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Oxygen ordering in YBa2Cu3O6¿x using Monte Carlo simulation and analytic theory
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We have simulated the phase diagram and structural properties of the oxygen ordering in YBa2Cu3O61x

testing simple extensions of the asymmetric next-nearest-neighbor Ising~ASYNNNI! model. In a preliminary
paper@Phys. Rev. B60, 110~1999!# we demonstrated that the inclusion of a single further neighbor interaction
gave results that could account for several hitherto unexplained structural observations. In this paper we make
an extensive study showing that these results are robust against further extensions. Additional inclusion of
three-dimensional or infinite range interactions does not obviate the finding of the following results: the
existence of ortho-III, ortho-V, and ortho-VIII phase correlations; suppression of the ortho-I–ortho-II transition
temperature relative to that of the tetragonal–ortho-I transition; no ortho-II Bragg peaks, but a crossover from
Lorentzian toward Lorentzian squared line shapes; and a finite average chain length even at low temperatures.
Simulations with the extended~ASYNNNI! model yield a realistic picture of the oxygen order of importance for
the understanding of the hole doping. The experimental facts are consistent with a low temperature structure
broken up on a nano scale into box-like domains and anti-domains of typical average dimension (10a,30b,2c).
Theory and model simulations demonstrate that the distribution of such domains causes deviations from
Lorentzian line shapes, and not the Porod effect. Analytic theory is used to estimate the effect of a range of
values of the interaction parameters used, as well as the effect of an extension to include infinite ranged
interactions. In the experiments a large gap is found between the onset temperatures of the ortho-I and ortho-II
orders atx50.5. This cannot be fully reproduced in the simulations. The simulations yield a quite symmetric
phase diagram aroundx50.5 with respect to the low temperature phases, whereas experimentally it has not
been possible to detect such phases for small-x values.

DOI: 10.1103/PhysRevB.64.224520 PACS number~s!: 61.43.Bn, 05.50.1q, 74.72.Bk
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I. INTRODUCTION

YBa2Cu3O61x is one of the prototypical materials exhib
iting high-temperature superconductivity. Therefore, a
tailed investigation and understanding of the oxygen ord
ing are crucial as a basis for finding the mechanism of
phenomenon.

It is well known that incompletely filled CuOx layers in
the YBa2Cu3O61x ~YBCO! type of high-Tc superconductors
act as electron acceptor units, and that hole doping into
superconducting CuO2 planes is governed by the formatio
of O-Cu-O chains. Unlike some other high-Tc materials,
where the acceptor units are insulating, O-Cu-O chains
come metallic when they exceed a certain length and ac
electron acceptors.2 It is therefore generally accepted that t
oxygen ordering and associated metallic behavior of
chain structure contribute to the superconducting proper
This is corroborated by calculations of the electron ba
structure, which show that both the plane and the ch
bands contribute to the Fermi surface.3,4

A precise picture of the chain structure oxygen ordering
therefore important for an accurate determination of the e
tronic structure and the superconducting properties
YBCO. Direct experimental evidence of the relation h
been established from quench studies where the time ev
tion of the orthorhombic strain could be correlated with th
of Tc .5 This relation, and early phenomenological relatio
between experimentalTc data and simulations of the oxyge
ordering,6,7 indicate that the formation of ordered domains
essential, but it has never been proven directly. In this pa
0163-1829/2001/64~22!/224520~16!/$20.00 64 2245
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the domain structure will be critically investigated by mod
simulations and by analytic means.

The obvious need for detailed structural information on
local scale has motivated numerous experiments aime
determining the oxygen structure by electron microscopy,8–11

x-ray and neutron scattering,12–17 and NMR.18 Diffraction
experiments give only indirect information about the loc
real-space ordering properties, and the information fr
NMR is restricted to the oxygen coordination number of t
Cu. Furthermore, the experiments clearly showed that
structural ordering remains of finite size even in high pur
crystals, and it is strongly dependent on the oxygen com
sition as well as on the thermal annealing treatment. To
terpret available information correctly, it is important
make accurate Monte Carlo simulations which will repr
duce the pertinent details observed in scattering experime
and which are simultaneously able to give the correspond
real space information. We believe that our simulations
complish a significant further step toward this than previo
model studies.3,19–39

Diffraction studies of YBCO clearly showed the existen
of superstructures characterized by O-Cu-O chains that
aligned along theb axis and ordered with different periodic
ity along thea axis.8,9,11,11–17The interactions between th
oxygen atoms can predominantly be described by their C
lomb repulsion~resulting in the parameters calledV1 and
V3), except for the interaction along the chains which
influenced by hybridization via the Cu ions~resulting
in the parameter calledV2). Detailed microscopic
theories2,20,21,26,27suggest, in particular, that theV2 param-
©2001 The American Physical Society20-1
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eter could be dependent on the structure, i.e., the c
length of the formed chains, and thus on the temperatureT as
well as the compositionx. Including this would go beyond
the description possible by the simple lattice model, cal
the asymmetric next-nearest-neighbor Ising~ASYNNNI!
model,28 which has fixed interaction parametersV1 , V2,
andV3.

The merit of the model is its simplicity, and it has be
shown30,38 to account accurately for the main structural tra
sition between the tetragonal to ortho-I structures40 and the
prediction of the observed ortho-II superstructure with cha
separated by two lattice unitsa. However, a number of ad
ditional experimental findings12–17 cannot be accounted fo
Of particular relevance to the chain length discussion is
no long-range order of the ortho-II phase is observed,
that the ortho-II transition occurs at significantly lower tem
peratures than predicted by the ASYNNNI model nearx
50.5. Also the observed trend toward an almost squa
Lorentzian line shape15 in place of a sharp Bragg peak ind
cates the formation of a microdomain structure with fin
chain length. The ASYNNNI model also falls short of e
plaining the observation of higher order superstructures w
periodicities of 3a ~ortho-III!, 5a ~ortho-V!, and of appar-
ently incommensurate structures~ortho-VIII!, which have
been observed by electron microscopy,8–11and recently iden-
tified as genuine bulk structures by synchrotron and neu
scattering investigations.17 To describe this, long-ranged in
teractions between the oxygen atoms might be needed.

In this paper we stick to the basic assumption of
ASYNNNI model: theT- and x-independent interaction pa
rameters. We wish to test to what extent the model reas
ably, but minimally, extended can account for the obser
data, or whether deeper modifications are called for.
present results for the superstructure ordering obtained f
Monte Carlo simulation studies based on an extension of
two-dimensional~2D! ASYNNNI model28 that includes one
additional effective repulsive interactionV5 between oxygen
atoms that are 2a apart and not bridged by copper atoms41

Preliminary studies of this model have shown thatV5 inter-
action stabilizes the ortho-III by construction where it is e
pected, but surprisingly it also accounted for other exp
mental observations.1 Here we extend this work
considerably, and present a detailed analysis of the su
structure ordering properties and the phase diagram tha
sult by addingV5 to the ASYNNNI model with emphasis o
structure factors pertinent to comparison with experimen
diffraction data. We further test that the results and und
standing of the structures remain unchanged when the s
lations include a small 3D interactionV4 between oxygens in
neighboring planes.

II. MODEL

Long-range, albeit screened, interactions between oxy
atoms are expected22,23,26,27,29on the basis of the Coulom
interaction. These may in principle be calculated and
cluded in the model at the cost of an extensive enhancem
of the computational effort. Furthermore, beyond a cert
range the interactions are small and redundant because
22452
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come into play only at temperatures where the oxygen ord
ing kinetics is effectively frozen. We have found that b
introducing only one extra in plane parameter to t
ASYNNNI model one can account for most of the outstan
ing problems relative to the experimental electron, neutr
and x-ray scattering data. The effect of longer range inter
tions is discussed using an analytic theory.

The extended ASYNNNI model for the oxygen orderin
in YBCO that we have studied by Monte Carlo~MC! simu-
lation technique is:

H52V1 (
^rr 8&

NN

s~r !s~r 8!2V2 (
^rr 8&

NNNCu

s~r !s~r 8!

2V3 (
^rr 8&

NNNV

s~r !s~r 8!

2V4 (
^rr 8&

NNPl

s~r !s~r 8!2V5 (
^rr 8&

NNN2V

s~r !s~r 8!. ~1!

Heres(r )51 or 0 depending on whether the siter is occu-
pied or not and the sums run over all oxygen pairs^r ,r 8&,
which are nearest neighbors~NN!, next nearest neighbor
bridged by Cu~NNNCu!, and not bridged by Cu~NNNV!.
The corresponding interaction parameters areV1 , V2, and
V3. The extra interaction parameterV5 couples pairs not
bridged by a Cu and 2a apart~NNN2V!, andV4 represents
interaction between neighboring planes~NNPl!. This was not
considered in our preliminary work.1 Variations of this model
were studied previously by the cluster variation method, a
analytically based on the assumption of very~infinitely! long
O-Cu-O chains.25,29,30,32–36These studies are therefore le
suited for an analysis of the local structural propert
observed experimentally.

From previous studies of the ASYNNNI model,38 where
simulations were compared to experimental data, the inte
tion parameters were determined asV1 /kB525430 K, V2
520.36V1, andV350.12V1, wherekB is Boltzmann’s con-
stant. The values are in good agreement with the results
tained byab initio electron band-structure calculations,42 and
this is not violated by the small scaling ofV1 needed when
small nonzeroV4 and V5 are included. The relative magn
tudes of all the interactions are in agreement with obser
line widths of the structure factor, which also requiresV4
'20.02V1, as used previously38 in a simulation withoutV5.
From estimates based on a screened Coulomb potential25 we
have found thatV5 /V150.0260.02 should be a reasonab
interval for the investigations. Such values ofV5 makes it
play a role only at temperatures where the O-Cu-O chains
basically already formed.

The introduction of theV5 interaction actually stabilizes
the ortho-III phase~nearx51/3 and 2/3) ‘‘by construction,’’
but it turns out to explain more than was meant by its desi
The need for including all interactions of a screened C
lomb potential is therefore limited and probably not impo
tant for describing the experimentally observed phases
discussed below. However, it may be important to inclu
other long-range interactions such as strain effects. An o
0-2
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OXYGEN ORDERING IN YBa2Cu3O61x USING MONTE . . . PHYSICAL REVIEW B 64 224520
ous effect of strain fields is that coexistence of aligned
tiphase domains is favored over that of perpendicular
mains. In the experimental situation a dominant ch
alignment is introduced at the tetragonal to ortho-I~T-I! tran-
sition. In the ASYNNNI model studies based on Eq.~1!, the
two types of domains are fully equivalent. However, as
~favorable! consequence of the finite-size samples used in
simulations, the coexistence of perpendicular domains
suppressed due to the advantage of creating continu
chains. Hence parallel antiphase domains are favored
way similar to the effect of a unidirectional strain.39 From
examinations of direct space images obtained in our pre
studies, we consequently find only few examples of coex
ing perpendicular domains, and they are hardly important
the calculated structure factors. On the other hand, it is v
important to simulate samples of sufficient size and with
sufficient number of independent ensemble members, in
der to be able to represent a sufficiently large distribution
the parallel anti phase-domains, as discussed below.

Attempts to include strain effects directly have been ma
by use of mean-field-like simulations.37 These and othe
studies of the extended ASYNNNI model33,34 yield the
ortho-III structures, but neither the ortho-V nor ortho-VI
structures. A detailed description of strain effects, and ot
mesoscopic features as twin formation, is beyond the pre
goal. Our simulations are more accurate than the mean-
simulations with respect to the phase diagram and the l
structures~inside a twin domain!. Due to the reciprocal spac
method used in Ref. 37 a wavelike structure with very sh
chains is proposed. This is not found in any real space si
lations.

In very recent MC simulations43 the focus was on the
original ASYNNNI model with strain effects included as
chain length penalty. The main results are that finite ch
lengths and twin domains are formed by construction,
tetragonal to orthorhombic transition temperature is sign
cantly reduced, and no new phases result from the strain

III. MONTE CARLO DETAILS

All Monte Carlo simulations have been carried out usi
Kawasaki dynamics at fixed particle number and thus fix
oxygen concentrationx. We have used a multimember e
semble approach, which ensures that we obtain indepen
configurations when sampling our observables. This is p
ticularly important at the lowest temperatures where the s
tem tends to freeze, and the single-member ensemble
proach yields very poor statistics due to the fact that
states that are sampled are practically identical. Simulatin
multimember ensemble is a task which is trivial to do
parallel, since it basically consists in performing the sa
simulations with different initial conditions and then avera
the results of the individual simulations afterwards. We ha
typically used ensembles with 32 independent members
the 2D simulations and eight-member ensembles for the
simulations. The predominant system size used in the si
lations is 1283128 ~2D! and 1283128332 ~3D!. Periodic
boundary conditions have been imposed in all spatial dim
sions.
22452
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The 2D MC simulations are performed as described
low. At a given concentration the system is prepared w
oxygen atoms in randomly chosen positions. We simulate
quenching and gradual cooling of this system as a func
of the reduced temperatureT* [kBT/uV1u as follows. The
initially random state is quenched to a temperature somew
above the ordering temperature. At this temperature the
tem is allowed to equilibrate for a number of Monte Car
steps per site~MCSS!—typically 5000 MCSS. In our ap-
proach a Monte Carlo step consists of selecting an oxy
atom~particle! and a vacancy~hole! at random and then us
the Metropolis algorithm to decide whether or not to inte
change the particle-hole pair, i.e., we allow nonlocal jum
This is not meant to model the actual physical process,
rather is chosen as an efficient Markov process to ensure
equilibrium is reached rapidly. After equilibration we samp
the structure factorS(q), the energy, the specific heat and t
concentration ofl-fold coordinated Cu atoms,cl . Each
sample is separated by a number of MCSS—typically
After the specified number of configurations~typically 100!
have been sampled the temperature is reduced and the
cess of equilibration and sampling is repeated for the n
temperature. In this way we perform stepwise coolin
equilibration, and sampling in equal temperature steps, u
a desired minimum temperature—typicallyT* 50.05—has
been reached. At each temperature the results from diffe
members of the ensemble are averaged.

This scheme was found optimal for studying the order
process of structural phases with frozen domain structu
and it is different from previously used strategies,38,39 where
a single-member ‘‘ensemble’’ was averaged over a long-ti
series instead. In particular, the present method allow
study of the average domain structure that the system
sumes. Importantly, the approach toward single dom
states for low temperatures proceeds exceedingly slowl
the simulations.33,34This is also observed in the experiment
situation partly due to slow oxygen diffusion at low temper
tures, which effectively freezes the structures at a temp
ture of ;325 K or atT* ;0.06. However, the simulation
show that the highly anisotropic models favor creation
straight, stacking-fault-like, domain walls, which have n
tendency to move under curvature driven domain growth
previous Monte Carlo study of the domain growth kineti
has shown that it may result in logarithmicly slow growth44

The 2D Monte Carlo simulations were performed as fun
tion of the reduced temperatureT* for two different values
of the V5 parameter:V550.02V1 and 0.04 at 23 and 22
different compositions in the interval 0.2<x<0.9, respec-
tively. The above description of the 2D simulation scheme
applicable to 3D simulations as well, if these are conside
to be coupled 2D simulations. This picture is valid sin
particle-hole interchange is confined to take place within
given layer of the three-dimensional system.

The 3D simulations were performed for nine differe
compositions between 0.25<x<0.75 and forV4520.02V1,
and a few runs withV4520.01V1: at x50.25 and at 0.5 in
order to determine the optimal value in presence of the fin
V550.02V1. The phase diagram was determined atx50.25,
0.333, 0.40, 0.5, 0.60, and 0.66 using samples of s
0-3
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FIG. 1. Lower panels: the 2D-simulated structure factor for selectedx values from x50.2 to x50.85 for V550.02V1 at T*
5kBT/uV1u50.06 for q along $h0%. Note the absence of a Bragg peak. Above: corresponding snapshots~chosen to show perpendicula
domains!; black symbols indicate oxygen positions. Note the remaining domain structure.
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64364332 and an ensemble of eight independent syste
At x50.25, 0.375, 0.5, 0.64, and 0.75 we used the lar
samples of size 1283128332 and also ensembles with eig
independent members in order to obtain a sufficiently ac
rate determination of the structure factor.

IV. RESULTS OF THE 2D SIMULATION

In this section we present the results of the structu
properties of oxygen ordering in YBCO found forV5
50.02V1 and 0.04 at the different values ofx andT* . In the
analysis and presentation of the structure factor data for c
venience we use the reduced coordinatesq* 5(h,k)
5(qh /a* ,qk /b* ), wherea* and b* are the reciprocal lat-
tice constants. For symmetry reasons there is no distinc
between theh andk directions in the ASYNNNI model, and
on average the superstructure intensity is the same along
(h,0) and (0,k) directions. We shall throughout present t
superstructure ordering vector as being athi along theh di-
rection, although the actualS(q* ) data represent an en
semble average over both directions. Similarly averaged,
will describe the transverse scans through the superstruc
peaks atq* 5hi by k. The q* -space data are fitted with th
function

S~q* !5(
i

Aik i

@~q* 2qi* !21k i
2#f

, ~2!

whereq* 5h and qi* 5hi for an ah scan atk50, andq*
5k andqi* 50 for a k scan athi . k i is the inverse correla
tion length andAi is the amplitude. We allow for a line shap
as a Lorentzian raised to a powerfÞ1, as expected for
scattering from distributions of small domains with sha
boundaries.

In the following we shall first discuss the behavior f
V550.02V1. The results obtained forV550.04V1 are quali-
tatively very similar to those forV550.02V1, except that
considerable signs of the short-range order of ortho-III
found in the ortho-I phase atx50.5. Since this is not see
experimentally, we conclude that this value ofV5 is too high.
However, to show the systematics introduced by varying
22452
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longer range repulsion parameter, we also present data
V550.04V1, and discuss them along with other values:V5
50.01V1 andV550.

A. Reciprocal and real space information

In Fig. 1 we show, forT* 50.06 and several values ofx
the simulated structure factors,S(q* ) on a logarithmic scale
for the wave vectorq* in the (h,0) direction. It should be
emphasized that the major intensity of the ortho-V and ort
VIII peaks are expected to be ath552/5 and 3/5, and ath8
53/8 and 5/8, respectively.S(q* ) was also evaluated an
analyzed forq* in the k direction at chosenhi values. Two
examples forx50.4 and 0.5 andT* at the transition tem-
perature are shown in Fig. 2.

FIG. 2. Line shapes of thek scans throughq* 50.5 for ~a! x
50.4 and~b! for x50.5 andT* 5TQ* . The line is a fit to a Lorent-
zian line shape.
0-4
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FIG. 3. Lower panels: temperature evolution of the 2D-simulated structure factor forx50.625 for V550.02V1 from T* 5kBT/uV1u
50.05 toT* 50.12 forq along$h0%. Note the onset of enhanced short range order atT* ;0.09. Above: typical corresponding snapsho
black symbols indicate oxygen positions.
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TheS(q* ) profiles provide characteristic reciprocal spa
signatures of the various phases for increasing compositix
and at the relatively low temperatureT* 50.06. It is evident,
and very interesting, that no long-range order is develop
This feature has been a longstanding puzzle in experime
investigations on YBCO, and has been attributed to effect
random fields from impurities.15 It is clear that the ortho-II
peak ath250.5 for x50.5 splits up into two peaks for bot
higher and lowerx values. This constitutes the scatterin
signatures for the higher order ortho-N structures, also found
experimentally. In both situations it is found that the orthoN
structures represent highly correlated structures, without
ing true thermodynamic phases, since no Bragg peaks
found, and hence no true long range order exists. The
simulations allow a representation of the corresponding
space pictures, shown in the upper panel of Fig. 1. These
excerpts of the simulated 1283128 cells, and they are o
course only single snapshots. To obtain the shown recipr
space information one needs an average over the 32 diffe
ensemble members, further averaged over ten consec
configurations separated by ten MCSS. With this in mind i
possible to judge that most of the structures consist of fa
small domains in which there exists considerable disorde
the form of mixed phases of various ortho-N patterns. As a
result theq-space peaks may be broad and shifted relativ
the expected purehN positions, thus inviting to an interpre
tation as incommensurate structures. These peaks cann
decomposed into a sum of even broad peaks characteris
different pure ortho-N phases. The snapshots give an idea
how the corresponding structure should be understood. In
simulations we find, as mentioned above, a small fraction
the ensemble members to have perpendicular domains in
dition to simple antiphase domains. In real YBCO we exp
the former to be even further suppressed—if not totally
moved by the orthorhombic strain effects. However, the
nite size of the simulations does effectively reduce the pr
ability that such domains are present in more than just a
of the ensemble members, and hence in this respect m
the effect of strain, as discussed previously.

Figure 3 shows the evolution with temperature of o
such structure atx50.625. The lower panel shows the e
semble averaged structure factorS(h), and the upper pane
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shows snapshots of the corresponding real-space struct
At the lowest temperatures this might be interpreted as
ortho-VIII structure with h853/8. In Fig. 4 we show the
temperature variation of the characteristic peak positionhi
for x50.375 and 0.625. There are symmetric peaks athi and
12hi , as can be seen in Figs. 1, and 3, but for clarity
show only one set in Fig. 4. With decreasing temperature
peaks move continuously in position and with an intens
that increases and a linewidth that sharpens rapidly at a g
temperature~indicated by arrows!. Here, as when analyzing
the experimental data, we shall define this temperature as
transition temperature between the ortho-I structure and
ortho-N structures,TQ* 5Tc* (I-N). However, it is clearly
demonstrated in Fig. 3 that short-range correlations of ort
N type exist far up in the ortho-I phase. The presence of
ortho-III phase is indicated by peaks in the structure fac
and a periodicity 1/3 with peaks ath351/3 and 2/3. This is
clearly seen in Fig. 1. This structure is directly stabilized
x51/3 and 2/3 even by a repulsiveV5. However, it is by no
means clear that the addition of theV5 parameter will give
rise, for example, to the ortho-V structure, since an ex
even longer range interaction might be needed to resolv
degeneracy between ortho-V and other similar phases. N
ertheless we have observed clear indications of ortho-V

FIG. 4. Temperature dependence of the peak position ax
50.375 ~filled symbols! and x50.625 ~open symbols!. The pres-
ence of a mixed phase is indicated by the appearance of two se
symbols, one for each of the distinguishable peaks inS(q). The
transition temperaturesTQ* are indicated by the arrows.
0-5



,
g.
th

in

se
a

er
e
re
of
l

a
re

se

se

ted
this
. In

is

t-
ain
al

x-
no
not
e
D

re.

n in
n
ed
ns

re

ha

en

MO”NSTER, LINDGÅRD, AND ANDERSEN PHYSICAL REVIEW B64 224520
mains both in the structure factor data forx near 0.4 and 0.6
and in snapshots of system configurations as shown in Fi
If the system had established long range ortho-V order
major peaks in the structure factor would be ath552/5 and
h553/5, but due to the random mixture of III and V cha
sequences, which one may call an ortho-VIII phase~with
h853/8 andh855/8), the peaks are shifted away from the
values. This is rationalizing the seemingly incommensur
phases.11,17

B. Line shape

The line shapes alongk andh for x;0.5 are well resolved
and described by a Lorentzian forT* >Tc* ~I-II !. In contrast
we obtain significantly better fits to bothh andk scans in the
ordered phase using a Lorentzian raised to a powerf.1.
This is most clearly detected in the ortho-II phase wh
there is no peak overlap. Figure 5 shows the result of a p
analysis forx50.5 as function of the reduced temperatu
T* . In Fig. 5~a! we show the peak intensity as a function
temperature for the peak ath250.5; it compares very wel
with the behavior of experimental data shown in Fig. 5~b!.
The half width at half maximum~HWHM! is shown in Fig.
5~c!, again in good agreement with the experimental beh
ior in Fig. 5~d!. We determine the transition temperatu

FIG. 5. ~a! The peak intensity of the 2D-simulated structu
factor for a 1283128 system at oxygen compositionx50.50 vs
temperature.~b! Same, obtained experimentally~Ref. 17!. ~c! The
simulated temperature dependence of the peak half-width at
maximum~HWHM! (Dh* ), in reciprocal lattice units (2p/a). ~d!
Same, obtained experimentally~Ref. 17!. ~e! The fitted Lorentzian
powerf. ~f! Same obtained experimentally~Ref. 17!. A close simi-
larity between the experimental and simulated properties is evid
22452
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Tc* ~I-II ! by inspecting the combined behavior of the increa
in peak intensity and the decrease in width asT* is reduced.
Similar analyses were done for all the simulatedx values.
BelowTc* there is no Bragg peak and the width of the diffu
scattering does not increase@Figs. 5~c! and 5~d!#, in either
the simulations or in the experiments, as would be expec
for regular continuous phase transitions. The reason for
is the freezing of the rather small-scale domain structure
Fig. 5~e! we show that the line shape in theh direction at

( 1
2 ,0) is described with af that increases towardf51.5

below Tc* . A similar behavior in the experimental data
displayed in Fig. 5~f!.

The typical interpretation of such deviations from Loren
zian line shape is the building up of sharpening dom
walls. For a low-density distribution of equal-size spheric
particles ~domains! with sharp boundaries, S(q* ) follows
Porod’s law, i.e., it hasf5(d11)/2, whered is the dimen-
sionality. However, the basis for the Porod model is, by e
amination of the snapshots, clearly not fulfilled. There are
separate spherical domains. The model is therefore
directly relevant for the YBCO system. An alternativ
model will be discussed below in connection with the 3
simulations.

Summarizing, in two dimensions forx near 0.5 the line
shape in neither theh nor thek scans can be well fitted with
a Lorentzian shape atT* 50.05, whereas using af.1 pro-
vides a much better fit. As shown, the exponentf increases
gradually from the value of 1 at the transition temperatu
The variation withx of the obtainedf.1 is shown in Fig. 6.
Some of the corresponding line shapes and fits are show
Fig. 7. Outside thex interval where multiple peaks occur i
theh scans, the line shape is not sufficiently well determin
with respect tofÞ1, and we have used simple Lorentzia
in our fits. This provides perfect fits to allk scans. Hencef
is probably 1 outside thex interval shown in Fig. 6.

lf-

t.

FIG. 6. The exponentf for the fit to line shapes atT* 50.06
using a Lorentzian to a powerf, at thex values shown. (d) are for
h scans, and (j) for k scans.
0-6
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C. Chain length

In Fig. 8, for various values ofx, and V550.02V1, we
show the obtained concentrationcl of Cu( l ) atoms with l
nearest oxygen neighbors~including two apical ones! for
T* 50.12 andT* 50.05, respectively. The system size
1283128. The average chain lengtĥL& is simply21 ^L&
52x/c3; it can also be found directly from the length distr
bution. First we note thatcl and ^L& vary smoothly withx,
although with a small dip atx slightly higher thanx50.5.
This behavior is in qualitative agreement with the expe
mental data18 ~error bars were not given!. The variation with
x is in the different model and simulation by Haugerud a
Uimin21 found to be somewhat larger, but forx50.5 and
V550 we find exact agreement between their results
ours. Thus atx50.5 the chain length, surprisingly, is inde
pendent of the modification of the ASYNNNI model consi
ered in Ref. 21. Forx50.5 the experimental data forcl at
T5450 K ~Ref. 18! give c350.19 or ^L&55.3. They also
give c450.44 andc250.37. The difference may indicate th
size of the error bars, since atx50.5 one would expectc4
5c2.21 Our value at the corresponding temperatureT*
50.08 is^L&57.8 forV550.02V1, This in reasonable agree
ment with the experimental value. In particular, it is re
tively small compared to that expected for well order
systems.

FIG. 7. Corresponding fits yielding the powers shown in Fig.
Full lines: fits to the Lorentzian to a power withf.1. Broken lines
~where shown!: fits for f51. ~a! and~b! x50.5 andT* 50.05.~c!
and ~d! x50.55 andT* 50.05. ~e! and ~f! x50.60 andT* 50.10.
All with V550.02V1.
22452
-
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The effect of a 3D couplingV4 on the phase diagram ca
be accounted for by reducinguV1u by 26%, judged from the
simulated 2D and 3DTI-II* at x50.5. On the other hand, th
effect on the ordering, and hence oncl , in adjacent planes
should be negligible. When including the effect ofV4 in this
way we obtain^L&56.2, in still better agreement with th
experimental value. A direct simulation of the average len
is difficult in the 3D simulations, since the tendency to ord
is enhanced. We are not able to use larger in-plane sys
sizes, since we also need to have sufficiently many ensem
members and planes stacked to reproduce the 3D effe
Unfortunately, the chosen systems cannot sustain a rea
chain length distribution.

Surprisingly, it is found that even the weak 3D couplin
does cause a greater tendency to order within the plane
well as that between the planes. This is probably because
ordering is not prohibited by frustration effects. Generally
can be concluded that the introduction of a finiteV5 produces
a quite small̂ L& also for smallerT* ; see Fig. 8.

D. Phase diagram

Based on our data and method of analysis descri
above it is possible to construct a phase diagram in
(x,T* ) plane. This is shown in the lower panel in Fig. 9~c!
for V550.02V1 and in Fig. 10~c! for V550.04V1. The pre-
viously determined phase boundary for the pure ASYNN
model withV550 is shown as a dotted line on both graph
A dramatic change is noticeable upon introduction of
finite V5.

.

FIG. 8. The concentrationcl of l-coordinated Cu( l ) atoms~in-
cluding apical oxygen! vs x for T* 50.12 andT* 50.05. Square:
twofold coordination; circle; threefold coordinations; triangle; fou
fold circle: coordination. The average chain length is^L&52x/c3.
Simulated for 1283128 2D systems. Note thatc3 and hencê L&
are finite even at the lowest temperatures. Lines are guide
the eye.
0-7
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MO”NSTER, LINDGÅRD, AND ANDERSEN PHYSICAL REVIEW B64 224520
Figures 9 and 10 show thatV5 opens up a gapDTG* be-
tween the temperaturesTT-I* and TI-II* of the tetragonal to
ortho-I and the ortho-I to ortho-II transitions for a wide ran
of x values belowx50.5. Such a gap was observed expe
mentally atx50.5,15,17,40 but remained unexplained by th
basic ASYNNNI model. For a proper estimation of the ga
we must include a small 3D couplingV4 between the planes
the result of which is discussed below. In the simulations
Ref. 21, using a differently extended ASYNNNI model wi
a temperature dependentV2, a small lowering of the ortho-II
transition was discussed, but an opening of a gap was
demonstrated atx50.5.

FIG. 9. Data forV550.02V1. ~a! The simulated orderingq*
values (d) at the onset temperatureT* 5TQ* , and ~b! (s) at the
lowest temperatureT* 50.05. The vertical bars indicate the exte
of the peak plateau; two symbols at the samex indicate mixed
phase. Thin dashed lines show the theory of Khachaturyan
Morris ~Ref. 49!. ~c! The resulting simulated phase diagram; (d) is
the simulation data, and the full line is a guide to the eye. Bla
square indicates where two peaks, as signature of mixed p
~hatched! can be detected. Tentatively the Arnold tongues are c
tinued toT* 50 ~dashed lines! below the investigated region dow
to T* 50.05. The phase diagram obtained by the correspond
pure ASYNNNI model (V550), using V2520.36V1 and V3

50.12V1, is shown as a thin dotted line.
22452
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Further, Figs. 9 and 10 show that the finiteV5 introduces
wings of basically ortho-III order essentially outside th
range of x values which shows ordering in the bas
ASYNNNI model. In fact, it appears as if the introduction
the single longer range repulsion parameter is sufficien
restore ordering in a region which mean field theory wou
predict for ortho-II ordering within the basic ASYNNN
model, namely, as a parabola extending fromx50 to 1. This
is not too surprising, however, since here we are using
temperature at which short-range order rapidly sets in. T
was previously45 found to correlate well with the mean-fiel
ordering temperature, although the true ordering tempera
is strongly suppressed by fluctuations of disorder. At
boundaries are observed structures with variable orde
vectors, hence calledQ2 and Q1 . For the lowest value,x
50.2, and highest value,x50.90, the peaks are broad, wea
and shifted towardhi50.3 and 0.7. At these values ofx the
data hardly meet the criterion for being regarded as eve
quasistructure using the present method. It is interesting
experiments on the high-x side found a phase diagram i
very close agreement with the simulations, whereas at
low x side this terminates with ortho-II order atx50.36

nd

k
se
-

g

FIG. 10. Same as Fig. 9 forV550.04V1. According to the
theory of Khachaturyan and Morris~Ref. 49! the Q1 ~and Q2)
regions may possibly extend fully down to low temperatures.
0-8
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OXYGEN ORDERING IN YBa2Cu3O61x USING MONTE . . . PHYSICAL REVIEW B 64 224520
without showing the simulated symmetric phases. At l
temperatures, we observe a weak tendency to phase se
tion at the boundaries between neighboring phases. Th
evident in the snapshots and in the development of~broad!
characteristic peaks of both structures.

In the phase diagram shown on Fig. 9~c!, the hatched
areas represent regions with mixed phase, and the lines
guides to the eye through the determined points of transi
temperaturesTQ* 6DT* . For most points the error bars a
small DT* ;0.002, but unfortunately they are particular
large,DT* ;0.005, atx<0.25 andx>0.85 as well as at the
eutectic points. However, even with this uncertainty there
evidence of stabilization of ‘‘Arnold tongues’’ of the princ
pal ortho-II, -III, and V structures. This is not found in th
basic ASYNNNI model withV550. It is in good agreemen
with the experimental observations, but is rather surpris
from the point of view of the simulations, since the extraV5
could be regarded as just one out of many possible lo
range repulsion parameters, and which does not directly
bilize the ortho-V order. This phase diagram is radically d
ferent from previously published diagrams calculated wit
finite V5, using, for example, cluster variation methods.33,34

In these the ortho-I phase was found to penetrate dow
T* 50 in place of the mixed phases. No such behavior
been experimentally observed. Cederet al.36 reproduced and
discussed this result, and were able to remove the ort
penetration by including an effective 3D interaction betwe
adjacent planes. They then found Arnold tongues of orth
and ortho-III order. The latter is displaced towardx larger
than the idealx5 2

3 , as we also find. This was also observ
experimentally.11,17However, in place of ourQ1 phase~they
only discussedx>0.5) they only found a mixed region o
ortho-II and ortho-III phases. They did use a value ofV5
;0.02V1 ~there calledV4) identical to one of our values.

Although we have not been able to make simulations
T* ,0.05 it is tempting to draw such Arnold tongues dow
to the respective pure values atT* 50, indicated by the
dashed lines. This picture may not be true. Or at least, it m
not be possible to drive neither the MC nor experimen
systems to such equilibrium phases from high-tempera
structures due to the slow oxygen kinetics.

E. Ordering vectors and comparison with theory

In Fig. 9~a! we show, forV550.02V1, the ordering vector
values for the simulated range of oxygen fillingx at T*
5TQ* , the temperature for the onset of the ordering. Fig
9~b! shows the ordering vector values at the lowest stud
temperatureT* 50.05. Similarly Figs. 10~a! and 10~b! show
the behavior forV550.04V1. A vertical bar indicates that no
clear peak is found, but only a broad flat maximum, the
width of which is indicated by the length of the vertical ba
A typical example of such a line shape is shown in Fig.
with a corresponding real space snapshot.

Let us discuss theV550.02V1 case first; see Fig. 9. It is
evident that there exists a broad region aroundx50.5 for
which the ortho-II structure (h250.5) is found. The devia-
tions from this is very symmetric for lower and higher valu
of x. First considerT* 5TQ* ; see Fig. 9~a!. Between x
22452
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50.333 and 0.400 there is an almost continuous variation
hi5Q2 from q* 5Q250.333 to 0.5 atT* 5TQ* . We call
this theQ2 region. Betweenx50.575 and 0.625 the peak
first form flat plateaus without clearly showing satelli
peaks~see Fig. 11!. At low temperatureT* 50.05@Fig. 9~b!#,
the situation is more symmetric and shows a stabilization
hi5Q250.4 andhi5Q150.4 ~and 0.6!, corresponding to
an ortho-V phase, forx50.4 and 0.6. In a small region
around that, these peaks are found in combination with
neighboring, ortho-III or ortho-II phases, respectively.

For the larger valueV550.04V1 the behavior is similar,
as shown in Fig. 10~c!. However, there are also importan
differences. First we note that theTQ* phase boundary is de
pressed further, especially toward the ortho-II phase aro
x50.5, and thatQ6 regions become broader at the expen
of the mixed-phase regions. The previously discussed
between the tetragonal-ortho-I and the ortho-I-ortho-II tra
sitions does become slightly larger; however, since both tr
sition lines are severely depressed, the effect on the ga
not very large.

The q* variation on the low-x side exhibits an almos
continuous variation ofQ2 betweenq* 50.333 and 0.5 forx

FIG. 11. A typical plateau peak and the corresponding struct
here atT* 50.08, x50.425, andV550.04V1. The width of the
plateaus are indicated by the vertical bars in Figs. 9 and 10.
0-9
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MO”NSTER, LINDGÅRD, AND ANDERSEN PHYSICAL REVIEW B64 224520
between 0.333 and 0.425, with sign of mixed phase atT*
50.05; see Figs. 10~a! and 10~b!. On the high-x side this
behavior is terminated whenQ1 approaches 0.550 by broa
plateau peaks, one of which is shown in Fig. 11. The reg
with ortho-II order (h250.5) is not surprisingly rathe
smaller than forV550.02V1.

V. RESULTS OF 3D SIMULATION

A small attractive interaction of oxygens occupyin
equivalent positions in neighboring planes is needed to
count for an observed weak correlation along thec axis. The
resulting phase diagram is shown in Fig. 12 mainly forV5
50.02V1 and V4520.02V1 ~a value suggested by de Fo
taineet al.30! Although less detailed, it is clearly very simila
to that forV450, Fig. 9. At x50.5 the 3D simulations per
formed by Fiig et al.39 with V550 yield a gap ofDTG*
50.03. ForV550.02V1, andV4520.02V1 we obtain a gap
DTG* 50.033 corresponding toDTG;180 K, which is ap-
proaching the experimental gapDTG, expt;250 K. In order
to demonstrate the general dependence onTQ* we have also
made simulations forV4520.01V1 at x50.5 and 0.25, in-
dicated by full symbols.

The line shape forq* in the l direction has, of course,
relatively low resolution. However, a rough analysis of t
V4520.02V1 data shows that the shape, below the order
temperature, is consistent with a Lorentzian to a powef

;1.5. This applies to the peak at (h,k,l )5( 1
2 ,0,0) in the

interval 0.4,x,0.5. It also applies to the peak at (h,k,l )

5( 1
3 ,0,0) in the interval 0.25,x,0.375. The HWHM at the

lowest simulated temperatures isD l * ;0.015 ~r.l.u.! at T*

FIG. 12. Simulated 3D phase diagram forV4520.02V1 and
V550.02V1 ~open symbols!. The full line is a guide to the eye
Closed symbols:V4520.01V1. Dotted line: the 2D simulation for
V550. We did not investigate the detailed ordering below t
ortho-I to ortho-N phase line. Results for a 16-member ensembl
size 64364332 are indicated by open and closedL, while open
and closeds indicate results for 16-member ensemble of s
1283128332.
22452
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50.05 forx50.25 andD l * ;0.010 atT* 50.08 forx50.5.
The ordering is weaker for largerx. In the interval 0.64,x

,0.66 the peak at (13 ,0,0) hasD l * ;0.03 atT* 50.09, and
f;1.5. Generally,D l * drops to a constant minimum atTQ* ,
as Dh* and Dk* . However, forx50.6 we find an interest-
ing, different behavior, shown in Fig. 13. AtTQ* 50.117,
Dh* drops to a low value of 0.010, indicating extend
short-range order along thea direction. This is independen
of the order along thec direction, which remains very wea
~and is actually corresponding to that found experimenta
at x50.4). At lower temperatures (T* ;0.1) the order along
the c axis increases (D l * decreases). This occurs simult
neously with the development of signatures of mixed pha

in the plane indicated by coexistence of the (1
2 ,0,0) peak and

a (Q1,0,0) peak. ForV4520.01V1 at T* 50.09 andx
50.5 we findD l * 50.015 andf;1.5.

The used 3D interaction parametersuV4u are probably too
large, resulting in longer ranged ordering in thec direction
than observed experimentally.39 The smallness of the inter
plane coupling underpins the validity of the extensive 2
results. The ordering within the planes is extended in the
simulation for the usedV4520.02V1, with signatures of
long-range order for some ensemble members for the av
able sample size. This makes it difficult to determine the l
shape in theh and k directions. Forx50.4 andT* 50.09,
S(h) is consistent with a simple Lorentzian, i.e., withf
51. For x50.5 andT* 50.08 the line shape is consiste
with having 1<f<1.5.

VI. ANALYTIC RESULTS IN THE SPHERICAL
APPROXIMATION

A shortcoming of the Monte Carlo method is that it
difficult and time consuming to explore a large part of t
parameter space. Hence an approximate theory is valu
both for a deeper understanding of the results and for
trapolating them by exploring the general influence of va
ous parameters. In Ref. 39 it was demonstrated that a ge
alization of the spherical model to Ising-type systems w
possible, and yielded good results for the transition tempe
ture compared with Monte Carlo and exact results. T
amounts to a scaling of the mean field results in order
fulfil the exact spin length constraint, which can be writt

of

FIG. 13. The simulated HWHM atx50.6 and V550.02V1.
Filled symbols: 3D withV4520.02V1; open symbols: 2D. Note
that D l * remains high throughTQ* . For all other investigatedx
valuesD l * drops to a constant minimum asDh* andDk* . The 2D
width increases at low temperature due to the development of
peaks.
0-10
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G~R!5
1

N (
q

1

R2J~q!/J~Q!
5

Tc
MF

Tc
. ~3!

It is clear that the reduction factor forTc , 1/G(R), is very
sensitive to the general behavior of the interaction surf
J(q) in Fourier space, in particular forq;Q whenR→1.

For the ortho-I to ortho-II transition we haveJ(q)
52@V2 cos(qy) 1 V 3 cos(qx) 1V4 cos(qz)1V5 cos(2qx)#, Q
5(p,0,0), using the convention from Ref. 39. The mea
field transition temperature is, assuming predominant oc
pation, x2e, of sublattice a with chains in the
a(y)-direction, and only a small occupatione on the sublat-
tice b with chains in the b(x) direction, given by39

Tc
MF(I-II) 5J(Q)(x2e)(12x1e) for the compositionx

close tox51/2. The parameterR511D at the transition
temperature is determined by fitting to the Monte CarloTc
for the 2D ASYNNNI model~at x50.5 and withV45V5
50). This yields simultaneously, in comparison with simp
Ising models, an agreement within 6% of the exact
nearest-neighbor~NN! Ising Tc and within 0.5% agreemen
with the best Monte Carlo determination ofTc for the 3D
NN Ising model.46 D is found39 to have the valueD
50.0216. It represents the fact that it costs a finite energ
create the lowest energy excitation in an Ising-type syst
corresponding to the Goldstone mode for Heisenberg
tems. Because of this finite gap, the sum—or correspond
triple integral—can in fact be performed directly. A mo
elegant method is to use the reduction into a single inte
over an elliptic function by Morita and Horiguchi47 and gen-
eralized in Ref. 39,

G~R!5
8p

Agb
E

0

p

k K~k2!dx, ~4!

whereK(k2) is the complete elliptic integral of the first kin
~See Ref. 48!, andk now equals

k5F 4bg

S R2(
n

an cosnxD 2

2~b2g!2G 1/2

, ~5!

where the normalized interaction constants area1
52V3 /J(Q), b52V2 /J(Q), g52V4 /J(Q), and a2
52V5 /J(Q), and we have assumedan.250. Figure 14
shows the influence onTc~I-II ! by the introduction ofV5.

FIG. 14. The calculated reduction ofTc relative to the mean-
field value as a function ofV5, in two and three dimensions.
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Very good agreement is obtained with the transition tempe
tures found in the Monte Carlo studies for both two and th
dimensions withuV4u50.02uV1u. The additional repulsive in-
teractionV5 increases the frustration effects and fluctuatio
and hence decreasesTc /Tc

MF significantly. This is probably
the explanation of why no Bragg peaks appear in the sim
lations or experiments. A test shows that we obtain ident
results using Eqs.~3! and ~4!. Figure 15 shows the effect o
a 3D couplingV4Þ0 upon a model which contains a finit
V550.02V1. Again a strong effect, much larger than th
simple linear modification that the addition of paramete
cause in the mean fieldTc

MF .
Using integral ~4! we can easily estimate the effe

on Tc~I-II ! of possible further interactions with oxygen
on more distant chains. Suppose we include a co
plete screened Coulomb interaction of the forma r5a exp
(2kr)/r in Eq. ~5!. For a5V3

2/@J(Q)V5# and k
5 ln(V3/2V5) we obtain the first two interactionsV3 andV5
as before, which gaveTc(I-II) 3,550.127uV1u for V3

50.12V1 and V550.02V1. The new scale factorJ̃(Q)
5J(Q)(11 f ) now needed in Eq.~3! includes the contribu-
tion from the infinite tail: f 52(n53

` (21)n a exp
(2kn)/n/J(Q). However, if in Eq.~5! we instead scaleR
→R(11 f ) the constantsa1 ,a2 ,b,g as well asTc

MF(I-II)
are the same as above. The result atx50.5 is
Tc(I-II) Screened Coulomb50.137uV1u/kB . We can also conside
a more slowly decaying interaction of the forma r5a exp
(2kr) representing the total interaction of oxygens on cor
lated chains. Fora52V3

2/@J(Q)V5# and k5 ln(V3 /V5) we
obtain the first two interactionsV3 and V5 as before andf
52(n53

` (21)n a exp(2kn)/J(Q). The result forx50.5 is
Tc(I-II) Exp. decay50.135uV1u/kB . In both cases the change
are small and increaseTc(I-II) slightly toward the mean field
Tc

MF(I-II) 50.24uV1u, as expected for long-range interaction
However, the effect onTc(I-II) of the tails can easily be
included in an effective value forV5, as used in the MC
calculations. In the above evaluation we have used the e
results48

(
n51

`
e2kn

n
cosnx5 lnH 1

A122e2kcosx1e22kJ , ~6!

FIG. 15. The calculated reduction ofTc relative to the mean-
field value as a function of the 3D interactionV4, at a fixed value of
V550.02V1.
0-11
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(
n51

`

e2kn cosnx5e2k
cosx2e2k

122e2kcosx1e22k
. ~7!

The variation withx around 0.5 is shown on Fig. 16
neglectinge for clarity, for the parameter choices used in t
Monte Carlo simulation. The agreement is good atx50.5.
The effect of a finitee is to shift the maximum transition
temperature tox.0.5. This effect is clearly seen in th
Monte Carlo results, cf. Figs. 9 and 10.

The above scaling correction ofTc
MF can of course not be

expected to remain valid near the percolation limit in t
dilute systems, where the long-range order disappears.
was demonstrated forTc~I-II ! by comparison with 2D and
3D simulations withV550.39

At the tetragonal to ortho-I transition,Tc~T-I!, the sym-
metry is broken between equal populations of the sublatt
a andb. A similar estimate can be made using Eq.~3! with
J 8(q)5@J(q)1J(q̂)#/214V1 cos(qx/2)cos(qy/2), whereq̂

5(qy ,qx ,qz), Q5(2p,0,0), and Tc
MF(T-I) 5J 8(Q)(x/2)

3@12(x/2)#50.84uV1u for V4520.02V1 and V5
520.02V1. It yields a substantial reduction:Tc(T-I)
50.56Tc

MF(T-I). Although the reduction factor is similar to
that for the ortho-I to ortho-II transition, it is not sufficien
and gives aTc~T-I! about a factor of 4 larger than obtained
the Monte Carlo simulations. We believe the reason for t
is that for theT-I transition we are, atx;0.5, too close to the
percolation limit for the ortho-I order. This is corroborate
by the fact that thex dependence ofTc(x)(T-I) shows about
twice as large a slope as can be obtained from a rigid sca
of Tc

MF(x)(T-I) nearx;0.5
The above way of including the fluctuation correction

the mean-field behavior gives surprisingly good results i
large number of cases, as demonstrated. The failure of
description of the T-I transition, shows that this transiti
must be very strongly fluctuation or dilution depressed.
inspection of the snapshots obtained from the MC simu
tions reveals, that the structure just aboveTc(T-I) does not
have a randoma andb occupation, as presumed in the mo
simple mean field theory, yielding the aboveTc

MF(x)(T-I).
Rather, the overall symmetry is retained, but broken loca

FIG. 16. The calculatedTQ* as a function ofx for various values
of the parameters. These are indicated as the sets (m,n), where
(2V4 ,V5)50.01V1(m,n). The symbol values are from the Mont
Carlo simulations; open and closed circle: two dimensions; o
and closed box: three dimensions.
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by the formation of many small dilutely populated, but pu
a andb domains, the size of which strongly depends onx and
T. At the transition one of these starts to dominate.

This means that the tetragonal to ortho-I transition is v
sensitive to details in the model. It may explain the fact th
in experiments the gap between the T-I and I-II transitions
found to be somewhat larger than can be obtained by
extended ASYNNNI model, including a finiteV5, as demon-
strated below.

VII. THEORETICAL MODELS FOR THE ORDERING

How can one understand the regionsQ6 which exhibit
pseudo continuous variation of the ordering vectorQ, shown
in Figs. 9~a! and 10~a!. Khachaturyan and Morris49 made a
simple model and a corresponding theory that rather clos
accounts for this behavior. It described the diffuse scatter
from Magneli-type random faulting of long~infinite! oxygen
chains ~or actually planes!, where only narrow antiphas
boundaries are allowed. This results in the interesting pre
tion that the ‘‘ortho-II’’ peak, regarded as a broad peak ce
tered ath250.5, is stable fromx50.5 up tox50.556. Then
the peak should split with a splitting going continuously t
ward 0.333 atx50.667, indicated as the dashed lines in Fig
9~a! and 9~b! and 10~a! and 10~b!. Clearly, the prediction
follows roughly the results of the simulation. It is remarkab
that all that is assumed in the model is a repulsion betw
neighboring defects, and otherwise no interaction. Refere
49 discussed the region12 <x< 2

3 . However, our data show
that this may apply for13 <x< 1

2 as well.
We believe our restricted range model, enforced by int

ducing a finiteV5, is indeed sufficient to account for thi
important feature, and that no new qualitative phenom
would be found by including further ranged interactions
the temperature range considered. The theory was critic
by de Fontaine and Moss,50 in particular with respect to the
picture described requiring planar Magneli defects of infin
extent. We see from our real-space snapshots that the a
assumed idealized picture by no means is needed to pro
results for the diffuse scattering as predicted by Khacha
ryan and Morris, although the random faulting picture pro
ably is close to the actual reality. If we were to assume
simpler de Fontaine model,29 which only assumes repulsio
~of any range! between any chains of oxygen ions, on
would expect an almost linear approach fromq* 5 1

2 toward
q* 5 1

3 with possibleQ6 phases of so-called ‘‘structure com
bination branching’’ on larger real space scale, and hence
showing the stabilized region ofq* 50.5 aroundx50.5.
Such large-scale superstructures are only expected at
temperatures, but have not been observed beyond the o
VIII phase. We believe our extended ASYNNNI model wi
V550.02V1 does give a realistic picture of the real-spa
oxygen ordering in YBCO. The theory of Khachaturyan a
Morris accounts quite well for theq* variation at lowT* ,
and in fact also for the symmetric case forx, 1

2 ; however,
the picture they advanced as their basis is much more
stricted, and hence unphysical, than needed. Clearly, s
domains of rather mixed order regions are sufficient to p
duce the diffuse scattering they predict. Further, their sim

n
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model was of course not designed to describe the mi
phases for which we have found evidence. Another diff
ence is that the broad diffuse line shape they predicted
1
2 ,x, 5

9 is rather too simple and appears with a more
top; see Fig. 11. It reduces to a Lorentzian-raised-to-a-po
for x50.5. We have previously studied diffuse scattering
similar simplified linear models in which we have describ
the line shape as a function of possible distributions of n
overlapping antiphase domains.39,51The model of Khachatu-
ryan and Morris constitutes a particular case of that; he
the line shape is in the same class.

Discussion of dynamical effects and nonequilibrium behavior

In experimental investigations17 it was shown that the de
termined pseudo-ordered structure found in various sam
depends on the history of the sample. It is thus possible
very long and specially designed annealing schemes, to
tain a structure chacterized by larger domains at a given
temperature, than if a fast quench to the same temperatu
performed. In the simulations we similarly find transitio
which are not characterized by the development of Bra
peaks, but rather only by a rapid decrease of the width an
increase of the intensity of diffuse, short-range order pea
We have tested that the corresponding domain structure
not depend strongly on the way we cool throughTc* . For
example, the same structure is obtained by standard step
cooling from a relatively highT* .Tc* (T-I) in equidistant
steps ofDT* 50.05 as is obtained after a direct quench fro
a very highT* @Tc* (T-I) to slightly belowTc* ~I-II !, and then
allowing the system to develop from there. At lower tem
peratures the system often develops into stripe phases.
is not the equilibrium single-domain structure, but becaus
periodic boundaries the structures are frozen in a metast
multidomain state. Since the calculated and measured s
ture factors are very similar, we believe the simulated re
space patterns also correspond to the actual oxygen ord
in the planes when taking into account the observed sca

Analyses of the simulated 3D structures reveal that th
is an almost perfect ordering~at low T* ) of the structure in
adjacent planes in slabs of several planes thickness. T
abruptly, an ordering of alternative domains sets in, and m
prevail for the next couple of planes. In other words, t
simulations produce a pronounced slab structure stac
along thec direction. Similar slab structures are found in t
plane, in particular in thea direction. Simultaneously, the
line shape develops into a Lorentzian to a powerfÞ1.

In order to interpret this we have made a simple 1D mo
with two space filling alternative domains: an in-phase d
main with a scattering length off (r )51, at layerr and an
out-of-phase-domain with a scattering length at layerr 8 of
f (r 8)521. The thickness or lengthL of the slabs are as
sumed to be distributed exponentially,D(L)5exp(2kL),
with an average lengtĥL& ~in units of lattice constants!. The
analytic result for this case was considered by Fiiget al.52

The Fourier transform is a perfect Lorentzian with a HWH
of D* , plus a background. However, the half width is relat
to the average length as^L&51/(pD* ) lattice constants@i.e.,
not 1/(2pD* ) as for the dilute case# for D* in reciprocal-
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lattice units. As a test, a simple model calculation was p
formed for an exponential distribution of slab thickness
with averagê L&51/k58, and a~periodic! sequence with
total length 800, and using 2000 different members in t
ensemble. Using the half width of the line shape one obta
1/(pD* )57.97, in agreement with the direct evaluatio
from the sequences and the analytic result.52 The reason it is
slightly smaller than 8 is that in the finite length model di
tribution there is not quite sufficiently many very very thic
slabs.

In Ref. 52 the distributionD(L) which gives rise to the
Lorentzian-squared line shape was derived for the dil
case. It shows that a decrease of the probability of the n
rowest slabs is all what is needed to provide that line sha
Based on this conclusion we reduced the probability of
presence of a single isolated layer in the exponential dis
bution ~see Fig. 17, top panel!. The middle panel shows par
of a typical distribution of slabs. The picture is clearly dom
nated by slabs around the directly calculated average th
ness ^L&58.16. The absolute square Fourier transfo
uF(q* )u2 of an ensemble of 10000 such randomly differe
sequences is shown at the bottom.~Clearly, to demonstrate
these effects with a similar number of independent Mon
Carlo simulations is outside numerical possibilities.! A per-
fect fit to the resulting line shape can be made with a Lore
zian to the powerf, wheref51.36 when, as shown, the
probability of finding a single layer is reduced by 25%. If
is reduced by 50%, the fit is perfect with a powerf51.86.

However, the relation between the HWHM (D* ) and k,
and in particular the average length, is now more comp
cated. For a Lorentzian raised to a powerf for a space filling
distribution of domains, for which S(q* )51/@(2k)2

FIG. 17. Slab model and the corresponding structure factor. T
the distribution functionD(L)5exp(2kL), k51/8, except forL
51, where it is reduced by 25%. This yields the average^L&
58.16. Middle panel: a corresponding, typical array of slabs w
alternating scattering lengthf (r ). Lower panel: the resulting line
shape of the Fourier transformuF(q* )u2 in reciprocal lattice units.
It is clearly not Lorentzian, but it can be perfectly fitted to a Loren
zian to a powerf51.36.
0-13
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1q* 2#f, one finds that 2pD* 52k$21/f21%1/2. But the av-
erage length is underestimated usingk determined directly
as above. For the distribution yielding the Lorentzia
squared (f52), one finds,52 for k51/8, that the average
length is twice as large as 1/k. For the line shape in Fig. 17
with f51.36, we findD* 50.0735. If we naively use the
HWHM to determine the average slab thickness as 1/(pD* ),
we would obtain̂ L&HWHM54.33. This is incorrect. It is only
about half of the actual thickness of^L&58.16 directly de-
termined from the distribution.

Both experimentally and in simulations, it is observed th
the linewidth does not change significantly belowTQ* ,
whereasf increases towardf51.5 nearx50.5, see Fig. 5.
The above analysis indicates that this is a signature o
disappearance of the thinnest slabs, simultaneously with
increase in the average thickness of about a factor of 2. W
out a knowledge of the actual distribution functions, it is n
possible to make a more precise statement.

The above interpretation of deviations from Lorentzi
line shape is quite different from the Porod argument, wh
arises when assuming a random distribution of equal
~low density! circular or spherical domains, a picture n
supported by the simulations. The domain structure in
simulations is similar to the above assumed space-filling
model, and this gives structure factors in agreement w
experiments. Therefore, we conclude the Porod model is
likely to be relevant for YBCO, which rather has stripelik
and slablike domain structures, as can be seen in the s
lated snapshots. Because the YBCO domains are box sha
an integration in one direction~i.e., thel direction! does not
change the line shape and hence the exponentf. We can
conclude that both our 2D and 3D simulations are in agr
ment with the experimentally found line shape with expon
fexpt51.4560.06 for x50.5. The line shape and the devi
tions from a Lorentzian shape is not a unique indicator of
local structure. The domain structure of YBCO is most like
not given by simple models, but is similar to that demo
strated by the snap-shots obtained by the present simulat

The experimentally determined HWHM~Ref. 13! at room
temperature (T* 50.055) are Dh* 50.050, Dk* 50.022,
D l * 50.26 in reciprocal-lattice units, forx50.4. The line
shape is not Lorentzian, but hasf.1. This is, following the
above analysis, consistent with boxlike domains with the
erage dimensions of about (10a330b32c). At x50.5 the
average length in thea direction is 15a at T5375 K, in-
creasing to;30a at lower temperatures; cf. Fig. 5. Suc
domain sizes can easily be fitted into the twin domain str
ture, which is caused by strain effects. This substructures
crystals in perpendiculara and b domains on a mesosca
about ten times larger. Experimentally it is found forx
50.5, that the linewidth, and hence the degree of order
depends on the purity of the sample and the sample prep
tion. The more perfect samples have larger short-range
dering. For otherx values we expect this dependence to
smaller because of the inherent oxygen disorder. The rela
size of the short range order at the variousx values may be
judged from the line widths obtained in the simulations; s
Fig. 1.
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VIII. CONCLUSION

With the introduction ofoneextra in-plane parameter, th
ASYNNNI model, thus extended, is able to explain seve
experimentally observed properties of the oxygen ordering
YBa2Cu3O61x that the original ASYNNNI model is unable
to account for. In this work it is demonstrated that this r
mains true when a 3D interactions and other interactions
also included. The general influence onTc* ~I-II ! of the value
of the introduced new parametersV4 and V5 is calculated
analytically and numerically using a generalization of t
spherical approximation to apply to the extended ASYNN
model. The introduced extra parameterV550.02V1 is opti-
mal in explaining experimental observations, and is in acc
with the estimated interaction, based on a screened Coul
potential, whereasV550.04V1 is too large. The effect on
Tc* ~I-II ! of possible interactions to more distant neighbors
calculated using the spherical approximation. The effec
small and can be included in effective values forV5. Their
effect on the structures can be neglected because it w
occur at such low temperatures that the slowing down of
oxygen diffusion prevents a realization in YBa2Cu3O61x , as
already discussed by de Fontaineet al.29

We conclude, in agreement with Ref. 1, that the pres
simple fixed parameter model does account for most of
observed short-range order phenomena. This indicates
the inherent disorder in the oxygen structure, which is
ways observed in YBa2Cu3O61x , may not be driven by the
electron transfer between the CuOx and CuO2 planes. More
simply, we suggest that the variation in the copper valenc
dictated by the disorder given by the oxygen interactions
YBa2Cu3O61x . This conclusion is in agreement with th
lack of experimental evidence17 for the predicted peak split
ting as a consequence of a finite chain length distributio20

We do not claim that the effective parametersVn are strictly
independent ofT and x, only that qualitative effects of this
would be still more difficult to find in the structural data. Th
present study gives a more direct insight into the ch
length distribution than the count of various valence Cu io
obtained by NMR experiments.18

The simulated phase diagram of ordering versus oxy
filling x and temperature is in good agreement with the
perimental observations forx>0.4. In the model a fairly
symmetrical behavior is found forx,0.5 andx.0.5. How-
ever, in the experiments the intensity becomes too wea
allow the observation of any sign of order forx,0.35. It
should be pointed out that the simulations can account
some but not all of the gap between the onset of the orth
and ortho-II order, as observed atx50.5. Theory and simu-
lation indicate that the large gap is related to very stro
correlation effects in and between patches of parallel
perpendicular chains. This is not fully understood, and p
vides an interesting challenge for further theory or simu
tions.

The domain structure is found to be roughly boxlike,
particular in the directions perpendicular to the chains, i
along thea andc axes, and with a more diffuse terminatio
along the chains (b direction!. Based on the understandin
obtained in the present work and the experimentally de
mined line widths and shapes atx50.4,13 the domains in
0-14
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YBa2Cu3O61x at low temperatures are estimated to have
erage dimensions of (10a330b32c). We have found agree
ment between the simulated and measured line shape
temperatures where oxygen diffusion becomes very s
This makes it plausible that the corresponding simulated
space snapshots represent the actual oxygen order rel
for the YBa2Cu3O61x materials. Because of the slow diffu
sion this should also apply at lower temperatures, and he
even to the superconducting phase. A simple theory, base
scattering from boxlike domains with a broad size distrib
tion, accounts for the deviations from the Lorentzian li
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shape. This is radically different from the Porod model. T
physical basis for this is not supported for YBa2Cu3O61x
according to the simulations,
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