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Analytical expressions for the spin-spin local-field factor and the spin-antisymmetric exchange
correlation kernel of a two-dimensional electron gas
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We present an analytical expression for the static many-body local-field factorG2(q) of a homogeneous
two-dimensional electron gas, which reproduces diffusion Monte Carlo data and embodies the exact
asymptotic behaviors at both small and large wave numberq. This allows us to also provide a closed-form
expression for the spin-antisymmetric exchange and correlation kernelKxc

2 (r ) which represents a key input for
spin-density functional studies of inhomogeneous electronic systems.
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The static spin-spin response functionxS(q) of a para-
magnetic electron gas~EG! can be written in terms of the
Lindhard functionx0(q) by means of the spin-antisymmetr
many-body local fieldG2(q) through the relationship

xS~q!52mB
2 x0~q!

11vqG2~q!x0~q!
, ~1!

wheremB is the Bohr magneton. ThusG2(q) is a fundamen-
tal quantity for the determination of many properties of
general electron system. It is a key input, together with
charge-charge local-field factorG1(q), in the spin-density
functional theory~SDFT! of the inhomogeneous electro
gas1,2 and in studies of quasiparticle properties~such as the
effective mass and the effective Lande´ g factor! in the elec-
tronic Fermi liquid.3,4

For what concerns SDFT calculations, a common
proximation to the unknown exchange-correlation ene
functionalExc@n,z# of electron densityn and spin polariza-
tion z appeals to its second functional derivatives,

Kxc
ss8(n̄,z̄;ur2r 8u)[

d2Exc@n,z#

dns~r !dns8~r 8!
U

n5n̄,z5 z̄

, ~2!

wheren̄5n̄↑1n̄↓ is the average local density of the EG a
z̄5(n̄↑2n̄↓)/n̄ is the average local spin polarization. Th
local-field factorsGss8(q) and the matrix of the exchange
correlation kernels are simply related in Fourier transform

K̃xc
ss8~q![E ddre2 iq•rKxc

ss8~r !52vqGss8~q!, ~3!

where d is the dimensionality of the system andvq is the
Fourier transform of the Coulomb potentiale2/r . In the para-
magnetic state the following relation holds between
charge-charge and spin-spin local-field factorsG6(q) and
Gss8(q):

G6~q!5
G↑↑~q!6G↑↓~q!

2
. ~4!
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Thus, from Eqs.~3! and ~4!, one obtains that the spin
symmetric and the spin-antisymmetric exchange and corr
tion kernelsKxc

6(r ) are related toG6(q) by

K̃xc
6~q![

K̃xc
↑↑~q!6K̃xc

↑↓~q!

2
[E ddre2 iq•rKxc

6~r !

52vqG6~q!. ~5!

In what follows we shall only considerKxc
2(r ) in the case of

two spatial dimensions, withd52 andvq52pe2/q. An ana-
lytical expression forKxc

1(r ) has already been given in Re
5.

A number of exact asymptotic properties ofG2(q) in two
dimensions are readily proved. In particular,6

lim
q→0

G2~q!5A2

q

kF
, ~6!

with

A25
1

r sA2
S 12

x0

x D , ~7!

wherekF5A2pn5A2/r saB is the Fermi wave number,r s

5ApnaB
2 is the usual EG density parameter withaB the

Bohr radius, andx05mB
2m/p\2 is the~Pauli! spin suscepti-

bility of the ideal Fermi gas, whilex is the spin susceptibility
of the interacting system. By making use of the thermod
namic definition ofx we can write

x0

x
512

A2

p
r s1

r s
2

2

]2ec

]z2 U
z50

, ~8!

whereec is the correlation energy per particle in the spi
polarized fluid. Unfortunately the correlation energy at fin
spin polarization is poorly known. By extrapolating the d
fusion Monte Carlo~DMC! data7 for G2(q) to q50 and by
observing from Eq.~8! that A2→1/p for r s→0, we obtain
the following parametrization ofA2 in the range 0<r s
<10 where simulation data are available:
©2001 The American Physical Society10-1
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A25
1

p11.4954r s10.3193Ar s

. ~9!

The asymptotic behavior ofG2(q) at large q is also
known exactly,6,8

G2~q!;C2

q

kF
1B2 , ~10!

for q→`, whereC2 is proportional to the difference in ki
netic energy between the interacting and the ideal gas,

C25
t2t0

2pne2
kF52

r s

2A2

d

drs
@r sec~r s!#. ~11!

The correlation energy per particleec(r s) in the paramag-
netic fluid is available from Monte Carlo data.9 Finally B2

5g(0), g(0) being the value of the pair-correlation functio
at the origin.10

In this work we fit the values ofG2(q) originally ob-
tained by DMC in Ref. 7 in such a way as to obtain analy
cal expressions for bothK̃xc

2(q) and Kxc
2(r ). The functional

form previously employed5 for the charge-charge local-fiel
factor G1(q) is also suitable forG2(q):

G2~ q̄!5A2q̄F k2~r s!

A11~A2k2~r s!q̄/B2!2

1@12k2~r s!#e
2q̄2/4G1C2q̄~12e2b2q̄2

!

1P2~ q̄!e2a2q̄2
, ~12!

FIG. 1. The local-field factorG2(q̄) for various values ofr s as
computed according to Eq.~12!, in comparison with the DMC data
of Ref. 7.
23311
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where q̄5q/kF , k2(r s)5A110.0082r s
2, and P2(q̄) is the

polynomialP2(q̄)5h2q̄21h4q̄41h6q̄61h8q̄8. The free pa-
rametersa2 , b2 , andh2 , . . . ,h8 are fitted so as to mini-
mize the differences from the DMC numerical results. As
G1(q), it proves useful to have a continuous parametrizat
of these parameters at least in the range 0<r s<10 where
simulation data are available. We propose the following:

a2~r s!5expS 2
0.2231181.2115~r s/10!

1154.6665~r s/10!150.7534~r s/10!2D ,

b2~r s!50.808920.4025~r s/10!320.0941~r s/10!1/2,

h2~r s!5expS 2
12.6262120.9673~r s/10!

1112.4002~r s/10! D ,

h4~r s!50.0531~12e22.154r s
2
!20.4984~r s/10!3/2

10.4021~r s/10!2,

h6~r s!520.0076~12e2r s!10.0977~r s/10!3/2

20.0726~r s/10!2,

h8~r s!520.0027~r s/10!. ~13!

In Fig. 1 we compare the fit given by Eq.~12! with the DMC
data forr s51, 2, 5, and 10. In Fig. 2 we show the local fie
factor G2(q) as from Eq.~12! for various values ofr s .

We turn next to the evaluation ofKxc
2(r ). From Eqs.~5!

and~12!, the expression of the spin-antisymmetric exchan
correlation kernel in real space~in Ry! is readily obtained as

FIG. 2. The local-field factorG2(q) as from Eq.~12! for vari-
ous values ofr s .
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Kxc
2~r !5N1

d (2)~r !

kF
2

1N2

exp$2B2kFr /@A2k2~r s!#%

kFr

1N3e2(kFr )2
1N4e2(kFr )2/4b2

1 (
n51

4

N5,2nF2n~a2 ,kFr !, ~14!

where N1524pA2C2 /r s , N2522A2 B2 /r s , N3

524A2A2@12k2(r s)#/r s , N45A2C2 /r sb2 , and N5,n
5222/3hn /r s . The functionFn(a,x) is given by

Fn~a,x!5E
0

`

dy ynJ0~xy!e2ay2

5
1

2
a2(11n)/2 GS 11n

2 D 1F1S 11n

2
;1;2

x2

4a D ,

~15!

where G(z) is Euler’s gamma function and1F1(a;b;z) is
Kummer’s function. In practice the functionFn(a,x) can be
obtained via the recursive relation

Fn12~a,x!52
dFn~a,x!

da
,

F2~a,x!5
Ap

16a5/2F ~4a2x2!I 0S x2

8a D
1x2I 1S x2

8a D Ge2x2/8a, ~16!

whereI n(z) is the modified Bessel function of ordern. It is
also useful to recall thatdI0(z)/dz5I 1(z) and that
dI1(z)/dz5I 0(z)2I 1(z)/z.

In Fig. 3 we show the matrix elementsKxc
ss8(r ) of the

exchange-correlation kernel for various values ofr s . These
kernels describe the local structure~Pauli-Coulomb hole! of
the paramagnetic electron fluid around an electron of a gi
spin. Kxc

↑↑(r ), being the sum ofKxc
1(r ) and Kxc

2(r ), has the
tiv
r

r
so
d

23311
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same behavior of these two components: namely, no st
ture at both small and highr s . The situation is different for
Kxc

↑↓(r ), which is instead given by the difference ofKxc
1(r )

andKxc
2(r ). Although these two components are structurel

at small r s , the difference between them aroundkFr .1 is
large and this is reflected in the large structure shown in F
3.

In conclusion, we have presented an analytic parametr
tion of the local-field factor entering the spin response of
two-dimensional electron gas in the paramagnetic state,
corporating the known asymptotic behaviors and giving
accurate representation of the available quantum Mo
Carlo data. We have obtained from it and from our earl
results on the dielectric response5 analytic expressions of the
exchange-correlation kernels for spin-density functional c
culations on inhomogeneous two-dimensional electronic s
tems.
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FIG. 3. The matrix elementsKxc
↑↑(r ) and Kxc

↑↓(r ) of the
exchange-correlation kernel for various values ofr s .
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