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Quantum transition processes in deformation potential interacting systems using the equilibrium
density projection technique
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We study cyclotron resonance line shapes~CRLS! and cyclotron resonance linewidths widths~CRLW! of
deformation potential semiconductors utilizing the equilibrium density projection technique. Recently, we
obtained the cyclotron resonance line-shape formula of an electron-phonon interacting system@Phys. Rev. E
60, 66 538,~1999!#. Using this formula, we calculate numerically CRLS and CRLW. We analyze the tempera-
ture and magnetic-field dependence of CRLW in various cases. Our results agree with the experimental data
obtained by H. Kobori@J. Phys. Soc. Jpn.59, 2141 ~1990!#. Our results indicate that dominant quantum
transition processes of deformation potential interacting systems are inter-Landau level transitions between the
adjacent states and the effect of intra-Landau level transitions is weak. We show that most of the contribution
to the total linewidth among inter-Landau level transitions comes from the transition between the excited state
a51 andb50.
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I. INTRODUCTION

The study of cyclotron resonance line shapes~CRLS! and
cyclotron resonance linewidths widths~CRLW! is a useful
tool for investigating the scattering mechanism of soli
since absorption line shapes and linewidths are very sens
to the type of scattering mechanisms affecting the beha
of the carriers.

There are several methods to obtain CRLS and CRLW
response functions. Among them are the Mori, Fujita, a
Suzuki methods. The Mori method uses Kubo’s inn
product1 and was applied to electron-impurity systems
Kawabata to obtain CRLS.2 Fujita expanded the CRLS for
mula using the proper connected diagram method and
plied this method to electron-phonon systems.3 Suzuki ob-
tained CRLS of electron-phonon systems using the su
operator method.4 Suzuki’s theory well explains the result o
Kobori group’s
experiment of the cyclotron resonance~CR! transition.5–8

Using the equilibrium density projection techniqu
~EDPT!, we have suggested a new quantum transport the
of linear-nonlinear form.9 The merit of using EDPT is tha
the generalized susceptibility and scattering factor can
obtained in one step. We have also expanded the scatte
factor using a continued fractional representation~CFR! to
avoid the divergence problem that appears in the usual s
expansion of scattering factor.9

In the previous work,10 we presented a new optical con
ductivity formula for the CR transition in a system of ele
trons interacting with phonons. We summarized the calcu
tion processes of obtaining a scattering factor using ED
with CFR and obtained the line-shape formula of
electron-phonon interacting system.

In this paper, applying our formula in Ref. 10, we fir
obtain CRLS and CRLW of Ge withl5119mm through
numerical calculations. There are abundant experime
0163-1829/2001/64~23!/235210~9!/$20.00 64 2352
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data5 about the temperature dependence of CRLW@g(T)# of
Ge in l5119mm and the magnetic-field dependence
CRLW@g(B)# of Ge atT520 K. We compare our results o
numerical calculations with existing experimental data a
show a good agreement between them. This indicates
our EDPT theory is useful in analyzing many-body system

We analyze the temperature dependence of CRLW,g(T)
in various wavelengths of external fields and the magne
field dependence of CRLWg(B) in various temperatures
The analysis of various cases would be difficult in oth
theories since they require the calculation of the absorp
power to obtain CRLW. The ensemble average project
technique~EAPT! ~which is contained in EDPT Ref. 9! has
an advantageous aspect because we can obtain, throug
technique directly, CRLW withg(T) and g(B). We do not
have to calculate the absorption power to obtain CRLW.

We also analyze the quantum transition processes
deformation-potential semiconductors. Here, we confine o
selves in the inter-Landau-level transitions between the a
cent levels and the intra-Landau-level transitions within ea
Landau level. We characterize quantum transition proces
with the g(T) and g(B) of each process and conclude th
the dominant quantum transition processes of deformat
potential semiconductors occur through the inter-Land
level transitions between the adjacent levels. The effec
intra-Landau-level transitions turns out to be weak. We f
ther show that most of the contribution to the total linewid
among inter-Landau-level transitions comes from the tran
tion between the excited statea51 andb50. To the knowl-
edge of the present authors, the analysis of CRLW and
quantum transition processes of deformation-potential se
conductors for various cases has never been done befo
much as we have done here.

II. REVIEW OF EAPT THEORY

When a circularly polarized electromagnetic wave w
frequencyv and electric-field amplitudeE0 is incident upon
©2001 The American Physical Society10-1
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a system along thez axis, the absorption power density of th
electrons in solids is given by

P~v!5E0
2 Re$s7~v!%/2. ~1!

Here, Re represents ‘‘the real part of.’’ We derived the co
ductivity tensor with weak-inter-action approximation utili
ing EAPT.10
th
-

r-
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Here, the scattering factorQ̃7(v) is
Q̃7~v!' iB0F 21

v\2 G01

i

v\3 G1

iv1
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where

GN[Tr$J2Ls~P0Ls!
N11L1rs%,

~N5a positive number!, ~4!

~B0![
21

Tr$J2L1rs%
, ~5!

andrs is the grand canonical density operator, Tr denotes
many-body trace for electrons,J6 are the circular compo
nents of the many body current operatorJ, Ls[Ld1LV is
the Liouville operator corresponding to the HamiltonianHs
5Hd1V, where Hd and V are the unperturbed and pe
turbed parts, respectively, andL1 is the Liouville operator
corresponding to the current operator (2 i /v)J1 . The pro-
jection operatorP0 is the ensemble average projection o
erator that is defined as

P0X[
L1rsTr$J2X%

Tr$J2L1rs%
, P08[12P0 , ~6!

for an arbitrary operatorX. When a static magnetic field (B
5Bẑ) is applied along the major axis of an ellipsoid, th
Hamiltonian of the electron-phonon system is given by

Hs5Hd1V5He1Hp1V. ~7!

Here,

He5(
a

ENa ,kza
aa

1aa , ~8!

HP5(
q,s

\vq,sbq,s
1 bq,s , ~9!

and

V5(
q,s

(
a,m

Vq,s^auexp~ iq•r !um&aa
1aa~bq,s1b2q,s

1 !;

~10!
e

-

whereaa
1(aa) is the creation~annihilation! operator for an

electron in the Landau stateua&[uNa ,kya ,kza&,Na being
the Landau level index,ka the electron wave vector, an
ENa ,kza

the Landau energy given by

ENa ,kza
5~Na11/2!\vc1\2kza

2 /2ml1Ec. ~11!

Here,vc([cB/ml) is the cyclotron frequency of electrons
ml(ml) the longitudinal~transverse! effective mass of the
electron, andEc the bottom of the conduction band. In Eq
~9! and ~10!, b6q,s

1 (b6q,s) is the creation~annihilation! op-
erator for a phonon of energy\vq,s in the stateu6q,s&,q
being the phonon wave vector,s the index of phonon mode
andVq,s the coupling coefficient for the electron-phonon i
teraction that is defined as

Vq,s5 i ~\E1/2rmv̄s!
1/2q ~12!

for a phonon modes whereE1 is the deformation-potentia
constant that is usually adopted as a fitting parameter w
the theoretical and the experimental results are comparedrm
is the mass density of the bulk,v̄s is the average of the soun
speedvq,s for each mode. The many-electron current ope
tors J6 are defined as

J15(
a

j a
1aa11

1 aa

and

J25(
a

~ j a
1!* aa

1aa11 , ~13!

where j 6[ j x6 i j v are two circular components of th
single-electron current operatorj and j a

1[^a11u j 1ua&
5 ieA2(Na11)\vc /mt.

With weak interaction approximation, we obtained t
conductivity tensor10 as
0-2
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Res7~v![
e

p2\ S vc

v D 2`

~v2vc!
21g total~v!2 , ~14!

where the linewidth function in EAPT, which is the real part of the scattering factor, is reformulated as

g total~v!'
1

2p\2vs
F E

2`

` E
2`

`

Ỹtotal~v,vc ,kz ,qz ,q'n!dqzdkzG Y F E
2`

`

DFaGdkz, ~15!
h

-

with v̄[v2 ih. Here, the functionỸtotal(v,vc ,kz ,qz ,q'n)
is defined as

Ỹtotal~v,vc ,kz ,qz ,q'n![Ỹ1
ab~Na ,Nb!2Ỹ2

ab~Na ,Nb!

2Ỹ3
ab~Na ,Nb!1Ỹ4

ab~Na ,Nb!

1Ỹ5
em~Na ,Nb!2Ỹ6

em~Na ,Nb!

2Ỹ7
em~Na ,Nb!1Ỹ8

em~Na ,Nb!,

~16!

where we classify the absorption and emission parts of p
non energy as

Ỹ1
ab~Na ,Nb![@V~q1!2q1K1~Na ,Nb ;t1!DFa~nq!#bÞa ,

~17!

Ỹ2
ab~Na ,Nb![@V~q2!2q2K2~Na ,Nb ;t2!DFb,1qz

~nq!#bÞa ,

~18!

Ỹ3
ab~Na ,Nb![@V~q3!2q3K2~Na ,Nb ;t3!DFb,1qz

~nq!#bÞa ,
~19!
a
th

23521
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Ỹ4
ab~Na ,Nb![@V~q4!2q4K1~Na ,Nb ;t4!DFa~nq!#bÞa11 ,

~20!

Ỹ5
em~Na ,Nb![@V~q5!2q5K1~Na ,Nb ;t5!DFa~nq11!#bÞa ,

~21!

Ỹ6
em~Na ,Nb![@V~q6!2q6K2~Na ,Nb ;t6!

3DFb,2qz
~nq11!#bÞa , ~22!

Ỹ7
em~Na ,Nb![@V~q7!2q7K2~Na ,Nb ;t7!

3DFb,2qz
~nq11!#bÞa , ~23!

Ỹ8
em~Na ,Nb![@V~q8!2q8K1~Na ,Nb ;t8!

3DFa~nq11!#bÞa11 , ~24!

wheretn5\q'n
2 /2eB. In the above formulas, phonon wave

vectorsqn are defined asqn[A(q'n
2 1qz

2) with the vertical
components of themq'n given by
q'15q'25A$@v1~Nb2Na11!vc#vs
211A1~2kza

qz1qz
2!%22qz

2, ~25!

q'35A$@v1~Na2Nb11!vc#vs
212A1~2kza

qz1qz
2!%22qz

2, ~26!

q'45A$@v1~Na2Nb!vc#vs
212A1~2kza

qz1qz
2!%22qz

2, ~27!

q'55q'65A$@2v2~Nb2Na11!vc#vs
211A1~2kza

qz2qz
2!%22qz

2, ~28!

q'75A$@2v2~Na2Nb11!vc#vs
212A1~2kza

qz2qz
2!%22qz

2, ~29!

q'85A$@2v2~Na2Nb!vc#vs
212A1~2kza

qz2qz
2!%22qz

2, ~30!
ces.
e of
d

Here,A1[\/2mlvs . As can be seen from Eqs.~14! and
~15!, the integrals over the electron momentum space
done separately in numerator and denominator. Owing to
advantage of this aspect of EAPT~which is contained in
EDPT Ref. 9! we can directly obtain the CRLWg through
re
e

the integrals over phonon and electron wave-vector spa
This allows us to analyze the temperature dependenc
CRLW, g(T) for various wave lengths of external field, an
the magnetic-field dependence of CRLW,g(B), at various
temperatures.
0-3
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Furthermore, the above advantage of EAPT also make
possible to analyze the quantum transition processes
deformation-potential interacting semiconductors. If we
sume the interactions are weak, the effective transitions
cur through the inter-Landau-level transitions between
adjacent levels, as (a,b)5(0,1) and (a,b)5(1,0), and the
intra-Landau-level transitions in the same levels, as (a,b)
5(0,0) and (a,b)5(1,1). In order to analyze the domina
transition among these processes, we classify the linewi
as follows.

g̃ total~v![g̃ intral~v!1g̃ interl~v!,

g̃ intral~v![g̃ intral
00,ab~v!1g̃ intral

00,em~v!1g̃ intral
11,ab~v!1g̃ intral

11,em~v!,

g̃ interl~v![g̃ interl
01,ab~v!1g̃ interl

01,em~v!1g̃ interl
10,em~v!1g̃ interl

10,em~v!,

~31!

where

g̃ intral
00,ab~v![

1

2p\2vs
E

2`

` E
2`

`

Ỹ4
ab~0,0!dqzdkza , ~32!

g̃ intral
11,ab~v![

1

2p\2vs
E

2`

` E
2`

`

Ỹ4
ab~1,1!dqzdkza , ~33!

FIG. 1. The magnetic-field dependence of absorption pow
P(B) of Ge at T510 K, T520 K, T530 K, T540 K, T550 K
with l5119 mm.
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g̃ intral
00,em~v![

1

2p\2vs
E

2`

` E
2`

`

Ỹ8
em~0,0!dqzdkza , ~34!

g̃ intral
11,em~v![

1

2p\2vs
E

2`

` E
2`

`

Ỹ8
em~1,1!dqzdkza , ~35!

g̃ interl
01,ab~v![

1

2p\2vs
E

2`

` E
2`

`

@Ỹ1
ab~0,1!1Ỹ2

ab~0,1!

1Ỹ3
ab~0,1!#dqzdkza , ~36!

g̃ interl
01,ab~v![

1

2p\2vs
E

2`

` E
2`

`

@Ỹ1
ab~1,0!1Ỹ2

ab~1,0!

1Ỹ3
ab~1,0!#dqzdkza , ~37!

g̃ interl
01,em~v![

1

2p\2vs
E

2`

` E
2`

`

@Ỹ5
em~0,1!1Ỹ6

em~0,1!

1Ỹ7
em~0,1!#dqzdkza , ~38!

r,
FIG. 2. The magnetic-field dependence of absorption pow

P(B) and P(Dv) of Ge atT510 K with l584, 119, 172, 220,
295, 394, 513, and 550 mm.
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g̃ interl
10,em~v![

1

2p\2vs
E

2`

` E
2`

`

@Ỹ5
em~1,0!1Ỹ6

em~1,0!

1Ỹ7
em~1,0!#dqzdkza . ~39!

III. THE ABSORPTION POWERS AND THE LINEWIDTHS
OF EAPT IN CR TRANSITION

In this section, we calculate the linewidths of Ge and S
the quantum limit. It is well known that the deformation
potential scattering is dominant for pure Ge and Si. The b
structure of Ge and Si can be approximated to be ellipsoi

For Bi^111& in Ge we have ml50.22m0 and ml
50.35m0 wherem0 is the free-electron mass. The other co
stants are r55.36 g/cm3, s55.943105 cm/s, Eg(0)
50.744 eV, k54.7731024 eV/K and j5235 K. Inserting
these constants into Eqs.~1!, ~7!, ~13!, and~14! and carrying
out the integration in Eq.~11!, we obtain the line shapes
from which the width can be measured.

It is known that as for the cyclotron resonance, there
abundant experimental data5 concerning the temperature d
pendence of CRLW@g(T)# of Ge in l5119mm and the
magnetic-field dependence of CRLW@g(B)# of Ge at T
520 K. In order to examine the validity of our theory, w
first compare our EAPT theory with the experimental d
through the numerical calculations. In Fig. 1, we obtain
power absorptions,P(B) of Ge with l5119mm at T

FIG. 3. The temperature dependence of half line width,g(T) of
Ge withl584, 119, 172, 220, 295, 394, 513, and 550mm. In small
box, we compare the theoretical result with experimental data of
temperature dependence of half line width,g(T) of Ge with l
5119mm.
23521
d
l.

-

e

a
e

e

FIG. 4. The magnetic-field dependence of half line width,g(B)
of Ge atT510, 20, 30, 40, and 50 K. In small box, we compare t
theoretical result with experimental data of the magnetic-field
pendence of half line width,g(B) of Ge atT520 k.

FIG. 5. The magnetic-field dependence of absorption pow
P(B) of Si atT510 K, T520 K, T530 K, T540 K, T550 K with
l5513 mm.
0-5
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510 K, T520 K, T530 K, T540 K, T550 K. The shape
of P(B) resembles the experimental shape ofP(B) with an
arbitrary unit performed by Koboriet al. In Fig. 2, we obtain
the power absorptions,P(B) and P(Dv) of Ge atT510 K
with l584mm, l5119mm, l5172mm, l5220mm, l
5295mm, l5394mm, l5513mm, andl5550mm. Here,
Dv5v2v0 . From the graph ofP(Dv), we can see the
broadening effects near the resonance peaks for various
ternal fields. The graph in the small box indicates the lo
tions of resonance peaks for various external fields. We
read from this graph the magnetic-field dependence of
maximum absorption power. In Fig. 3, we obtain the te
perature dependence of linewidths of Ge withl584, 119,
172, 220, 295, 394, 513, and 550mm. The advantage o
EAPT theory is evident in the calculation of linewidths f
various cases. It would be cumbersome with other theor
In the small box, we plot both the linewidths coming fro
the EAPT theoretical result and Kobori’s experimental res
for the case withl5119mm. We see a good coincidenc
between them. They both show rising behaviors as temp
ture increases.

In Fig. 4, we obtain the magnetic-field dependence
linewidths of Ge atT510, 20, 30, 40, and 50 K. In the
small box, we compare the theoretical result with the exp
mental data for the case whenT520 K. Again, we see a
good agreement between them. We want to emphasize
again that it is easier than other theories to obtain the l

FIG. 6. The magnetic-field dependence of absorption pow
P(B) and P(Dv) of Si at T510 K, with l584, 119, 172, 220,
295, 394, 513, and 550mm.
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widths because they can be obtained directly in EA
theory.

Now for Si, we have mt50.33mo , ml50.58mo ,
r52.34 g/cm3, s59.033105 cm/s, Eg(0)51.17 eV, k5

r,

FIG. 7. The temperature dependence of half line width,g(T) of
Si with l584, 119, 172, 220, 295, 394, 513, 550mm.

FIG. 8. The magnetic-field dependence of half line width,g(B)
of Si at T510, 20, 30, 40, and 50 k.
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4.7331024 eV/K, andj5636 K, E159.3 eV. In Fig. 5, we
obtain the power absorptions,P(B) of Si with l5513mm at
T510, 20, 30, 40, 50 K. In Fig. 6, we obtain the pow
absorptions,P(B) P(Dv) of Si atT520 K with l584, 119,
172, 220, 295, 394, 513, 550mm. We see that the genera
shape of power absorptions of Si is very similar to that
Ge. In Fig. 7, we show the temperature dependence of l
widths of Si for variousl’s. In Fig. 8, we obtain the mag
netic field dependence of linewiths of Si at various tempe
tures. In Figs. 7 and 8, we included some experimental d
Note that there are not abundant experimental data o
compared to Ge. The agreement between EAPT theore
predictions and experimental results for Si case is not
good as the case of Ge. Nevertheless, the discrepancy
the range of acceptance.

The results of this section indicate that our EAPT theo
well accepts Kobori’s experimental data.5 Therefore, we con-
firm that the EAPT theory is quite useful to understand
scattering mechanism in CR transition. We expect it can
applied to analyses of other condensed material systems

IV. THE TRANSITION PROCESSES IN CR TRANSITION
WITH EAPT

Since we can obtain the CRLW,g(T) andg(B) directly
from the numerical calculations in EAPT theory, we can a
lyze easilyg(T) in various wavelengths of external field

FIG. 9. The temperature dependence of linewidth of Ge in ca
of total line width (g tot), total inter Landau level(g interl), total intra-
Landau level(g intral), phonon emission inter-Landau level(g interl

e ),
phonon emission intra-Landau level(g intral

e ), phonon asorption inter-
Landau level(g interl

a ), and phonon asorption intra-Landa
level(g intral

a ) transition.
23521
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gamma~B! in various temperatures. Further anaysis of va
ous cases are performed in this section. In Fig. 9, we plot
temperature dependence of linewidths of Ge for various tr
sitions. They include inter-Landau-level transition and int
Landau-level transition, each of which is further separa
into two cases, phonon-absorption transition and phon
emission transition. We denote the total linewidth asg tol , the
inter-Landau-level linewidth asg inter-l(T), the intra-Landau-
level linewidth asg inter-l(T), the phonon-absorption inter
Landau-level linewidth asg inter-l

a (T), the phonon-emission
inter-Landau-level linewidth asg intra-l

e (T), the phonon-
absorption intra-Landau-level linewidth asg intra-l

a (T), and
the phonon-emission intra-Landau-level linewidth
g intra-l

e (T). From these graphs we read that the broaden
effect is dominated by the phonon-emission inter-Land
level transition at low temperature. In Figs. 10 and 11,
plot the magnetic-field dependence of linewidths of Ge
various transitions atT520 K. Here again, we read that th
broadening effect is dominated by the phonon-emiss
inter-Landau-level transition. In Fig. 12, we plot th
magnetic-field dependence of linewidths of Si for vario
transitions atT520 K. From these results, we observe sim
larities between quantum transition properties of Ge and

V. CONCLUSIONS

In this paper, we studied cyclotron resonance line sha
~CRLS! and cyclotron resonance linewidths widths~CRLW!
of deformation-potential semiconductors using EAPT theo

es FIG. 10. The magnetio-field dependence of linewidth of Ge
cases of total line width (g tot), total inter-Landau level(g interl), and
total intra-Landau level(g intral) transition.
0-7
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We compare the EAPT theoretical predictions with expe
mental data of H. Koboriet al. Our results of numerical cal
culations appear to be reasonable sinceg(T) of Ge in l
5119mm andg(B) of Ge in T520 K agree well with the
experimental results.5 This indicates that the EAPT theory i
quite useful to understand the scattering mechanism in
transition.

We analyzed the temperature dependence of CRLWg(T)
in various wavelengths of external fields, and the magne
field dependence of CRLWg(B) in various temperatures
We want to emphasize that our EAPT theory makes th
analyses of various cases much easier than other theo
since more steps are involved in the calculations in ot
theories.

The EAPT theory enables us to separate the linewidth
terms of each quantum transition for various cases. The
sults are plotted in Figs. 9–12. From these graphs, we ge

FIG. 11. The magnetic-field dependence of linewidth of Ge
cases of total line width (g tot), total inter-Landau level(g interl), pho-
non emission intra-Landau level(g interl

e ), and phonon absorption
intra-Landau level(g interl

a ) transition.
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following properties. First, the temperature dependence
linewidths of Ge is dominated by the phonon-emission int
Landau-level transition at low temperature. Second,
magnetic-field dependence of linewidths of Ge is also do
nated by the phonon-emission inter-Landau-level transit
Third, the same properties apply to the case of Si. From th
results, we observe similarities between quantum transi
properties of Ge and Si. The easy analysis of each quan
transition processes are the merits of our EAPT theory.
nally, we expect that the EAPT~or EDPT! theory is also
useful in other condensed material systems.
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FIG. 12. The magnetic-field dependence of linewidth of Si
cases of total line width (g tot), total inter-Landau level(g interl), and
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