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P-wave pairing and ferromagnetism in the metal-insulator transition in two dimensions
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Based on recent experimental evidence for a spin-polarized ground state in the insulating phase of the
two-dimensional electron system, we propose that ferromagnetic spin fluctuations lead to an attractive inter-
action in the triplet channel and causep-wave pairing in the conducting phase. We use the Landau-Fermi liquid
phenomenology to explain how the enhanced spin susceptibility near the critical density yields an attractive
potential, in a similar mechanism to superfluidity in3He. As the density is decreased, thep-wave order
parameter undergoes a transition from a unitary to a nonunitary state, in which it coexists with ferromagnetism
for a range of densities. As the density is further reduced, the pairing amplitude vanishes and the system is
described by a ferromagnetic insulator. Thus, we find two quantum critical points as a function of density
associated with the polarization of the paired state and ferromagnetism. We explain the magnetotransport
measurements in parallel and perpendicular magnetic fields and propose a shot-noise experiment to measure
the pair charge.
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I. INTRODUCTION

It has become self-evident that the spin properties of
teracting electrons or holes in two dimensions~2D! play a
central role in the transport properties of these systems
particular in the possible metal-to-insulator transition~MIT !
observed in a number of different material systems, such
Si-MOSFET’s,n- andp-doped GaAs, AlAs, and SiGe.1 Re-
cent data in Si metal-oxide-semiconductor field effect tr
sistors~MOSFET’s! by Shashkinet al.2 and Vitkalovet al.3

on the saturation of the conductance as a function of
magnetic field parallel to the 2D plane~see also Ref. 4!,
combined with previous analysis of Shubnikov–de Haas
cillations in a tilted magnetic field,5,6 suggest that the insu
lating state is spin polarized.

These experimental observations revive an unreso
theoretical problem on the possible phases of electronic
tems in 2D as a function of the interaction strength~or, al-
ternatively, the density! even in the idealized clean system
Bergman and Rice7 raised the possibility that as the dens
is decreased, there is a transition from a paramagnetic F
liquid into a ferromagnetic Fermi liquid state. Quantu
Monte Carlo studies by Tanatar and Ceperley8 have consid-
ered three different electronic states, a paramagnetic liqu
ferromagnetic liquid, and a Wigner crystal, and found a tr
sition from the paramagnetic liquid to the Wigner crystal
r s'37. However, the energies of these three phases bec
rather close for a range ofr s . Thus, it is not unreasonabl
that either improved energy estimations or disorder effe
may bring the energy of the ferromagnetic state to low
values, so that it may exist for a window of densities b
tween the paramagnetic liquid and the Wigner crystal.
deed, perturbative renormalization group~RG! calculations
for disordered and interacting electrons in 2D by Finkelste9

have pointed out a runaway flow in the triplet channel ev
in the limit of low densities~see also Ref. 10!. This runaway
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has been recently interpreted as a tendency towards fe
magnetism in the diffusive~metallic! regime,11,12 suggesting
that disorder may also help trigger a full spin polarization
low densities. Recent numerical studies have also indicat
strong tendency towards spin polarization in the localiz
regime.13

Provided the recent experimental evidence from transp
measurements~not susceptibility measurements! for the fer-
romagnetic state of dilute 2D electrons, we investigate
effect of enhanced spin fluctuations on the paramagnetic
of the transition. We assume that the paramagnetic state
be described, for densities above a critical densityn0 and for
finite temperatures below the Fermi energy, by Fermi liqu
phenomenology. As one approaches the critical density,
of the Landau Fermi liquid parameters,F0

a , which renormal-
izes the spin susceptibility, crosses the minimum bound
Pomeranchuk’s stability condition.14 We argue that the prox
imity to the ferromagnetic instability leads to an attracti
interaction for a range of densities preceding the ferrom
netic transition. The attraction, in the triplet channel, leads
p-wave pairing. Once the system enters the ferromagn
state, the paramagnon exchange mechanism for the attra
rapidly decreases, and these two phases compete to the
where thep-wave state ceases to exist at a densitync . There-
fore, there are two quantum critical points in the phase d
gram at densitiesnc andn0 ~likely very close!, and there is
an intermediate region in densities where the two phases
exist, but in which thep-wave pairing is in a nonunitary
state. At the mean-field level, the phase diagram is show
Fig. 1.

The possibility of unconventional pairing in an electron
system has been recently considered in the context of lay
Sr2RuO4. In the Srn11RunO3n11 series, wheren determines
the number of RuO2 planes in the unit cell, ferromagneti
states are observed forn.3. It is believed that the proximity
to ferromagnetism plays an important role for supercond
tivity in the ruthenates, andp-wave symmetry was propose
on the basis of similarities to3He.15,16 Although a direct
©2001 The American Physical Society15-1
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transition between ferromagnetic and superconducting st
has not been experimentally observed, the ruthenates s
similarities to the problem studied in this work. We shou
point out, however, that in ruthenates there is true 3D lo
range order, while we discuss systems that are truly two
mensional and therefore subject to strong fluctuations.

We also draw a strong analogy between the 2D electro
states and the 3D3He systems in a number of ways.17 For
one, we argue that Fermi liquid phenomenology should
be dismissed in describing the 2D interacting electronic s
tem in the metallic side of the transition at finite tempe
tures. One of the usual concerns that is raised against
Fermi liquid state in the 2D problem at low densities is th
the ratio between the Coulomb and kinetic energies is ab
a factor of 10. This logic can be misleading,~a! since the
contributions from exchange and correlations reduce this
tio and ~b! Fermi liquid parameters, which measure t
strength of the interaction relative to the kinetic energy,14 are
typically large compared to unity even for 3D3He. For ex-
ample, the Landau parameters for3He at high pressure~27
bars! that renormalize the compressibility, magnetic susc
tibility, effective mass, and spin precession rate areF0

s

568.17,F0
a520.76,F1

s512.79, and F1
a521.00.18 Even

though most Landau parameters are very large when c
pared to unity, the normal phase of3He is very well de-
scribed by Landau’s Fermi liquid theory. Indeed, if any, t
real question is why Landau’s phenomenology works
well, way beyond the perturbative regime where RG ar
ments for fermions19 justify the stability of the Fermi liquid.

We show that we can consistently interpret the recent d
on the 2D MIT transition close to the critical density2–4 as
due to the enhancement of the Landau parameterF0

a . The
paramagnon exchange mechanism can be responsible f
attraction in the triplet channel in the 2D electron problem
complete analogy with the problem of 3D3He. The major

FIG. 1. Variation of the relevant order parameters as a func
of electron density~mean-field theory!. m is the magnetization,C is
thep-wave pairing amplitude, andSdenotes the pair spin projecte
along m. Spontaneous magnetization sets in at the critical den
n0, while at nc the system becomes a disordered ferromagn
insulator.npol is the density where the pairs become fully spin p
larized.
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difference between these two systems is dimensionality
2D true superconductivity or superfluidity is only possible
zero temperature. Strong fluctuations in 2D do not allow
long-range order. For a singlet paired state in 2D with U~1!
symmetry algebraic order can be established below
Kosterlitz-Thouless~KT! temperature.20 However, for a trip-
let paired state where the order parameter is a complex
tor and the symmetry group is non-Abelian, superconduc
ity can only be established atT50. We thus propose that th
insulating state is ferromagnetic, while the metallic state c
responds to a pairedp-wave state. The possibility ofsinglet
superconductivity in the observed conducting phase of
2D electron systems was suggested by Phillipset al.21 and
Belitz and Kirkpatrick;22 here we present a possible mech
nism for pairing ~without finite-temperature long-range o
der! in the triplet channel.

We would like to stress that we do not address in t
paper the reason why the measured conductance in
MOSFET’s seems to saturate in the triplet paired state w
T→0. In the case of singlet paired superconducting 2D m
terials~thin films! and 2D Josephson junction arrays, wher
finite KT transition should be observed together with t
vanishing of the resistivity, a saturation of the conductivity
also observed.23 The source and precise mechanism for the
dissipative effects are presently unknown, despite some
cent theoretical efforts.24,25

There is a natural question regarding the possibility o
paired state in the 2D electronic systems where the MIT
observed: Why can one have pairing if the conductance i
ordere2/h near the transition? Naively, if one uses intuitio
from noninteracting electrons, then the bare value of the c
ductance isG05(2e2/h)(kFl ); weak localization correc-
tions, perturbative in (kFl )21, are added to this bare value
This would imply thatkFl'1 at the transition, and therefor
disorder is too strong and pair breaking. However, the va
of l that one reads from this naive argument isnot a measure
of disorder alone. The energy scale of the interactions
larger than the Fermi energy of the 2D electron systems n
the transition, thus the scattering of electrons even if
disorder is weak should be large and dominant. Therefor
dimensionless conductance of order unity does not neces
ily imply strong disorder. For example, it is known that ne
2D superconducting-insulator~SC-I! transitions the dimen-
sionless conductance is of order one even in the absenc
disorder.26 We claim that the same happens in the context
the MIT transition discussed here. We also give argume
showing, based on Fermi liquid theory, that near the fer
magnetic transition the paramagnetic scattering can pro
for conductances of order unity.

The paper is organized as follows: In Secs. II and III w
discuss Landau’s Fermi liquid phenomenology applied to
paramagnetic phase of the 2D electronic system and the
meranchuk instability leading to ferromagnetism at low de
sities. We argue that the enhancement in spin fluctuations
to the proximity to the ferromagnetic state causes an att
tive interaction in the triplet channel andp-wave pairing.
Section IV contains a discussion of a two-component mo
for the MIT transition, where we argue that, due to electro
electron interactions in the presence of disorder, the dim
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sionless conductance due to paramagnetic scattering ca
come of order unit close to the transition. The mean-fi
phase diagram of the problem is established in Sec. V u
a generic Ginzburg-Landau free energy for ap-wave paired
state coupled to a ferromagnetic order parameter. In Sec
we compare our results to the available experimental data
parallel and perpendicular magnetic fields for the 2D el
tron gas in a Si-MOSFET and propose new shot noise
periments that can test our theory. Section VII contains
conclusions.

II. p-WAVE PAIRED METALLIC PHASE

Our starting point is a Landau Fermi liquid theory for th
metallic phase of the 2D electronic system. We consider
the effects of interactions and then those of disorder. Le
briefly review and then apply the Landau phenomenology
the experimental observations on Si-MOSFET’s. Conside
isotropic Fermi liquid with planar densityn, Fermi momen-
tum kF5A2pn/gv, and Fermi energyEF5\2kF

2/2m*
5p\2n/gvm* , wherem* is the effective mass andgv ac-
counts for the valley degeneracy. The ground state of
problem is described in terms of quasiparticles that fill u
Fermi sea up to the Fermi energy. The change in the en
of a Fermi liquid due to changes in the quasiparticle cha
density,dn(kW ), and spin densitydsW (kW ) is given by14,18

dE5E d2k ekW dn~kW !1E d2k d2k8 f s~kW ,kW8! dn~kW ! dn~kW8!

1E d2k d2k8 f a~kW ,kW8! dsW ~kW !•dsW ~kW8!, ~1!

whereekW is the bare dispersion andf s(kW ,kW8) and f a(kW ,kW8) are
the symmetric and antisymmetric Landau parameters,
spectively. In 2D these parameters can be expanded as

f kW ,kW8
a,s

5 (
n52`

1`

f n
s,aeinukW ,kW8, ~2!

wheren gives the angular momentum in the plane, andukW ,kW8
is the angle betweenkW andkW8. It is useful to define dimen-
sionless parameters Fn

a,s[N(0) f n
s,a , where N(0)

5gvm* /p\2 is the 2D density of states at the Fermi ener
The stability of the Fermi liquid state~or the Fermi sur-

face! is given, in Landau’s theory, by the Pomeranch
criterion,14,18 which in 2D can be written as

Fn
s,a.21 ~3!

for all values ofn. Since all the physical quantities in Land
au’s theory can be written in terms of the Landau paramet
a violation of the Pomeranchuk criterion implies an instab
ity of a physical observable. The compressibility, for i
stance, is given by

k5
N~0!

11F0
s

~4!
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and an instability to phase separation implies thatF0
s,21.27

In the same theory the effective mass is given by

m*

mb
511F1

s , ~5!

vanishing whenF1
s521 ~heremb is the carrier band mass!.

The magnetic susceptibility can be written as

x5S g0mB

2 D 2 N~0!

11F0
a

, ~6!

where g0'2 is the bare~band! Landé g factor. Thus, for
F0

a'21 the magnetic susceptibility diverges, indicating
instability towards a magnetically ordered phase.

As one of the Landau parameters approaches the cri
value given by Pomeranchuk’s criterion, there is a stro
enhancement of the interactions in the Fermi liquid. Co
sider, for instance, the case of density-density interacti
that are determined byF0

s . It can be shown that the induce
density-density interaction in a Fermi liquid~in the static
limit ! is given by the usual random phase approximat
~RPA! expression28

Ur2r85
1

N~0!

F0
s

11F0
s

. ~7!

Thus, close to Pomeranchuk’s instabilityF0
s'21 the inter-

action is very large and attractive, leading to phase sep
tion. On the other hand, the induced spin-spin interaction
the same system are given by

Us2s85
1

N~0!

F0
a

11F0
a

sW •sW 8, ~8!

wheres is the electron spin. Therefore, whenF0
a'21, that

is, close to the magnetic instability, this interaction is a
large and attractive, leading to pairing in a spin triplet cha
nel. In fact, we can estimate the size of the pairing amplitu
using the weak coupling BCS expression

uDpu'EF e2u(11F0
a)/F0

au, ~9!

where the Fermi energyEF works as a cutoff in the problem
because it is the only energy scale present.28 Obviously, we
have to consider Eq.~9! carefully since, as the system ap
proaches the instability, the attraction is very strong and
weak coupling expression breaks down; in this case,
should use a strong coupling approximation.29 Thus, the ex-
pression in Eq.~9! can still be used when the attraction
weak uF0

au!1 and is only a crude estimate whenF0
a'21.

In general, one expects the Landau parameters to be
pendent on the electronic densityn. Let us consider the situ
ation of a Fermi liquid close to a magnetic instability th
happens atn5n0. The Landau parameterF0

a(d) can be ex-
panded close to the transition as

F0
a~d!5211ad1O@d2#, ~10!

wherea.0 is a constant and
5-3
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d5
n2n0

n0
~11!

measures the distance from the quantum critical point. In
~10! we disregard higher-order terms in the density variatio
around the critical point. Observe that in this case the m
netic susceptibility can be written from Eq.~6! as

x~d!'
~gmB!2N~0!

4ad
, ~12!

showing that the susceptibility diverges linearly with the d
tance from the critical point. Notice, from Eq.~9!, that the
weak coupling expression for the pairing amplitude close
the transition is given by

uDp~d!u'EFe2audu'EF . ~13!

This result indicates that the pairing amplitude is of order
the Fermi energy in the system. In the case of the 2D
MOSFET’s,EF is usually of order of 5 K because of the low
electronic density. The critical temperature,Tc , however, re-
mains zero because of the dimensionality of the system;
erwise, this problem would be a case of high-temperat
superconductivity. Notice that the number of pairs isnp
5n/2 at zero temperature.

Away from the transition we can classify the behavior
the system depending on the full density dependence ofF0

a .
At large enough densities,n.nA , F0

a should become posi
tive because of the screening of the electronic interaction
backflow effects. In this case, without the help of pairing, t
localization effects should dominate, and the system sho
become an Anderson insulator. So it is only in this hig
density (n.nA) regime that one could possibly attempt
apply ideas established through the scaling theory
localization30 for noninteracting electrons. Forn0,n,nA

we have21,F0
a,0 and pairing is effective in delocalizin

the electrons, leading to the metallic state observed exp
mentally. In this regime, naive intuition based on nonint
acting electrons should not apply. Finally, forn,n0, the sys-
tem becomes a ferromagnet. We will return to this regi
later when we consider a Landau-Ginzburg theory describ
the system. We show that there is a coexistence region
both p-wave pairing and ferromagnetism for densitiesnc
,n,n0, and forn,nc the physics of the problem is the on
of a ferromagnetic insulator.

III. EFFECT OF DISORDER IN THE PAIRED STATE

We have argued that the proximity to the ferromagne
instability induces pairing in the Fermi liquid state. The e
fects of strong interactions are built in in this picture, but w
still need to discuss the effect of disorder in this paired s
~which we argue in Sec. V should be in fact a fully gapp
px6 ipy state!. The question to be addressed is will th
paired state survive disorder? As is known for the case
strongly coupled superconductors, which is the case h
when the electron mean free pathl becomes of the order o
the coherence lengthjsc, pairing is suppressed.31 Since the
24511
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pairing amplitude is essentially of order ofEF @see Eq.~13!#,
the coherence length is of the order of the Fermi wavelen

jsc5
vF

uDpu
'

1

kF
, ~14!

and of the size of the interparticle spacing. Therefore, pair
should survive as long asl @jsc or, equivalently,kFl @1. The
main question here is whether this condition is satisfied
the heterostructures where the MIT is observed. We ar
below in favor of this case.

The common belief is that close to the MIT transitio
kFl'1 because the dimensionless conductance at the tra
tion is of order 1. This indeed would be the case if the va
of the conductance would be completely fixed by the amo
of disorder in the sample. However, as we have shown, th
are strong electron-electron interactions close to the fe
magnetic transition~indeed interactions are thereason for
the instability, sinceF0

a→21). These interactions in the
presence of localized electronic spins, as we are going
show in Sec. IV, can provide a large contribution to the
sistance. In other words, the value of the critical resistiv
rc , can be of orderh/e2 from interaction effects even i
disorder is small. The concept of using (kFl )21 as a measure
disorder is only good if one could determine whatl is inde-
pendently of a conductivity measurement, because otherw
strong interaction effects will blend in and make such disc
sion useless. Therefore, in strongly correlated systems
should be careful in extending arguments that are only v
for noninteracting systems.

From a theoretical perspective, it is known that intera
tions alone can lead to a universal conductivity of orders0
54e2/h. It has been shown26 that, for the 2D
superconductor-to-insulator transition in the clean Bo
Hubbard model~belonging to the 3DXY model universality
class!, the conductivity is given bys'0.285s0. It was ar-
gued in Ref. 26 that this transition is in the same universa
class of a superfluid-insulator transition for bosons mov
in a random potential. In 111 dimensions, it is known tha
the universality class of a superconductor-to-insulator tra
tion for a model of fermions with attractive interactions
the same as the insulator to superfluid transition in a mo
of repulsively interacting bosons.32 Since 111 is the lower
critical dimension for this type of transition,26 we expect this
type of result to hold in our case as well. Indeed, there
strong experimental evidence for these results in the su
conducting to insulator transition in amorphous superc
ducting thin films.23

IV. TWO-COMPONENT MODEL

Based on experimental evidence that the insulating ph
in the 2D electron system is a ferromagnetic state, we h
argued in Sec. II that the proximity to the spin-polarized st
inducesp-wave pairing on the metallic side of the MIT. I
this section we study the transition between thep-wave
paired state and the ferromagnetic state using a t
component model. Let us split the total electron density
T50 into a localized ferromagnetic componentnL and an
5-4
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itinerant, paired componentnp :

n5nL12np . ~15!

The dependence of bothnL and np as a function ofn is
represented schematically in Fig. 2. For densitiesn0,n
,nA , all electrons are paired (np5n/2) at T50, while for
very low densities, all electrons are in the insulating fer
magnetic state (n5nL). There is a region where the tw
components coexist: as the system starts to spin polarize
low n0, the density of pairs starts to decrease, vanishing
some critical densitync,n0. At very low densities (n!nc)
the Wigner crystal or Bragg glass phase becomes the gro
state.33 In this work, however, we do not attempt to stud
such phase, since it requires unscreened long range int
tions that are not included in our formalism. The study of t
Wigner crystal would then need a different starting point,
from the MIT. For this reason, the Wigner crystal is absen
the phase diagram of Fig. 1.

The appearance of a coexistence region is natural in
way we divide the two densities. It also follows from th
competitive nature of the two phases, as the mechanism
leads to pairing—paramagnon exchange—is strongly s
pressed as the system spin polarizes. The coexistence p
is also found within the Landau-Ginzburg theory of Sec.
as a direct consequence of having two competing orders.
existence of metallic regions surrounding localized pudd
of charge has been confirmed experimentally through in
nious local compressibility measurements in GaAs/AlGa
samples.34 These experiments reveal that the fragmented
calized regions increase in number as the density is lowe
towards the MIT. The appearance of these fragments in
metallic phase (n.nc ,n0) is consistent with the idea tha
some incipient magnetism is always present in diffusive s
tems, even when the interaction in the triplet channe
weak.12 In regions where strong magnetization occurs due
fluctuations in the wave functions, the paramagnon mec
nism is absent, thus suppressing pairing and leading to lo
ization. This is not taken into account in our mean-field~ho-
mogeneous! treatment of the problem; had it bee
considered, it would likely prolongate thenL curve towards
densities larger thann0 ~not shown in Fig. 2!.

FIG. 2. Densities of the localized,nL , and itinerant, 2np , com-
ponents as a function of total density near the critical region.
24511
-

e-
at

nd

ac-
e
r
n

e

at
p-
ase
,
he
s
e-
s
-

ed
e

-
s
o
a-
al-

Next, we use this two-component picture to provide
argument on why the critical conductivity near the MIT is
order e2/h. Consider the situation at finite temperatu
within the coexistence windownc,n,n0. While at zero
temperature all the delocalized electrons~with density 2np)
participate in the pairing, at finite temperatures only a sm
fraction is really paired. The unpaired state can be descri
by the Fermi liquid theory of Sec. III. The localized ferro
magnetic component is a source of spin scattering for
itinerant Fermi liquid. The coupling

dH5J E d2r SW L~r !•SW it~r ! ~16!

follows from splitting the electrons into two components
the effective Hamiltonian for the interacting electron liqui
HereSL(r ) andSit(r ) are the electron spin operators for th
localized and itinerant components of the electron syst
respectively. The exchange couplingJ5N(0)F0

a can be ob-
tained from the expression for the energy in the Land
Fermi liquid phenomenology.

This interaction leads to a high-temperature scatter
time for the itinerant fluid given by

\

t
5

p2

2
N~0!J2S~S11! nL5

p2

2N~0!
~F0

a!2S~S11! nL

~17!

for scattering off the spinS51/2 ferromagnetic componen
This gives a resistance

rS5
m*

2np e2t
5p2

h

4gve2

nL

2np
~F0

a!2S~S11!. ~18!

For a narrow coexistence region, the Landau parameteF0
a

should be close to the Pomeranchuk critical value of21;
hence, the conductance is solely determined by the ratx
5nL /n:

rS'
3p2

4gv

h

4e2

x

12x
. ~19!

Notice that this result implies that there can be a large va
tion of the resistivity in the critical region of the phase di
gram. The scale for resistance is the prefactor

rS* '
3p2

4gv

h

4e2
, ~20!

and if near the MIT transition region the fractions of the tw
components are close, the ratiox/(12x) should be of order
unit. Hence, the high-temperature resistance near the ‘‘s
ratrix’’ line should be of orderrS* , which gives a conductiv-
ity of order s'0.3s0. This simple argument highlights th
importance of considering the electron-electron interacti
when calculating the resistivity of the system near the fer
magnetic instability (F0

a521).
5-5
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V. LANDAU FREE ENERGY: MEAN-FIELD PHASE
DIAGRAM

In this section we discuss the transition between fer
magnetism andp-wave superconductivity. In the context o
ruthenates it has been shown that the ferromagnetic
superconductor transition can be described in terms of
SO~10! model.35,36 Here we do not take the high-symmet
approach; instead, we simply write a Landau-Ginzburg f
energy that combines bothp-wave superconductivity and fer
romagnetism~we assume the system to be homogeneous!,28

F@m,c,d,d* #5
b m2

2
1

m4

4
1a c21d c2m2

1
c4

2 E du

2p
$ud~u!u41@ id~u!3d* ~u!#2%

2g c2E du

2p
@ id~u!3d* ~u!#•m, ~21!

where m is the ferromagnetic order parameter andc and
d(u) are amplitude and vector parts used to describe
p-wave pairing order parameter at the Fermi surface:

Cab~u!5 ic(
k51

3

@sks2#abdk~u!, ~22!

with the 3D vectord(u) obeying the normalization conditio

E du

2p
ud~u!u251. ~23!

Here sk with k51,2,3 are Pauli matrices. We assume th
the coefficientsd and g appearing in the free energy a
nearly independent of electron densityn, while a5a(n
2nA) andb5b(n2nB). All a, b, g, andd are positive.

Clearly not all fourth-order terms allowed by symmet
have been taken into account in Eq.~21!. The inclusion of all
terms would render the analysis extremely difficult even
the mean-field level. Thus, the choice manifest in Eq.~21!
should be considered as the simplest one that reproduce
phases discussed in previous sections.

It is worth noticing that the expectation value of the Co
per pair total spin operator at a pointu of the Fermi surface
is given by

^Ŝ&5 ic2d~u!3d* ~u!. ~24!

Thus whend(u) is a real vector, apart from an overall pha
factor,^Ŝ&50. In this case, named unitary, one can show t
d(u) defines a direction along which the spin operatorŜ has
eigenvalue zero.

One could in principle minimize the free energy with r
spect to all ten real parameters, namely,c,mi ,di ,di* , with
i 51,2,3, using a Lagrange multiplier to enforce the norm
ization condition. Instead, we restrict the form of the vec
d(u) to certain classes, following the treatment used
24511
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3He.28 For instance, the analogous to theB phase or Balian-
Werthamer~BW! phase of3He would correspond to the iso
tropic ~nodeless! choice

d~u!5ê1 cosu1ê2 sinu, ~25!

which is clearly unitary. Another possible unitary choic
~also nodeless!, resembling theA phase or Anderson
Brinkman-Morel~ABM ! phase of3He is

d~u!5ê3~cosu6 i sinu!. ~26!

~The latter case seems to be relevant to the supercondu
phase of Sr2RuO4.15,16! Here, we use neither choice, bu
adopt instead a parametrization that allows for a nonunit
d(u), thus ^S&Þ0. Recall that there exists a ferromagne
coupling between the local magnetization and the Coo
pair total spin~the last term in the free energy!. A unitary
order parameter would make this coupling to vanish ide
cally. Our choice will be

d~u!5
z

A2
~w ê11w* ê2!, ~27!

where z[eiu and uwu251. One may ask how this come
about. The reasoning is simple. First, we look for a minimu
energy configuration and therefore fix it to be nodeless. S
ond, for a 2D p-wave paired state, we must havedi(n̂)
5Diana , with i 51,2,3 andn̂5(cosu,sinu). Thus, we can
write that d(u)5z v11z* v2, with v1 and v2 two complex
three-dimensional vectors that do not depend onu, but must
obey the relationuv1u21uv2u251 due to the normalization
condition ond(u). It is straightforward to check that the BW
and ABM states correspond to the choicesv1,25(ê1

7 i ê2)/A2 and v15ê3 ,v250, respectively. On the othe
hand, our choice of parametrization can be obtained by
ting, for instance,v15(w ê11w* ê2)/A2 and v250. The
choice is not unique and has to be considered as an ans

We can now proceed with the minimization of the fre
energy. With our choice ford(u), we find that

ud~u!u251 ~28!

identically and

id~u!3d* ~u!52sinf ê3 , ~29!

wherew[eif/2. As a result,

F@c2,m,f#5ac21
c4

2
@11sin2f#1

bm2

2
1

m4

4
1dc2m2

1gc2m3 sinf. ~30!

~Notice that we do not need to use a Lagrange multiplier
enforce the normalization condition anymore.! The minimi-
zation equations read

05a1c2@11sin2f#1d m21g m3 sinf, ~31!

05m1,2~b1m212d c2!, ~32!
5-6
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05m3~b1m212d c2!1g c2 sinf, ~33!

05c2 cosf@c2 sinf1g m3#. ~34!

After Eq. ~32!, we can setm1,250 without loss of generality
~thusm5m3 hereafter!. Equation~34!, however, is satisfied
only whenc250, or cosf50, or m52c2/g sinf. In our
analysis of the possible solutions to these equations we
be looking for the following sequence of phases as the e
tron density is lowered: metal/p-wave pairing/p-wave
pairing1ferromagnet/ferromagnet.

We should stress that because of the dimensionality
the symmetry of the order parameter we always have

^Ca,b&50 ~35!

at any finite temperature, althoughcÞ0 and^S&Þ0. This is
possible because, on average,^d(u)&50 and therefore Eq
~35! follows directly from Eq.~22!.

A. p-wave paired phase

Let us assume thatnA@nB . Thus, starting from a para
magnetic phase and lowering the density, we first encoun
second-order phase transition to a paired state (cÞ0) at n
5nA . Indeed, settingm50, we find from Eqs.~33! and~34!
that sinf50 and

c252a5a~nA2n!. ~36!

Presumably, in Si-MOSFET’s,nA is a high density, outside
the range explored in the experiments that probe the M
Notice that since sinf50, ^Ŝ&50 and thisp-wave paired
phase is unitary.

B. p-wave paired¿ ferromagnetic phase coexistence

Since nB!nA , we expect ferromagnetism to appear
much lower densities (nB should close to the critical densit
of the MIT!. In this range, we may simply takea'2anA .
Looking for a solution withc2Þ0, mÞ0, and sinfÞ0 si-
multaneously, we obtain from Eq.~34! that

sinf52g
m

c2
. ~37!

Now ^Ŝ&5gm ê3Þ0 and consequently the pairing is nonun
tary. The Cooper pair spin points along the direction of sp
taneous ferromagnetization. Solving the other two equati
for m andc2, we find

m25
b~n02n!

122d2
~38!

and

c25
db~n2n1!

122d2
, ~39!

respectively, with
24511
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n05nB1
g2

b
2

2ad nA

b
~40!

and

n15nB1
g2

b
2

a nA

db
. ~41!

Notice that we needd,1/A2 for stability. It is simple to see
thatm andc go continuously to 0 and2a nA , respectively,
as n→n0. The transition is again of second order andn0
represents the critical density where the ferromagnetism s
The pairing order parameterc decreases as one crossesn0.

C. Full Cooper pair spin polarization

Once ferromagnetism appears, the Cooper pair total s
tends to align itself with the ferromagnetic order parame
m. Full polarization of the pair spin̂Ŝ&51•ê3 occurs when
sinf521 and the onset is marked by the point wherec2

5g m. Combining this relation with Eqs.~38! and ~39! we
can find at which electron density one reaches full spin
larization by solving the following equation fornpol :

~npol2n1!5
g

d
A122d2

b
An02n1. ~42!

It is clear that the ordern1,npol,n0 is obeyed, constraining
full pair spin polarization to occur whilec is still finite. For
electron densities lower thannpol , the pairing order param
eter continues to drop, while the ferromagnetic order para
eter grows. It is important to remark that although all Coop
pairs are spin polarized, notall electrons in the system ar
spin polarized. As discussed in Sec. IV, there also exist
paired electrons in the whole rangenc,n,n0. In the coex-
istence regionnc,n,npol , Eqs.~31! and~33! are reduced to

a12c21d m22g m50 ~43!

and

m~b1m212d c2!2g c250. ~44!

D. Ferromagnetism

As the density is lowered further thannpol , the p-wave
pairing parameter drops and the magnetization~connected to
the spin polarization of unpaired electrons! grows. At the
point where the pairing vanishes, Eq.~44! yields m252b.
The critical densitync can then be found by solving Eq.~43!,
namely,

S nB2
a nA

db D5
g

dAb
A~nB2nc!. ~45!

For n,nc , we havem5A2b and the magnetization ma
increase up to its limit value. Obviously, this mean-fie
treatment does not take into account quantum fluctuation
the interplay between spin interactions and the Anderson
calization. Whether these effects happen above or belownc
5-7
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will depend on the microscopic details which are outside
scope of the Landau-Ginzburg phenomenology.

The exact form of the mean-field phase diagram resul
from the minimization of the free energy depends on
values of the coefficientsa, b, d, andg. Besides the con-
straint that all coefficients should be positive, it is necess
that the inequalitynB.a nA /db hold in order fornc to be
positive ~more specifically,n1,nc,npol under this condi-
tion!. This case is illustrated in Fig. 1. Moreover, ifg2

'2ad nA and bothd anda are sufficiently small, it is pos-
sible to have the~experimentally accessible! critical densities
nc , npol , andn0 very close to each other.

VI. COMPARISON WITH EXPERIMENTS

In this section we analyze some of the recent experime
that probe the magnetic field dependence of the conducti
and connect them to the theory we develop in this paper.
us look separately into the parallel and perpendicular fi
experiments.

A. Parallel magnetic field: Magnetotransport

Recent experiments have probed the dependence o
conductance in Si-MOSFET’s as a function of an in-pla
magnetic field.2–4 The experiments show that the condu
tance saturates beyond a fieldHsat. The saturation value is
interpreted as the field needed to fully spin polarize the
electron system. Further evidence for full spin polarization
provided by an exact doubling of the period of th
Shubnikov–de Haas oscillations when the experimen
done in a slightly tilted magnetic field and the in-plane co
ponent exceedsHsat.

5,6

In the experiments of Ref. 2, it was observed that
magnetic fieldHsat (Bc in the notation of Ref. 2! needed to
saturate the magnetoconductance at low temperatures s
linearly with the differencen2nc over a wide range of den
sities. Close to saturation, the scaled magnetoconduct
curves taken at different densities followed the same func
of the ratio betweenH/Hsat(n).

In Ref. 3, the magnetoconductance was also found
saturate beyond a value of magnetic fieldHsat that depended
on the density. Near the MIT, the conductivity followed th
scaling

s~H,T,n!2ssat~n!5 f S H

Hsat~n,T! D . ~46!

Again, similarly to Ref. 2,Hsat}n2n0 for a wide range of
densities at low temperatures. However, very close to
transition, the density- and temperature-dependent satura
field Hsat extracted from the data behaved approximately

Hsat~n,T!5A~n!AD~n!21T2. ~47!

The parameterA(n) is weakly dependent on density, bein
almost constant for a range of densities and increasing
about 20% near the critical densityn0. The parameterD(n)
is fitted to a form

D~n!5D0~n2n0!g, ~48!
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with D0'2.27 andg'0.6.
Let us now explain some of these experimental res

using the theoretical framework we propose in this paper.
argued in Sec. II that, despite the large interactions, we
still apply the Landau Fermi liquid phenomenology in ord
to understand both the instability towards a ferromagne
state and its precursorp-wave paired state. One of the Lan
dau Fermi liquid parameters,F0

a , crosses the Pomeranchuk
stability boundaryF0

a521 leading to the ferromagnetic in
stability of the 2D electron system. Near the critical dens
n0, we performed a Landau expansion for the Landau Fe
liquid parameter as in Eq.~10!. In Ref. 2 the degree of po
larizationj[g* mBH i/2EF , where

g* 5
g0

11F0
a

~49!

is the effective Lande´ g factor renormalized by the Landa
Fermi liquid parameterF0

a .37 Thus,

j5
1

11F0
a

g0mBH i

2EF
. ~50!

When the fieldH i is sufficiently strong to fully spin polarize
the system, we havej51. If we neglect nonlinear terms in
the susceptibility~which in principle could be importan
when the spin polarization is large!, the saturation field in the
metallic phase can be estimated from the linear response
pression of Eq.~50!,

Hsat5
2EF

g0mB
~11F0

a!5
2p\2

g0m* mB

a i~n2n0!, ~51!

where we have used Eq.~10! andgv52 for the conduction
band in~100! Si-MOSFET’s~we have also introduceda i to
indicate that this is the value ofa when the magnetic field is
parallel to the 2D electron gas!. We assume that the onl
Landau parameter that is crossing an instability isF0

a ; the
mass ratiom* /mb , controlled by the singlet Landau param
eter F1

s , is noncritical.4,38 Hence, the linear dependence o
the density differencen2n0 of the saturation fieldHsat mea-
sured experimentally follows from the Landau phenomen
ogy above.

Using the experimental data for theHsat dependence on
n2n0 from Refs. 2, 3, and 39 (m* '1.5mb), we find that the
parametera i'0.6 in the expansion of theF0

a as a function of
d5(n2n0)/n0.

Although we can explain the linear dependence ofHsat vs
n2n0 observed for a range of densities in the experimen
we would like to point out that we cannot easily explain t
scaling behavior closer to the critical point, as reported
Ref. 3. One problem could be that near the MIT, with t
field vanishing and with the uncertainty in the position of t
ferromagnetic transition~notice again that in our theory ther
should betwo quantum critical points!, the exact form for the
dependence of the saturation fieldHsat as a function ofT and
n may be harder to obtain. For example, this may be
cause for the density dependent prefactorA(n) in Eq. ~47!.
5-8
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A general feature of the scaling, Eq.~47!, that we can
explain, however, is why the finite-temperature correctio
are quadratic inT for T!D and linear inT for T@D. The
low-T behavior follows simply from the finite-temperatu
Fermi liquid susceptibility. The high-temperature behavi
on the other hand, is due to the fact that the susceptib
should, in this temperature regime, obey a Curie law.

B. Perpendicular magnetic field: Quantum Hall effect

While a parallel magnetic field couples only to the ele
trons via the Zeeman coupling, a perpendicular magn
field H' also couples to the orbital motion and produc
Landau levels. In high-density Si-MOSFET samples,
from the critical valuenc , and for small perpendicular fields
it is observed that the electronic states are localized. W
increasing magnetic field the electrons tend to delocalize
cause of the Lorentz force, leading to the so-called float
of the extended states.40 For sufficiently largeH' , orbital
effects start to play a role, and a series of quantum H
phases is observed in the Si-MOSFET’s.41 Integer quantum
Hall plateaus are observed when an integer number of e
trons becomes commensurate with the number of flux qu
f05ch/e piercing the system,

n5
H'

f0
n, ~52!

wheren is the magnetic filling factor~number of electrons
per flux quanta!. In the case of high-density Si-MOSFET
the bare Zeeman splitting is very small compared with
cyclotron energy,

\vc5
\eH'

mbc
, ~53!

implying that up and down states are nearly degener
Moreover, the band structure dispersion contains two vall
that are almost degenerate. Equation~52! for different inte-
gersn gives the ‘‘Landau fan’’ in theH'3n plane. When-
ever condition Eq.~52! is obeyed, the system sits at th
middle of a Hall plateau, where the Hall resistivityrxy be-
comes quantized in units ofh/e2 (rxy5h/ne2) while the
longitudinal resistancerxx vanishes.41 The fact that the quan
tum Hall effect occurs implies that Landau levels are oc
pied by well-defined quasiparticles. This gives extra supp
to our assumption that a Fermi liquid description is correc
intermediate temperatures and magnetic fields.

For a given filling fractionn and at lower densities, clos
to but higher than the zero fieldnc ~see Ref. 42!, the quan-
tized Hall states are lost. This occurs at some critical den
nc(n), at which the states at the center of the Landau b
localize, and the longitudinal resistance diverges asT→0. It
is known42 thatnc(n) varies substantially along the ‘‘Landa
fan.’’ In fact, it has been shown that if the electron system
spin polarized in the plane~by a parallel magnetic field! and
a perpendicular field is applied, the localization effects oc
already at higher densities.43 This demonstrates the impo
tance of spin interactions in the problem: the correlation
fects are reduced when fully spin polarization is achiev
24511
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making the system closer to noninteracting and thus m
sensitive to localization effects. One of the most interest
observations is that forn54,8,12, corresponding to filling
factors within the cyclotron gaps, the localization occurs
higher densities~or magnetic fields! than for n52,6,10,
where filling factors fall into spin gaps~recall thatgv52).
This effect has not been quantitatively explained so far.
show below that it can be understood as the localization
the carriers due to the enhancement of the spin susceptib
near the zero-field critical densitync .

As pointed out earlier, at the localization transition the
is an enhancement of the magnetic susceptibility and, co
quently, of the effective Lande´ g factor g* . Therefore, the
Zeeman splitting energy

EZ~n!5g* mBH' ~54!

becomes large and of order of the cyclotron energy. Hereg*
can be obtained from the Fermi liquid theory@see Eq.~49!#,

g* 5
g0

a'd
, ~55!

which diverges at the quantum critical point. This impli
that there is a level crossing between the spin-down stat
the i th Landau level with the spin-up state of the (i 11)th
Landau level. When the crossing occurs there is an exc
magnetization in the system and, in particular, at low fie
~around 1 T!, for the case ofn54 ~see below!, the system
becomes fully polarized. The experimental evidence is tha
this point the carriers localize since the longitudinal resist
ity increases asT→0.41 This observation implies that below
the critical density and in the presence of an applied m
netic field, the localized state, independent of the direction
the field, is indeed spin polarized.

To illustrate this effect, consider the situation when t
magnetic field is enough to produce an54 state. In this case
there are equal number of up and down spins filling the fi
Landau level with energy\vc/2. At large densities the Zee
man energy is insignificant when compared to\vc and the
up and down spin states can be considered as degenera
the density is decreased along the curve defined by Eq.~52!
the effectiveg factor increases according to the susceptibil
in Eq. ~12!. The first Landau level for up (↑) and down (↓)
spin states changes as a function of density as

Ei 51,↑~n!5
1

2
\vc2

1

2
EZ~n!,

Ei 51,↓~n!5
1

2
\vc1

1

2
EZ~n!, ~56!

while the second Landau level changes its energy with
spect to the density as

Ei 52,↑~n!5
3

2
\vc2

1

2
EZ~n!,

Ei 52,↓~n!5
3

2
\vc1

1

2
EZ~n!. ~57!
5-9



n

a
i

r
n
s
tly
q.

o
be
th
a

g-
a
a
d
th
b
-

lic
d
o
te
is

nic
et
ff
p

n
o
t
e
n

ni

asis
tal

s at
nic
for

c,

re-
s-

ld

etic
nd

r
and
e

y
ree

the
rac-

m-
nd

here
ge,

in-

ase
es-

der

uc-
t

nic

ak

ned

r in
ag-
nism
out
l
i-

CHAMON, MUCCIOLO, AND CASTRO NETO PHYSICAL REVIEW B64 245115
Thus, there is a critical densityn* such that the previously
empty second Landau level for spin up,Ei 52,↑(n* ), becomes
degenerate with the first Landau level with spin dow
Ei 51,↓(n* ). Thus,n* is given by

EZ~n* !5\vc . ~58!

Using Eqs.~54! and ~55! andmB5e\/(2m0c) we find

n* 'n0S 11
g0

2a'

mb

m0
D . ~59!

Using g052, mb50.2m0 , n050.831011 cm22, and n*
51.031011 cm22 ~Ref. 43!, we find a''0.8. This value
should be compared with the value ofa i'0.6 found in the
case of a parallel magnetic field. The agreement is good
gives extra support to the idea that the localized state is
deed ferromagnetic even when the field is perpendicula
the 2D electron gas. We remark, however, that we do
expect the same estimate ofa' to be applicable to the state
n58 andn512, since they vanish at densities sufficien
far from nc to invalidate the use of expansion implicit in E
~55!.

C. Classical Hall effect

An unusual experimental fact related to the behavior
the classical Hall coefficient in Si-MOSFET’s can also
accounted for by our theory. It has been observed that
Hall resistance in Si-MOSFET’s at low temperatures and
densitiesn.nc is insensitive to parallel magnetic fields ran
ing from zero toH i.Hsat.

44 That is, there seems to exist
singlecharge carrier component in the metallic phase, for
values of Hsat, instead of two independent spin-up an
-down components. This is consistent with the idea that
conducting fluid present in the metallic phase is formed
electron pairs~bosons!, instead of spin-up and -down un
paired electrons~fermions!. Although the number of pairs
decreases with an applied parallel field~and consequently the
number of localized electrons increases; see Sec. IV!, notice
that the experiment is performed atfixedcurrent.45

D. Experiment: Shot noise

The main prediction of our theory is that in the metal
phase, at very low temperatures, the system is compose
incoherentp-wave pairs of electrons. The bosons are inc
herent because there is no long-range order in the sys
@see Eq.~35!# and therefore no gap in the spectrum. Th
situation is very similar to the case of a metallic boso
liquid.25 Due to the lack of phase coherence, the usual m
ods to measure the pair charge, such as the Josephson e
cannot be used. Instead, the simplest way to measure the
charge 2e is by making a constriction in the 2D electro
density profile via external gates and measure the shot n
on the current across the constriction~for shot noise we mus
have kBT!eV where V is the voltage applied across th
constriction!. Since the pairs behave as independent boso
entities, the current fluctuations should be quantized in u
of the elementary charge 2e.46
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VII. CONCLUSIONS

In this paper we argue that one can account, on the b
of Landau Fermi liquid theory, for the recent experimen
observations that the characteristic magnetic fieldHsat

needed to saturate the conductance in 2D Si-MOSFET’
low temperatures vanishes at a critical value of the electro
density n0. We propose a phenomenological expansion
the Landau parameterF0

a5211a(n2n0)/n0 in terms of
the electronic densityn that drives the system ferromagneti
through a Pomeranchuk instability, atn0. As one approaches
the instability, the spin susceptibility is greatly enhanced,
quiring smaller magnetic fields to fully spin polarize the sy
tem. At the critical point an arbitrarily small magnetic fie
fully polarizes the system, since the susceptibility~at zero
temperature! diverges.

We also analyze the effects of a perpendicular magn
field through the system, in the quantized Hall regime, a
show that the critical density for the localization of then
54 state as compared to then52 state can be accounted fo
by considering the crossover between a spin-polarized
unpolarized state due to the enhancement of the Land´ g
factor. The values of the parametera estimated separatel
from parallel and perpendicular field experiments ag
within 20%.

In the paramagnetic side, but close to the instability,
enhanced spin fluctuations can lead to an attractive inte
tion in the spin triplet channel, similarly to superfluid3He.
We analyze a Landau-Ginzburg mean-field theory that co
bines p-wave superconductivity and ferromagnetism, a
find two quantum critical points as a function of density,n0,
where ferromagnetism begins, andnc wherep-wave pairing
ceases. There is an intermediate range of densities w
p-wave pairing and ferromagnetism coexist. In this ran
the p-wave state is in a nonunitary phase.

For large enough densities, above a valuenA , the para-
magnon exchange mechanism responsible for attractive
teractions should cease~when, for example,F0

a.0!. At these
densities, an Anderson insulating state, similarly to the c
of noninteracting electrons, should occur. However, the pr
ence of thep-wave paired state fornc,n,nA does not rule
out the possibility of a conducting phase. Since the or
parameter for thep-wave state is a vector, no order~even
algebraic! exists at finite temperature, and true supercond
tivity should only occur atT50. In this paper we do no
present any explanation why thep-wave pairing would lead
to the conducting phase at finiteT; however, we strongly
believe that if this correlated state exists in the 2D electro
systems, it may provide the origin of the extended state.

It is also important to emphasize that disorder and we
interactions~high-density regime! lead to localization in 2D;
however, disorder, when combined with strong, scree
Coulomb interactions~low-density regime!, leads to a metal-
lic phase. In this work we propose that moderate disorde
fact enhances interaction effects in 2D, such as ferrom
netic fluctuations and the paramagnon exchange mecha
that leads to triplet pairing. Moreover, as recently pointed
by Sarachik,47 in the low-density regime, the MIT critica
densitync in several 2D systems follows very closely a un
5-10
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versal monotonic function of the scattering rate and vanis
in the clean limit. These results are in clear disagreem
with the standard scaling theory of localization30 in 2D,
which is thus applicable only to the high-density regim
This fact, combined with the unusual magnetoresistan
points to the need to take into account electron-electron
teractions for a consistent interpretation of the experime
data.

Summarizing, we propose that the metallic state close
the metal-insulator transition in the 2D electron gas probl
is due to the existence of a pairedp-wave state close to a
ferromagnetic insulating phase. The pairing is generated
long-wavelength magnetic fluctuations close to the quan
critical point. We describe the pairing within Landau’s Fer
liquid phenomenology and show that it provides a consist
description of the data for parallel and perpendicular m
o

r

t

.

e

s

24511
s
nt

.
e,
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netic fields. Moreover, we propose shot noise experime
that can test our theory.
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