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Spin and current correlation functions in the d-density-wave state of the cuprates
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We calculate the spin-spin and current-current correlation functions in states exhiqiting-density wave
(DDW) order,d,2_ 2 superconducting ord¢DSC), or both types of orders. The spin-spin correlation functions
in a state with both DDW and DSC orders and in a state with DDW order alone, respectively, illuminate the
resonant peak seen in the superconducting state of the underdoped cuprates and the corresponding feature seen
in the pseudogap regime. The current-current correlation function in a state with both DDW and DSC order
evinces a superfluid density with doping dependence, which is consistent with that of the underdoped cuprates.
These calculations strengthen the identification of the pseudogap with DDW order and of the underdoped
cuprates with a state with both DDW and DSC orders.
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[. INTRODUCTION parameters, it is possible to argue that their descriptions are
adequately described by the Hartree-Fock approximation, at
Recently, a new order termeddensity wavgDDW) was  least deep within the ordered phases at zero temperature. The
proposed for the underdoped regime of the higheuprate  Hartree-Fock approximation by itself cannot be adequate if
superconductors:® It was argued that the observed anoma-collective modes are important, but these modes could be
lies in the pseudogap gap phase are due to the DDW and igiescribed in terms of small oscillations about the ordered
competition with thed-wave superconductdDSC). Recent  State by suitable random-phase approximati@A). How-
elastic neutron scattering, muon-spin resonanceuSR)>  ever, critical fluctuations close to a quantum-critical point
and NMR/NQR (nuclear magnetic/quadrupole resonagnce cannot be treated by either Hartree-Fock or RPA. Nonethe-
experimentS appear to have found sonarect evidence for  less, it is useful to explore the consequences of the simplest
the existence of DDW order in YB&u;Og.. 5 by observing  possible Hartree-Fock and RPA theories to see if any robust
the magnetic fields associated with this order parameter—ifeatures arise due to the existence of the new order param-
other words, by measuring the order parameter itself. In thigter, DDW, and its competition with DSC.
paper, we wish to elucidate the nature of the competition For underdoped bilayer superconductortie dynamic
between the DDW and DSC order parameters by explicitlyspin-spin correlation function is peaked abdvgat the in-
computing the spin-spin and the current-current correlatiorplane wave vecto@ = (7, ) (in this paper we shall take the
functions in two space dimensions in the Hartree-Fock aplattice constant to be unity and will also et c=kg=1) in
proximation. Our aim is to provide complementairylirect ~ both even and odd channels with respect to the layers in the
evidence in favor of the DDW scenario by showing in somebilayer complex. BelowT ., there is a resonant peak at the
detail that it provides a consistent explanation of the exissame wave vector and approximately the same energy in the
tence and behavior of the resonant peak seeimdtastic  odd channel. A resonant peak is also found belqwn op-
neutron scattering and also of the evolution of the superfluidimal and overdoped bilayer highs superconductors. There
density with doping and temperature, at low temperatures. are many approximate theoretical calculations of the dy-
The phrase “consistency with experiments,” which we namic structure factdtHere we concentrate only on the as-
use throughout the text, must be qualified. We make phenonpects germane to our discussion of DDW. We wish to stress
enological parametrizations of the pseudogap as a functiotihat this analysis is simply a consistency check of the DDW,
of doping and temperature to calculate the superfluid densityve do not claim that our explanation of the resonant peak in
These could, in principle, be derived from a Landau théory, inelastic neutron scattering is unique or better than the oth-
but what is important is that these parametrizations capturers. The real test of the DDW hypothesis is the direct obser-
the basic element of the competition between the DDW and/ation of the order parameter referred to eafliérWe find
the DSC states. To calculate inelastic neutron scattering, wiaat the experimental observations of the neutron dynamic
again make a phenomenological assumption about the doptructure factor are consistent with the hypothesis that the
ing dependence of the chemical potential. Given the comneutron-scattering peak—and, hence, the pseudogap—is due
plexity of the underdoped regime, which involves manyto DDW order, while the resonance peak in the underdoped
competing phases, this would be harder to establish from auperconducting state is due to the coexistence of DDW and
first-principles calculation, and therefore this particular as-DSC orders. The suppression of the resonant peak by a
sumption puts some restrictions on our theory. Howevermagnetic field perpendicular to the plane suggests that super-
these phenomenological parametrizations still leave us with aonducting pairing is important for its formatidn.
nontrivial task that can be carried out at least in a partially The behavior of the superfluid density in the underdoped
model-independent manner, and hence the conclusions aregime of the highF, materials is another interesting physi-
expected to be robust. cal quantity. Many experimerifshave indicated a rapid col-
Since we deal with broken-symmetry states with orderdapse of the zero-temperature superfluid density as the dop-
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ing is decreased below optimal. The zero-temperaturelusions are independent of any microscopic self-consistent
penetration depth, for example, grows rapidly in theHartree-Fock equations.

pseudogap regime, correlating with the suppressiom of The singlet DDW state is defined by the order parameter
with underdoping, yet saturates at overdoping in a way remi-
niscent of a traditional BCS superconductbiThis, as we
will show, can be explained by the competition between
DDW and DSC orders. At finite temperatures the superfluid . . .
density is suppressed from its zero-temperature value at th&fherecka IS Fhe_ fermion destr_uctlon Ope“?‘mf for wave vec-
doping fraction. This suppression is linear in temperaflire tor_k and spm-mdemz andq is the o_rdenng wave Vector.

. . .. This order parameter is a generalization of the familiar CDW
at asymptotically low temperatures, with a slope that is in- :
dependent of doping. This behavior is captured in our calcuE)rder parameter to the case of angular momentum 2, in exact

' analogy to the generalization of the BGSvave supercon-

Lﬂte'onj bﬁrthe Jggim;?:ig)éc'tg‘;gg Ong?dﬂei%ﬁs'pz‘%CeI?;nteoéiucting order parameter to itswave (DSC) counterpart.
pper g P : y P Forg=Q, the case of interest to us, the underlying bipar-

samples, there_ s an intermediqte Iow-temperatL_Jre regime iHte square lattice band structure is equivalent under the
which we predict this suppression to be proportional/ transformationQ— —Q and this forces the DDW order pa-

There is some experimental evidence for this behavior __rameter to be imagina®y/Thus, time-reversal symmetry is
YBa,Cu,0g, although the explanation of these authors in-po1an e the system exhibits magnetisrand the ground

VO"’?S a proximity model of alternatlng s_tac_ked SUPErtoN<giate has an array of bond currents, which alternate in direc-
ducting and normal layers. Our analysis is simpler and fol-

o ) ) tion (clockwise, counterclockwige in the neighboring
lows from the nodal excitations in the mixed-DDW and DSC laquettes of the two-dimensiond@D) bipartite square lat-

state. This prediction can be tested in future experiments 'ﬁce The correspondingwave CDW order parameter is, of
the regime in which pseudogap dominates the DSC gap. : '

T _®q
(CkaCrkiqp) =1 7(Coskx—cosky) Oup 1)

course, real.
II. MOTIVATION FOR THE DDW AND THE ORDER lll. SPIN DYNAMICS
PARAMETER A. Pure DDW state
One of the important motivatiohsfor identifying the The Hartree-Fock DDW Hamiltonian, using E@), is

pseudogap with the onset of DDW is its ability to destroy
DSC as both orders compete for the same parts of the Fermi _ _ + . +
surface. This can be easily proven in Hartree-Fock approxi- HDDW_% (e M)Ck"ck"+% 'WiCiesCr o+ H-C.
mation; see, for example, Ref. 2 and references therein. It, in 2)
fact, has a longer history in the charge-density-wguBW)
literature, in which the competition between th&ave su-
perconductivity and CDW is discussed; see, for example,

Ref. 13. That the two orders compete with each other can be Wk=%(cosk —cosk,) 3
also seen from the fact that they can be rotated into each 2 X v

other! This was also expressed in terms of a Landau theory . .
that encapsulates the phase diagram of the high-temperatfe~ — 2t(COSkc+cosky) gives the band structure, and is

superconductorsA concrete and useful parametrization of f[he chemical potential. A more realistic band structure would

where the DDW gap is given by

DSC gap remain constant as described in @) below. It alf filling, the chemical potentigh =0, while u takes non-

is interesting to note that the same condition was also arrive@€r¢ negative values as we introduce holes into the system.
at from phenomenologh At u=0 the zero-temperature spin-spin correlation func-

Our Hartree-Fock analysis of the physical quantitiestion S: &t momentum transfey=Q, is given by

merely requires us to specify a mean-field Hamiltonian with
the proposed order parameters. The actual microscopic S(Q,0,u=0)=37 2 Sw—2 /WiJr eﬁ) (4
Hartree-Fock analyses to obtain these order parameters have Kerbz

been discussed in the past on numerous occasions and need ) o ) )
not be repeated here; for a recent set of calculations, saihere the integration is over the magnetic or reduced Bril-

Refs. 2 and 15, and references therein. Hamiltonians with }uin zone(rbz). This function is peaked at an energy equal
short-range repulsion and superexchange have the DDWP twice the maximum value of the gapAg. As we dope
ordered statéboth the singlet and the triplet varigtgs one  holes into the system, at nonzero values.of Eq. (4) is

of their many possible saddle points. If one includes correchanged to

lated hopping terms, then within a reasonable range of pa-

rameters, the DDW saddle point can be stabilized over the _ o P12 2L 2

other possibilities. In the present paper, we shall parametrizeS(Q'w’M) 37Tk;bz o= 2V Wik € 0p+ VWit €i0).

the order parameters phenomenologically, and our main con- 5)
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The only effect ofu is the depletion of the integration re-

37 erersgt AGA
gion. Hence, as long d|<W,, the peak afj=Q exists S(A,0,0)= - > l1- ”;E—kkw
and stays at the same energywg . kEk+q
Note thatS(w) also shows a peak for momentum transfer X 8(@—Ey—Ejsq) 9)

g=(,0) (Ref. 16 at the Hartree-Fock level. From a relation
analogous to that of Eq5), we can see that the peak energy where E, now incorporatesu in the usual way bye,— €,
for q=(m,0) scales witht. This is much higher in energy =, — u. Equation(9) shows a peak aj=Q that is shifted
than the ¢,7) peak. It will be very wide because there is in energy from 2A,. The peak-energy shift is small for small
enormous phase space into which it can deoagur model ||, but can be easily checked to scale withup as |u|
Since the excitation energy is comparable to the Fermi ensecomes large. Hence, one can clearly see that the peak-
ergy, there is no phase-space restriction: the excitation cagnergy behaves differently with for DDW and DSC.
decay into the the continuum of quasiparticle-quasihole ex- These Hartree-Fock calculations for the resonance peak in
citations in which the particle and hole have momentumthe normal state become interesting only if the chemical po-
(24K, w2+ k) and (@/2—k,,— 7m/2—k,), respectively.  tential remains pinned close =0 in the underdoped re-
This width may make it unobservable. Moreovies so large  gime. (This is not true for the calculation of the superfluid
that neutron scattering at this energy scale is not available &ensity reported in the following section, which is insensitive
the present time. This is important because no peak has bee# such assumptions far.) There is some evidence that this
observed atj=(,0) in the spin-fluctuation spectrum of the is the case in the photoemission measurements oétiab!®
pseudogap regime of the high- materials in the energy in La,_,Sr,CuQ,. They find that while the chemical poten-
range explored in neutron measurements. Early mean-fielghl shift is large in the overdoped samples, it is largely sup-
decouplings of the Heisenberg motfeled to an effective pressed in the underdoped regime. Numerical studies of the
ter~J, so that the peaks a=(w,7) and q=(w,0) were 2D Hubbard modéf?°also suggest that the chemical poten-
comparable in energy, in contradiction to the experiments. tial does not shift much for small doping fractions. In the
Monte Carlo study performed in Ref. 19 the calculated shift
B. Pure DSC state of u follows Au=ux—x? for small values of dopingx.
The data of Ref. 18 suggest that the chemical potential varies
with x in the overdoped regime as one would expect for a
Fermi liquid, but not in the underdoped regime. Ideas involv-
A ing charge-ordered stripe statkare suggestive of the seg-
Akz—o(coskx—cosky) (6) regation of doped holes in the boundaries of antiferromag-
2 netic domains, thus pinning the chemical potential. The

corresponding to the DSC order parameter. This order paréSence of charge inhomogeneity, such as st_??pe_s,im-

rameter, as stressed in Ref. 1 can compete and coexist wiltrity disorder may pin the chemical potential in other

the singlet DDW order parameter. In fact, at half filling, the Multilayer highT. cuprate systems as well.

system can be rotated continuously from a pure DSC order to

a pure singlet DDW order and vice versa, without ever hav- C. Coexisting DDW and DSC

ing to close the quasiparticle gagiThe symmetry between  Erom the order-parameter competition picture proposed in

the swave counterparts of thesetho types of orders is exaghef. 1(see Fig. 1, one notes that to the right af=0.05 and

in the negativelJ Hubbard mode’r.) .. belowT,, the two orders, singlet DDW and DSC, coexist
Using Eq.(6), the mean-field one-body DSC Hamiltonian 54 compete for the same regions on the Fermi surface. The

Below the superconducting transition temperatlige a
DSC state is defined by the gap

is mean-field Hamiltonian for the system in the folded Nambu
basig? is
HDSCZKE (Ek—M)CloCkaJF; Aclicly +He (D)
7 H-uN= > WiAW,, (10)
The spin-spin correlation function, at=0 and momentum kerbz
transferq, is whereW[=(cl,,cl. o .C_k| ,C_k_q,) and the matrix is
S(q,w,,u,=0)=37ﬂ- 2 1_%% (x—w) W Ay 0
kerbz kE=k+q —iWk _(5k+#) 0 _Ak
X 8(w—Ex—Eyiq), ®) A=l A, 0 —(e—m) W
whereE, = \/A2k+ ezk. For g=Q the coherence factor equals 0 — Ak —iWy (et )
2 and Eq.(8) becomes identical to Eq4). Hence, just like (11)
the DDW, atu =0 the DSC spin-spin correlator also shows a ) _
peak at twice the gap maximumAg. The matrixA, has four eigenvaluestE;(k) and = E,(k),
But for a DSC, at nonzero values gf, S(q,w,x) is Where Ej(K)=[(Veg+Wi—u)?+Af1*  and  Ey(k)
given by =[(JeE+ W2+ )2+ A2]H2
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FIG. 1. High-T. cuprate phase diagram proposed in RefT{.
denotes the 3D antiferromagnetic transition temperafiyendT*
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FIG. 2. S(Q,w,u) as a function ofw afterU is introduced into

are the DSC and pseudogap, or DDW, transition temperatures, réhe system with coexisting singlet DDW and DSC orders viith

spectively. In the textSec. ), the behavior of the spin-spin cor-

=0.5 eV, A;=0.02 eV,W,=0.02 eV andu set to—0.01 eV.

relator is discussed along the three paths shown here by the dashgd {j is increased, the structures are peaked at lower and lower

lines.

The spin-spin correlation function is obtained by first
evaluating the imaginary-time-ordered correlater,(is the
bosonic Matsubara frequency

<T7.S(q,iwm)8(_q,_

iwm))

3
> Tr[G(kiw,)G(k+qio,+Fiom],
4,8 n,kerbz
(12
whereS denotes the spin operator and {B& are the 4<4

energies; from rlght to lefy =0.2,0.217,0.233,0.256,0.284. Finally

they evolve, ad)= U =0.32 eV is approached, into a divergence
at zero energy.

located at 2/W02+ AOZ for u=0. For smallu the peak energy

is shifted to higher values, initially by a small amount, but
finally scaling as ful| for large values ofju|. We should
mention here that one can in fact control the behavior of the
peak energy withu by adjusting the relative strengths of the
order parameters. When the singlet DDW order overshadows
the DSC order, the peak energy will tend to be pinned to the
total order-parameter magnitude\®2+A2, a behavior

matrix Green functions computed from the Hamiltonian incharacteristic of the singlet DDW.

Eq. (10). After analytically continuing the frequency to the

real axis, we extract the imaginary part and use the
fluctuation-dissipation theorem to get the spin-spin correla-

tion function.

D. RPA corrections

If we add a reduced Coulomb repulsio_h which is as-

The zero-temperature spin-spin correlation function thugumed to be renormalized due to particle-particle correla-

obtained, at nonzerq, for momentum transfeq=Q is
given by

€2+ AT+ WE— pu?
E1(K)Ea(k)
X 8(w—Ey(k)—Ez(k)) (13

When W, =0, the coherence factor in Eq13) clearly
matches with the coherence factor in £®), where we have
to putg=Q, and the two expressions become identical. On
the other hand, forA,=0, one notes thatE;(k)
—|Ve€+W2Z— |, andEp(k)—| e+ W2+ u|. Keeping in
mind thatu is negative in our hole-doped system, we note
that for \/ezk—l—sz-i— n>0 the coherence factor in Eq. 13 is 2,
while the other choice fok/e2+W?2+ <0 reduces the co-
herence factor to zero. Thus the expression in @#§) be-
comes identical to the expression in Ef) for A,=0.

One can easily check th&(Q,w,u), as a function ofw,

S(Q,0,u)=

2 e

tions, we can drive the system toward antiferromagnetism.
To model this effect, we have to go beyond the Hartree Fock,
and we use a crude RPA fotrfor the susceptibilityy(q, )
given by

Xo(Q,w)
1-Uxo(q,)

to describe the spin dynamics in the system. Hgy@, ) is
the Hartree-Fock susceptibility. Extracting(q,w,x) from

x(q,0,u), in Fig. 2 we plot the results as a function of
frequency for five different values df.

The first thing one notices is that after the introduction of
U, the correlation functiois, which was logarithmically sin-
gular when derived fromy,(q,w) alone, now becomes
broad. Also, asU is progressively increased, the spectral
weight appears at smaller and smaller energies.U-targe
enough, the correlator starts peaking up again and finally

X(g,0)= (14

has a peak in the spin-spin correlation function. The peak igvolves into a divergence at zero energyadss approached.
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1.5 - We also posit that the single-particle gap remains constant
at its value ak=0.05, where superconductivity starts devel-
oping; then

e
o
T

| W3+ A3=d3=(0.037>2. (16)

We calculate the superfluid stiffness for such a model us-
ing the formul&®

o
3
T

Normalized superfluid stiffness

n .
m_i:<_kx>_Axx(qx:OvQy_)O’|wm:O)1 17)

08 % 0.05 010 015 0.50 025  which gives the response to a transverse vector potential

X A,(t). Here,ng is the superfluid density and* is the effec-
tive mass(k,) is the kinetic energy per site per lattice di-
mension, andA,,(q,iw,) is the paramagnetic current-
current correlation function.

The paramagnetic current response is obtained from the
relation

FIG. 3. T=0 superfluid stiffnesags/m* as a function of doping
fractionx. The vertical axis is normalized by the superfluid stiffness
atx=0.2. Here, we have sét=0.5 eV and the chemical potential
is taken to bew=—x2. The amplitudes of the order parameters are
as given in Eqs(15) and(16). The dashed curve is;/m* for W,
dispersing quadratically witk as explained in the text.

A don)=(T j (qion)j(—0,—iw
Al of this behavior is qualitatively consistent with what hap- ol @l om) =Tl @ T 0n) 1~ ~Tom)

pens to the spin-fluctuation spectrum as the doping is re- _4'£2 , ,

duced in the underdoped regime of the cuprates. As the hole B n'grbz sink,sin(k +0a)x

density is reduced, the repulsive Coulomb energy becomes

more and more important and gradually approaches the criti- XTI G(K,iw,) MG(k+0q,iw,tiom,)M]
cal valueU_ for which the peak in the spin-spin correlation AW2

function evolves into a divergence at zero energy, signaling -0 > sink,sin(k+q),
antiferromagnetic order in the system. B nkerbz

This analysis applies both below and aboVg in the . . .
high-T. cuprate materials. Above the superconducting tran- X TG (K, 10n)NG(KF Q. @ Fiwm)N],
sition temperatur@ ., A, will go to zero, butW, will sur- (19
vive up to the pseudogap temperatilife Hence, in the spin-
spin correlator the DDW will continue to maintain its |n Eq. (18), the G's are the same matrix Green functions
signature intact in the form of a peak at twice the maximumysed in the calculation of the spin-spin correlation function

of its gap. andM andN are the matrices
IV. SUPERFLUID DENSITY 1 0 0

The anomalous behavior of the superfluid density in the 0 -1 0 0
underdoped regime of the high- cuprates has been dis- M=
cussed extensively. Here, we address it in the context of the 0 0 1 '
competition of the order parameters that we have been 0O 0 0 -1
discussing* We will make a phenomenological assumption
about the doping dependence of the DDW and single-particle
gaps, respectivelyv, and \/Ak2+W2k. Following Ref. 14, we 0 1.0 O
hypothesize that the DDW order parameter vanishes above a
critical doping x. (about 0.2 and follows the formula -1 00
Wy /kg=aJ* (1—x/x;) whereJ* =980 K, x is the doping N=| 0 0o o0 -1
fraction, anda=0.6 is a constant arbitrarily chosen to set a o o0 1

scale. In other words,

W;=0.0491—Xx/X,) (15 o .
The superfluid stiffnes&@nd, therefore, the inverse square
in eV; in Fig. 3, we test another model in which penetration depthat T=0, evaluated in the entire doping
Wy (1—x/x)2. range, is given by
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€E+AE+W5—M2} The superfluid density derived from E(L9) can be cast
as a function of a single variableby expressing the three
E1(k)Ea(k) parametersVy, Ay, and u in terms of the doping fraction.
For the dependence @f on x, we usew=—x? (in units in
X [1+ O(W2/t?)]+8t2 lim which 2t=1) as in Ref. 19, but other reasonable depen-
[Ei(k)+Ex(k)]? B dences should give similar resultsf. the discussion in the
preceding sectionHence, the results of this section are valid
df(Ey(k)) df(E,(k)) and relevant for the cuprates everuifis not pinned close to
dE, (K) + dE,(K) zero in the underdoped regime. Pék and A, we choose
the relations given in Eqg15) and (16) only because they
have received some recent experimental supifdut it is
X[1+O(W5/t?)]—4t >, cosk, worth emphasizing that the qualitative features that we ex-
kerbz tract from Eq.(19) for the behavior of the superfluid density
e§+ A§+W§—M2 €x with x are fairly independent of th_e- precise f_unctiona] forms
EL(K)E,(K) |E1(K) L Ex(K) of Wy andA,. The only input that is needed is the existence
1 2 1 2 of DDW order, with diminishing strength withx, and
><[1+(’)(W3/t2)] (19) complementary development of the_ DSC (_)rder. The DDW
order eats away part of the superfluid density from an other-
where E4(k) and E»(k) are the two energy values given wise pure DSC system even within the superconducting
before. The first two terms in Eq19) come from the para- dome in theT—x phase diagram. With increasing the
magnetic current response, and the last term is the kinetibDW order weakens, hence the superfluid density increases
energy(or the diamagnetic termAt finite, but low tempera- in a model-independent manner.
tures, one can show that In Fig. 3 we plotng/m* against the doping fractior
using Egs.(15 and (16) for W, and A,. To illustrate the
df(Eq(k)) gualitative robustness of our result, we also show, by the
dE; (k) dashed curve, the same plot f, dispersing quadratically
with x between the same two end points as in Bdp). As
can be seen from the figure the zero-temperature superfluid
[1+O(W3/t?)]. density, in a model-independent manner, shows a rapid drop
in the underdoped regime, similar to that observed in experi-
(20 ments.
212 ) o The leading temperature dependence of the superfluid
The O(Wy/t“) terms derive from the modification of both gtifiness can be evaluated from EQO). At temperatures
the kinetic energy and current operators in the low-energynuch smaller than the relevant energy scalds and A,
effective (Hartree-Fock Hamiltonian associated with DDW only the nodal regions close to the points/2,7/2) and
order. The modified current operator gives rise to the matrdymmetry-related points will contribute in the suppression of
N in Eq. (18). Since these terms are small(W/t?), we  the superfluid weight. By expanding around those points, one
neglect them in the following discussion. can see that the leading temperature dependence is indeed
Equation(19) has several interesting properties. First, forjinear for the optimally and moderately doped samples in a
A =Ay#0 andW, =W, that is, for competing CDW and fairly wide range of temperatures. For these doping concen-
Swave Superconductivity, the terms involving the FermitrationS, Whereﬁo is |arger than or Comparab|e Wy, Wy
functions do not contribute at zero temperature. A0,  plays a subleading role t, in determining the temperature
Ei(k)=Ex(k), and the same coherence factor in the othedependence of the suppression. This is due to the peculiar
two terms becomes 2. Then, by a partial integration one capand structure of the problem.
show that(denoting the first term bi(P*®and the third term On the other hand, for the heavily underdoped samples
by K%9), KPaa= — (W3/P3)KY and the full kernel is given the situation is quite different. Critical fluctuations are
by K®©@l=Kpraay kdia— kdq 1 —(W2/d2)]. When the two clearly important to determine any low-temperature property
orders are ob-wave type'’ K'®? yields a superfluid density of the system, for it is close to a quantum-critical point. Even
which is maximum wherW,=0 (i.e, A;=®,) and zero if we ignore these fluctuations, and rely strictly on our mean-
whenWy=®,, (i.e., A;=0)%® field results, the conclusions are very different from moder-
Returning tod-wave order parameters, At=0, Eq.(19) ate or optimally doped samples. Though in the asymptoti-
reduces to the superfluid density of the DDW state, which isgally low-temperature regime, the depletion of the superfluid
of course, zero. The second term, which contains the derivadensity is linear in temperature, there is an intermediate-
tives of the Fermi functions is crucial for the cancellation intemperature range over which the suppression of the super-
this case. ForA, and u finite, the second term does not fluid density actually behaves asT. As the DDW gap is
contribute at zero temperatur@xcept for a contribution much larger than the superconducting gap in these heavily
from a single point ink space; but the finite and almost underdoped sample®/, crosses over to produce the leading
constant contribution from this is ignored here for simplic- contributions in the expansion of E@0) around the nodes,
ity). The system now acquires a finite superfluid density. and is eventually responsible for thd behavior of the sup-

n
— =322 sinzkxwﬁ[ 1+
m* Kerbz

€k

X > sirtk,

kerbz WE—{— eﬁ

&

nS nS .
—(T) = —(0)~8t2 >, sirk
m*( ) m*( ) k;bzsI W2+ €2
df(Ex(k))
dEy(k)
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0.000 - ‘ - ‘ ' occurg will be strongly affected by thermal or quantum
0005 K ) © 0.055 | phasg quctuation;, so our Hartree-Fock results will belgus—
pect in those regimes. However, away from these critical
—0.010 | points, we might expect our calculation to be on a solid
footing, and it is encouraging to see that it agrees with ex-
£ 005y perimental measurements of. The temperature depen-
= _am50 dence also captures the striking linearity shown in Fig. 4, and
|_L the doping independence of the slope, along witfiTade-
£ -0.025 | 1 pendence in an intermediate-temperature regime in the
“oom0 | ] heavily underdoped regime akin to the expgriméﬁts.
' The neutron-scattering peaks observed in the pseudogap
~0.035 b - and superconducting regimes are broadly consistent with our
calculations. There are peaks at,¢r) at energies that are
—-0.040

00 002 o004 o006  oos o1 o1z  controlled by the single-particle gap and the doping. There
TIA are no observable peaks atr,0) and symmetry-related

o points because, from our analysis, they would be at high

FIG. 4. Temperature-dependent part of the superfluid St'ﬁnesﬁnergies controlled by the band dispersion where they are

plotted against scaled temperature for six values of the doping. Th | : .
) . o . rongl mped. This resolv n earlier puzzl
doping concentrations are indicated in the legends. The values Oﬁkey to be strongly damped S [ESOWVES an earlier puzzie

W, and A, for a given doping are derived from Eqd5) and(16).  Of the analysis of the staggered flux ph&&&hough we have
w is derived fromu=—x? andt=0.5 eV. The dotted line is an not presented here results for finite tempeartures, from the

extrapolation of the results to zero temperature. phase diagram and our zero-temperature theory, the qualita-
tive aspects at finite temperatures can still be explained.

pression. By expanding Eq20) around the nodal regions However, the details of the peak position in energy and its

one can easily check that doping dependence is beyond a simple Hartree-Fock calcu-
lation.
Ng Ng If one approaches along the path labe(g#din Fig. 1, at
E(T)_E(O)%_A_OT’ first one will find no structure in the spin-spin correlator,
typical of a Fermi liquid. BelowT*, the correlator peaks at
Ag\2 th Ag\2 an energy 2V, twi_ce_the maximum _of the DIZ_)W gap at the
T<2<WO> |u|~— Toﬁ T>2(WO) [ wave vectorQ. This is consistent with experiments. Below

21) T., the intensity in the spin-spin correlator is amplified as
the DSC order develops, as discussed in Ref. 3. Due to the

All of this is summarized in Fig. 4, where we have plotted coexistence of DDW and DSC, the peak will be at a higher

the temperature-dependent part of the superfluid stiffnessnergy — 2\/W02+A02, shifted by an amount that depends on

with temperature scaled by the superconducting gap, for sithe doping. To see this, recall that, for coexisting DDW and

values of the doping fractior The plot shows|T behavior DSC, the peak energy shifts to higher values With, which

for the heavily underdoped systems for the experimentalljncreases with doping.

relevant temperaturéd For asymptotically low temperatures Consider now the patfR) in Fig. 1. In the DDW state,

for these doping values, and for a fairly wide range of tem-and for small chemical potential, the neutron-scattering in-

peratures for moderate or optimal doping, the data show exensity should exhibit a peak at wave vec®rand energy

act collapse on a single straight line signifying a unique low-2W,; recall that, for DDW order, the peak energy shows no

temperaure slope. movement with|u|, but is destroyed by a larglgs|>W,.
Since the DDW gap varies witk as in Eq.(15), the peak

V. DISCUSSION would shift to higher energies asis decreased, if, alone

were responsible for the spin-fluctuation spectrum. However,

du;—:(;e ﬁgg?;eFehaslefgr'agézmrg;g&%izq \I/CeRoer:i 155055%%% reduced Coulomb interactiod is important since it
n g. v T Y shifts the peaks to lower energies, broadening them simulta-
relevant portion of the phase diagram, ignoring the complex .
. . noeously. For smallex, due to the lower density of the holes,
set of competing charge-ordered states in the underdope

regime as well as the spin-glass phase. the effectiveU increases, and, as a result, as shown in Fig. 2,
From our calculation, the behavior of tie=0 superfluid  the peak moves to lower energies. Consequently, the peak
density withx is as expected from experiments in the under-Energies in this part of the phase diagram would be influ-
doped regime of the higli, cuprates. The striking rapid €nced by these two competing effects. o _
suppression of the superfluid densignd sharp increase of __Consider the patii3) in Fig. 1. In the coexisting region,
the London penetration deptbelowx=0.2 is naturally ex- DDW plus DSC, the peak energy isy#V5+ A, shifted by
plained by the emergence of the singlet DDW at that doping &/, but now, in contrast td >T., the magnitude of the total
fraction. The behavior of the superfluid density ndaror ~ Order parameter remains constant as per(Eg). Of course,
nearx~0.05 (the lowest doping at which superconductivity U must be important as well, modifying this conclusion.
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