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Origin of the cÕa variation in hexagonal close-packed divalent metals
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2Department of Applied Physics, Chalmers University of Technology and Go¨teborg University, S-41296 Gothenburg, Sweden
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The origin of thec/a variation in hcp divalent metals~Be, Mg, Zn, and Cd!, which ranges from 1.568 to
1.886, has been investigated by first-principles full-potential calculations in the framework of the density
functional theory. We find that the ideal hcp structure (c/a51.633) is electronically unstable toc/a distortions
for all elements, however the distortion driving band energy is countered by the electrostatic part of the total
energy, which favors the ideal close packing. In particular, Zn and Cd withc/a ratios . ideal follow the
bonding principle of optimum hybridization betweens andp valence bands, a situation similar to the metallic
elements in the neighboring group-IIIa in the Periodic Table. For Mg the electronic instability is not effective
because the electrostatic part of the total energy dominates over the band energy. However, under expansion a
distortion toc/a ratios. ideal occurs. Finally, Be represents a special case. Typically of second-row elements,
s andp valence bands mix intimately which creates an electronic structure quite distinguished from the other
divalent metals. Ac/a distortion cannot improves-p band hybridization butp-p bonding is increased for
c/a, ideal.

DOI: 10.1103/PhysRevB.64.245114 PACS number~s!: 71.15.Nc, 71.20.Be
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I. INTRODUCTION

Divalent metals with an atomic electron configurations2

exhibit an astonishing variety in their elemental ground st
structures.1 All prominent sphere packings typical of met
structures are present: Be, Mg, Zn, and Cd adopt the hex
nal close packed~hcp! structure, Ca and Sr the face center
cubic ~fcc! packing, and Ba the body centered cubic~bcc!
structure. Finally,a-Hg forms a rhombohedral structur
which is related to fcc. Obviously, hybridization between t
s valence band and conduction bands have to account fo
stability of the divalent metal structures because otherw
the closed-shells2 configuration would result in an antibond
ing situation for any structural arrangement when describ
bonding interactions on the level of one-electron theory.

Putting aside Hg where relativistic effects a
predominant,2 the different orbital nature of the overlappin
conduction band allows for a first structural classificatio
For Be, Mg, Zn, and Cdp valence electron levels are close
to the occupieds levels whereas thed levels are energetically
well separated. As a consequence, in their elemental struc
s-p mixing occurs which is obviously linked to a preferre
formation of the hcp structure. On the other hand, the hea
alkaline earth metals Ca, Sr, and Ba have low lyingd levels
leading to a pronouncedsp-d mixing in the elemental struc
ture. According to extensive investigations by Moriarty3,4 the
d band contribution stabilizes the fcc structure over the h
structure in Ca and Sr and, moreover, its drastic increas
Ba, which approaches transition metal behavior, is lead
finally to a stable bcc structure.

A closer look at the hcp metals reveals a wide range
their c/a ratio, where the lowest value of 1.568 is found f
Be and the largest value of 1.886 for Cd. For Mg with ac/a
ratio of 1.624 the situation corresponds virtually to the ca
of an ideal close packing wherec/a5A8/3 ~1.633!. The
‘‘structural diversity’’ of those metals is also reflected in the
0163-1829/2001/64~24!/245114~10!/$20.00 64 2451
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physical properties and as examples the melting points,
hesion energies, and magnetic susceptibilities are comp
together with the correspondingc/a ratios in Table I. We
may use the different~outer! core electron configurations o
the atoms to organize the structures: when the atomic c
consists just ofs electrons~Be: @s2#s2) thec/a ratio is lower
than 1.633, when the atomic core consists ofs and p elec-
trons ~Mg: @s2p6#s2) the c/a ratio is close to 1.633, and
when the atomic core consists ofs andd electrons~Zn, Cd:
@s2d10#s2! the c/a ratio is larger than 1.633. As a cons
quence it appears tempting to put down the structural dif
ences to the different core configurations.

The number of theoretical investigations on hcp divale
metals is legion. As a selection we mention the work
Moriarty5 who first recognized the structure dependence
the hybridization to be responsible for the largec/a ratio of
Zn and Cd, the work by Singh and Papaconstantopoulos6 on
the static and electronic properties of Zn in different stru
tural alternatives, the work by Brennan and Burdett7 who
compared the electronic structures of Ca and Zn by mean
semiempirical tight-binding calculations, and the work
Novikov et al.8 on the pressure dependency of thec/a ratios
of Zn and Cd. Concerning structural and electronic prop
ties of Be, e.g., Blaha and Schwarz9 and Chouet al.10 made

TABLE I. Structural and physical properties@melting point
~MP!, cohesion energy (Ecoh), and molar magnetic susceptibilit
(xmol)# of hcp divalent metals.

property Be Mg Zn Cd

c/a ~Ref. 29! 1.568 1.624 1.856 1.886
MP (°C) ~Ref. 26! 1290 650 421 323
Ecoh ~kJ/mol! ~Ref. 26! 320 145 130 112
xmol (10211 m3/mol) ~Ref. 33! 211.5 117.8 211.7 225.1
xmol-xmol,core (10211 m3/mol) 211.0 121.8 11.3 12.9
©2001 The American Physical Society14-1
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earlier contributions within the local density function
scheme. However, comparative studies of divalent metals
rare or incomplete. In the early 1970’s Heine and Weair11

and later Hafner and Heine12 proposed—in the context o
qualitative pseudopotential theory—the distorted hcp str
tures in Zn and Cd being a consequence of a decreased
between the ionic core radius and atomic radius (Rc /Ra)
compared to Mg. More recently Daniuket al.13 presentedab
initio band structures and Fermi surfaces of Mg, Zn, and
but their focus was on the comparison with otherab initio
calculations and experiment rather than interpreting the
ferences in the structural properties. In the present pape
analyze in detail how hybridization of thes and p valence
bands influences thec/a ratio in the hcp divalent metals an
thus extend our earlier developed general bonding picture
the metallic elements of group-IIIA~Al, Ga, In, Tl!.14,15 In
addition we apply the idea of expansion for establishing e
tronic structure relationships between isovalent metals wh
complements the traditional studies of structural stability a
function of compression. Our work is based on hig
accuracy full-potential calculations in the framework of t
density functional theory.

Computational details are given in Sec. II. Section III
devoted to the theory of band hybridization in divalent m
als with hcp structure. Section IV contains the results
first-principles calculations and discussion of the structu
stability of these elements. A summary and conclusions
given in Sec. V.

II. COMPUTATIONAL DETAILS

Total energy calculations for hcp Be, Mg, Zn, and C
were performed with the full-potential linearized augmen
plane wave~FLAPW! method.28 As experimental ground
state volumesV0 we took the values reported in Ref. 29 fo
298 K: V0 ~Be!58.110, V0 ~Mg!513.418, V0 ~Zn!
515.214,V0 ~Cd! 521.599 Å3 per atom. The band struc
ture of linear chains of Be, Mg, and Zn with an atomic sep
ration of 2.255, 3.203, and 2.781 Å, respectively~average
nearest neighbor distance in the respective elemental s
tures!, were calculated by using a simple hexagonal struct
where thec/a ratio has been decreased to such an extent
an array of noninteracting linear chains separated by 10
resulted. In full-potential techniques within density fun
tional theory basis functions, electron densities, and po
tials are calculated without any shape approximation. Th
methods belong to the most accurate ones to date conce
studies of structural stability. In particular we used we
converged plane wave sets with a cutoff parame
RmtKmax59.0 for all elements. The Zn 3d ~and Cd 4d) states
were treated as local orbitals.30 For Be and Mg we used th
local density approximation~LDA ! with the exchange-
correlation potential parametrization according to Perd
et al.31 For Zn ~and Cd!, however, LDA fails to reproduce
the experimental equilibrium volume and thus yields op
mum c/a ratios too large in total energy vsc/a calculations
at the respective experimental equilibrium volumes. It
known that the more advanced generalized gradient appr
mation ~GGA! overcomes this problem.8 Thus we applied
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the GGA according to Perdew, Burke, and Ernzerhof32 in our
calculations for Zn and Cd. The reciprocal space integrati
were performed with the tetrahedron method using 97k
points in the irreducible part of the hexagonal Brillouin zon
In order to ensure convergency several standard tests
performed, such as the effect of increasing the numbe
k-points used in the summation over the BZ, etc.

III. BAND HYBRIDIZATION

A. Model system: One-dimensional chains

The mechanism ofs-p band hybridization ors-p band
mixing is most easily visualized by studying a simple mod
system consisting of a one-dimensional chain of atoms
suggested by Burdett.16 As schematically depicted in Fig
1~a! the s interactings and pz bands run oppositely along
the reciprocal directionG2Z and when the dispersion
~band width! of the bands is large enough, their interacti
leads to an opening of a hybridization gap atZ. Accompanied
with the gap formation is a change in the bonding charac
istics of the bands: the lower band becomes comple
bonding whereas the upper one turns into a completely a
bonding one. Thus, in the case of strongs-p mixing the

FIG. 1. ~a! Schematical representation of the interaction b
tweens andp valence bands in the band structures of main gro
elemental solids~based on Ref. 16!. Weak interaction is shown in
the left hand part, strong interaction in the right hand part. Das
lines approximate the dispersion of the unhybridized~noninteract-
ing! bands. The orbital combinations indicate the bonding chara
of the bands.~b! The band structure of linear chains of Be, Mg, a
Zn atoms with atomic distances of 2.255, 3.203, and 2.781 Å,
spectively. Thes orbital character of the wave functions is propo
tional to the size of the circles. The unit of the energy is Ry~1 Ry
'13.6 eV).
4-2
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one-dimensional chain gets maximally stabilized with
electron count corresponding to a completely filled low
band. Now we analyze the situation in chains built up by B
Mg, or Zn atoms with atomic distances corresponding to
average nearest neighbor distance in the respective elem
structures. Figure 1~b! shows the band structures of tho
chains~including the degenerated band stemming form thep
interactingpx andpy orbitals!. Firstly we observe that the B
chain matches perfectly the situation of strongs-p mixing as
displayed in the sketch above attaining a hybridization gap
4 eV. In the Mg and Zn chains just weaks-p interaction
takes place which is not strong enough to open a gap.

The degree ofs-p mixing is dependent on the size of th
energy separation between the atomics andp levels (Desp)
and on the size of the dispersion of thes andp bands. The
dispersion of the bands is firstly determined by the size of
overlap between the atomic orbitals and secondly by h
strongly the valence electrons are bonded to the core of
free atom~which is reflected by the energies of the atom
levelses andep). Comparing bands resulting from the sam
valence state of different elements~e.g., Be 2s and Mg 3s)
the state lower in energy will produce the more disper
band, provided that the amount of nearest neighbor ove
between the corresponding orbitals@e.g., Be (2s-2s) and Mg
(3s-3s)# is not too different. Thus, if only referring to th
trend in the atomic energies of thes and p levels and their
separation~summarized in Table II! the electronic structure
of the chains can be established qualitatively. Be has
lying s andp orbital energies giving rise to a large dispersi
of the correspondings andp bands~this is also recognized in
the p-p bands!. Additionally Desp is small. As a conse-
quence strongs-p mixing occurs which is accompanied wit
the formation of a large hybridization gap separating
completely bonding lowers band from the antibonding up
per one. Thes and p bands of Mg have a low dispersio
~highers andp orbital energies compared to Be! but the quite
small Desp still ensures a moderates-p mixing which, how-
ever, is too weak for producing a hybridization gap. Fina
in Zn thes andp bands have a large dispersion but the a
large Desp prevents substantials-p mixing and thus Zn at-
tains a similar state of hybridization as Mg. For the lat
metals thes bands are grown together ands-s antibonding
andp-p bonding states mix around the edgeZ of the BZ. The
simple one-dimensional chain model structure already p
vides essential information on the dispersion of the vale
bands and the amount ofs-p hybridization for the elements
considered, which—as we will see—also holds for the h
structure.

TABLE II. Energy of the atomic one-electron valence levels
the hcp divalent metals~Ref. 34!.

Be Mg Zn Cd

es ~eV! 29.32 27.64 29.39 28.99
ep ~eV! 26.60 24.93 25.38 25.26
Desp ~eV! 2.72 2.71 4.01 3.73
24511
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B. The „ideal… hcp structure

We first have a look at thes-s interactions in the hcp
structure. The two atoms in the unit cell of hcp will produ
two s bands. It is easy to study the topology of these ba
by using simple tight-binding~TB! Hückel theory where it is
possible to obtain an analytic expression of thes band dis-
persiones(k).17 In Fig. 2 the directionsG-M and G-A are
displayed together with the Brillouin zone~BZ!. These direc-
tions give an impression~but not a complete picture! of in-
terlayer and intralayer bonding, respectively. In Fig. 3 ths
orbital combinations at the symmetry pointsG, A, andM are
shown. Following the lower band fromG to A it turns from
being both, completely intralayer and interlayer bonding aG
~wave functionGs1, 12 bonding nearest neighbor contac
result in a Hu¨ckel energye512b) to being intralayer bond-
ing and nonbonding between the layers atA ~wave function
As ,e56b). At A the upper and lowers band are degenerate

FIG. 2. The upper part shows the Brillouin zone of the h
structure with symmetry points specified. In the lower part thes
band topologies alongG-A andG-M as obtained from the analytica
expression within tight-binding~Hückel! theory~Ref. 17!. The unit
of the energy is the Hu¨ckel interaction integralb (,0).
4-3
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Departing fromA the upper band evolves more and mo
interlayer antibonding and atG the wave function become
competely antibonding between the layers@wave function
Gs2 , e50 ~6 bonding and 6 antibonding nearest neighb
contacts!#. Along the directionG-M the lower band develop
from being completely bonding (Gs1) into a situation with
two bonding and four antibonding contacts within the lay
and 4 bonding and two antibonding interactions between
layers @wave function Ms1 , e50 ~nett nonbonding!#. The
upper band starts off the interlayer bonding and intrala
antibonding combination atG (Gs2) and ends atM with two
bonding and 4 antibonding contacts both within and betw
the layers@wave function Ms2 , e524b ~nett antibonding!#.

Clearly, when just considerings-s interactions the hcp
structure does not provide a stable arrangement for the e
tron count of divalent metals and thus the mechanism ofs-p
band mixing has to release unfavorables-s antibonding
states above the Fermi level. In this respect the direc
G-A is especially instructive because it resembles the si
tion of the s interactings and pz band in a linear chain
Along G-A the pz bands in hcp have the same topology
the s bands: Both types of bands are completely intrala
bonding~the interaction of thes bands is ofs type and that
of the pz bands ofp type! and changes the interlayer bon
ing characteristics from completely bonding in the low
band atG @wave functionsGs1 ~Fig. 3! andGpz1

~Fig. 4!# to

nonbonding atA, and form nonbonding atA in the upper

FIG. 4. pz orbital combinations at the symmetry pointG.

FIG. 3. s orbital combinations at the symmetry pointsG,
A, andM.
24511
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band to antibonding atG @wave functionsGs2 ~Fig. 3! and
Gpz2

~Fig. 4!#. Thus, the twos and two pz bands in the
sectionG-A of hcp mirror thes andpz band topology in the
one-dimensional chain after having folded the bands@dou-
bling of the chain unit cell, see Fig. 1~a!#. As for the linear
chains-p band mixing alongG-A in hcp can occur when the
widths of the bands are large enough. Then their interac
leads to the opening of a hybridization gap atG where the
top of the upper band changes its bonding characteris
from interlayer s-s antibonding (Gs2) into interlayer p-p
bonding (Gpz1

). In the next step we analyze the accurate a
extendedab initio band structures for Be, Mg, and Zn in th
ideal hcp structure at their respective experimental gro
state volumesV0. They are shown, together with thes, pz ,
andpx(py) orbital character of the bands and the correspo
ing density of states~DOS! curves in Figs. 5–7. We do no
present results for Cd because the band structure of this
ment is very similar to that of Zn.

For beryllium @Fig. 5~a!# we notice larges-p hybridiza-
tion ~as expected from the linear chain results! which effec-
tively raises all thes-s antibonding parts of the bands abov
the Fermi level. This is distinctively seen along the lineG-A
(s-pz hybridization! and in the planeA-H-L @s-px(py) hy-
bridization#. Because the resulting hybridization gaps—w
sizes up to several eV—coincide with the Fermi level th
sum up to a pronounced pseudogap~almost a real band gap!
at the Fermi level in the DOS@Fig. 5~b!#. Note, that hybrid-
ization gaps in three-dimensional structures are usually lo
band gaps~i.e., they occur for a particular direction or plan
in the BZ!. In Fig. 5~b! it is clearly seen that thes state
contribution to the DOS at the Fermi level is virtually ze
and that the~few! bands crossing the Fermi level have a
most exclusivelyp character.

For magnesium@Fig. 6~a!# s-p mixing is considerably
weaker than for Be. The small hybridization gaps~with sizes
of some tenths of an eV! either are located above or belo
the Fermi level~at G, L, H, and about halfway betweenG
and M ). It is remarkable how well the topology of thes
bands alongG-A andG-M resemble those of the simple T
bands~see Fig. 2!. This is the case even for the high lyin
uppers band alongG-M (Gs2-Ms2). At G the bottom of this
band ~which is intralayer bonding and interlayer antibon
ing! is situated below the Fermi level~for Be it is raised
aboveEF). TowardsM with increasing energy it turns mor
and more antibonding. About halfway alongG-M interaction
with the downward runningpx(py) band takes place
which opens a gap above the Fermi level and disrupts
s band topology. The DOS of Mg@Fig. 6~b!# exhibits
parabolic behavior until21.5 eV below the Fermi leve
where structuring due tos-p hybridization takes place. The
location of the hybridization gaps below and above the Fe
level coincide with the dips in the DOS around the Fer
level.

The band structure of zinc@Fig. 7~a!# resembles that of
Mg, especially around the Fermi level—however, the siz
of the hybridization gaps are larger~in the range of 1 eV!.
This gives rise to a pronounced well in the DOS sligh
below the Fermi level@Fig. 7~b!#. Most conspicuous is the
occurrence of the 3d bands at an energy of28 eV below
4-4
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ORIGIN OF THEc/a VARIATION IN HEXAGONA L . . . PHYSICAL REVIEW B 64 245114
the Fermi level which are confined to a narrow range
about 1.8 eV.~For Cd the 4d states are just touching th
bottom of the 5s valence band.13! Recently, it has been ar

FIG. 5. ~a! The top panel depicts the band structure of Be in
ideal hcp structure at the experimental ground state volume. A
tionally, importants-p hybridization gaps are indicated by gre
areas. In the following panels thes, pz , andpx(py) character of the
wave function, which is proportional to the size of the circles,
shown.~b! The total density of states~bold line! together with thes
~continuous line!, pz ~dotted line!, andpx(py) orbital ~dashed lines!
contributions of hcp Be. For clarity, the orbital contributions to t
DOS have been multiplied by a factor 3 with respect to the to
DOS.
24511
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gued that the Zn 3d states play an important role in stabiliz
ing the distorted hcp structure.6 However, those states do no
influence the band structure around the Fermi level wh
especially is the case for even more hcp distorted Cd w
well localized 4d ~pseudocore! states. We want to show tha
the occupiedd states indirectly influence the stability of hc
Zn and hcp Cd by affecting the energy of the atomic valen
levels es and ep . And those energies predominantly dete
mine the amount ofs-p mixing which, as we will see later

e
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FIG. 6. The energy band structure~a! and density of states~b! of
Mg in the ideal hcp structure at the experimental ground state
ume. See caption of Fig. 5 for detailed explanation.
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on, is the direct origin of the hcp distorted structures of
and Cd.

In conclusion, the hcp divalent metals realize astoni
ingly different electronic structures for the same arrangem
of atoms and the same number of valence electrons. This
simply be attributed to the different degree ofs-p band mix-
ing expressed by those elements. In the final step we ana
if and how the differentc/a ratios of the hcp divalent metal
are connected withs-p hybridization.

FIG. 7. The energy band structure~a! and density of states~b! of
Zn in the ideal hcp structure at the experimental ground state
ume. See caption of Fig. 5 for detailed explanation.
24511
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IV. STRUCTURAL STABILITY

A. The ground state volume

The problem of structural stability of elemental solids
preferably tackled by dividing the total energy into the ba
energyEband, which represents the sum over the occup
one-electron states, and a part containing the remaining
tributions, of which the electrostatic~Madelung! energy is
the most significant. The band energy can to a good appr
mation be reduced to the contribution of the valence el
trons Eband5*eb

eFe DOS(e)de, whereeb denotes the bottom

of the valence band,eF is the Fermi level, and DOS (e) the
density of states of the valence electrons.Eband favors the
formation of open packed structures in which the atoms
closer to each other and thus covalent bonding can be r
ized. The electrostatic contributions~summarized asEMad)
display an antagonistic behavior with the tendency to sta
lize high-symmetry close-packed structures. For most of
main group elements from groups IVa to VIIaEband is deter-
mining the elemental structures which is manifested in
validity of valence rules which link electron counts to pa
ticular geometrical arrangements of atoms. The decreas
the number of valence electrons to three in group-IIIa ter
nates the clear link between electron count and geomet
structure in elemental solids leading to a delicate interplay
EbandandEMad which is responsible for the occurrence of th
open packed metallic structures of Ga and In.14,18,19For the
divalent metals with an electron count of twoEMad could be
expected to dominate overEband. However, the large range in
the c/a ratios of the hcp divalent metals indicates thatEband

still influences structural stability.
Figure 8 shows the total energy and the band energy

Be, Mg, and Zn as a function ofc/a at the respective experi
mental ground state volumesV0 of the elements. Two impor-
tant results emerge: first full-potential calculations quite
curately reproduce the experimentalc/a ratios of those
elements, i.e., the experimental values are obtained for
and Mg ~see Table I! and a value just slightly higher for Zn
~1.878 compared to 1.856!. Secondly, for divalent metals th
ideal hcp structure appears unstable againstc/a distortions
for electronic reasons because for all three elements the b
energy does not attain a minimum atc/a51.633. A closer
look at the changes of the electronic structures under dis
tion reveals the reason behind this electronic instability. F
ure 9 displays the band structures of Be, Mg, and Zn at
selectedc/a, ideal andc/a. ideal each~see Figs. 5–7
where the corresponding band structures at idealc/a are
shown!. In Fig. 10 the DOS at differentc/a ratios are col-
lected and compared with the DOS at idealc/a.

For beryllium thes-p hybridization gaps are already lo
cated at the Fermi level for the ideal hcp structure. T
corresponds to a situation of optimums-p hybridization
wheres-s antibonding states have been exchanged forp-p
bonding ones for the largest possible part of the BZ. A d
tortion in any of the two directionsc/a, ideal andc/a.
ideal worsens the stabilizing effect ofs-p mixing. This is
especially seen for a distortion to largerc/a which eventu-
ally lowers the bottom of the third valence band atG (Gs2),

l-
4-6
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ORIGIN OF THEc/a VARIATION IN HEXAGONA L . . . PHYSICAL REVIEW B 64 245114
which is interlayer antibonding alongG-A due tos-p hybrid-
ization, below the Fermi level. Thus, the driving force behi
the distortion of hcp Be is not directly connected tos-p
hybridization. We attribute it to the occurrence of very fl
bands with basicallypx(py) character slightly below the
Fermi level. They can be recognized as spiky singularitie
the DOS@Fig. 10~a!# and one of these bands is clearly se
in the directionK-H of the presented band structures@Figs.
5~a!, 9~a!#. The change of the position of a flat band has
large effect toEband. For Be a decrease of thec/a ratio below
the ideal value@see Figs. 9~a! and 10~a!# lowers the energy of
the flat bands and thusEband. However, deviations from idea
c/a cannot become too large because of the countering e
trostatic contributions to the total energy which increase r
idly with increasing distortion. The occurrence of flat ban
is actually an indirect consequence of strongs-p mixing.
Considering again the flat band alongK-H we observe that
its weak dispersion arises from the large hybridization ga
H produced along the directionA-H. When comparing with
the corresponding band in the band structures of Mg and
which exhibit a ‘‘normal’’ dispersion behavior~i.e., bottom at
K and top atH) it is seen that for Be the energy atH is
lowered to such an extent that it becomes almost the sam
at K.

For magnesium the maximum ofEband is obtained at the
ideal c/a ratio and thus distortion in any direction is lowe
ing Eband. In contrast to Be, here distortion is accompan

FIG. 8. The upper panel shows the total energy as a functio
c/a for Be ~circles!, Mg ~squares!, and Zn~diamonds! ~at the re-
spective experimental ground state volumes! with respect to the
ideal hcp structure. The lower panel shows the corresponding v
tion of the valence electron parts of the band energy. For Zn
values have been divided by a factor 10 in order to fit the ene
range of the graph. Thec/a ratio for ideal hcp is marked.
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by an increase of the amount ofs-p mixing and as a conse
quences-p hybridization gaps are put at the Fermi leve
When decreasingc/a the s-pz hybridization gap produced
alongA-G and thes-px(py) gap produced alongA-H, which
are situated below and above the Fermi level at idealc/a
respectively, move oppositely and atc/a51.4 they coincide
with the Fermi level. For the other distortion direction th
hybridization gap located betweenG andM ~above the Fermi
level at idealc/a) and that atL ~below the Fermi level at
ideal c/a) are moved simultaneously to the Fermi lev
which they enter for ac/a around 2. In the DOS@Fig. 10~b!#
we can recognize the two favorable situations atc/a51.4
and c/a52 as a splitting of states around the Fermi lev
which thus becomes located in dips where the density
states is considerably reduced compared to the case of
c/a. However, for Mg the increase ofs-p hybridization and
thus the lowering ofEband is not structure determining an
the ideal hcp structure is obtained for electrostatic reaso

Finally, for zinc ~and Cd! the influence ofc/a variations
on the band structure is similar as for Mg: in both distorti
directionsEband is decreased and the rate ofs-p mixing in-
creased. As for Mg a decrease of thec/a ratio especially
affects the hybridization gaps atG andH. However, for Zn
the movement of those gaps is not exactly synchronized
the hybridization gap atH enters the Fermi level before th
one atG. On the other hand, for distortions to higherc/a
there is a concerted movement of the hybridization gap
cated betweenG andM ~above the Fermi level at idealc/a)
and that atL ~below the Fermi level at idealc/a) which enter
the Fermi level at the same time at a ratioc/a51.878. This

of

ia-
e
y

FIG. 9. ~a! The band structure of hcp Be forc/a51.568 ~left!
andc/a51.764~right! at the experimental ground state volumeV0.
~b! The band structure of hcp Mg forc/a51.404 ~left! and c/a
51.992 ~right! at V0. ~c! The band structure of hcp Zn forc/a
51.502~left! andc/a51.878~right! at V0. In ~b! and ~c! s-p hy-
bridization gaps at the Fermi level are marked by grey areas.
4-7
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ratio corresponds to the calculated optimumc/a ratio where
the total energy is lowest. In the DOS@Fig. 10~c!# we ob-
serve that the distortion to higherc/a puts the Fermi level
into the pronounced well produced by the hybridization ga
~this well is below the Fermi level for idealc/a). The other
distortion direction does not yield a dip at the Fermi level
the DOS as obtained for Mg, because the gaps atG andH do
not become coinciding with the Fermi level simultaneous

FIG. 10. ~a! The total density of states~DOS! of Be at the
experimental ground state volumeV0 for the c/a ratios 1.502,
1.568, 1.633, and 1.698. Note the energy changes of the sp
below the Fermi level corresponding to flat bands~marked by bro-
ken lines!. ~b! DOS for Mg atV0 for the c/a ratios 1.404, 1.633,
and 1.992.~c! DOS for Zn atV0 for the c/a ratios 1.502, 1.633,
1.764, and 1.878.
24511
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According to the theory of electronic topological transitio
~ETT! such a stabilizing dip at the Fermi level—and thus
possible electronically driven structural transition—can on
occur when at least two hybridization gaps enter the Fe
level simultaneously and from opposite directionsby a struc-
tural change.20

In conclusion we observe that for Zn~and Cd! the dis-
torted hcp structure appears as a consequence of the op
zation ofs-p mixing of the valence bands which exchang
s-s antibonding states below the Fermi level forp-p bonding
ones and thus lowersEband. For Mg this optimization ofs-p
mixing is not structure determining because the electrost
part of the total energy dominates overEband. Be already
attains in the ideal hcp structure a situation of optimums-p
hybridization which creates as a by-product flat bands w
px(py) character below the Fermi level. The lowering
those flat bands drives the distortion toc/a, ideal for hcp
Be.

B. The effect of volume variations

The two total energy contributionsEbandandEMad behave
differently when the volumeV/V0 is varied. Due to its
largely Coulombic natureEMad varies approximately as
@1/(V/V0)#1/3 whereasEband alters in a more complicated
way, dependent on how the bandwidths of the different
lence bands change with volume. For many elementsEMad

increases relative toEband under compression and clos
packed structures are obtained as high pressure modi
tions. However, there are examples@e.g., the heavier alkal
metals or Ca~Ref. 21!# where actually transitions to mor
open packed structures are found at elevated pressure
such cases the valence state of the elements changes
compression~for the above mentioned examples as-d tran-
sition occurs! which makesEband to alter discontinuously.
For Zn the occupied 3d states prevent the 4d states of be-
coming valence states and it is known that the distorted
structure transforms to an ideal close packing under co
pression. Indeed, as it is shown in Fig. 11, the optimumc/a
ratio of Zn decreases under pressure and atV/V0'0.7 attains
a value close to ideal hcp after which it stays roughly co
stant. This is close to the experimental result where the id

es

FIG. 11. Total energy as a function ofc/a and volume (V/V0

50.7,0.8,0.9,1.0) for Zn with respect to the ideal hcp structure~the
ground state volume curve is highlighted by filled circles!.
4-8
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c/a ratio is approached at volumes slightly belowV/V0
50.8 ~Ref. 22! ~corresponding to an external pressure
about 250 kbar! and has already been the subject of theo
ical investigations.23,8

For Mg at its ground state volumeEMad dominates over
Eband which corresponds to the situation of Zn under hi
pressure~reduced volume!. If EMad decreases faster asEband

with increasing volume one could speculate that Mg mi
transform to a distorted hcp structure underexpansion, i.e., at
a volume where the distortion driving electronic part of t
total energy overcomes the electrostatic part. From a theo
ical point of view there is no conceptual difficulty with
state of expansion, it is simply the negative direction on
pressure axis. Moreover, this idea offers a beautiful com
ment to the traditional studies of structural stability as
function of compression because it enlarges the possibilit
detecting electronic structure relationships.24 In Fig. 12 we
present the result of thec/a variation of Mg under expan
sion. Until volumesV/V0,1.3 the idealc/a ratio is main-
tained, betweenV/V051.3 and 1.4 a distortion towards
higher c/a value becomes apparent which develops gra
ally into a total energy vsc/a curve mirroring that of Zn at
its ground state volume~see Fig. 11!. Thus, Mg and Zn be-
have in an opposite way when varying volume: under co
pression Zn transforms to an ideal hcp structure which
adopts at ambient conditions and Mg under expansion tr
forms to a distorted hcp structure which Zn adopts at am
ent conditions.

V. CONCLUSIONS

The divalent metals Be, Mg, Zn, and Cd with the h
structure are rather heterogeneous concerning theirc/a ratios
ranging from 1.568~Be! to 1.886 ~Cd! and their physical
properties~Table I!. We analyzed in detail the origin of thi
c/a variation and found that it is closely connected to firs
the different extent ofs-p mixing which can be expressed b
those elements and secondly a delicate interplay betwee
total energy contributions band energyEbandand electrostatic
~Madelung! energyEMad, which is typical for elements at th

FIG. 12. Total energy as a function ofc/a and volume (V/V0

51.0,1.3,1.4,1.5) for Mg with respect to the ideal hcp structure~the
ground state volume curve is highlighted by filled triangles!.
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borderline between metals and nonmetals. With the exc
tion of Be the divalent metals behave as the metallic e
ments of group-IIIa~Refs. 14,15,18,19! adopting a ground
state structure in whichs-p mixing of the valence bands~and
thusEband) is optimized with respect to the electrostatic co
tributions to the total energy.

In particular, we find for magnesium thatEMad overrides
the distortion driving band energy and the ideal hcp struct
is obtained for electrostatic reasons. However, under exp
sion the relative significance ofEband andEMad to structural
stability changes and a distortion toc/a ratios . ideal ap-
pears above a volumeV/V051.4.

For the more electronegative metals zinc and Cd this
tortion already occurs at ambient conditions. The stron
influence ofEband on structural stability in those metals is
consequence of the lower lying valence levelses and ep

compared to Mg. The filledd shell in the core increases th
effective nuclear charge~especially in the case of the firs
d-shell 3d) primarily for s valence electrons and partly forp
valence electrons.25 Characteristic for the electronic struc
tures of hcp distorted Zn and Cd is a well in the DOS at
Fermi level produced by several hybridization gaps coinc
ing at this energy. Mg, Zn, and Cd are Pauli paramagnets~the
latter after correcting for the Landau and Larmor diama
netic susceptibility contributions of the cores!. However,
whereas the Pauli paramagnetism of Mg is quite pronoun
the one of Zn and Cd is very weak. Since the Pauli param
netic susceptibilities mirror the value of the valence DOS
the Fermi level26 we readily understand the poor Pauli par
magnetism of Zn and Cd compared to Mg.

Beryllium is distinguished from the other divalent meta
The core configuration@1s2# provides low lying s and p
valence states with a small energetic separation. The la
fact is due to the absence of corep electrons and their cor
responding repulsive influence on the valence 2p states.27

Thus, in hcp Bes andp valence bands mix intimately and a
a consequence of the effectives-p hybridization a pro-
nounced pseudogap at the Fermi level is created whic
responsible for the astonishing high diamagnetism.~Note,
that in the neighboring element boron a real band gap at
Fermi level is realized in semiconductinga-B.! Additionally,
for Be all possibles-s antibonding states are replaced f
p-p bonding ones below the Fermi level leading to a situ
tion with basically just bonding occupied states. Thus, co
pared to the other divalent metals Be has an exceptional
melting point and energy of cohesion. Finally, the decre
of Eband by a distortionc/a, ideal does not parallel an in
crease ofs-p mixing, but rather increasesp-p bonding by a
lowering of flat bands withpx(py) character.
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‘‘ATOMICS’’ and the Göran Gustafsson Foundation. W
thank I. A. Abrikosov, Uppsala University, for valuabl
discussions.
4-9



.

n

n

e

s

m

. L

si-

y
-

.

.

ds

lat-

le-

t of
nal

nd

-
lue

ed-

d
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