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Canted phase in double quantum dots
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~Received 15 May 2001; published 15 November 2001!

We perform a Hartree-Fock calculation in order to describe the ground state of a vertical double quantum dot
in the absence of magnetic fields parallel to the growth direction. Intradot and interdot exchange interactions
determine the singlet or triplet character of the system as the tunneling is tuned. At finite Zeeman splittings due
to in-plane magnetic fields, we observe a quantum phase transition from a ferromagnetic to a symmetric phase
through a canted antiferromagnetic state. The latter is obtained even at zero Zeeman energy for an odd number
of electrons.
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Interaction in two-dimensional~2D! electron gases lead
to new quantum phases when more degrees of freedom~ex-
ternal fields, spin and layer indices! are supplied to the sys
tem. In bilayern52 quantum Hall~QH! structures, theoret
ical calculations have predicted1 and experimental evidenc
has confirmed2 the existence of a particularly exotic cante
antiferromagnetic~C! phase, which continuously connec
the naively expected ferromagnetic~F! and paramagnetic~P!
ground states~GS’s! as the layer separation is tuned. Inte
esting predictions regarding C states in few-electron dou
quantum dots~DQD’s! in the QH regime have also bee
reported.3 Thus high magnetic fields seem an unavoida
condition to observe this quantum transition given that
vanishingly small magnetic fields,F andC states in bilayer
systems would cost a good deal of kinetic energy. Our goa
to challenge this idea by lowering the system dimensiona
and benefitting from the atomiclike spectrum of a semic
ductor quantum dot.4 In DQD’s ~termed artificial molecules
as well! Coulomb-blockade effects,5 magnetization,6 and the
formation of a delocalized molecular GS~Ref. 7! are some of
the exciting features observed. From the theoretical vie
point exact diagonalization methods,8 Hubbard-based
models,9 and spin-density-functional theories10 have been
developed to show the presence of magic-number, molec
type, and Hund’s-rule-violating states in vertically coupl
dots.

Here, we present a Hartree-Fock~HF! theory for address-
ing many-body effects in two vertically coupled parabo
quantum dots separated by a distancea with a total electron
numberN. We study this system in the absence of magne
fields perpendicular to the dots. Still, in order to add s
symmetry breakings we allow for a parallel magnetic fie
whose coupling to the electronic orbital motion is neglec
(a is assumed to be much smaller than the correspon
magnetic length!. We are interested in quantum dots who
atomiclike character results in half-filled shells formed
quasidegenerate eigenstates, thus having large-spin exp
values acting as effective magnets. Our main findings are~i!
the existence of a robustC phase~envisaged as tilted spin
vectors! at finite Zeeman energies for even values ofN link-
ing theF ~fully spin polarized or, equivalently, triplet! andP
~fully isospin polarized or singlet! GS’s via a second-orde
phase transition;~ii ! the persistence ofC states forN odd,
even in theabsenceof Zeeman gaps; and~iii ! the overture of
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a simple model that qualitatively explains our results, allo
ing to deal with more complex quantum-dot systems.

The electron spatial coordinates are denoted byrW

5(x,rW ), whererW 5(y,z) andx is the growth direction. The
wave function of thei th electron may be expanded in term
of 2D harmonic-oscillator eigenstates,fnl(rW ), n
50,1,2, . . . being the radial quantum number andl is the
angular momentum obeyingl 52n,2n12, . . . ,n22,n.
Accordingly, the Hamiltonian reads

H5( «ni
cni l is ia i

† cni l is ia i
22tI x2DZSz

1
1

2 ( Vni l ia i ,nj l ja j ,nkl kak ,nml mam
cni l is ia i

† cnj l js ja j

†

3cnkl ks jak
cnml ms iam

, ~1!

where the sums are extended to all indices,s anda are the
spin and layer indices, and«n5\v(n11) (\v is the con-
finement strength!. The second and third terms describe t
coupling of the isospin and the spin of the system with e
ternal perturbations, namely, the tunnelingt and the Zeeman
splitting DZ . The isospin points along1(2)z when the
electron is at the top~bottom! layer.11 Notice that the tunnel-
ing term only switches layer indices, thus conserving the r
of quantum numbers. In the followingt.0 is chosen so tha
bonding ~antibonding! states have the lowest~highest! en-
ergy. Sz is the third component of the total spin andDZ
5gmBB, whereg is the Lande´ factor, mB the Bohr magne-
ton, andB the applied magnetic field in thez direction.V is
the matrix element of the Coulomb potentialV(urW2rW8u).

Because we seek to identify spin and particle-number b
ken symmetries that are reflected in the interdot cohere
we restrict our study to radial-symmetry-conserving so
tions within an isolated dot despite the fact that sponta
ously radial-symmetry-breaking states might take plac12

For N@1 we expect the electronic distribution to be radi
The resulting statesc can thus be labeled withindividual

angular momenta:c l i
(rW)5(nis ia i

dnis ia i
fni l i

(rW ) f a i
(x)xs i

,
so that the expected value of total angular momentum of
system is simplŷ L&5( i 51

N l i . Hered are the coefficients of
the expansion to be self-consistently calculated,f a(x) is the
©2001 The American Physical Society04-1
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DAVID SÁNCHEZ, L. BREY, AND GLORIA PLATERO PHYSICAL REVIEW B64 235304
vertical component of the wave function, andxs is the spin
part. Hence the Hamiltonian is numerically diagonalized
separatel subspaces~though the matrix elements do depe
on the total system configuration!.

We consider that only the lowest energy states in
vertical structure are populated, and approximate
form of f (x) as follows:f a5T5Ad(x) for the top layer, and
f a5B5Ad(x2a) for the bottom layer. More precise expre
sions for f (x) would involve accurate form factors enterin
the final results13 but qualitatively all would remain the
same. Then taking a close look at thex part of V,

V }E dxE dx8 f a i
~x! f a j

~x8!V~ urW2rW8u! f ak
~x8! f am

~x!,

we observe that the only terms different from zero are eit
a i5a j5ak5am ~intradot interaction! or a i5amÞa j5ak
~interdot interaction! since crossed terms~e.g., a i5akÞa j
5am) would be null because top and bottom wave functio
have zero overlap.

In the HF approach the electron-electron interaction p
of the Hamiltonian of Eq.~1! can be arranged in two parts
the Hartree operatorqH,

qH5 (
ninml i l ms ia

Hninml i l m
cni l is ia

† cnml ms ia
, ~2!

where

Hninml i l m
[ (

njnkl j l ks ja8
V ^cnj l js ja8

† cnkl ks ja8& ~3!

~the indices ofV are omitted for the sake of simplifying
notation! and the exchange partqF,

qF52 (
ninkl i l ks is jaa8

Xninkl i l ks is jaa8cni l is ia
† cnkl ks ja8 , ~4!

where

Xninkl i l ks is jaa8[ (
njnml j l m

V ^cnj l js ja8
† cnml ms ia

&. ~5!

Throughout our calculation, we make^cl i
†cl j

&}d l i ,l j
ac-

cording to the aforementioned radial-symmetry approxim
tion. In Eq.~3! a85a gives rise to intradot Hartree interac
tion. The effect of this term is to make electrons repel ea
other within the parabolic well. The total energy of the dot
thus augmented. Interdot Hartree interaction is naturally
cluded fora8Þa, notwithstanding it does not have a stron
influence in the final magnetic configurations, for it mere
involves a rigid shift of the energy levels. However, we ke
it for having the same number of electrons within each
whenN is even and for obtaining a more reliable value of t
total energy of the system. Intradot exchange interaction
vors spin alignment within each dot as expected. Fora8
Þa we are left with interdot exchange interaction. We stre
that although the barrier separating the double well in thx
direction is wide enough and consequently the vertical p
of c have negligible overlap~in our case the overlap i
23530
e
e

r

s

rt

-

h

-

t

a-

s

ts

strictly zero owing to the Dirac-delta functions!, the interdot
exchange interaction isnot zero14 and cannot be disregarde
as it plays a crucial role in the final DQD magnetic order.
fact, it is the competition between the intradot exchange p
and the interdot exchange interaction plus the tunneling t
and the Zeeman energy that drives the system from a
dominated by intradot contributions~large values of the in-
terdot distance or small tunneling parameter! to a state in
which interdot effects prevail~small values ofa or larget).
In between, nontrivial quantum phases can occur. Our all
ance of significant nonzero order parameters,^c↑T

† c↓B&Þ0,
^c↑T

† c↓T&Þ0, etc., eventually leads to spontaneous spin sy
metry breakings, spin rotations, canted phases, and the
that the particle number at each dot is not a good quan
number.

At this point a small digression about the trustworthine
of the HF model is needed. Having studied in detail t
differences between~un!restricted HF theories and exact d
agonalization methods in quantum dots, previous work15

demonstrate that HF are well suitable within a broad range
N. It seems clear that a large number of electrons wo
result in a negligible amount of quantum fluctuations that
unlikely to destroy mean-field-based predictions. Furth
more, we can take advantage of large values of^Sz& ~highest
half-filled shells! to ease the appearance ofC phases. Inci-
dentally the existence of lower closed shells~hereafter des-
ignated ascore! is a crucial difference between QH system
and DQD’s in the absence of magnetic fields. In the form
case, only the lowest Landau level is occupied and the
netic energy plays a minor role. In the latter, the dot fills
levels following an Aufbau rule, thereby closing shells asN
is increased.

Now, large values ofN tend to contract the~renormalized!
energy level interspacing in order to build a semiclassi
radial density. This may involve the drop of valence ele
trons below the core levels and a subsequent reductio
^Sz&. A more favorable situation can be accomplished in p
by enhancing the confinement. Hence one should reac
compromise between these competing factors.16

The expansion ofc is enlarged enough, in such a way th
the highestn state contributes less than 0.01% to a typic
density. We present data forN532 ~though similar results
are found forN518), setting\v530 meV anda5 l 0/2,
l 05A\/(m* v) being the harmonic-oscillator typical lengt
(m* is the GaAs effective mass!. As a result, the single-
particle value of theSz projection onto the layera is ^Sza&
52.

Figure 1~a! depicts the total energy of the system,E
5^H&, as a function of the tunneling parameter. At lowt our
calculations show for the parameters chosen above tha
GS is ferromagnetic witĥL&50 and^Sz&54. In this phase
the intradot interaction is more important than the interd
one plus the tunneling term. Because this is a fully sp
polarized state, its energy does not depend ont and remains
constant until the system undergoes a continuous quan
phase transition17 to the C phase. In this case, the syste
lowers its energy by increasing the tunneling contributio
This favors the formation of singlets as well as the incre
4-2
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of interdot coherence~see below!. To make the loss of Zee
man energy as small as possible the spin configuratio
then canted. By further enhancement oft, the numerical
simulations prove that aP phase fulfilling^L&50 and^Sz&
50 is achieved and a linear dependence ofE on the tunnel-
ing is obtained. TheC phase is thus a linear combination
the wave functions associated withF and P states. In Fig.
1~b! we have plotted̂ Sza& for both dots. Its maximum is
reached when the DQD isF, then it is depressed while en
tering theC phase, and eventually we are left with the sing
state. Notice that the entire conversion has been realized
continuous manner. Indeed, that^Sz& varies continuously
with tunneling is an artifact of the~semiclassical! mean-field
approach. Exact diagonalizations show3 that quantum-
mechanically^Sz& changes in a discrete way, sinceSz is a
good quantum number. However, for large values ofSz the
continuous variation is a reasonable approximation, as in
thermodynamic limit the U~1! spin symmetry is spontane
ously broken.1 From Fig. 1~b! we see that̂ SxT&52^SxB&.
This is the key feature of the appearance of aC phase—total
spin components in the plane perpendicular to the field
are antiferromagnetically correlated. The governing phys
is analogous to what is commonly found in QH bilayers a
disks1,3 but the origin is quite dissimilar. Here the dots b
have as tiny magnets due to the Hund’s rule~a feature stem-
ming uniquely from the atomiclike character of the dots! and
the role of the magnetic field applied in the plane of the d
is only to break the SU~2! spin symmetry by marking a privi
leged direction for the spin.

These conclusions may be reinforced by examining
interdot coherence of the top~bottom! quantum dot:
Dss8T(B)5(ni ,l i

^cni l isT(B)
† cni l is8B(T)&. It can be shown18 that

all the Dss8a components are zero in the triplet phase@see

FIG. 1. ~a! Total energy of a DQD with n532, \v
530 meV,a5 l 0/2, andDZ50.017\v. A dashed~dot-dashed! line
shows the behavior of theF(P) state provided spontaneous sp
symmetry breaking had not been taken place.~b! Expectation val-
ues of the total spin for each dot.z (x) components are drawn in
full ~dashed! lines.
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Fig. 2~a!#. As t increases, the system acquires interdot coh
ence until it is completely coherent in the symmetric st
~for which D↑↓a 5D↓↑a 50 and D↑↑a 5D↓↓a Þ0). As C
phases involve a spin symmetry breaking,D↑↓a 52D↓↑a .
Moreover, sincê I x& yields half the difference between th
number of electrons in symmetric states and those in a
symmetric states,̂I x& is zero in theF case and reaches it
maximal value in theP case. As Fig. 2~b! shows, theC phase
develops intermediate quantities. Thez isospin component
would be different from zero, provided there is more cha
in one of the wells, e.g., by applying an electric bias; but t
is not the present case.

In Fig. 3~a! we draw the entire phase diagram that ch
acterizes the distinct GS’s as a function of the Zeeman
ergy and the tunneling. For largeDZ and smallt the DQD is
in the spin-polarized phase. In the opposite limit, the sing
state energy is lower. TheC phase lies between them. In th
case ofDZ50 we obtain a purely antiferromagnetic or Ne´el
GS with the spins pointing across from each other.

A more striking feature is observed when a hole is int
duced into the system. ForN odd the highest-lying shells ar
not closed and the remaining hole is shared by the two d
From Fig. 3~b! we see that the region covered by theC phase
is reduced at larget because the system takes advanta
more easily of the possibility of tunneling by forming sin
glets. Likewise theF state is more energetically favored
low transmissions. There is a range in the tunneling para
eter atDZ50, where the lack of charge spontaneously
duces ferromagnetism. But now theC state is extended eve
for DZ50 since a Ne´el phase cannot exist for an odd numb
of electrons.

A simple model may be aimed to shed light on this ph
nomena. When the highest shell is occupied with an e

FIG. 2. ~a! Up-up and down-down spin interdot coherence~full
lines! for the top layer. Up-down~dashed line! and down-up~dot-
dashed line! spin interdot coherence is also shown. They are diff
ent from zero only in theC phase.~b! x component of the total
isospin.^I z&50 throughout the tunneling range.
4-3
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number of electrons, it is reasonable that a Heisenberg t
accounts for the antiferromagnetic phase. In addition, the
tal energy must include a contribution stemming from t
Zeeman energy that favors a parallel spin alignment. Clos
the F phase, we propose the following energy functional:

Et,DZ
~u!52J~ t !SW T•SW B2gmBBW •~SW T1SW B!

52J~ t !S2cosu22DZScos~u/2!. ~6!

Here, we consider the total spins as classical vectorial e
ties centered at each dot and assumeuSW Tu5uSW Bu[S, u being
the angle spanned by both vectors.J(,0) is a parameter
fitted from the dependence of the total energy ont at DZ

FIG. 3. ~a! Phase diagram for 32 electrons. Full lines correspo
to the numerical calculation. The dashed line is obtained from
simple model. The infinite slope of theC-P boundary seems to b
correct in the thermodynamic limit~Ref. 1!. ~b! Same as~a! for
N531.
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50 @one curve analogous to Fig. 1~a!#. As a result,J(t) is
roughly quadratic for smallt. Then the critical line marking
the transition to the canted phase from theF state is achieved
by settingE9(u50)50 that yieldsDZ(t)524J(t)S/2. This
gives the piece of parabola shown in Fig. 3~a!. The curve
crosses the abscissa axis att50 proving that noF state can
exist withDZ50 at finitet and the DQD takes on aN phase.

When an electron is removed from the DQD, the rema
ing hole prefers to keep its spin parallel to the rest wh
hopping from dot to dot. Therefore, the system is sensitive
the particular spin orientation of the hole and Eq.~6! must
include a term accounting for this fact:E→E2t cos(u/2)
~this is as if we had done a unitary rotation and kept only
diagonal terms! resulting inDZ(t)5@ t24J(t)S2#/2S. Unlike
theN532 case, forN531,u50 is a minimum ofE at small
values oft ~in the interval of physical interest, i.e.,@0,p#)
and the system remains spin polarized@see Fig. 3~b!#. Larger
t means thatu50 corresponds to a relative maximum
E(u) and one minimum atuÞ0 shows up, fulfilling that the
C phase is now the lowest energy state. Despite the simp
ity of the model, the curves agree remarkably well with t
self-consistent numerical solutions.

In summary, our analysis of the GS of a vertical DQ
based upon a mean-field framework predicts the existenc
a canted phase for intermediate tunneling and not too h
Zeeman energies. For a sufficiently high even electron nu
ber ~for which quantum-correlation effects are not expec
to qualitatively alter the conclusions! the C phase continu-
ously connects numerically foundF andP states as the tun
neling parameter is varied. When a hole is created within
highest half-filled shells, the kinetic energy of the remaini
electron promotes theF phase at smallt and theC phase
arises even atzero ~arbitrarily small! Zeeman splitting. A
simple model is addressed to interpret these phenomena
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