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Direct-current Josephson effect in SNS junctions of anisotropic superconductors

Yasuhiro Asano*
Department of Applied Physics, Hokkaido University, Sapporo 060-8628, Japan

~Received 25 July 2001; published 21 November 2001!

We derive a formula of the dc Josephson current between two superconductors with anisotropic pairing
symmetry. One of the basic characters in the junctions of the anisotropic superconductors is the formation of
the zero-energy bound states at the junction interfaces, which leads to the low-temperature anomaly of the
Josephson current. The contribution of the zero-energy states to the Josephson current is taken into account in
the present formalism.

DOI: 10.1103/PhysRevB.64.224515 PACS number~s!: 74.80.Fp, 74.25.Fy, 74.50.1r
pe
gh
s
ea

s
d
e
ua
rg
l/
at
v
r
at
a
to

im
e
ri

re
-
a

w
th

o
i
a

fo

t
e

b
g

ve
field
ur-
glet
ec.

tal-
e
e
i-

rs.
I. INTRODUCTION

The discovery of high-Tc superconductors1 has stimulated
intensive research in this field. The symmetry of the Coo
pair is important for understanding the mechanism of hi
Tc superconductivity. The Josephson effect in anisotropic
perconductors has attracted much attention in recent y
because the high-Tc superconductors might haved-wave
pairing symmetry.2,3 So far, transport properties in variou
junctions ofd-wave superconductors have been discusse
a number of studies.4–20 In anisotropic superconductors, th
sign of the pair potential depends on the direction of a q
siparticle’s motion. As a consequence, the zero-ene
states21 ~ZES’s! are formed at the normal-meta
superconductor~NS! interface when the potential barrier
the interface is large enough. The ZES’s are clearly obser
in the conductance spectra of N/I/d-wave superconducto
junctions,22,23 where I denotes the insulator. It is known th
the ZES’s are responsible for the low-temperature anom
of the Josephson current in superconductor-insula
superconductor~SIS! junctions of the d-wave
superconductor.9,10

The anisotropic superconductivity itself has been an
portant topic in condensed-matter physics since unconv
tional superconductivity was found in heavy-fermion mate
als such as CeCu2Si2 ,UBe13, and UPt3.24–27 In a recent
study, anisotropic superconductivity was found in a laye
perovskite, Sr2RuO4.28 Some interesting effects of the an
isotropy in the pairing symmetry on Josephson currents
revealed in previous works.29–31 However, in order to study
the contribution of the ZES to the Josephson current,
have to pay careful attention to the boundary condition of
wave function at the junction interface.32

In this paper, we derive a formula of the dc Josephs
current between the two anisotropic superconductors w
spin-singlet and spin-triplet Cooper pairs. The results are
extended version of the Furusaki-Tsukada formula
s-wave superconductor junctions.33 The influence of the ZES
on the Josephson current is naturally taken into accoun
the obtained formula because the Josephson current is
pressed by the Andreev reflection34 coefficients~ARC’s! of
the junction. The low-temperature anomaly is described
the dependence of the ARC’s on the temperature. Throu
out this paper, we take the units of\5kB51, wherekB is
the Boltzmann constant.
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This paper is organized as follows. In Sec. II, we deri
the Josephson current formula based on the mean-
theory of superconductivity. In Sec. III, the Josephson c
rent is expressed for the superconductors with spin-sin
and spin-triplet Cooper pairs. The conclusion is given in S
IV.

II. JOSEPHSON CURRENT FORMULA I

Let us consider the superconductor-normal-me
superconductor~SNS! junction as shown in Fig. 1, where th
length of the normal metal isLN and the cross section of th
junction is SJ . The Hamiltonian in the mean-field approx
mation reads

HMF5
1

2E drE dr 8@ c̃†~r !d~r2r 8!ĥ0~r 8!c̃~r 8!

2 c̃t~r !d~r2r 8!ĥ0* ~r 8!$c̃†~r 8!% t

1 c̃†~r !D̂~r2r 8!$c̃†~r 8!% t2 c̃t~r !D̂* ~r2r 8!c̃~r 8!#,

~1!

ĥ0~r !5F2
¹2

2m
1V0~r !2mFG ŝ01V~r !•ŝ, ~2!

c̃~r ![S c↑~r !

c↓~r !
D , ~3!

FIG. 1. The SNS junction of the anisotropic superconducto
The phase of the pair potential on the left~right! superconductor is
wL(wR).
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YASUHIRO ASANO PHYSICAL REVIEW B 64 224515
wherecs(r ) is the annihilation operator of an electron atr
with spin s5↑ or ↓,$c̃(r )% t is the transposition of Eq.~3!,
ŝ0 is the unit matrix of 232,mF is the Fermi energy, and
V0(r ) denotes the spin-independent potential which inclu
the barrier potential at the two NS interfacesVb$d(z)1d(z
2LN)%. The spin-orbit scattering in the normal metal is d
noted by V(r )•ŝ. The pair potential between an electro
with (s,r ) and that with (s8,r 8) is given byDs,s8(r2r 8).
In the normal segment (0,z,LN), the pair potential is
taken to be zero. In what follows, we use•••̂ for 232 ma-
trices. The pair potential is given by

D̂~r !5H id0~r !ŝ2 ~singlet!,

i @d~r !•ŝ#ŝ2 ~ triplet!,
~4!

where ŝ j with j 51,2, and 3 are the Pauli’s matrices. Th
pair potential satisfies a relation

2D̂ t~r 82r !5D̂~r2r 8!. ~5!

The Hamiltonian in Eq.~1! is diagonalized by the Bogoliu
bov transformation,

S c̃~r !

$c̃†~r !% tD 5(
l

S ûl~r ! v̂l* ~r !

v̂l~r ! ûl* ~r !
D S ãl

$ãl
†% tD , ~6!

HMF5(
l

ã† Êl ãl , ~7!

Êl5S El,1 0

0 El,2
D , ~8!

where

ãl[S al,↑
al,↓

D ~9!

denotes the annihilation operator of a Bogoliubov quasip
ticle. The wave functions satisfy the Bogoliubov-de Genn
~BdG! equation,35

E dr 8F d~r2r 8!ĥ0~r 8! D̂~r2r 8!

2D̂* ~r2r 8! 2d~r2r 8!ĥ0* ~r 8!
G F ûl~r 8!

v̂l~r 8!
G

5F ûl~r !

v̂l~r !
G Êl . ~10!

When the wave function

F ûl~r !

v̂l~r !
G ~11!

belongs to an eigenvalueÊl , the wave function

F v̂l* ~r !

ûl* ~r !
G ~12!
22451
s

-

r-
s

belongs to2Êl . They satisfy the following relations:

E dr$ûl
†~r !ûl8~r !1 v̂l

†~r !v̂l8~r !%5dl,l8ŝ0 , ~13!

E dr$ûl
†~r !v̂l8

* ~r !1 v̂l
†~r !ûl8

* ~r !%50̂, ~14!

(
l

8 $ûl~r !ûl
†~r 8!1 v̂l* ~r !v̂l

t ~r 8!%5d~r2r 8!ŝ0 , ~15!

(
l

8 $ûl~r !v̂l
†~r 8!1 v̂l* ~r !ûl

t ~r 8!%50̂. ~16!

Here (l8 is a summation overl with El.0. The local
charge density is defined by

P~r , t̃ !52e c̃†~r , t̃ !c̃~r , t̃ !, ~17!

where t̃ is the time. The current conservation law implies

]

] t̃
P~r , t̃ !1¹•J~r , t̃ !50. ~18!

The dc Josephson current between the two supercondu
is given by the expectation value of Eq.~18!,

J~r !5
e

4mi
lim

r8→r

~¹ r82¹ r !T(
vn

Tr Ǧvn
~r ,r 8!, ~19!

Ǧvn
~r ,r 8!5(

l

8 F S ûl~r !

v̂l~r !
D ~ ivnŝ02Êl!21S ûl~r 8!

v̂l~r 8!
D †

1S v̂l* ~r !

ûl* ~r !
D ~ ivnŝ01Êl!21S v̂l* ~r 8!

ûl* ~r 8!
D †G ,

~20!

where T is the temperature,Ǧvn
(r ,r 8) is the Matsubara

Green function of the SNS junctions, and•••̌ indicates 4
34 matrices. On the derivation of Eq.~19!, we have as-
sumed that the amplitude of the pair potential is mu
smaller than the Fermi energymF .

In the superconductors, we assume that all potentials
uniform. The BdG equation in Eq.~10! is given in the Fou-
rier representation

F jkŝ0 D̂~k!

2D̂* ~2k! 2jkŝ0
GF ûk

v̂k
G5F ûk

v̂k
G Êk , ~21!

wherejk5k2/(2m)2mF and

D̂~r2r 8!5(
k

D̂~k!eik•(r2r8), ~22!

D̂~k!5H id0~k!ŝ2 ~singlet!,

i @d~k!•ŝ#ŝ2 ~ triplet!.
~23!

Since relations
5-2
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DIRECT-CURRENT JOSEPHSON EFFECT IN SNS . . . PHYSICAL REVIEW B 64 224515
d0~2k!5d0~k!, ~24!

d~2k!52d~k! ~25!

are satisfied in the momentum space, we find

2D̂ t~2k!5D̂~k!. ~26!

Whenz,z8<0, the Green function can be calculated
be

Ǧvn
~r ,r 8!52 imvn(

p
xp~r!xp* ~r8!F̌L

3F H S û1
e

v̂1
e D K̂p~k1

e ,z!1S û1
h

v̂1
h D K̂p~k1

h ,z!â1

1S û2
e

v̂2
e D K̂p~2k2

e ,z!b̂1J K̂p~2k1
e ,z8!

3S k1,1
e 0

0 k2,1
e D 21

V̂1
21S û1

e

v̂1
e D †

1H S û2
h

v̂2
h D K̂p~2k2

h ,z!1S û2
e

v̂2
e D K̂p~2k2

e ,z!â2

1S û1
h

v̂1
h D K̂p~k1

h ,z!b̂2J
3K̂p~k2

h ,z8!S k1,2
h 0

0 k2,2
h D 21

3V̂2
21S û2

h

v̂2
h D †G F̌L* , ~27!

with

kl ,6
e 5A2m@mF2e~p!1 iV l ,6#, ~28!

kl ,6
h 5A2m@mF2e~p!2 iV l ,6#, ~29!

V l ,65Avn
21uD l ,6u2, ~30!

e~p!5
p2

2m
, ~31!

d0,65d0~p,6kz!, ~32!

d65d~p,6kz!, ~33!

D̂65H id0,6ŝ2 ~singlet!,

i ~d6•ŝ!ŝ2 ~ triplet!,
~34!

q65 id63d6* , ~35!
22451
K̂p~k,z!5S eik1z 0

0 eik2zD , ~36!

V̂65S V1,6 0

0 V2,6
D , ~37!

F̌ j5S eiw jŝ0 0

0 e2 iw jŝ0
D , ~38!

xp~r!5
exp~ ip•r!

ASJ

, ~39!

wherew j for j 5L or R is the phase of the superconducto
p5(kx ,ky), andr5(x,y). The amplitude of the pair poten
tial for unitary states is defined by

uD l ,6u5uD6u5H ud0,6u ~singlet!,

ud6u ~ triplet!.
~40!

In the unitary states, these amplitudes are independentl,
where l represents the spin configuration of a quasipartic
The amplitude of the pair potential depends on the spin c
figuration of a quasiparticle in nonunitary states,

uD l ,6u5HAud6u21uq6u ~ l 51!,

Aud6u22uq6u ~ l 52!.
~41!

In Eqs.~28! and ~29!, kl ,6
e(h) is the wave number in the elec

tron ~hole! branch forl th spin channel. In the following, we
approximately describe thatkl ,6

e(h)'kz5A2m@mF2e(p)# as
shown in Eqs.~32! and ~33!, where (p,6kz) is the wave
number on the Fermi surface. Thel th column of

S û6
e(h)

v̂6
e(h)D ~42!

corresponds to the wave function of thel th spin state in the
electron~hole! branch. The reflection coefficients from th
left superconductor to the left superconductor are define
the matrix form33

â j 51,25S aj~1,1! aj~1,2!

aj~2,1! aj~2,2!
D , ~43!

b̂ j 51,25S bj~1,1! bj~1,2!

bj~2,1! bj~2,2!
D . ~44!

The ARC from thel th spin state in the electron~hole! branch
to the l 8th spin state in the hole~electron! branch is denoted
by â1( l 8,l )@ â2( l 8,l )#. In the same way,b̂1( l 8,l )@ b̂2( l 8,l )# is
the normal reflection coefficient from thel th spin state in the
electron~hole! branch to thel 8th spin state in the electron
~hole! branch. These reflection coefficients are the funct
of p which indicates the propagating channel at the left
interface. By substituting Eq.~27! into Eq. ~19!, the Joseph-
son current becomes
5-3
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J5
ie

2 (
p

T(
vn

Tr vnF S û1
h

v̂1
h D â1V̂1

21S û1
e

v̂1
e D †

2S û2
e

v̂2
e D â2V̂2

21S û2
h

v̂2
h D †G . ~45!

The expression of the Josephson current in Eq.~45! corre-
sponds to the Furusaki-Tsukada formula.33

Throughout this paper, we use the representation

S û6
e

v̂6
e D 5S u6ŝ0

v6

D̂6
†

uD6u
D , ~46!

S û6
h

v̂6
h D 5S v6

D̂6

uD6u

u6ŝ0

D , ~47!

u65A1

2 S 11
V6

vn
D , ~48!

v65A1

2 S 12
V6

vn
D ~49!

for unitary states. In these states,D l ,6 is independent ofl
becauseq50. For nonunitary states,31 we use

S û6
e

v̂6
e D 5S û6

D̂6
† v̂6

D , ~50!

S û6
h

v̂6
h D 5S D̂6v̂6*

û6*
D , ~51!

û65Q6(
l 51

2

ul ,6Ŝl ,6 , ~52!

v̂65Q6(
l 51

2

v l ,6

Ŝl ,6

uD l ,6u
, ~53!

ul ,65A1

2 S 11
V l ,6

vn
D , ~54!

v l ,65A1

2 S 12
V l ,6

vn
D , ~55!

~Q6!2258uq6u~ uq6u1q3,6!, ~56!

Ŝl ,65 P̂l ,6• t̂ l , ~57!

P̂1,65uq6uŝ01q6•ŝ, ~58!

P̂2,65uq6uŝ02q6•ŝ, ~59!
22451
t̂15ŝ01ŝ3 , ~60!

t̂25ŝ02ŝ3 . ~61!

In this paper, we consider the four reflection processe
calculateâ1 and â2 as shown in Fig. 2~a! and neglect the
higher-order terms. This approximation is justified when t
potential barrier at the NS interfaces is large enough an
the transmission probability in the normal segment is l
enough. Thus we consider the insulators and the dirty nor
metals in the normal segment. In order to estimateâ1 andâ2,
we calculate the transmission and the reflection coefficie
at the single NS interface for fixedp as shown in Appendix
A. The 64 coefficients are obtained from the continuity co
dition of the wave function at the NS interface since there
eight incoming and eight outgoing channels for eachp. The
ARC’s in Fig. 2~a! are given by

â1
(1)~p!5(

p8
t̂ SN
hh~p,L !• t̂p,p8

h

3 r̂ NN
he ~p8,R!• t̂p8,p

e
• t̂ NS

ee~p,L !, ~62!

â1
(2)~p!5(

p8
t̂ SN
he~p,L !• t̂p,p8

e

3 r̂ NN
eh ~p8,R!• t̂p8,p

h
• t̂ NS

he~p,L !, ~63!

FIG. 2. The reflection coefficients in~a! contribute to the Jo-
sephson current. In this paper, we neglect the higher-order
cesses involving multiple Andreev reflection more than twice. T
Josephson current calculated from the four reflection processe
~a! is summarized in the reflection processes in~b!.
5-4
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â2
(1)~p!5(

p8
t̂ SN
ee~p,L !• t̂p,p

e

3 r̂ NN
eh ~p8,R!• t̂p8,p

h
• t̂ NS

hh~p,L !, ~64!

â2
(2)~p!5(

p8
t̂ SN
eh~p,L !• t̂p,p8

h
• r̂ NN

he ~p8,R!• t̂p8,p
e

• t̂ NS
eh~p,L !,

~65!

where t̂p8,p
e(h) is the transmission coefficient of the electronli

~holelike! quasiparticle in the normal conductor, andp8 in-
dicates the propagating channel at the right NS interface.
transmission coefficients in the normal metal are descri
by

t̂p8,p
e

5 ivpe
2 ikz8LNE drE dr8

3Ĝvn

N,e~r8,LN ;r,0!xp8
* ~r8!xp~r!, ~66!

t̂p,p8
h

5 ivp8e
ikz8LNE drE dr8

3Ĝvn

N,h~r,0;r8,LN!xp* ~r!xp8~r8!, ~67!

whereĜvn

N,e(h)(r ,r 8) is the Green function of the normal con

ductor in the electron~hole! branch andvp is the velocity in
thez direction of a quasiparticle belonging to the propagat
channelp.36 We assume that the NS interface is sufficien
clean so thatp is conserved while at the transmission and
reflection at the interface. Inâ1

(1) in Eq. ~62!, a quasiparticle
wave is initially incident into the normal segment from th
left superconductor through the channel specified byp. After
the Andreev reflection at the right NS interface, we assu
that the reflected wave transmits to the left supercondu
through the initial channel ofp because of the retroactiv
property of a quasiparticle under time-reversal symmetry
the normal segment.37 The two ARC’s in Eq.~45! are given
by â15â1

(1)1â1
(2) and â25â2

(1)1â2
(2) , respectively.

By using Eqs.~45! and~62!–~65!, we can derive the gen
eral expression of the Josephson current,

J5 ie(
p

(
p8

T(
vn

Tr@ r̂ NN
eh ~p,L !• t̂p,p8

h
• r̂ NN

he ~p8,R!• t̂p8,p
e

2 r̂ NN
he ~p,L !• t̂p,p8

e
• r̂ NN

eh ~p8,R!• t̂p8,p
h

#, ~68!

without further approximations. The reflection processes
Eq. ~68! are summarized in Fig. 2~b!. Since the relations

t̂2p,2p8
e

5$ t̂p,p8
h %* , ~69!

t̂2p8,2p
h

5$ t̂p8,p
e %* , ~70!

r̂ NN
eh ~2p,R!5$ r̂ NN

he ~p,R!%* , ~71!
22451
he
d

g

e

e
or

n

n

r̂ NN
he ~2p,L !5$ r̂ NN

eh ~p,L !%* ~72!

are satisfied~see Appendices A and B!, the Josephson curren
results in

J522eIm(
p

(
p8

T(
vn

Tr

3@ r̂ NN
eh ~p,L !• t̂p,p8

h
• r̂ NN

he ~p8,R!• t̂p8,p
e

#. ~73!

The formula in Eq.~73! can be applied to various Josephs
junctions. For instance, it is possible to calculate the Jose
son current in clean SIS junctions by substitutingt̂p,p8

e(h)

}dp,p8ŝ0. We also note that the two superconductors are
necessarily identical to each other.

III. JOSEPHSON CURRENT FORMULA II

Since Josephson current is described by the ARC’s at
NS interface in Eq.~73!,we represent ARC’s of the spin
singlet, the spin-triplet unitary, and the spin-triplet nonu
tary superconductors in the following.

When the superconductor has spin-singlet Cooper pa
the coefficients are given by

r̂ NN
eh ~p,L !52 i Ĝsu~p,L !eiwL, ~74!

r̂ NN
he ~p,R!52 i Ĝsu

† ~p,R!e2 iwR, ~75!

Ĝsu~p, j !5 iGsu~p, j !ŝ2 , ~76!

Gsu~p, j !5
k̄z

2K1d0,2

Jsu
u j , ~77!

Jsu5~H21 k̄z
2!d0,1d0,21H2K1K2 , ~78!

K65V62uvnu, ~79!

k̄z5kz /kF , ~80!

whereH5mVb /kF represents the potential barrier height
the NS interface andj 5L or R symbolically denote the char
acter of the superconductors such as the symmetry of the
potential and orientation angle.

When the superconductor is in spin-triplet unitary stat
the ARC’s are given by

r̂ NN
eh ~p,L !52 i Ĝ tu~p,L !eiwL, ~81!

r̂ NN
he ~p,R!52 i Ĝ tu

† ~p,R!e2 iwR, ~82!

Ĝ tu~p, j !5 i Gtu~p, j !•ŝ ŝ2 , ~83!

Gtu~p, j !5 k̄z
2K1

J tud22~H21 k̄z
2!~d1* 3d2!3d2

J tu
2 2Dtu•Dtu

U
j

,

~84!
5-5
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J tu5~H21 k̄z
2!d1* •d21H2K1K2 , ~85!

Dtu52 i ~H21 k̄z
2!~d1* 3d2!. ~86!

In the unitary states,d6 often has a single component. I
such a case, we find

Gtu~p, j !5 k̄z
2K1

d2

J tu
U

j

, ~87!

becaused1* 3d250.
Finally we show the ARC’s in the nonunitary states,

r̂ NN
eh ~p,L !52 i Ĝnu~p,L !eiwL, ~88!

r̂ NN
eh ~p,R!52 i Ĝnu

† ~p,R!e2 iwR, ~89!

Ĝnu5 i Gnu~p, j !•ŝ ŝ2 , ~90!

Gnu~p, j !5 k̄z
2 Dnu

Dnu•Dnu
U

j

, ~91!

Dnu5~H21 k̄z
2!H 1

2 (
l

Dl ,1

Kl ,1
J 1H2H 1

2 (
l

Kl ,2Dl ,1

uD l ,2u2 J ,

~92!

D1,65d6* 1 i
d6* 3q6

uq6u
, ~93!

D2,65d6* 2 i
d6* 3q6

uq6u
, ~94!

Kl ,65V l ,62uvnu. ~95!

The detail of the calculation is shown in Appendix A. Th
expression of the ARC’s in nonunitary states is rather m
complicated than that in the unitary states. But if the re
tions

d5d15nd2 , ~96!

n51 or 21 ~97!

are satisfied, the ARC can be reduced to a simple expres

r̂ NN
eh ~p,L !52 i H k̄z

2

2uqu (
l 51

2
P̂l

Jnu~ l !J D̂U
L

eiwL, ~98!

r̂ NN
he ~p,R!52 i D̂†H k̄z

2

2uqu (
l 51

2
P̂l

Jnu~ l !J U
R

e2 iwR, ~99!

Jnu~ l !5H2$~12n!uvnu1~11n!V l%1 k̄z
2~ uvnu1V l !.

~100!

The effects of the ZES’s on the ARC’s can be easily co
firmed in Eqs.~78!, ~85!, and ~100!. For instance in Eq.
~100!, we find in the limit ofH..1 andvn→0,
22451
e
-

ion

-

Jnu~ l !→H 2H2uD l u ~n51!,

k̄z
2uD l u ~n521!.

~101!

In the absence of the ZES (n51), the reflection coefficients
are proportional to 1/H2. On the other hand in the presenc
of the ZES (n521), the reflection coefficients are indepe
dent of the barrier height. Thus the ARC describes the lo
temperature anomaly of the Josephson current.

In the normal metal, the Green function in Eqs.~66! and
~67! satisfy a relation as shown in Appendix B,

Gvn

N,h~r 8,r !52ŝ2@ Ĝvn

N,e~r ,r 8!#†ŝ2 , ~102!

because of time-reversal symmetry. The transmission co
cients can be parametrized by

t̂~p8,p![t0~p8,p!ŝ01t~p8,p!•ŝ

5Avpvp8E drE dr8xp8
* ~r8!xp~r!

3Ĝvn

N,e~r8,LN ;r,0!. ~103!

Since the amplitude of the spin-orbit scattering is mu
smaller than that of the spin-independent transmission p
ability, we assume that

ut0u@utu. ~104!

The conductance of the normal metal atT50 is given by

GN5 lim
vn→0

e2

h
Tr(

p,p8
t̂~p8,p!t̂†~p8,p!

. lim
vn→0

2e2

h (
p,p8

ut0~p8,p!u2. ~105!

By using Eq.~103!, the Josephson current is rewritten
be

J522eIm(
p

(
p8

T(
vn

Tr@ r̂ NN
eh ~p,L !•ŝ2$t0* ŝ01t* •ŝ%

3ŝ2• r̂ NN
he ~p8,R!•$t0ŝ01t•ŝ%#. ~106!

At first we consider the Josephson junction where the t
superconductors have spin-singlet Cooper pairs. The Jos
son current is given by

JSS54e sinwT(
vn

(
p,p8

Gsu~p8,R!ut0~p8,p!u2Gsu~p,L !,

~107!

wherew5wL2wR .
Second, we consider the junction where the spin-trip

and spin-singlet superconductors are on the left- and rig
hand sides, respectively. The Josephson current results

JTS54eT(
vn

(
p,p8

Im@eiwGsu~p8,R!W~p8,p!•Gt~p,L !#,

~108!
5-6
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W~p8,p!5~t0* t1t0t* 1 i t* 3t!~p8,p!, ~109!

whereGt representsGtu in Eq. ~84! or Gnu in Eq. ~91!. As
shown in Eq.~109!, the JTS vanishes when the spin-orb
scattering does not occur in the normal metal.29–31

Finally when the two superconductors have spin-trip
Cooper pairs, the Josephson current can be expressed t

JTT54eT(
vn

(
p,p8

Im@eiwGt~p,L !•Gt* ~p8,R!ut0~p8,p!u2#.

~110!

The obtained formulas in Eqs.~107!, ~108!, and~110! are
essentially the same as those in the previous results.31 How-
ever in the presence of the ZES’s at the NS interfaces,
dependence of the Josephson current on the temperatu
drastically different from that in the previous results. T
ARC’s (Gsu ,Gtu , and Gnu! describe the low-temperatur
anomaly of the Josephson current in the SNS junctions of
anisotropic superconductors.

IV. CONCLUSION

We derive a formula of the dc Josephson current betw
the two anisotropic superconductors based on mean-
theory of superconductivity. The Josephson current is
pressed by the Andreev reflection coefficients at the junc
interfaces. The contribution of the zero-energy bound sta
formed at the NS interfaces to the Josephson current is ta
into account. The formula can be applied to SIS and S
junctions of the anisotropic superconductors with sp
singlet and spin-triplet Cooper pairs.
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APPENDIX A: TRANSMISSION AND REFLECTION
COEFFICIENTS AT THE NS INTERFACE

We derive the transmission and reflection coefficients
the NS interface atz50 for a spin-triplet nonunitary super
conductor as shown in Fig. 3. In what follows, we calcula
the coefficients after analytic continuation (E→ ivn) for vn

FIG. 3. The transmission and the reflection coefficients at
left NS interface. There are eight incoming and outgoing chann
22451
t
be

e
is

e

n
ld

x-
n

es
en
S
-

.

f

.0. In the normal metal, the wave function of the quasip
ticle can be described by

Cp
N~r,z!5F S â

0̂
D e2 ikzz1S 0̂

b̂
D eikzz1S Â

0̂
D eikzz

1S 0̂

B̂
D e2 ikzzGxp~r!, ~A1!

whereâ andb̂ (Â andB̂) are the amplitudes of the incomin
~outgoing! waves in the electron and hole channels, resp
tively. In the same way, the wave function in the superco
ductor is given by

Cp
S~r,z!5F̌LF S û1

D̂1
† v̂1

D eikzzĝ1S D̂2v̂2*

û2*
D e2 ikzzd̂

1S û2

D̂2
† v̂2

D e2 ikzzĈ1S D̂1v̂1*

û1*
D eikzzD̂Gxp~r!,

~A2!

where ĝ and d̂ (Ĉ and D̂) are the amplitudes of incoming
~outgoing! waves in the electron and hole channels, resp
tively.

The two wave functions satisfy the continuity condition
the left NS interface~i.e., z50),

Cp
N~r,0!5Cp

S~r,0!, ~A3!

]

]z
Cp

N~r,z!Uz5022mVbCp
N~r,0!5

]

]z
Cp

S~r,z!U
z50

.

~A4!

From Eqs.~A3! and ~A4!, we obtain the transmission an
reflection coefficients,

t̂ SN
ee~p,L !5 k̄z k û2

21 Ẑ2
† ĵ2,1

† e2 iwL/2, ~A5!

t̂ SN
eh~p,L !5 k̄z H û2

21 Ẑ2
† eiwL/2, ~A6!

t̂ SN
he~p,L !52 k̄z H~ û1* !21 Ẑ1 e2 iwL/2, ~A7!

t̂ SN
hh~p,L !5 k̄z k* ~ û1* !21 Ẑ1ĵ2,2 eiwL/2, ~A8!

r̂ SS
eh~p,L !52û2

21D̂2 v̂2* 2 i
H2

vn
û2

21 Ẑ2
†~ û2

t !21V̂2 ,

~A9!

r̂ SS
he~p,L !52~ û1* !21D̂1

† v̂12 i
H2

vn
~ û1* !21Ẑ1~ û2

† !21V̂1 ,

~A10!

r̂ NN
eh ~p,L !52 i k̄z

2 Ẑ2
† eiwL, ~A11!

r̂ NN
he ~p,L !52 i k̄z

2 Ẑ1 e2 iwL, ~A12!

e
s.
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t̂ NS
ee~p,L !5

k̄zk

vn
Ẑ2

† ĵ2,1
† ~ û1

† !21V̂1 eiwL/2, ~A13!

t̂ NS
eh~p,L !52

k̄zH

vn
Ẑ2

† ~ û2
t !21V̂2 eiwL/2, ~A14!

t̂ NS
he~p,L !5

k̄zH

vn
Ẑ1~ û1

† !21V̂1 e2 iwL/2, ~A15!

t̂ NS
hh~p,L !5

k̄zk*

vn
Ẑ1 ĵ2,2~ û1

t !21V̂2 e2 iwL/2, ~A16!

r̂ NN
he ~2p,L !5@ r̂ NN

eh ~p,L !#* . ~A17!

Here we define

ĵ1,65S 1

2uq6u (
l 51

2
Kl ,6

uD l ,6u2
P̂l ,6D D̂6 , ~A18!

ĵ2,65S 1

2uq6u (
l 51

2
P̂l ,6

Kl ,6
D D̂6 , ~A19!

Ẑ15@H2ĵ1,11uku2ĵ2,2#21, ~A20!

Ẑ25@H2ĵ1,21uku2ĵ2,1#21, ~A21!

k5 k̄z1 iH . ~A22!

In the same way, the ARC’s at the right NS interface a
given by

r̂ NN
he ~p,R!52 i k̄z

2 Ẑ2 e2 iwR, ~A23!

r̂ NN
eh ~2p,R!5@ r̂ NN

he ~p,R!#* . ~A24!

On the derivation, we use identities,

Ŝl ,6
†

•Ŝl 8,65
t̂ l

2Q6
2

d l ,l 8 , ~A25!

Ŝl ,6•Ŝl 8,6
†

5
P̂l ,6

2uq6uQ6
2

d l ,l 8 , ~A26!

P̂l ,6• P̂l 8,652uq6uP̂l ,6 d l ,l 8 , ~A27!

Ŝl ,6
†

•D̂6•D̂6
†
•Ŝl 8,65

uD l ,6u2

2Q6
2

t̂ ld l ,l 8 , ~A28!

D̂6
†
•Ŝl ,6•Ŝl 8,6

†
•D̂65

uD l ,6u2

2uq6uQ6
2

P̂l ,6* d l ,l 8 , ~A29!

D̂6• P̂l ,6* 5 P̂l ,6•D̂6 , ~A30!

P̂l ,6•D̂6•D̂6
† 5uD l ,6u2P̂l ,6 . ~A31!
22451
e

The ARC’s of superconductors in the unitary states can
calculated in the same way. The derivation of the transm
sion and reflection coefficients in the unitary states is mu
simpler than that in the nonunitary states.

In addition to the four reflection processes shown in F
2~a!, six reflection processes can be considered forâ1 andâ2
as shown in Fig. 4. By using the coefficients in Eqs.~A5!–
~A16!, it is possible to show that these six processes do
contribute to the Josephson current.

APPENDIX B: TRANSMISSION COEFFICIENTS IN THE
NORMAL METAL

Since the amplitude of the pair potential in the norm
metal is taken to be zero, the BdG equation in Eq.~10! is
decoupled into the two equations,

ĥ0~r !ûl5ûlÊl , ~B1!

2ĥ0* ~r !v̂l5 v̂lÊl . ~B2!

The Green function in the normal metal obeys the equat

@ ivnŝ02ĥ0~r !#Ĝvn

N,e~r ,r 8!5d~r2r 8!ŝ0 , ~B3!

@ ivnŝ01ĥ0* ~r !#Ĝvn

N,h~r ,r 8!5d~r2r 8!ŝ0 . ~B4!

The Green function in the two branches is represented b

Ĝvn

N,e~r ,r 8!5(
l

ûl~r !@ ivnŝ02Êl#21ûl
†~r 8!, ~B5!

Ĝvn

N,h~r ,r 8!52@ Ĝvn

N,e~r ,r 8!#* , ~B6!

FIG. 4. The reflection processes included in the coefficientsâ1

and â2. These processes, however, do not contribute to the Jos
son current.
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where we use the complex conjugate of Eq.~B1! for the
Green function in the hole branch. By using Eqs.~66! and
~67!, we can show the relations

t̂2p,2p8
e

5@ t̂p,p8
h

#* , ~B7!

t̂2p8,2p
h

5@ t̂p8,p
e

#* . ~B8!

When time-reversal symmetry holds in the normal me
we find
,

c

v

22451
l,

ĥ0* ~r !i ŝ2ûl5 i ŝ2ûlÊl . ~B9!

The Green function in the hole branch is described by tha
the electron branch,

Ĝvn

N,h~r 8,r !52ŝ2@ Ĝvn

N,e~r ,r 8!#†ŝ2 . ~B10!
a,
,

E.

l-
,
,

.

tt.

tt.

.
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