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Isotope effects in structural and thermodynamic properties of solid neon
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Path-integral Monte Carlo simulations in the isothermal-isobaric ensemble have been carried out to study
isotope effects in solid neon. This computational method allows a quantitative and nonperturbative study of
these effects, which are associated with a strong anharmonicity of the atomic motion. The Ne atoms were
treated as quantum particles interacting via a Lennard-Jones potential. We have studied the temperature de-
pendence of atomic mean-square displacements, lattice parameter, bulk modulus, and heat capacity, as well as
vibrational kinetic and potential energy, for the isotop&de and?’Ne. The studied Lennard-Jones solids are
highly anharmonic, as measured from the ratio between vibrational potential and kinetic energies, which
amounts to about 0.8 at 4 K. At this temperature, the isothermal bulk modulus for’4¥kds found to be 0.3
kbar larger than that fof°Ne and the cohesive energy is 32 J/mol larger for the former. The obtained heat
capacity, thermal expansion, and isotopic effect in the lattice parameter agree well with experimental data.
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[. INTRODUCTION study isotopic effects in the crystal volume of covalent solids
from ab initio density-functional-theory calculations!? For
Anharmonic effects in solids have been studied for manysolid neon, in particular, isotopic differences in the zero-
years, since they are responsible for important effects such asmperature volume and sublimation energies have been cal-
thermal expansion, pressure dependence of the compressiliulated for different interatomic potentials by taking into ac-
ity, and phonon couplings, as well as the isotope dependena®unt cubic and quartic anharmonic corrections to the zero-
of structural properties and melting temperature. For solichoint energy. Also, the finite-temperature properties of
neon, in particular, the considerable importance of such arerystalline natural Ne ané&Ne were derived from a second-
harmonic effects has been noticetland the associated iso- order self-consistent phonon the6ry.
topic dependence of thermodynamic and structural properties An alternative procedure is the Feynman path-integral
has been found to be non-negligiBI&. (PI) method, which is a convenient theoretical approach to
The lattice parameters of two chemically identical crystalsstudy anharmonic effects at temperatures at which the quan-
with different isotopic compositions are not equal, lightertum nature of the atomic nuclei is relevdit* The combi-
isotopes having larger vibrational amplitudes and larger latnation of path integrals with Monte CarldC) sampling
tice parameters. This effect is most noticeable at low temenables us to carry out quantitative and nonperturbative stud-
peratures, since the atoms in the solid feel the anharmonicitigs of such anharmonic effects. The Pl MC technique was
of the interatomic potential due to zero-point motion. At applied earlier to study several properties of solid n&bhn
higher temperatures, the isotope effect on the crystal volumparticular, it has predicted kinetic-energy values in good
is less relevant and disappears in the high-temperétlas-  agreement with the existing experimental d&t&. This
sica) limit. At present, this isotopic effect in the lattice pa- method has been also employed to study the isotopic shift in
rameter of crystals can be measured with high preciSion.the helium melting pressufé®as well as isotope effects in
Something similar happens with the compressibility, which isthe lattice constant of solid neth and diamond-type
directly related to the anharmonicity of the solid vibrationsmaterials’?? In the context of the Pl formalism, several
and is expected to show a maximum isotopic effect Tor authors have developed effectiveemperature-dependgnt
—0. Other quantities, such as the vibrational energy, showelassical potentials that reproduce accurately several proper-
an isotope dependence at I6win a harmonic approxima- ties of quantum solid&~2° More recently, Acocellat al?®
tion, due to the usual rescaling of the phonon frequenciebave applied an improved effective-potential Monte Carlo
with the isotopic mas# (wxM~9), but this dependence theory’ to study thermal and elastic properties of solid neon.
can display appreciable changes when anharmonic effects In this paper, | present results for the lattice parameter,
are considered. All these effects are expected to be moiisothermal bulk modulus, and kinetic and potential energy, as
important in the case of neon than for heavier rare-gasvell as atomic mean-square displacements of solid neon, as
solids® derived from Pl MC simulations. These quantities are stud-
From a theoretical point of view, anharmonic effects inied as functions of temperature and isotopic mass. The inter-
solids have been traditionally studied by using approacheatomic interaction is described by a Lennard-Jones potential.
such as the so-called quasiharmonic approximatidnin The paper is organized as follows. In Sec. II, | describe
this approach, frequencies of the vibrational modes in a solithe computational method and give some technical details. In
are assumed to change with the crystal volume, and for giveBec. Ill, | present results of the MC simulations, which are
volume and temperature, the solid is supposed to be hagiven in different subsections dealing with the energy, heat
monic. This procedure has been employed in the last years tapacity, atomic mean-square displacements, lattice param-
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eter, and bulk modulus. Finally, Sec. IV includes a discussiorated 16 paths per atom. More details on the actual applica-
of the results. tion of this method are given in Ref. 29.

In the isothermal-isobaric ensemble, the mean-square
fluctuations in the volum# of the simulation cell are given

Il. METHOD by
Equilibrium properties of solif®Ne and??Ne have been
calculated by PI MC simulations in the isothermal-isobaric
ensemble. Quantum exchange effects were not considered, as
they are negligible for neon at the densities studied here. In . .
the path-integral formulation of statistical mechanics, theVhereB=—V(dP/dV)y is the isothermal bulk modulus of
partition function of a quantum system is evaluated through the solid. Hence, the fluctuations in the lattice paramater
discretization of the density matrix along cyclic paths, com-2'€
posed of a finite number of “imaginary-time” step¥In the
numerical simulations, this Trotter numbd&i; causes the (Aa)2= kT @)
appearance oN; “replicas” for each quantum particle. 9L%aB’
Thus, practical implementation of this method relies on an
isomorphism between the quantum system and a classickPr a given temperature and simulation-cell size, the fluctua-
one, obtained by replacing each quantum partitiere, tions (Aa)? can be obtained from Monte Carlo simulations.
atomic nucleusby a cyclic chain ofN; classical particles, Thus, we will employ Eq(2) to obtain the bulk moduluB
connected by harmonic springs with temperature-dependefitom the simulation results. From E() one can see that the
constant® Details on this computational method can berelative fluctuation in the volume of the simulation cell,
found elsewheré®-3! AV/V, scales as %2 In fact, for 2°Ne at 20 K we find in
Simulations have been performed on several cubic supethe Pl MC simulations,AV/V=0.023 for L=2 and 6
cells of the neon face-centered-cubic cell, with side length< 10 2 for L=5.
La, beinga the unit-cell parameter and an integer in the Finite-size effects are expected to be observed in the
range from 2 to 7. Thus, the largest simulation cell consid-structural and thermodynamic variables derived from Pl MC
ered was a X7X7 supercell, including 1372 Ne atoms. simulations. Due to the finite dimensions of the simulation
Periodic boundary conditions were assumed. Such large s@ell, long-wavelength acoustic phonons witke La (close to
percells were necessary to study the convergence of the cdhe center of the Brillouin zoneare truncated, introducing an
culated quantities with the system size, which allowed us tautificial low-energy cutoffwgo1/L for the solid vibrations.
extrapolate the obtained values to the infinite-size lifggite ~ This causes the appearance of an effective energy gap for
below). vibrational excitations in the simulated solid that is not
The Ne atoms were treated as quantum particles interacpresent in the actual material. The dependence of several
ing through a Lennard-Jones potenti®(r)=4¢€[(o/r)?  equilibrium properties of rare-gas solids on the simulation-
—(a/r)5], with €=3.084x10 3 eV ando=2.782 A. The cell size has been studied in detail by 8éuet al*® From
parametere coincides with that employed in earlier PI MC this size dependence one can extrapolate the simulation re-
simulations of liquid? and solid® Ne. However, we have sults to the thermodynamic limitL(—). The finite-size
taken o to be larger than in Refs. 20 and 32 in order tocorrections of several equilibrium properties scale ag 1/
reproduce the experimental lattice spacing in the liiit =L ~3, as is the case of the internal energy, which converges
—0. Our value foro is close to that employed in Refs. 8, 10, relatively fast for our purposes.
and 17. The dynamic effect of the interactions between near- The spatial delocalization of the neon atoms can be ob-
est neighbors is explicitly considered. The effect of interactained directly from the quantum simulations and may be
tions beyond nearest neighbors is taken into account by guantified by the mean-square displacemeft). This
static-lattice approximatiot.?° This assumption was em- magnitude, however, converges especially slowly as the cell
ployed earlier in PI MC simulations of Lennard-Jones solidssize is increased. In Fig. 1 we preseutr{? for solid Ne
giving the same results as those obtained in simulations inversus the inverse cell size. Open symbols correspond to
cluding dynamical correlations up to several neighboring”Ne and solid symbols tg°Ne. Finite-size corrections to
atom shells® In particular, it gives good agreement with the atomic mean-square displacements scale linearly with
experiment for the kinetic energy of solid nebrOur simu-  1/L. ForL=5 andT=20 K, the calculated&r)? is about
lations were based on the so-called “primitive” form of Pl 90% of the extrapolated thermodynamic linfhe error in-

MC, and the “crude” energy estimator was uséd?® troduced by the finite cell size is 10%). This contrasts with
Sampling of the configuration space has been carried ouhe convergence of the kinetic energy, which for the same
by the Metropolis methad at temperatures between 4 and and T has an error smaller than 0.1% when compared with

24 K, and at a constant pressure of 1 atm. For given temthe corresponding extrapolated value.

perature and isotopic mass, a typical run consisted of the For (Ar)? the convergence with cell size becomes slower
generation of about fpaths per atom for system equilibra- as the temperature is raisédrger slope of the dashed lines
tion, followed by 5x 10° paths per atom for the calculation in Fig. 1). This is a consequence of the fact that at high
of ensemble average properties. To improve the accuracy itemperature KgT>%w), the contribution to 4r)? of a
the results for the lattice parameter,Tat-18 K we gener- given vibrational mode with frequency scales as /2,

(AV=gieT, &y
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FIG. 1. Mean-square displacemenAr(?, of the Ne atoms vs

) : . i FIG. 2. Temperature dependence of the vibrational energy of
the inverse simulation-cell size. Symbols represent results of Pl

) ) - ' solid neon. Squares and circles correspond to kinetic and potential
MC simulations for isotopically pure crystals 8fNe (open sym- energy, respectively, as derived from Pl MC simulations. Open
bols) and ??Ne (solid symbol$. Circles correspond td=20 K and symbols, 2°Ne; solid symbols2Ne. Error bars of the simulation
squares tor =10 K. Error bars are smaller than the symbol size. eqits are less than the symbol size. The dashed and dash-dotted
Lines are least-squares fits to the data points. lines correspond to a Debye model ffNe and??Ne, respectively,

with ®(?°Ne)=70 K. Diamonds are results for the kinetic energy

of ?°Ne, obtained by Timmet al. (Ref. 16 from inelastic neutron
scattering in solid neon with natural isotopic composition.

making very important the contribution of the low-energy
modes neglected in the finite-size calculations. This contri
bution to the mean-square displacemett)? is given ap-
proximately by%3°

E(V,T)=Eo+Eg(V) +E,in(V.T), 4

)

whereE, is the minimum potential energy for ttelassical
crystal at T=0 K, Eg(V) is the elastic energy, and
E,in(V,T) is the vibrational energy. With the parameters em-
ployed here for the Lennard-Jones potential, we fifgl

2 . i =—26.55 meV per neon atom, which corresponds to a
(Ar)negi* @o1/L, in agreement with the results of the Pl (classical lattice parameterg(0)=4.2890 A. This value

MC simulations presented in Fig. 1. ! h
Another source of possible inaccuracies in the results obf-Or Eo trar!slates into a cohesive energy of 2.57 kJ/mpI.
For a given volumeé/, the classical energy dt=0 (point

tained from Pl MC simulations is the finite Trotter number : X R
N; employed in the discretization of the path integrals. Thus&{0ms on their lattice sit¢sncreases by an amoufis(V)
an extrapolatioN;— has to be carried out to obtain pre- With respect to the minimum energg,. This elastic energy
cise values for the studied quantiti®s® Nevertheless, the Es depends only on the volume, but at finite temperatures
convergence witiN; of the properties studied here is much and for the realquantum solid, it depends implicitly oril
faster than that described above for the simulation-cell sizedue to the temperature dependenc® ¢fhermal expansion
For example, finiteN; corrections to 4r)? scale as 12,  The elastic energf (V) represents a non-negligible part of
as for the other thermodynamic and structural propertieghe internal energy and fd™Ne is found to be 1.21 and 2.14
studied in Refs. 20 and 36. For a given temperafiréhe ~ MeV per atom at 4 and 24 K, respectively. Note that the
largest Trotter numbell; employed in our simulations was elastic energyte4 K is basically due to the change in volume
taken as the integer number giving;T=180 K. This caused by “zero-point" lattice expansion. .
means that, for example, a PI MC simulation on a%x 5 The vibrational energy,;,(V,T) depends explicitly on
supercell N=500 atoms at 4 K (N;=45) is equivalent in bothV andT and can be obtained by Sl_Jbtractmg the elastic
computational effort to a classical MC simulation NfN  €nergy from the internal energy. Path-integral Monte Carlo
— 22500 atoms. simulations allow us to obtain separately the kiné&jcand
potential energyE, associated with the lattice vibrations, as
a function of temperatur®. Both energies are shown in Fig.
2 for ®Ne (open symbols and ?’Ne (solid symbols.
Squares and circles correspond to the vibrational kinetic and
For given volume and temperature, the internal energy ofotential energy, respectively. Our results for the kinetic en-
the solid,E(V,T), can be written as ergy are close to those derived earlier from Pl MC simula-

(Ar)2 |2wa0p(w) LI
neo™ > Jo P M2

whereC is a normalization constant. Assuming a vibrational
density of statep(w)>w?, which is expected to be a good
approximation at low frequencig®ebye model one finds

Ill. RESULTS
A. Energy
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tions with Lennard-Jonés®*”and AziZ® interatomic poten- 0.83 . ' . .
tials. For comparison, we present values of the kinetic energy
of ?Ne, derived by Timmset al!® from inelastic neutron 082k 2Ne |
scattering in solid neon with natural isotopic composition ’ e
(diamond$.®” The kinetic energy of'Ne (natural abundance &, °..
0.27%) in solid neon has been more recently measured by 0.81F Doy, 'o 1
using resonant nuclear reactiofisand a value of 3.2 Lﬁd 0 B a o
(+£0.6) meV/atom was found dt=8 K (not shown in the — 080l Ne "‘h..,‘. o, i
figure for the sake of clarity The results of our PI MC o ’ 2. o
simulations indicate that the vibrational potential energy is a0,
clearly smaller than the kinetic energy, for both sofftNe 0.79 m, -
and ?’Ne. As a resultE, is about 20% lower thag, in the g
whole temperature range under consideration. 078 b PI MC 1
For comparison, we also present in Fig. 2 the kinetic and '
potential energy obtained foi’Ne and ?’Ne from a Debye
model for the lattice vibrationgdashed and dash-dotted 0.77 L L L L
lines, respectively In this approximation, the kinetigoten- 0 5 1o 1520 25
tial) energy per atom at temperatufas given by Temperature (K)
9 h fop 1 FIG. 3. Potential-to-kinetic energy ratis, /Ey for solid 20l.\le
ED= E’?:Z _3j w3cotl'<§,8hw>dw, (5)  (squaresand *Ne (circles, as derived from PI MC simulations.
wpJ0 Error bars are on the order of the symbol size. Dotted lines are

guides to the eye.
whereB=1/(kgT) andwy is the Debye frequencisee, e.g.,
Ref. 38 for an equivalent expression fBF). For *Ne we  range considered. The anharmonicity of the vibrational
have takenwp(*Ne)=48.7 cm ', which corresponds to a modes affects the potential energy more strongly than the
Debye temperatur®p,=70 K3° The Debye frequency is kinetic energy of the neon atoms. The actual trend of the
assumed to scale with the isotopic madsas wpxM Y2 Debye curve in Fig. 4 can be changed by modifying the
and thus we have takenp(*°Ne)=46.4 cmi ', The kinetic  Debye temperatur®,, and thus this curve could approach
energy derived from the PI MC simulations is higher thanthe PI MC results(e.g., by taking smaller values f@p).
that found from this Debye approximation, but the potentialHowever, the low-temperature limit of the energy ratio pre-
energy obtained in the simulations is clearly lower for both
neon isotopes.

A quantitative evaluation of the overall anharmonicity of
the atom vibrations can be obtained from the Pl MC simula- Ne
tions by calculating the ratio between potential and kinetic 0.99 L ]
energy at different temperatures. This ratio should be 1 for a ) o
harmonic solid at any temperature, as follows from the virial c
theorem. In Fig. 3 we display the temperature dependence of 0.08 L potential o ol
the potential-to-kinetic energy ratio fd’Ne (squares and )
22Ne (circles, derived from our quantum simulations. This
ratio is found to be of the order of 0.8 for both isotopes,
showing a clear departure from the harmonic expectancy. It
decreases as temperature rises and is highefffiee than for o ,
20Ne, as expected from the fact that the heavier isotope 006 P /// Debye
should be closer to the classical limit, for which one has, at ) e
T=0,E,/E=2. - -

The departure from harmonicity of the solid vibrations 0.95 , , . .
can be also analyzed by studying the ratio between kinetic or o 5 10 15 20 25
potential energies of both neon isotop&¥Je and?’Ne. This
is shown in Fig. 4, where we present the temperature depen- Temperature (K)

dence for the ra“(Ep(zzNe)/Ep(zoNg) betwegzon potential en- 5y 4 Energy ratio between solidNe and®™Ne. Circles cor-
e.rg|e.s(0|rcles). and for the, raticE,(“Ne)/E,(“"Ne) betwe_en respond to the ratio between vibrational potential energies,
kinetic energies of both isotopésquares The dashed line g (?Ne)/E,(®Ne), and squares to the ratio between kinetic ener-
corresponds to the Debye model discussed above, which gles, E(Ne)/E(2°Ne). Error bars are on the order of the symbol
T=0 converges to the valug20/22=0.953 expected in a sjze. Dotted lines on the simulation data are guides to the eye. The
harmonic approximation. Both potential and kinetic energydashed line is the ratio obtained for both kinetic and potential en-
ratios derived from the Pl MC simulations are larger than theergies in a Debye model wit;(?Ne)=70 K and 0 (**Ne)
Debye harmonic approximation in the whole temperature=66.7 K.

Energy ratio
%
)=
AN

097F 7 ot -
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sented in this figure is independent®f,, and the different 25
values obtained from PI MC simulations for the ratios of
kinetic and potential energies at low actually reflect the
anharmonicity of the zero-point vibrations in the crystal.
Summarizing our energy results, we find that the cohesive
energy for?®Ne at 4 K amounts to 18.98 meV/atom, which
means an important decrease of 7.57 meV/atom with respect
to the classical result @ =0. According to Eq.(4), this
change in internal energy of the solid can be split into three
contributions: elastic energy originating from lattice expan-
sion (1.21 meV/atom and kinetic and potential vibrational
energies(3.51 and 2.85 meV/atom, respectivelyFor solid
2’Ne we find at 4 K a cohesive energy of 19.31 meV/atom,
i.e., 0.33 meV/atom highgmore stablgthan for solid?°Ne
(a difference of abouR%). At 24 K, thecohesive energy 0 L L L
decreases to 16.75 and 16.96 meV/atom#de and*Ne, 0 6 12 18 24
respectively. Our result for the cohesive energy?®fie at Temperature (K)
T=0 is about 1 meV/atom lower than that found by Acocella
et al.from an improved effective-potential thed3/This dif-
ference seems to be due to the different potential parameters
(and not to the different computational procedyresn- Debye Ne
ployed in both calculations. 15 [=——

20

10F

Heat capacity (J /K mol)

20 T T T

B. Heat capacity

The heat capacitfp for *°Ne and??Ne has been calcu-
lated from the MC simulations &=1 atm as a numerical
derivative of the enthalpyH=E+ PV, with respect to the
temperature. Our results f&’Ne are shown in Fig. @) as 5k
open squares. The data points found fdNe lie slightly
higher than those corresponding #Ne and are not shown
for the sake of clarity. In this figure we also present the

experimental results obtained by Somoza and Ferfidbel 0 0 é 1'2 1'8 "
20Ne (solid line), as well as those found by Fenichel and
Serirf? for natural neon(dashed ling Taking into account Temperature (K)

the average isotopic mass of natural neomM . . . .
—20.18 amu), the latter results should be slightly higher F!CG- 5. (@) Heat capacityCp of solid neon as a function of
than the former, contrary to the trend observed in the datimPerature. Squares indicate results of PI MC simulations for
actually measured, indicating that the difference betweergome' ;h? solid :?d daf.zed lines .?r:e ei(perl'me?tal. results fo.rt.sm'd
both sets of data &f>16 K is caused by experimental un- e (Ref. 4 and for solid neon with natural isotopic composition

; T . T (Ref. 40, respectively. Error bars are given for three experimental
certainty. This is in line with the indications by Somoza and_ . . = . ' , :
. . . oints, indicated by black dot&) Relative change in heat capacity,
Fenichel! in the sense that &=18 K the error introduced P Y ) g pacity

= (CZ%-C2)/CZ, vs temperature. Symbols represent results of

by uncertainties in the temperature and to the partial Vapolgyy p| MC simulations, and the solid line indicates the experimental

ization of the solid increases appreciably. Our results followyata from Somoza and Fenich@ef. 4. Two dotted lines above
closely the experimental data up =18 K, and atT  ang below the experimental results correspond to the error bars of

=18 K they seem to be slightly lower. these data. An arrow shows the value ypfobtained in a Debye
In Fig. 5(b) we present the relative change in heat capacmodel atT=0 K.

ity, = (C%—C2%)/C2, as a function of temperature. The PI

MC results are shown as open squares, and the solid lin§eriment afT<6 K decrease as the temperature is lowered,
represents the data obtained by Somoza and Ferfi@et.  contrary to the expectancy of any harmonic model for the
results follow closely the experimental dataTat8 K. At |attice vibrations.

lower T, the error in theys values derived from the simula-
tions increases very fast & approaches zero. An arrow in
Fig. 5(b) indicates the zero-temperature value expectedsfor
in a Debye(harmonig approximation, irrespective of the as-  The mean-square displacements J? of the neon atoms
sumed Debye temperature. In fact, a&t<®p, Cp  are displayed in Fig.®) for temperatures between 4 and 22
«(T/0p)°, whence we hav€pxT3M%2 and—0.154 at K. In this figure, symbols are data points obtained from our
low T in this approximation. Values of derived from ex- Pl MC simulations: square$Ne; circles,?’Ne. At low tem-

C. Atomic mean-square displacements
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16 T T T T ment obtained from a Debye model for the lattice vibrations.
In this approximation, the atomic spatial delocalization at
(a) J3 temperatureT is given by?

=
~
=
o)

, 9 h (oo 1
(AF)DZEM—w% o w cot E'Bﬁw dw. (6)

_
[\)
T
.,
N
N\
N
L

iy With ©(2Ne)=70 K, we find for 2Ne and ??Ne the
7 dashed and dash-dotted lines shown in Fi¢p),6respec-
tively. At temperature§ <10 K this approach gives values
Ne =~ for (Ar)? slightly larger than our PI MC results, but the
/5//_2" simulation data become higher as temperature rises.
8 -t "o . In Fig. 6b) we display the ratio between mean-square
displacements Ar)? for isotopically pure crystals of’Ne
and ?°Ne (squares For comparison, we also present in this
6 ! ' ' ; figure the delocalization ratio obtained from a Debye model
for the lattice vibrationgdashed ling This approach gives
Temperature (K) results that deviate appreciably from those yielded by the
MC simulations, indicating a strong effect of the anharmo-
0.98 T ' ' . nicity of the vibrational modes. In fact, such a simple har-
(b) e § monic approach gives for the delocalization ratio results very
§ o~

_
<
L]
0
N
AY
-
&
o
<
a
L

(A2 (10747

close to those found from MC simulations in covalent
097 s i solids?? where the anharmonicity is much smaller than in the
/ § present case. At low temperatures, the delocalization ratio
/ ﬁ’ obtained in the Debye model for solid Ne converges to
Debye s \J20/22, the expected value in a harmonic modellat0.

0.96 |- // § - The low-temperature limit for the results of our PI MC simu-

; PIMC lations is clearly lower than the harmonic expectation. As the

] temperature rises, this ratio increases and should approach 1
at temperature$ >0 .

2 2
n [ (A1),
N

(AT)
\

095} A .
E D. Lattice parameter

The effect of anharmonicity appears clearly in the average
0.94 L L L L Ne-Ne distancéor in the lattice parametgat low tempera-
0 5 o 15 20 25 ture, which is larger than that corresponding to the minimum
Temperature (K) potential energy of théclassical crystal?® Results for the
lattice parameter derived from our Pl MC simulations follow
FIG. 6. (a) Temperature dependence of the mean-square disclosely the experimental data fé’Ne and??Ne up to 24 K,
placement, 4r)?, for ®Ne (squaresand #Ne (circles, as derived  as displayed in Fig. (8). Classical MC simulations give a
from PI MC simulations. Error bars are less than the symbol sizenearly linear temperature dependence for the interatomic
Dashed and dash-dotted lines: Debye model for séde and distance&® which converges at lowl to the value corre-
?’Ne, respectively, with®p(*Ne)=70 K. (b) Ratio between sponding to the minimum potential energy of the crystal
mean-square displacements BNe and?’Ne: symbols, results of [here,d.(0)=3.0328 A] The increase i°Ne-2°Ne dis-
the PI MC simulgtions; dashed line, Debye model. Dotted lines ingnce obtained in the guantum simulations, with respect to
(@) and(b) are guides to the eye. that found in the classical ones at low temperature, amounts
to 0.1237 A. This quantum effect on the nearest-neighbor
peratures, 41)? goes to the value corresponding to the zero-atom distance al =0 corresponds to an increase in lattice
point motion of the atoms in the crystal, and we firmrQS parameter of 0.1749 ANote that for a face-centered-cubic
values between 7 and810 2 AZ2. The atomic mean-square lattice a=+/2d). In fact, we find for the quantum crystal a
displacements change with the isotopic madsisotopes zero-temperature lattice parameéeg(0)=4.4639(2) A vs
with larger mass having a lower spatial delocalization. Thisa.(0)=4.2890 A for the classical one. This means an in-
mass dependence is most important at low temperatures aeease of 4.1% in the lattice constandue to anharmonicity
decreases as the temperature goes up. In the case of neoh,the zero-point atomic motion, which amounts to about
(Ar)? for ®Ne is still clearly larger than that fof?Ne at  twice the change ia due to thermal expansion between 0 K
temperatures close to the melting temperature, sifge and the melting temperature of neon.
(=24.5 K for natural Ng¢ is much lower than the Debye The relative change in lattice parameter between neon
temperature of the solid8{,~70 K). For comparison, we crystals with different isotopic composition can be measured
also present in this figure the atomic mean-square displacéy the quantityy = (a,g—asp)/a,,, which is shown in Fig.
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FIG. 8. Isothermal bulk modulus as a function of temperature.
Open symbols represent results of PI MC simulations: Squares for
Lok ?Ne and circles foP?Ne. Error bars are of the order of the symbol
) size. Dotted lines are guides to the eye. Solid squares indicate ex-
perimental results from Batcheldet al. (Ref. 42.
1.8 F . I . : .
= circles in Fig. Tb)]. We have carried out some simulations
= with the same potential parameters and cutoff distance for
- 17k dynamic correlations employed in Ref. 20p to the fourth
neighboring shell but did not find such an increase jnat
T>20 K. A possible explanation for this increase in isotopic
16k effect in the experimental data is related to the generation of
thermal equilibrium vacancieswhich are not allowed in our
MC simulations. Moreover, the experimental data Tat
15 >18 K could be affected by the problems discussed above

0 5 10 15 20 25 in connection with the heat capacity resuftsirtial vaporiza-
tion of the solid and temperature uncertainties
The temperature dependence of the lattice constant of
FIG. 7. (a) Temperature dependence of the lattice parameter ofatural neon and®Ne was calculated by Goldmaet al®
isotopically pure crystals of solid Ne. Squar&ble; circles,?Ne.  from a self-consistent phonon theory. These authors found
Error bars are less than the symbol size. Solid lines represent resullsr a 6-12 Lennard-Jones potentialTat O a relative isotopic
derived from x-ray diffraction experiments by Batcheldstral. difference x(0)=2.0x 10—3, close to the extrapolation of
(Ref. 3. Error bars of the experimental data are less than the lineexperimental daﬁa[xexpl(o): 1.91x10 3] and to our low-
width. (b) Relative change in the lattice parameter=(a,  temperature results. This method gamevalues differing
—ay)/ay,, vs the temperature. Solid squares, results of the preseftqom experiment by 1.4 103 A atT=0. to be compared
Pl MC simulations; open circles, results from bér et al. (Ref. with a difference of 5<10~% A found for our simulation
20); solid line, experimental data from Ref. 3. Two dotted lines results. This difference with experiment increases as tem-
above and below the experimental results correspond to the err?{erature is raised. and at 18 K. we found 102 A vs
bars of these data. ~3%x10"2 A for the results in Ref. 6.

Temperature (K)

7(b). Solid squares indicate results of the present PI MC
simulations, which are compared with those obtained from
x-ray diffraction experiments(solid line). We also present The isothermal bulk modulus of solid neon has been cal-
results derived from Pl MC simulations by er et al?®  culated from the mean-square fluctuations of the lattice pa-
(open circles For increasing temperature, the relative rameter by using Eq(2). The results are plotted in Fig. 8,
changey decreases, since quantum effects become less relvhere squares and circles correspondide and?’Ne, re-
evant to describe the atomic motion. However, the experispectively. At 4 K we findB=9.88(3) kbar for>°Ne and
mental data show an increase jnat temperatures higher 10.193) kbar for ??Ne. These values are very close to those
than 20 K, close to the melting temperature of neon. Oufound by Goldmaret al® from their self-consistent phonon
results do not reproduce this increasecinwhich was appar- theory atT=0: B=9.94 and 10.22 kbar, respectively. Thus,
ently obtained in the PI MC simulations of Ref. Pe open we find a difference of 0.31 kbar between both isotofzes

E. Bulk modulus

014112-7
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2.6 r T T T the relation Ap)?=2ME,. In Fig. 9 we present the product
o ArAp as a function of temperature f&Ne (squares and
o4l © PNe P 22Ne (circles, as derived from the PI MC simulations. The
a 2Ne o /, dashed and dash-dotted lines correspond to the Debye model

discussed above fo’Ne and?Ne, respectively. In this ap-
. proximation, the producArAp at T=0 amounts to 1.58,
irrespective of wp. Note that for an isotropic three-
dimensional(3D) harmonic oscillator this product takes at
T=0 the value %/2. At T=4 K, we find, for both?’Ne
and ?Ne, ArAp=1.62, very close to the value expected in
T a Debye model. Differences between both neon isotopes in
the productAr Ap increase as temperature risAs A p being
larger for ?Ne. In fact, in a Debye model, at high tempera-
tures KgT>% wp) one hasAirAp=343ksT/wp, and hence
ArApcTMY2

In the presentation of our simulation results, we have
compared the MC data with those predicted by a Debye
Temperature (K) model with a constanttemperature-independer®,. The
main purpose of this comparison was to assess the impor-
tance of anharmonic affects in the various quantities consid-
red. Usually® is assumed to change with temperature, in
order to fit experimental heat capacity data. Something simi-
?r could be done with our simulation results, by assuming a
temperature-dependefliy(T). For example, one could fit
the MC data for the kinetic enerdy, presented in Fig. 2 by
increasing® . However, thisad hocfit would not match the
3% of the calculated valugsThis difference is reduced to potential energy, which is clearly smaller thEp (an anhar-
~0.1 kbar at 24 K. We note that the classical expectancynonic effect that cannot be taken into account by changing
(which in our context corresponds to the lilt—) atT  @p). Also, to fit other quantities, a different functiég(T)
=0 is B, (0)=75e/0°=17.2 kbar(see, e.g., Ref. 41This s necessary, as is the case Af |2, for which ® 5 should be
means that quantum effects cause an important decre8se inat T>12 K lower than the value employed above to calcu-
which for ®Ne amounts to 42% of the classical valueTat [ate the lines shown in Fig.(8).

—0. Anharmonic effects in solid Ar have been quantified ear-

Experimental results for natural neon obtained by Batchiier by comparing the kinetic and potential energies derived
elderet al*? are displayed in Fig. 8 as solid symbols. At low from PI MC simulation€° In the limit T—0 the potential
temperatures [<18 K) these data are larger than our Pl energy was found to be 7% lower than the kinetic energy,
MC results, and at higheF, the experimental data decrease indicating an important anharmonicity of the zero-point mo-
faster than those derived from the simulations. Our result$ion in this solid. Such an anharmonicity is expected to be
for the bulk modulus of solid neon are very close to thoséarger for Ne. In fact, from the results shown in Fig. 3, we
found by Acocellaet al*® by using an improved effective- find that at low temperature, is 19% and 18% lower than
potential Monte Carlo theory with Lennard-Jones andEk for ©Ne and #Ne, respectively. These values are very
Tang-Toennis-tyg€ interatomic potentials. This method |arge when compared with those found for covalent solids at
gives results for the lattice parameteand heat capacit¢,  low temperatures. For example, for diamond, silicon, and
in good agreement with experimental data, but similarly togermanium one finds at lowdifferences betweek, andE,
our PI MC simulations, predict values for the bulk modulussmaller than 1%, and at the Debye temperature of each ma-
B lower than the experimental findings @t<18 K. Thus, terial, they are less than 3%2?2**Another interesting point
interatomic potentials that reproduce well several structurajs that for these covalent materials the vibratioBgis larger
and thermodynamic properties of solid neon give too smalthan E, , just the opposite to the trend found for rare-gas
values for the low-temperature bulk modulus. solids. Thus, the fact thd@,<E,, found for Ne and A, is
not general in solids and can be associated with the particular
character of the interatomic interactions present in rare-gas
(Lennard-Jonessolids.

From the results of the quantum simulations presented The low-temperature changes in the lattice paramater
above, one can study the delocalization of the atomic nucleilue to isotopic mass can be explained quantitatively from the
in phase space as a function of temperature. With this purzero-point lattice expansiom,e(0)—a¢(0) for a crystal
pose, we calculate the produdtrAp between the root- with a reference isotopic madg . In fact, in a quasihar-
mean-square fluctuations of the position and momentum afonic approach the differencéa(0)=ay(0)—a,{0) at
the neon atoms. The latter are related to the kinetic energy by=0 can be expressed?4$®

Ar Ap/h

1'4 1 1 1 1

0 5 10 15 20 25

FIG. 9. Temperature dependence of the produch p for solid
neon. Symbols indicate results of Pl MC simulations: squares fo
20Ne and circles for?Ne. Dotted lines are guides to the eye. The
dashed and dash-dotted lines were derived from a Debye model f
the lattice vibrations with ®@5(>°Ne)=70 K and 0p(?Ne)
=66.7 K.

IV. DISCUSSION
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Aa(0)=[a,e(0) —ag(0)J (VM o/ M —1). (7)  pected in harmonic approaches. We have found quantitative
agreement with experimental data for the isotope effect in

Taking “Ne as our reference, we haw,(0)—2ac(0)  the heat capacitgp and lattice parameter. The calculated
=0.1749 A (see abovg and for the isotopic difference jsothermal bulk modulus is smaller than the experimental
a2:(0)~a,¢(0), Eq.(7) givesAa(0)= —8.1x10"* A. This  gata at low temperatures, but the relative difference of 3%
value is close to the low-temperature results found from d'betweerB(zzNe) andB(®Ne) is expected to be close to the
rect calculation of the lattice parameters corresponding t@ctyal one. More experimental and theoretical work will be
different atomic massesquares and circles in Fig(&]. necessary to understand the difference between calculated

In summary, we have studied the dependence of structuralyq experimental results for the bulk modulus of solid neon.
and thermodynamic properties of solid neon on isotopic

mass by path-integral Monte Carlo simulations. These quan-

tum simulations allow us to study phonon-related properties ACKNOWLEDGMENTS
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