the cross over scaleT*
on the reduced coupling,j 5(J2Jc)/Jc , measuring the dis-
tance from the critical point atJc . Our numerical results
obtained by the NRG method are consistent with

T* } j 1/r ~13!

for 1/2,r<1 on both sides of the transition. In Fig. 2 w
show numerical results forT* for a high-Tc compound band
structure at optimal doping. In Fig. 2 it is clearly seen th
even for Kondo couplings well away fromJc , the crossover
scale T* is small ~20 K!; therefore, impurity quantum
critical properties may easily be observed in the cuprates
rather large temperature range without fine tuning. Par
thetically, we note that the crossover scaleT* is in general
defined only up to a prefactor of order unity; in Fig. 2 th
numerical value ofT* was taken from the location of th
maximum in theT matrix spectral density~see below!.

For r 51 the crossover temperatureT* vanishes linearly
with the distance to the critical point~up to logarithmic cor-
rections!. This is in agreement with earlier NRG
calculations25 as well as with the dynamic large-N
approach.30 However, it is at variance to the results obtain
within the slave-boson mean-field approximation,21 which
predicts an essential singularity forr 51, i.e., an exponen
tially vanishing scaleT* near the transition. We believe tha
the NRG prediction of a linearly vanishingT* is correct~as
the NRG method is reliable in capturing asymptotic lo
energy physics!, and that the exponentially vanishing scale
an artifact of the slave-boson method.

1. Susceptibility

As a first observable we consider the impurity susce
bility x imp(T). As a response function associated with a co

FIG. 2. Crossover diagram of the pseudogap Kondo mode
function of the Kondo couplingJ and temperatureT, calculated
with a pointlike impurity and a host band structure corresponding
a cuprate superconductor at optimal doping. The dot on the h
zontal axis denotes the quantum phase transition between LM
ASC phases; the dashed lines are crossovers, indicatingT* . Both
quantum-critical and local-moment regimes show a impurity s
ceptibility diverging as 1/T, whereas in the asymmetric strong
coupling region the impurity susceptibility vanishes}T. As we will
see in Sec. V, the critical Kondo coupling becomes significan
smaller for a spatially distributed impurity moment.
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served quantity, it cannot acquire an anomalous dimensio62

therefore, we expect precisely at the critical point a tempe
ture dependence as

x imp~T,J5Jc!5
C
T

. ~14!

HereC is a universal number, depending only onr. Interest-
ingly, behavior~14! can be interpreted as the Curie respon
of an irrational spin. (C51/4 would correspond to the usua
Curie response of a free spin 1/2.! Numerical data forTx imp
are shown in Fig. 3. In particular, close toJc , there is a
plateau inTx imp , which allows one to extract the univers
constantC(r 51)'0.14 in Eq.~14!. This number is some-
what smaller than the value 0.164 quoted by Gonzal
Buxton and Ingersent~see Fig. 14 of Ref. 26!; this might be
due to discretization or cutoff effects in the numerics~we
have not attempted a careful finite-size analysis here!.

The local susceptibility@Eq. ~11!# is not protected by a
conservation law, and can acquire an anomalous expo
h loc . This implies a power law

x loc~T,J5Jc!}Th loc21 ~15!

at the critical point.

s

o
ri-
nd

-

y

FIG. 3. ~a! NRG results for the temperature dependence
Tx imp , for r 51, using a band structure corresponding to optima
doped cuprates. The different curves correspond to different va
of the Kondo couplingJ which are very close to the critical cou
pling Jc'0.11eV. ~b! Scaling functionFx imp(T/T* ) extracted
from NRG results, forr 51. ~Possible logarithmic corrections vio
lating scaling are very small here.! The value ofT* has been taken
from the peak position in the impurity spectral density, see S
IV B 2.
1-7
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For both finiteT and finite (J2Jc), the low-energy be-
havior is completely determined by the crossover ene
scaleT* and the temperatureT itself ~up to logarithmic cor-
rections forr 51). Then the susceptibilities can be describ
by universal crossover functions

x imp~T!5
1

T
Fx impS T

T*
D 5

T2r 21

T* 2r
F̃x impS T

T*
D , ~16!

with F̃x imp(x)5Fx imp(x)/x2r , and

x loc~T!5
B

T12h loc
Fx locS T

T*
D 5

BT* h loc

T
F̄x locS T

T*
D ,

~17!

with F̄x loc(x)5xh locFx loc(x), andB an amplitude prefactor
Equations~16! and~17! define universal scaling functionsF
of the reduced temperatureT/T* ; the F are, of course, dif-
ferent for differentr ’s and for both sides of the quantum
phase transition, i.e., we have to distinguishFLM andFASC.
The scaling functionsFx imp for r 51 are shown in Fig.
3~b!—here our present numerics is not accurate enoug
observe possible logarithmic corrections to scaling. Also
reliable fitting ofx imp to a Curie-Weiss law for a temperatu
range aboveT* requires a finer discretization in the NR
procedure, and has not been attempted here. It is clear
the Weiss temperature will be approximately given by
crossover temperatureT* ~defined by theT matrix peak!, but
we cannot give a reliable estimate for the ratio of the two

We briefly discuss the asymptotics of the scaling fun
tions Fx . Spin quantization requiresFx imp

LM (0)51/4 and

Fx imp

ASC(0)50; therefore, the zero-temperature limit ofTx imp

is fixed to 1/4 throughout the whole local-moment pha
~and to 0 in the whole ASC phase!. The universal Curie
response at the critical point@Eq. ~14!# implies Fx imp

ASC(`)

5Fx imp

LM (`)5C. Fromx imp(T→0)}T2r 21 in the ASC phase

we deduceFx imp

ASC(x)}x2r for smallx. This immediately gives

x imp(T50)}T2r 21/T* 2r}T2r 21/(J2Jc)
2 for J.Jc . How-

ever, the real superconductor will have a small residual D
at the impurity site due to order-parameter relaxation; t
will lead to a finite impurity susceptibility in the zero
temperature limit forJ.Jc . Finally, NRG data26 indicate
that x loc(T→0)}1/T in the LM regime; this gives us
Fx loc

LM (x)}x2h loc, and therefore Tx loc(T→0)}T* h loc}(J

2Jc)
h loc /r in the LM phase. Our preliminary NRG calcula

tions of Tx loc allowed us to extract the value ofh loc ; we
found h loc'0.05 for r 51.

At this point a few remarks about experimental susce
bility measurements and the possibility to observe the
scribed quantum-critical behavior are in order. As detai
above, the onlyT dependence with a nontrivial power la
can be expected in the local susceptibilityx loc(T). However,
a direct measurement ofx loc requires alocal field, and is
perhaps only possible using muon spin resonance. In c
trast, commonly used NMR techniques probexNMR @Eq.
~12!#, and this quantity shows either a Curie law or satura
to a constant at lowT. Measurements of thetotal suscepti-
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bility in the local-moment regime should observe a Cu
behavior, with the ‘‘full’’ prefactor corresponding to spin-1/
per impurity, i.e.,x imp5Nimp/4T, whereNimp is the number
of impurities. Such measurements have been performed
Zn-doped YBCO,10 and the results indicate a somewh
smaller value of the moment per impurity, which on the oth
hand depends only weakly on doping. Two explanations
the deviation from theS51/2 moment appear to be possibl
Either there are subtle cancellation effects involved in
superconducting quantum interference device~SQUID! sus-
ceptibility measurements~one also has to keep in mind tha
the subtraction of the bulk susceptibility leads to rather la
uncertainties inx imp), or the observed reduction of the mo
ment reflects the quantum-critical behavior@Eq. ~14!#. In the
latter case, one should expect a crossover between the C
law @Eq. ~14!# to a Curie law with the ‘‘full’’ prefactor at low
enough temperatures, i.e., forT!T* , on the local-moment
side of the Kondo phase transition. Experimentally, t
would require measuring the total susceptibility well belo
the superconductingTc on the underdoped side, and this h
not been performed so far.

2. T matrix

We now turn to dynamic properties associated with
Kondo impurity; in particular we are interested in th
conduction-electronT matrix. A knowledge of theT matrix is
important for calculating the local density of states arou
the impurity, as observed in STM experiments. In the And
son impurity model, theT matrix is connected to the impu
rity Green’s function according to19

T~v!5V2Gimp~v!. ~18!

We can define theT matrix spectral density asrT(v)
52Im T(v)/p.

The behavior of the impurity spectral function was stu
ied in the particle-hole symmetric pseudogap Anders
model in Ref. 24. In this case the strong-coupling behavio
different from the present asymmetric model, but t
asymptotic local-moment behavior is identical—this is a
seen in Fig. 1, where the particle-hole asymmetry flows
zero in the LM phase. For the LM regime it was found24 that
the impurity spectral density vanishes at the Fermi level
uvur ; this could be verified in the present calculations. In t
asymmetric strong-coupling regime we find a similar beh
ior, Im Gimp(v)}rT(v)}uvur . Interestingly, the prefactor o
this power law is equal for both positive and negative f
quencies, meaning that the spectral asymmetry disappea
the scaling limit of ImGimp andrT .

Of particular interest is the behavior ofrT in the
quantum-critical region. From general scaling arguments,
expect a power lawrT}vhT21, wherehT is the anomalous
exponent. Our NRG results are consistent with such a po
law, with hT512r . So we have
1-8



p
l

th

t
q

te

ling

al

s-
sign
le

lic

C
or,

o a

a-

-
of

e

r of

l
hod
r
s

eight
by

her

for

se
the
his

the
tes.
u-
ogap
g

on

r
to

ri
e
in

et
n

in

KONDO EFFECT OF IMPURITY MOMENTS INd-WAVE . . . PHYSICAL REVIEW B 65 014511
rT~v!}
1

v r
~r ,1!,

rT~v!}
1

v ln2~L/v!
~r 51!. ~19!

Similar to the LM and ASC behaviors, any asymmetry dro
out in the scaling limit ofrT , and the fixed-point spectra
density is particle-hole symmetric.

As done for the susceptibilities, the crossover between
quantum-critical and the LM or ASC behavior in theT ma-
trix can be described by a universal scaling function,

T~v!5
A

T* r
FTS v

T*
,

T

T*
D , ~20!

where A is an amplitude prefactor, andFT is a universal
scaling function~for the particular value ofr and for each
side of the transition!. For r 51 we have to keep in mind tha
logarithmic corrections spoil scaling, and a form like E
~20! is only approximately valid.

Numerical results for theT50 impurity Green’s function
for r 51 are shown in Fig. 4. They correspond to parame

FIG. 4. Zero-temperature spectral densitiesrT for the conduc-
tion electronT matrix atr 51, obtained by the NRG method. Uppe
panel:J.Jc , crossover from the ASC behavior at low energies
quantum criticality at high energies. Lower panel:J,Jc , i.e.,
crossover from the LM to quantum critical behavior. For compa
son, the vertical axis has been normalized to the maximum valu
rT on the ‘‘nonpeak side.’’ Insets: same on a log-log scale, show

both v̄.0 ~solid line! andv̄,0 ~dashed line!. Note thatv̄.0 and

v̄,0 are interchanged when the overall particle-hole asymm
changes sign. If we ignore logarithmic corrections, the functio
shown are equivalent to the imaginary part of the scal
function FT .
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values very close to the transition, and represent the sca
functions FT if we neglect logarithmic corrections. Forv̄
5v/T* !1 we have an ASC behavior with ImFT;uv̄u, for
v̄@1, the spectral density follows the quantum-critic
‘‘power law’’ uv̄u21ln22(L̄/v̄) as predicted above, with
particle-hole symmetry in both limits. However, in the cros
over region the asymmetry leads to a large peak for one
of v̄ ~depending on the sign of the overall particle-ho
asymmetry of the model!—this is true for both sides of the
quantum phase transition.

In other words, the Kondo peak known from the metal
host Kondo model which is located at the Fermi level~in the
scaling limit! is replaced by a peak at afinite energy—this
energy actually corresponds to the crossover temperatureT*
between the quantum-critical behavior and the LM or AS
behavior. For the crossover from critical to ASC behavi
one can identifyT* with the ‘‘Kondo’’ temperature of the
problem, since a crossover from a Curie divergence t
constant~taking into account a small residual DOS! is seen
in x imp(T) aroundT* . In this paper, we have used the loc
tion of the peak inrT(v) ~Fig. 4! asdefinitionof T* , as it is
the numerically most convenient and precise criterion.

We note that very similar results for theT matrix were
found in a recent dynamic large-N study of a multi-channel
pseudogap Kondo model.30 There it was possible to analyti
cally determine the low-energy behavior of the quantities
interest, both atT50 and finiteT. Related observations wer
also made within slave-boson mean-field calculations.21,28

We have also calculated the finite-temperature behavio
the impurity T matrix by the NRG method, for a fixed
~temperature-independent! host density of states. It is worth
emphasizing that the finite-T NRG method is a unique too
for this task, as the commonly used slave-boson met
shows a spurious finite-T transition. A series of crossove
functions for the spectral intensity is shown in Fig. 5. A
expected, the peak is broadened, and loses spectral w
for T@T* , whereas the peak position is nearly unaffected
changingT. The evolution of the weight under the peak~in-
tegrated fromv5210T* to 10T* ) is shown in Fig. 6; simi-
lar to the usual Kondo effect the weight loss occurs rat
slowly, e.g., the weight is reduced below 50% of itsT50
value only forT.5T* .

The results in Figs. 4 and 5 are possibly of relevance
the STM experiments done on Zn-doped BSCCO~Refs. 4
and 5!—the large peak in the differential conductance clo
to zero bias corresponds to the Kondo peak arising from
screening of the Zn-induced moment. We will discuss t
issue further in Sec. V.

C. Location of the critical point

So far we have discussed magnetic screening in
pseudogap Kondo model for a fixed host density of sta
Motivated by NMR experiments on Zn- and Li-doped c
prates, we now consider the dependence of the pseud
Kondo effect on the hole doping level, i.e., with varyin
concentration of mobile carriers in the CuO2 planes. Experi-
mentally, a strong dependence of the Kondo temperature
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MATTHIAS VOJTA AND RALF BULLA PHYSICAL REVIEW B 65 014511
the doping level has been observed;12,13 in particularTK ap-
pears to vanish in strongly underdoped samples.

As explained in Sec. I, a~boundary! transition between an
unscreened moment for small doping and a screened~or even
absent! moment for large doping can be anticipated on th
oretical grounds. We propose that this transition correspo
to the quantum phase transition discussed above in
pseudogap Kondo model~also see Ref. 43!, and we shall
show numerical data indeed supporting that the transitio
the pseudogap Kondo model can be driven by changing
doping level.

Doping in the cuprates~e.g., adding or removing oxyge
in YCBO! is known to have a number of important effec
the main one of course being the change of the carrier c
centration. For the pseudogap Kondo physics, the local d

FIG. 5. Same as Fig. 4, but now for finite temperatures anJ
.Jc . The four panels show the evolution of the crossover peak
temperaturesT5T* /2, T* , 2T* , and 4T* ; the dashed line is the
T50 result. The intensity has been normalized to the height of
T50 peak. The ‘‘Kondo’’ peak is broadened, and slowly los
weight for temperatures aboveT* .

FIG. 6. Weight of the crossover peak as shown in Fig. 5, in
grated from v5210T* to 10T* , and normalized to the pea
weight atT50.
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sity of states is of particular importance. If we stick to th
simple, doping-independent, tight-binding band struct
used so far, then doping has two effects:~i! the change in the
chemical potential, influencing carrier concentration a
band asymmetry,~ii ! the change in the magnitude of th
d-wave gap as seen, e.g., in tunneling and photoemis
experiments. As we will see, point~ii ! is most important for
the pseudogap Kondo physics, since a change in gap
immediately influences the low-energy part of the host DO

For BSCCO it was established from both ARPES~Ref.
59! and tunneling60 measurements that the magnitude of t
superconducting gap~as well as the normal-state pseudoga!
changes considerably with doping: in contrast toTc the gap
increases in the underdoped regime, there taking up to tw
of its value at optimal doping. For YBCO the situation is le
clear, since high-quality tunneling or ARPES data are rar63

At least, thermodynamic measurements indicate an incre
of the pseudogap temperature with decreasing doping
YBCO; therefore, a decrease of low-energy spectral wei
similar to BSCCO is likely. In the following, we will use the
doping-dependent gap values as measured in BSCCO59,60

but we expect the results to reproduce the correct trend
most cuprates. The precise gap values used areD0555, 38,
and 23 meV for dopingd510%, 15%, and 20%. The hos
band structure entering Hamiltonian~1! is assumed to have
doping-independent tight-binding form, including longe
range hopping terms; we have performed calculations w
the three parameter sets quoted in Table I of Ref. 51, as
as a simpler dispersion witht520.15 eV, t852t/4, and
t95t/12, with qualitatively similar results. The employe
densities of states are shown in Fig. 7~a! for underdoped and
overdoped hosts; Fig. 7~b! shows the effective DOS ‘‘seen’
by a four-site impurity~see Sec. V!.

Of course one has to keep in mind that the evolution fr
the optimally dopedd-wave superconductor to an insulat
in the underdoped limit involves Mott physics which is n
included in the simple one-particle description employ
here. Therefore, the depletion of low-energy spectral weig
modeled here by an increasingd-wave gap, should be
viewed as a phenomenological account for strong correla
effects.

NRG results for the doping dependence of the criticalJc
are shown in Fig. 8, for both a single-site impurity and
spatially distributed four-site impurity~see Sec. V!. The data
show a 30–50 % variation of the criticalJ, induced by the
size change of the superconducting gap. For comparison
have also calculated the criticalJ with a doping-independen
gap—the effect of the change in asymmetry is very small d
to the presence of a finite asymmetry already at zero dop
arising from hopping processes beyond nearest neighbor
addition, we have checked that the change in theform of the
superconducting gap as reported59 for BSCCO, namely, the
deviation from the (coskx2cosky) form for underdoped
samples, has only a weak effect on the criticalJ. We note that
additional potential scattering terms of course modify theJc
values, but we have verified that, for moderate values of
bare scattering potentialU, the trend thatJc increases for
strong underdoping is preserved.
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The main message of Fig. 8 is thatJc acquires a signifi-
cant doping dependence, and has a value in the rang
magnetic couplings which are expected in the cuprates
course, the precise form of the microscopic Hamiltonian
scribing the induced moment is not known, and therefore
estimate of the coupling value can be given. If we just
sume a doping-independent Kondo coupling of a certain s
then we can obtain the values of the crossover tempera
T* from our NRG calculations. Sample data are shown
Fig. 9, and display a remarkable similarity to the NMR da
of Refs. 12 and 13. The important result is that asmooth
variation of the input parameters can lead to astrongly
doping-dependent crossover~‘‘Kondo’’ ! temperature arising

FIG. 7. Low-energy part of the input DOS used for the NR
calculations, here without potential scattering,U50. Solid lines:
10% underdoped. Dashed lines: 19% overdoped.~a! DOS for a
single-site impurity, being equivalent to the local DOS of t
d-wave superconductor.~b! Effective DOS for a four-site impurity
as discussed in Sec. V.

FIG. 8. Critical value of the Kondo couplingJc vs doping, ex-
tracted from NRG calculations for a cuprate host DOS, with
doping-dependent superconducting gap. Solid line: single-site
purity. Dashed line: four-site impurity~see Sec. V!.
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from the vicinity to the boundary quantum phase transitio
Therefore, the experimentally observed strong doping dep
dence of the NMR Weiss temperature12,13 is not necessarily
an indication of a drastic change in the host electronic str
ture.

We close this section with a remark on the analytical u
derstanding of the doping dependence ofJc as shown in Fig.
8. Certainly, the value ofJc will be mainly influenced by the
low-energy part of the host density of states, but one
make this more precise, by trying to answer the quest
‘‘which’’ electrons contribute to the Kondo screening in th
pseudogap Kondo model. A rough estimate is provided
the expression for the critical coupling within the slav
boson mean-field approximation,

1

Jc
}E dv

v
r0~v!, ~21!

with r0(v)}uvur being the host density of states. This int
gral is logarithmically divergent forr 50, indicating that the
moment is always screened asT→0, and that this screening
arises from host electrons close to the Fermi level. For
.0, it is clear thatall conduction electrons contribute t
screening, with a weight proportional to 1/v. Therefore, an
estimate ofJc based on the low-energy part ofr0 only may
not be appropriate. We note that a similar expression forJc
can be obtained within a dynamic large-N approach30 to the
pseudogap Kondo problem—there,v in the denominator is
replaced byv12a, wherea describes the anomalous exp
nent of the auxiliary fermion propagator at the critical po
~with a→0 for both r→0 and r→1, but nonzero in be-
tween!.

D. Behavior aboveTc

The numerical calculations in this paper are restricted
thed-wave superconducting state, but we want to give a b
comment on the normal-state impurity behavior. The NM
experiments in impurity-doped YBCO~Refs. 12 and 13!
show enhanced Kondo screening aboveTc—this is rather
-

FIG. 9. Doping dependence ofT* describing the crossover from
quantum-critical to asymmetric strong-coupling behavior, cal
lated with the band structures and gap values used for Fig. 8.
the impurity susceptibility the displayedT* corresponds to the
crossover from Curie-like behavior to a constant. Solid line: sing
site impurity withJ50.14 eV. Dashed line: four-site impurity with
J50.09 eV.
1-11
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natural as the superconducting gap disappears, the DOS
the Fermi level increases, and the metallic Kondo eff
should be recovered.

Interestingly, no change in the magnetic properties is s
for underdoped samples when the temperature is tu
through Tc , i.e., the NMR susceptibility follows the sam
Curie law below and aboveTc . Thus there is no Kondo
screening even aboveTc , which must be interpreted as
consequence of the celebrated pseudogap. The fact tha
change at all occurs atTc means that the depletion of low
energy spectral weight in both the superconducting
pseudogap phases is similar—this appears to support
speculation that the pseudogap and superconducting ga
of the same origin. Assuming that the normal-sta
pseudogap opens around optimal doping and follows the
of the superconducting gap for underdoped samples, we
pect thenormal-stateKondo temperature to follow a curv
similar to Fig. 9, but with higherTK values in the optimally
doped regime. This was indeed found in Ref. 12.

V. EXTENDED MAGNETIC IMPURITIES WITH
POTENTIAL SCATTERING

After having discussed general properties of t
pseudogap Kondo model in the context of cuprate superc
ductors, we turn to a more detailed spatial modeling of n
magnetic impurities inducing a magnetic moment. One
portant observation from NMR experiments11,14 is that these
magnetic moments are not localized at the impurity site,
mainly on the nearest-neighbor copper sites. The simp
model for the induced moment is therefore a Kondo mo
of the form of Eq.~7!,

Hmag5(
R

JRS•sR , ~22!

where the moment is coupled to the four Cu sitesR adjacent
to the impurity, withJR5J/4.

An important point is that such a four-site Kondo mod
@Eq. ~7!# is not a single-channel model, but instead has f
screening channels associated withs-, px-, py-, andd-wave-
like linear combinations of the conduction electrons on
four sites. These channels are not equivalent, and on ge
grounds one expects that the low-energy physics is do
nated by the strongest screening channel. As our NRG
not deal with a multichannel model, we have calculated
critical J values for the four channels separately, and fou
that thed-wave channel has the lowest criticalJ or, equiva-
lently, the highestT* for fixed J. The physics being domi
nated by this channel, it can be interpreted as the scree
cloud havingd-wave symmetry. Actually, the same concl
sion was reached in a slave-boson treatment of the s
model.42 We note that thisd-wave symmetry isnot directly
related to thed-wave symmetry of the superconducting ord
parameter of the host—it is rather a band structure eff
and is completely determined by normal host Green’s fu
tions.

We have used such a four-site Kondo model in thed-wave
channel to calculate the dashed curves shown in Figs. 8
9. The effective bath density of states seen by the impurit
this case is given by
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reff~v!52
1

p
Im (

R,R8
wRwR8TrFG~R,R8,v!

11tz

2 G ,
~23!

with wR51@2#1 for R2r05(61,0)@(0,61)#, and G is
the C Green’s function@Eq. ~3!# in Nambu notation. Ex-
amples are plotted in Fig. 7~b!—is it seen that the low-
energy part close to the Fermi level is suppressed~actually, it
follows an uvu3 power law!, whereas the weight at energie
around the superconducting gap is strongly enhanced. Th
easily understood if we consider thed-wave-like coupling of
the impurity in momentum space: the ‘‘form factor’’ is (2
1cos 2kx1cos 2ky24 coskxcosky); this expression vanishe
along the diagonals of the Brillouin zone, but has maxima
(p,0) and (0,p).

A second ingredient for an effective model describi
nonmagnetic impurities is a potential scattering term@Eq.
~2!#. This scattering potential is certainly well localized at t
Zn or Li site; however, its bare valueU is not known. Al-
though certain experiments indicate that Zn behaves lik
strong scatterer, this does not necessarily imply a large v
of the bare scattering potentialU, as the discussed Kond
screening can lead to strong scattering for low temperatu
~note thatTK is much larger in the normal state, and c
reach 150 K or more!. Our results so far have been obtain
with zero potential scatteringU; we have checked that th
results are practically unchanged forU values up tot/4, and
remain qualitatively valid forU up to 2t. For larger values of
the bare potential scattering, the criticalJ value for the
pseudogap Kondo effect is significantly reduced, due to
increasing density of states near the Fermi level induced
the nearby scatterer.

Local density of states and STM

Recent STM experiments on Zn-doped BSCCO~Refs. 4
and 5! observed strong impurity-induced resonances in
differential conductance: for each impurity a huge peak cl
to zero bias~at roughly 21.5 meV) is found at a single
location which has to be identified with the impurity sit
This peak signal decays rapidly when moving away from
impurity, in addition it shows a checkerboardlike spat
modulation, i.e., it does not occur on the nearest neighbor
the impurity, but on the next-nearest neighbors and so
This spatial shape is hard to explain with the assumption
strong potential scattering at the impurity site, becaus
large bareU would expel all electrons there and lead to
very small tunneling DOS exactlyat the impurity site.

A possibility first discussed in Ref. 42 is that the hu
peak close to zero bias arises from the Kondo screenin
the Zn-induced moment; related studies can be found in R
37. @In the STM context, it is important to distinguish be
tween a screened moment which acts as a spin-indepen
resonant scatterer at low temperatures, and an unscre
moment~as in the case of Ni! which leads to spin-dependen
scattering and causes a splitting of the impurity-induced p
in the local DOS.#

The local DOS probed by the STM tunneling experime
in the presence of both a potential scatterer and a Ko
impurity is obtained as
1-12
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rSTM~R,v!52
1

p
Im TrF G̃~R,R,v!

11tz

2 G , ~24!

whereG̃ is the full C Green’s function,

G̃~r ,r 8,v!5G~r ,r 8,v!

1(
s,s8

wsws8G~r ,s,v!tzT~v!tzG~s8,r 8,v!,

~25!

with T(v) being the Kondo impurityT matrix, and thes sites
are the neighbors of the impurity atr0.

When comparing the results of microscopic calculatio
with STM data, one has to think about the actual tunnel
path of electrons between the STM tip and the CuO2 plane.
BSCCO crystals are cleaved in such a way that a BiO la
forms the sample surface, and the electrons presumably
nel via this BiO plane into the CuO2 plane of interest. The
nature of this tunneling path is not known. It was recen
proposed64,65 that tunneling from the STM tip into a certai
Bi orbital actually probes the electrons on theneighboring
Cu 3d orbitals, leading to a strongly momentum-depend
tunneling matrix element. This so-called filter effect resolv
the discrepancy between the observed spatial shape on
Zn resonance and the result expected from strong pote
scattering. More precisely, the tunneling matrix eleme
proposed in Ref. 65 have ad-wave shape, such that the ST
signal is given by the modified local density of states

rSTM~R,v!52
1

p
Im (

R8,R9
w̄R8w̄R9TrF G̃~R8,R9,v!

11tz

2 G ,
~26!

replacing Eq.~24!, with w̄R851@2#1 for R82R5(61,0)
3@(0,61)#. @Note the similarity to the effective DOS see
by the four-site impurity, Eq.~23!.# At present, it is not clear
whether such a filtering actually occurs, and further exp
ments are needed to clarify the tunneling path into the Cu2
plane.

Reference 42 ignored this filter effect~as well as the pos
sibility of strong potential scattering at the impurity site!. We
will show here that the results of Ref. 42 regarding the s
tial shape of the impurity resonance are essentially
changed for weak to moderate potential scattering,
change qualitatively for strong potential scattering. In t
following, we will display the results of our calculations bo
with and without accounting for the possible filter effect.65

Figure 10 shows the calculated tunneling spectra fo
four-site Kondo impurity with zero~or weak! potential scat-
tering. These data are similar to Fig. 1 of Ref. 42, but h
the impurity properties are calculated using the NR
method, removing some artifacts of the slave-boson meth
namely, overly large values of the critical couplingJc ,
overly large Kondo temperatures forJ.Jc , and overly sharp
peaks in theT matrix. It is clearly seen that only the data
the left panel, i.e., without the filter effect, are consiste
with the experimental observation,4 in that they show a large
peakat the impurity site. Remarkably, the so-called coh
01451
s
g

r
n-

t
s
the
ial
s

i-

-
-

ut
e

a

e

d,

t

-

ence peaks in the tunneling DOS at6D0 are almost com-
pletely suppressed near the impurity~cf. Fig. 7 for the bulk
DOS! due to the interference between the bulk Green’s fu
tions and the impurityT matrix, although the superconduc
ing order parameter isnot changed~we did not account for
gap relaxation!. Therefore, the interpretation of suppress
coherence peaks in terms of locally suppressed supercon
tivity has to be used with care.

Switching on moderate potential scattering on the imp
rity site does not qualitatively modify the picture, as show
in Fig. 11. Note that for the chosen band structure and
tential scattering value the global particle-hole asymme
has changed its sign; therefore, the Kondo peak appea
the opposite side of the Fermi level compared to Fig.
~This should not be seen as a contradiction to the experim
as the tight-binding band structure is a rough approximat
to the real system, and the sign of the overall particle-h
asymmetry is not known.!

For huge values of potential scattering, the Kondo eff
is heavily influenced in the present simple model. Due to
large scattering-induced DOS on the neighboring sites of
impurity the critical Kondo coupling is strongly reduce
Correspondingly the Kondo temperature for reasonable
ues ofJ ~e.g., 50–100 meV! is increased to 100 K or more
which is in disagreement with the NMR observation13

Therefore, we consider such a parameter combination
likely to describe the experimental situation. Neverthele

FIG. 10. Calculated tunneling density of states for the four-s
Kondo impurity model at 15% hole doping with a realistic ba
structure (t520.15 eV, t852t/4, and t95t/12); D050.04 eV
and m520.14 eV. The Kondo coupling isJ50.09 eV, and the
potential scatteringU50. Top: local DOS vs energy for the impu
rity site and the nearest and second neighbor sites. Bottom: Sp
dependence of the local DOS atv522 meV. Left: local DOS in
the CuO2 plane. Right: local DOS after applying the filter effe
proposed in Ref. 65.
1-13
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MATTHIAS VOJTA AND RALF BULLA PHYSICAL REVIEW B 65 014511
we have calculated the STM spectrum for such a case, sh
in Fig. 12. We have chosen a smaller value ofJ, to obtain a
Kondo temperature comparable to the experimental valu
is seen that a double-peak structure can occur. There
strong interference effects between the Kondo peak in
impurity T matrix and the potential scattering peak in t
host DOS, with the result that the local~tunneling! DOS is

FIG. 11. Same as Fig. 10, but with potential scatteringU5utu
50.15 eV. HereJ50.065 eV. The lower panel shows the loc
DOS atv512 meV.

FIG. 12. Same as Fig. 10, but with potential scatteringU
54utu50.6 eV. HereJ50.04 eV. The lower panel shows the lo
cal DOS atv513 meV.
01451
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completely dominated by the potential scattering peak. T
spatial shape of the resulting pattern is more compatible w
the experiment after the filter effect is taken into account

Last but not least, in Fig. 13 we show the temperat
variation of the STM spectra for the situation in Fig. 10.
addition to the simple thermal broadening due to Fermi fu
tions in the tip and sample, there is additional broaden
and weight loss of the Kondo peak as shown in Fig. 5. N
that we have assumed a temperature-independent host D
which is approximately justified for temperatures up
0.7Tc . The broadening and loss of spectral weight occ
rather gradually, and the peak will be seen also for tempe
tures well aboveTK . If T* 'TK'20 K in optimally doped
BSCCO, then the broadened Kondo peak will survive alm
up toTc . NearTc the gap will close,TK will increase,13 and
the Kondo-induced peak might turn into a dip or Fano-li
line shape as seen for Kondo impurities in metals.32 How-
ever, this signal will be broad and perhaps hard to obser

Closing this section, we mention that there are subtle
in interpreting the NMR experiments11,14 in terms of a mo-
ment located on four sites~which lead to our simple effective
model!. The NMR experiments measure of course the flu
tuating fields in thefull system, whereas our model specifi
the location of thebare moment. For a fair comparison on
would have to calculate local NMR spectra after having
counted for the interaction of the moment with the host f
mions ~and possibly also with the antiferromagnetic sp
fluctuations!. This is possible in principle, but is left for fu
ture studies.

FIG. 13. Temperature evolution of the STM spectrum shown
Fig. 10, T* '20 K, calculated with a finite-temperature NR
method under the assumption of aT-independent host DOS. Show
is the tunneling DOS at the impurity site without applying the filt
effect; the dashed line is theT50 result from Fig. 10. The therma
broadening of the signal due to the Fermi functions in both the
and sample has been taken into account.
1-14
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VI. CONCLUSIONS

In this paper, we have studied the dynamics of magn
moments in high-temperature superconductors. We have
cused on several aspects of the pseudogap Kondo m
which describe the interaction of a localized spin with ferm
onic quasiparticles which obey a linearly vanishing dens
of states near the Fermi level. This Kondo problem show
nontrivial boundary quantum phase transition as function
the Kondo coupling~or the size of thed-wave gap!; we have
examined a number of universal properties near this tra
tion. We have argued that the quantum-critical behavior
consequences for susceptibility, NMR, and STM measu
ments in the cuprate superconductors. In particular,
crossover~‘‘Kondo’’ ! temperatureT* , as measured by NMR
experiments, can acquire a strong doping dependence, d
the depletion of low-energy spectral weight with decreas
doping; and we have proposed that the observed vanishin
the Kondo temperature can be explained in terms of
quantum phase transition in the pseudogap Kondo mo
The impurityT matrix which is observable via STM shows
large peak at a finite energy which coincides with the cro
over temperatureT* .

Our calculated STM spectra are consistent with the
perimental observation4 for small to moderate potential sca
tering values, and without taking into account the filter effe
proposed in Ref. 65. Within our simple effective mod
larger potential scattering values lead to Kondo temperat
at variance with the NMR results.13 Of course, we canno
exclude that the spatial distribution of the Zn-induced m
ment is different from what we have assumed, which wo
of course strongly affect the spatial shape of the STM re
nance~but only weakly change the magnetic properties!. One
key experiment to decide whether the STM peak is of Kon
origin would be to measure its temperature evolution. H
the characteristic quantity is the spectral weight associa
with the local Zn resonance. However, the weight loss w
increasingT is rather slow~Figs. 5 and 6!; therefore, high-
quality measurements on impurities with smallTK ~i.e., a
small bias of the impurity resonance peak! are required.

The present NRG calculations for the pseudogap Ko
ys
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model provide more reliable results than the common sla
boson mean-field approximation. This holds both for t
qualitative behavior of the crossover scaleT* near the tran-
sition, and the quantitative results for the critical Kondo co
pling and actual Kondo temperatures for parameters rele
for cuprates.

In the present work, we have neglected both the relaxa
of the local superconducting order parameter around e
impurity as well as interactions between the impurities. T
latter are exponentially small in the impurity density, and a
therefore unimportant for small impurity concentration~in
the experimentally accessible temperature regime!. The gap
relaxation will mainly lead to a small residual low-energ
DOS near the impurity, which causes Kondo screening
low enough temperatures even in the underdoped reg
However, the induced Kondo temperature is exponentia
small in the residual DOS, and can be safely neglected.

Summarizing, our studies support that the NMR obser
tions of Curie-Weiss-like behavior associated with Li or Z
impurities in high-Tc compounds can be described by t
Kondo screening of the impurity-induced moments. T
peak in the local DOS in Zn-doped BSCCO is likely of th
same origin, but a number of experimental as well as th
retical issues remain to be resolved. We emphasize tha
given numbers for Kondo couplings and characteristic te
peratures can be viewed as rough estimates only, since
precise form of a Hamiltonian describing the impurit
induced moment is not known. Further theoretical stud
should address the spatial dependence of NMR spectra~e.g.,
on the Y sites near the impurity!, the additional coupling to
antiferromagnetic fluctuations, as well as implications
transport measurements.
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