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Current magnification effect in mesoscopic systems at equilibrium
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~Received 16 May 2001; published 29 November 2001!

We study the current magnification effect and associated circulating currents in mesoscopic systems at
equilibrium. Earlier studies have revealed that in the presence of transport current~nonequilibrium situation!,
circulating currents can flow in a ring even in the absence of magnetic field. This was attributed to current
magnification that is quantum mechanical in origin. We have shown that the same effect can be obtained in
equilibrium systems, however, in the presence of magnetic flux. For this we have considered an one-
dimensional open mesoscopic ring connected to a bubble, and the system is in contact with a single reservoir.
We have considered a special case where bubble does not enclose magnetic flux, yet circulating currents can
flow in it due to current magnification.
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Mesoscopic physics deals with the realm that is in
tween the microscopic~atomic or molecular! scale and mac-
roscopic one. In these systems quantum phase coher
length Lf exceeds the sample sizeL. These systems hav
provided several, often counterintuitive new results exp
ing truly quantum effects beyond the atomic realm.1,2 These
systems are expected to reveal the crossover between q
tum and the macroscopic classical regimes, which is of f
damental interest. The notion of intrinsic decoherence
dephasing of a particle interacting with its environment
being actively pursued and experimentally analyzed.1,3 The
decoherence mechanism signals the limit beyond which
system dynamics approaches the classical behavior. On
the prominent mesoscopic effect is that of observation
persistent currents in metallic rings enclosing magnetic fl
Büttiker, Imry, and Landauer predicted4 the existence of
equilibrium persistent current in an ideal one-dimensio
metallic ring in the presence of magnetic flux, with a peri
of f0 , f0 being the elementary flux quantahc/e. The exis-
tence of persistent currents have been verifi
experimentally.5 Persistent currents occur in both open a
isolated closed systems.6–11 Since then circulating current
have been predicted in open systems in presence of a t
port current. This phenomenon is associated with curr
magnification effect in mesoscopic rings.10–12 For this we
consider a metallic loop connected to two reservoirs by t
ideal leads. Transport currentI flows through the system
when the two reservoirs are kept at different chemical pot
tials, saym1 andm2, respectively. The upper and lower arm
of the ring are of different lengths and currentsI 1 andI 2 flow
in these such thatI 1ÞI 2. The basic law of current conserva
tion, namely, Kirchoff’s law demands thatI 5I 11I 2. In the
classical case bothI 1 and I 2 are positive and flow along th
direction of the applied chemical potential. However, wh
quantum mechanically currents are calculated depen
upon the length parameters it is found that for particu
values of Fermi energyI 1 ~or I 2) can be much larger thanI.
Current conservation thus dictatesI 2 ~or I 1) to be negative
such thatI 5I 11I 2. The property that current in one of th
arms is larger than the transport current is referred to
current magnificationeffect. This quantum effect has n
classical analog in equilibrium. In such a situation one c
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interpret that the negative current flowing in one arm cont
ues to flow as a circulating current in the loop.10–12 Our
procedure of assigning a circulating current is exactly
same as the procedure well known in classicalLCR ac net-
work analysis. When a parallel resonant circuit~capacitance
C connected in parallel with a combination of inductanceL
and resistanceR) is driven by external electromotive forc
~generator!, circulating currents arise in the circuit at res
nant frequency.13 The magnitude of the negative current
one of the arms flowing against the direction of the appl
current is taken to be that of the circulating current. Wh
the negative current flows in the upper arm, the circulat
current direction is taken to be counterclockwise~or nega-
tive! and when it flows in the lower arm, the circulatin
current direction is taken to be clockwise~or positive!.10–13

It should be noted that these circulating currents arise
the absence of magnetic flux and in presence of trans
currents~i.e., in a nonequilibrium system!. It has also been
shown that impurities affect current magnification in a no
trivial way. In fact, impurities can enhance current magn
cation as opposed to the conventional wisdom that impuri
would degrade current magnification.10,12 Studies on circu-
lating currents in mesoscopic open rings have been exten
to thermal currents14 and to spin currents in the presence
Aharonov-Casher flux.15 Recently this effect has been stu
ied in presence of spin-flip scattering that causes depha
of electronic motion.12,16

In the present paper we are interested in the basic q
tion, whether current magnification can occur in equilibriu
systems. For this we consider the system as depicted in
1. The static localized flux piercing the loop is necessary
break the time reversal symmetry and induce a persis
current in the system. The geometry we consider is a o
dimensional ring coupled to a bubble. The system is c
nected to a reservoir at chemical potentialm. The reservoir
acts as an inelastic scatterer and as a source of en
dissipation.7 We would like to emphasize that the magne
flux is localized in a finite region. The loopsJ1J2aJ3J1 and
J1J2bJ3J1 enclose the localized fluxf. However, the
bubbleJ2aJ3bJ2 does not enclose the fluxf. The special
situation we have considered is to answer the question
existence of circulating currents in equilibrium systems. W
©2001 The American Physical Society06-1
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BRIEF REPORTS PHYSICAL REVIEW B 64 233406
show that circulating currents~due to current magnification!
arise in a bubble that does not enclose a magnetic flux.
would like to mention here that the current magnificati
effect and the associated circulating currents arise even w
the magnetic field extends over the entire sample. Howe
for this the treatment is involved as one has to study se
rately persistent as well as circulating currents in the bub
as they have different symmetry properties. This has b
studied in a simple loop in the presence of both transp
currents and magnetic flux.11

In the local coordinate system, the wave functions in
various regions of the ring in absence of magnetic flux
given as follows

c05eikx01re2 ikx0,

c15aeikx11be2 ikx1,

c25ceikx21de2 ikx2,

c35eeikx31 f e2 ikx3,

c45geikx41he2 ikx4. ~1!

Here xi , i 50, . . . ,4 arecoordinates along the connectin
lead to the reservoir, and the segmen
J1J2, J2bJ3, J2aJ3, and J3J1, respectively. The Ferm
wave vector is defined ask5A2mE/\2. To solve for the
unknown coefficients in Eq.~1! we use Griffith17 boundary
condition at the junctionsJ1, J2, andJ3. These boundary
conditions are due to the single-valuedness of wave func
and current conservation~Kirchoff’s law!. In the presence o
magnetic flux in the system we can choose a gauge for
vector potential in which the field does not appear explic
in the Hamiltonian. The boundary conditions do not chan
however, the electron propagating from one junction to
other picks up an additional phase, which is positive
clockwise motion and negative for counterclockwise motio
but of same magnitude. For further details see Refs. 10
Naturally, different segments pick up different phases. Us
the above-mentioned boundary conditions, we get

11r 5a1be2 ia15geikl 41 ia41he2 ikl 4,

12r 2a1be2 ia11geikl 41 ia42he2 ikl 450,

aeikl 11 ia11beikl 15c1deia25e1 f eia3,

aeikl 11 ia12be2 ikl 12c1de2 ia22e1 f e2 ia350,

FIG. 1. One-dimensional mesoscopic ring coupled to a bub
with a lead connected to a reservoir at chemical potentialm. The
localized fluxf penetrates the ring.
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ceikl 21 ia21de2 ikl 25eeikl 31 ia31 f e2 ikl 35g1he2 ia4,

ceikl 21 ia22de2 ikl 21eeikl 31 ia32 f e2 ikl 32g1he2 ia450.
~2!

Herea1 , a2 , a3 anda4 are phases picked up by the wav
functions in the segmentsJ1J2, J2bJ3, J2aJ3, andJ3J1,
respectively, and we havea11a21a452pf/f0, and a1
1a31a452pf/f0, such thata25a3 as required by defi-
nition. Using Eq.~2! we have solved all the unknown coe
ficients in Eq.~1!.

In the lead connecting the reservoir to our circuit there
no current flow asur u251. Throughout the discussion th
lengths are scaled with respect to the total length of
bubblel 5 l 21 l 3. The wave vectork is identified in a dimen-
sionless formk[kl. The probability current density is de
fined asJ5(e\/2mi)(c* ¹c2c¹c* ). For the circuit seg-
mentJ1J2 of Fig. 1, when we derive the probability curre
density we getJ5(e\k/m)(uau22ubu2). Now the current
densities~I! in their dimensionless form are given by divid
ing J by e\k/m. This approach is widely used in literature
define the current densities, see Refs. 7,11. The current
sities in the small-intervaldk around the Fermi energyk in
the various segments of the circuit are given by

I 15uau22ubu2,

I 25ucu22udu2,

I 35ueu22u f u2,

I 45ugu22uhu2. ~3!

Just to mention again thatI 1 , I 2 , I 3, andI 4 are the persisten
current densities in the segmentsJ1J2, J2bJ3, J2aJ3, and
J3J1, respectively. The persistent current densities in v
ous parts of the circuit show cyclic variation with flux an
f0 periodicity, and oscillate between positive and negat
values as a function of energy or the wave vectork as ex-
pected. Since the analytical expressions for these current
too lengthy, we confine ourselves to a graphical interpre
tion of the results. It should be noted that in all these curre
flux enters only through the combinationsa11a21a4 and
a11a31a4, the magnitude of these combinations is giv
by 2pf/f0 as expected. For us the current densities in
bubble (J2bJ3aJ2) are of special importance as in this r
gion there is a possibility of current magnification that w
be analyzed below. The currents induced in segmentJ3J1
and J1J2 are equal, i.e.,I 15I 4. These currents may hav
positive ~clockwise! or negative~counterclockwise! values
depending on the fluxf and value of Fermi wave vectork.
For a fixed k this current oscillates between positive a
negative values as a function off with a periodf0 and are
asymmetric inf. Similarly for fixed value off currents
oscillate as one variesk. The magnitude of current shows
maximum or minimum near the corresponding eigenstate
the system. We have calculated these eigenstates for two
ferent cases. For open system as depicted in Fig. 1 one
calculate the energies~or wave vector! of these states by
looking at the poles of theSmatrix. These states correspon
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BRIEF REPORTS PHYSICAL REVIEW B 64 233406
directly to resonances. In our caseSmatrix is simply a com-
plex reflection amplituder. We have also analyzed the eige
states of a closed system~without coupling lead to reservoir!
by wave-function matching in various segments by using
waveguide theory. The eigenvalues are obtained by solv
the following equation, resulting from the waveguide theo

cos~a!5
1

cos~kl2! S cosk~ l 11 l 1!

2
1

4

sin~kl1!sin~kl2!sin~kl3!

sin~kl1! D , ~4!

where,a52pf/f0 , l 15( l 21 l 3)/2, andl 25( l 22 l 3)/2.
We analyze the case of a bubble with unequal lengths

its two arms, i.e., the length ofJ2bJ3ÞJ2aJ3. This asym-
metry implies that current densities in the two arms of
bubbleI 2ÞI 3. In Fig. 2, we plot the persistent current de
sities in various parts of the circuit. It should be noted th
absolute value of the persistent current densitiesI 2 andI 3 are
individually much larger than the input current densityI 1
into the bubble and thus the current magnification effec
evident~without violating the basic Kirchoff’s law!. The in-
put current arises due to the presence of fluxf as it breaks
the time reversal symmetry. The physical parameters u
for this figure are mentioned in the figure caption. In t
interval 5.5,kl,6.9 the currentI 1 changes from positive to
negative and exhibits extremum around the real part of
poles of theS matrix ~6.278 and 6.328!. For the closed sys
tem the eigenvalues are at 5.93 and 6.68. The differe
between eigenvalues for closed and open systems~quasi-
bound states! arise from the additional scattering from th
junction J1 coupled to the reservoir. Moreover, eigenvalu
for open systems are complex, as electron has a finite
time in the ring system before entering into the reserv
WhenI 1 is positive, negative current density of magnitudeI 2

FIG. 2. Persistent current densities are shown as a functio
kl. The lengths arel 1 / l 5 l 4 / l 50.25, l 2 / l 50.45, l 3 / l 50.55, and
flux f50.1. In the inset we have shown the current densi
around the value whereinI 1 goes to zero.
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flows in the armJ2bJ3 of the bubble. Thus, whenI 1 is
positive circulating current flows in the counterclockwise d
rection in the bubble. In the range whereI 1 is negative, i.e,
input current into the bubble is in counterclockwise dire
tion, then positive current flows in armJ2aJ3. According, to
our convention as mentioned earlier, circulating curre
flows in the counterclockwise direction. The magnitude
this circulating current densityI c is taken to be the value o
current in one of the arms of the bubble moving against
input current into the bubble as explained in detail in t
introduction.

In Fig. 3 we have plotted the persistent current dens
I 15I 4 and the circulating current densityI c in the bubble for
the same parameters as used in Fig. 2. It should be noted
if we interchange the values ofl 2 and l 3 keeping other pa-
rameters unchanged, circulating current will flow in a cloc
wise direction. This is obvious from the geometry of th
problem.

We generally observe current magnification at tho
Fermi-energy wave-vector intervals around the eigenener
of the system.10,11 However, there are some exceptions.
Fig. 4, we plot one of those exceptions. The new physi
parameters are mentioned in the figure caption. In Fig. 4
show that current magnification does not occur at places
are eigenvalues of the aforesaid system. Here the real pa
the eigen-wave-vectorkl corresponds to 10.184~for closed
system it is at 10.171). One can readily notice that the m
nitude of persistent current~i.e., input currentI 1) shows ex-
trema around this value. Around this region both the curre
in the bubbleI 2 and I 3 are individually smaller thanI 1 and
they flow in the same direction as the input current. Hen
we do not observe current magnification effect around t
quasibound state of the open system. We also observe
current magnification does occur at some places that are
near the eigenvalues of the system.

All these figures establish the fact that the current mag
fication effect~and associated circulating currents! that are

of

s

FIG. 3. Persistent current densityI 1 and circulating current den
sity I c is plotted as a function ofkl. The parameters are the same
used in Fig. 2. The inset shows the behavior ofI c and I 1 around
their zero values.
6-3
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BRIEF REPORTS PHYSICAL REVIEW B 64 233406
quantum mechanical in origin are extremely sensitive to
system parameters. The exact conditions for current ma
fication cannot be readily predicteda priori. The orbital
magnetic moment of the system is given by the line integ
of the total current taken across the entire system. The t

FIG. 4. Persistent current densities are plotted as a functio
kl. The lengths arel 1 / l 5 l 4 / l 50.25, l 2 / l 50.15, l 3 / l 50.85. Flux
f50.1.
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current is given by integrating the current densities up to
Fermi energy~at temperatureT50). If the system exhibits
current magnification effect, one should be able to dete
experimentally by observing the enhanced response of
magnetic moment by appropriate tuning of Fermi energ
We expect systems comprising several metallic loops in
woven together to exhibit a new feature in the magnetic
sponse due to current magnification. It should be noted th
the whole system is embedded in a magnetic field then
have both persistent currents as well as circulating curr
that can be separated by their symmetry properties under
reversal.11 Just for the sake of simplicity and to show t
existence of current magnification in equilibrium, we ha
taken a system in which bubble does not enclose a mag
flux, which may not be an ideal system. However, it clarifi
our contention.

In conclusion, we have shown that current magnificat
effect can occur in equilibrium mesoscopic systems in
presence of magnetic flux. Earlier, it was shown to occur
nonequilibrium state.10 This quantum effect is extremely se
sitive to system parameters. Our system also exhibits br
down of parity effects@using Eq. ~4!#.6 This, along with
analysis of current magnification in the presence of magn
flux, encompassing the entire sample will be reported e
where.
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