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Local quasiparticle density of states in ferromagnetÕsuperconductor nanostructures
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Centre de Physique Mole´culaire Optique et Hertzienne, UMR 5798, Universite´ Bordeaux I, 33405 Talence Cedex, France

~Received 28 June 2001; published 21 November 2001!

We study the proximity effect in superconductor/ferromagnet (S/F) systems and propose a detailed theo-
retical description of the damped-oscillatory behavior of the quasiparticle local density of states in a ferromag-
net. It is demonstrated that impurities play a very important role in determining the amplitude and the shape of
spatial and energy dependance of the density of states. Bearing in mind the possible comparison with experi-
ments, we investigate different types ofS/F structures as well as temperature variation of the local density of
states.
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I. INTRODUCTION

Usually a superconducting transition occurs in a st
where the phase of the superconducting order paramet
constant all over the system. There are only a few exam
when the phase of the superconducting order parameter
vary. One of those examples is the Fulde and Ferrell,1 and
Larkin and Ovchinnikov2 superconducting-state predicte
more than thirty years ago. The authors1,2 suggested that the
superconducting order parameter may be modulated in
space by an exchange field acting on the electron spins. U
now, however, there are no unambiguous experimental
dences of this modulated-state formation. A supercondu
~S! in contact with a ferromagnet3–7 ~F! presents anothe
possibility when the modulation of the phase of the sup
conducting order parameter should appear. Indeed, in
case of anS/F bilayer, a Cooper pair entering a ferromagn
will feel the magnetic exchange fieldh and as a result, it will
produce a phase modulation with the characteristic perio
the order ofj f , the coherence length scale in a ferromagn
In a clean ferromagnetj f ;vF /h,3 while in the dirty limit
j f;AlvF /h,4,5 wherel is the electron mean-free path. It ha
been predicted that such a phase-modulation effect mus
sult in the oscillatory behavior of the critical temperatureTc
of S/F multilayers4,5 and of the perpendicular critica
current3,6 as a function ofF-layer thickness. These oscilla
tions may be interpreted in terms ofp-phase shift of the
superconducting order parameter in adjacentS layers. Oscil-
lations of the critical temperature inS/F multilayers have
been found experimentally in Nb/Gd multilayers8 and very
recently the most direct proof ofp-phase formation has bee
obtained by critical-current measurements in Nb/Cu-Ni/
Josephson junctions.9

The oscillatory damping of induced superconducting c
relation inS/F systems leads also to the similar behavior
the local quasiparticle density of states. In the framework
diffusive approximation this effect has been predicted in R
10 and found experimentally in Ref. 11, where the density
states induced in a ferromagnet by aS-layer has been mea
sured by planar-tunneling spectroscopy. The theoret
analysis of the proximity effect inS/F structure in a quasi-
ballistic regime made in Ref. 12 has also revealed the os
latory behavior of the density of states as a function
F-layer thickness. Note that in this case the effective el
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tronic mean-free path is of the order magnitude of the thi
ness of theF layer. The purpose of this work is to present t
detailed analysis of the modification of density of states i
ferromagnetic layer due to the proximity effect. The gene
formalism is briefly overviewed in Sec. II. In Sec. III, w
study the clean limit and the influence of weak-impurity sc
tering. The dirty limit is studied in Sec. IV, which allows u
to describe recent experimental data.11

II. GENERAL FORMALISM

The very convenient set of equations describing inhom
geneous superconductivity has been elaborated
Eilenberger.13 They are transportlike equations for th
energy-integrated Green’s functionsf and g, assuming that
relevant length scales are much larger than atomic len
scales. For simplicity, we restrict ourselves to the case w
all quantities depend only on one coordinatex, the distance
from the interface. If we consider the Cooper pairing of ele
trons in the presence of the ferromagnetic exchange fieh
acting on the electron spins, the Eilenberger equations
the form ~see for example Ref. 14!

S v1 ih1
1

2t
ḡ~x,v! D f ~x,u,v!1

1

2
vF cosu

] f ~x,u,v!

]x

5S D1
1

2t
f̄ ~x,v! Dg~x,u,v!,

ḡ~x,v!5E dV

4p
g~x,u,v!, f̄ ~x,v!5E dV

4p
f ~x,u,v!,

f ~x,u,v! f 1~x,u,v!1g2~x,u,v!51, ~1!

where f 15 f * (vF→2vF ,h→2h) and t5 l /vF , elastic-
scattering time. The Eilenberger Green’s functionsf and g
depend on Matsubara frequenciesv→vn5pT(2n11) at
temperatureT, coordinatex, and onu, the angle between the
x axis and the direction of the Fermi velocitiesvF . In the
following, we will consider that Cooper pairing is alway
absent in theF layer and then the corresponding superco
ducting order parameterD is equal to zero in the ferromag
netic region. The geometry of the system we consider
presented in Fig. 1~a superconducting electrode connected
©2001 The American Physical Society14-1
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I. BALADIÉ AND A. BUZDIN PHYSICAL REVIEW B 64 224514
a thin ferromagnetic rod! enables us to suppose that the pro
imity of the ferromagnetic metal affects only slightly th
superconductivity in theS layer. In fact the similar situation
is realized in the usualS/F bilayer geometry if the paramete
g, which characterizes the strength of the proximity effec15

is small, see also Eq.~13! below. Thus, the superconductin
order parameter in theS layer may be taken equal to it
unperturbed value,D5const.

FIG. 1. Geometry of theS/F system.
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III. CLEAN LIMIT AND INFLUENCE
OF WEAK-IMPURITY SCATTERING

Let us study first the density of states in ferromagne
region in the limitt→`. In this clean limit, the Eilenberge
equations in a ferromagnet can be written as

~v1 ih ! f ~x,u,v!1
1

2
vFx

] f ~x,u,v!

]x
50,

~v1 ih ! f 1~x,u,v!2
1

2
vFx

] f 1~x,u,v!

]x
50, ~2!

f ~x,u,v! f 1~x,u,v!1g2~x,u,v!51. ~3!

Supposing the length of the ferromagnetic rod to be mu
larger than the characteristic distance ofS/F proximity ef-
fect, we may use the conditionf (x,u,v)→0 asx→` and
the condition of continuity of the Eilenberger Green fun
tions at theS/F interface demonstrated in Ref. 16. Thus f
a weak proximity effect, the solution of Eilenberger equ
tions can be readily found inS and F regions~see for ex-
ample Ref. 17! and forvFx.0 we have
x,0, x.0,

f 05
D

V F11
V2v

V1v
expS 2Vx

vFx
D G , f 05

2D

V1v
expS 22

v1 ih

vFx
xD ,

f 0
15

D

V F12expS 2Vx

vFx
D G , f 0

150, ~4!

while for vFx,0

x,0, x.0,

f 05
D

V F12expS 22Vx

vFx
D G , f 050,

f 0
15

D

V F11
V2v

V1v
expS 22Vx

vFx
D G , f 0

15
2D

V1v
expS 2

v1 ih

vFx
xD , ~5!
ion

mi
where V5AD21v2. These results permit us to conclud
that in the ferromagnet, the normal Eilenberger funct
g(x,u,v)5A12 f (x,u,v) f 1(x,u,v)5sgn(vn) does not
have any dependance on the spatial coordinatex. Note that
similar behavior has been reported for the pureS/N case
treated in Ref. 18. Consequently, in pure limit, the density
states does not present any spatial variation~and even energy
dependence! in spite of oscillating decaying behavior off
and f 1 functions. This is a somewhat artificial situation b
cause in reality the impurity scattering is always present
plays an important role inS/F proximity effect. To obtain the
n

f

d

first-order correction~on the parameter 1/ht!1) to the den-
sity of states it is useful to use the following exact equat

vFx

]

]x
~ f f 1!5t21~ f̄ f 12 f̄ 1 f !g, ~6!

which can be readily derived from Eq.~1!. Further on we
may substitute on the right-hand sidef and f 1 by the solu-
tions f 0 and f 0

1 of the system of Eilenberger equations~2! in
the clean limit and putg5sgn(vn). Finally, we obtain two
first-order equations for different orientations of the Fer
velocities with respect to theS/F interface~and for positive
Matsubara frequencies!
4-2
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FIG. 2. Variation of the normalized density of states at low energy (v50.1h) in the ferromagnet as a function of the normalized distan
x/j f to theS/F interface. The different curves correspond to different values of the parameterht (ht51,ht52,ht53,ht54,ht55). The

parameterD̃5D/h is chosen to be 0.05.
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vFx.0, vFx,0,

tvFx

]

]x
~ f f 1!52 f̄ 0

1 f 0 , tvFx

]

]x
~ f f 1!5 f̄ 0f 0

1 . ~7!

Solving Eq.~7!, we find the following analytical expres
sion for the productf f 1

f f 1~x,v!5

2D2 expS 2
4~v1 ih !x

vF
D

t~v1 ih !~V1v!2

3F2~v1 ih !x

vF
EiS 2~v1 ih !x

vF
D

3expS 2~v1 ih !x

vF
D21G2

, ~8!

where Ei is the exponential-integral function Ei(x)
5*1

1`@exp(2xt)/t#dt. Using the relation g(x,u,v)

5A12 f (x,u,v) f 1(x,u,v) and performing analytical con
tinuation over Matsubara frequencyvn→ iv we directly ob-
tain the density of states for the spin-up orientationN↑
5Re@g(x,v→ iv)#. The density of states for spin-down or
entation follows from the substitutionh→2h. We have plot-
ted in Fig. 2 the total density of states as a function of
distance from the interface for different values of the para
eter ht. We obviously see that when the cleanliness of
sample increases~increasinght), the amplitude of the oscil-
lations of the density of states goes to zero in accorda
with the oscillations disappearance in the clean limit. We
22451
e
-
e

ce
e

that the predicted damped oscillations have a period of
order of magnitude ofvF /h, the coherence length in th
ferromagnet in the clean limit. Note also that far away fro
the interface, the total density of states decreases as sin(x)/x2,
compared to exp(2x)sin(x) dependence in the dirty-limi
case10 and see Sec. IV.

IV. DIRTY LIMIT

The quasiclassical equations describing a dirty superc
ductor has been derived by Usadel19 starting from the Eilen-
berger equations~1! and supposing that the electronic mea
free path of the electrons is short enough compared to
coherence length to produce an isotropization of movem
of electrons. Previously, the density of states in theS/N bi-
layer in the dirty limit has been calculated in Ref. 20 usi
Usadel equations and proved to give a good description
relevant experimental data.21 The analysis of the density-of
states oscillations inS/F system based on Usadel equatio
has been performed in Ref. 10. In this section we extend
approach taking into account the modification of diffusi
coefficient due to relatively strong exchange field in ferr
magnet (h@Tc). In case of strong impurity-scattering Eilen
berger functions can be written asf (x,u,v)5F(x,v)1 f 1
andg(x,u,v)5G(x,v)1g1, where the angular dependenc
is present inf 1 andg1 functions only,G5ḡ, F5 f̄ , and the
conditionsg1!G, f 1!F hold. Similar to the standard deri
vation of Usadel equations, we may perform the averag
~1! over the angleu@*d(cosu)#

~v1 ih !F1
1

2
vF cosu

] f 1

]x
5DG. ~9!
4-3
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FIG. 3. Variation of the real part of the

anomalous Green functionf̄ at zero energy as a
function of the normalized distance to theS/F
interface. The different curves are obtained f
different values of the parameterht (ht50,ht
50.1,ht50.2,ht50.25).
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After multiplying Eq. ~1! by vFcosu and averaging once
again over angle we obtain

S v1 ih1
G

2t D vF cosu f 11
1

6
vF

2 ]F

]x
5S D1

F

2t Dg1vF cosu.

~10!

Now for simplicity we may restrict ourself to the situatio
near the critical superconducting temperature where we
put G5sgn(vn), and the combination of Eqs.~9! and ~10!
leads immediately to

vF cosu
] f 1

]x
52

vF
2

6S v1 ih1
1

2t D
]2F

]x2
, ~11!

and finally we obtain the following Usadel equation

~v1 ih !F2
D f~122iht!

2

]2F

]x2
5D, ~12!

with the diffusion coefficientD f5(tvF
2/3). More generally

we may demonstrate that in the dirty limit in strong ferr
magnets, the standard Usadel equations19 are applicable with
the renormalizationD f→D f(122iht) andv→v1 ih. Note
that in the usual situation the condition of applicability
Usadel equations istTc!1, but in our case in the presenc
of strong exchange field it becomes more restrictiveht!1
@or l !j f5AD f /(2h)]. Due to conditionh@Tc we have
kept in Eq.~12! only the most-important corrections of th
orderht and neglected the terms proportional tovt. As in
our model the superconducting order parameter is equa
zero in theF layer, the anomalous Green functionF is the
solution of the Eq.~12! with D50. General boundary con
ditions in the dirty limit for Usadel equations have been d
rived by Kuprianov and Lukichev15

j fg
]F f

]x
5js

]Fs

]x
, ~13!
22451
ay

to

-

Fs5F f1j fgb

]F f

]x
, ~14!

whereg5(ssj f)/(s fjs), s f(ss) is the conductivity of theF
layer (S layer aboveTc), j f5AD f /(2h), js5ADs /(2Tc) is
the superconducting coherence length of theS layer, the pa-
rametergb5(Rbs f)/j f , whereRb is the S/F boundary re-
sistance. The parametergb is directly related to the transpar
ency of the interfaceT51/(11gb).22 The conditionT50
(gb5`) corresponds to a vanishingly small-boundary tra
parency, and the conditionT51 (gb50) corresponds to a
perfectly transparent interface. In our geometry, the prox
ity effect is weak, consequently close to the interface
distances of the order of magnitudejs the variations of the
Green functionFs are small. Thus, considering a weak pro
imity effect is equivalent to taking a limitg!1 in Eq. ~13!.
In this part, we only consider perfectly transparent interfa
and infinite S/F layers to avoid unnecessary mathemati
complications. The corresponding generalization for the c
of arbitrary transparency is straightforward. Thus the anom
lous Green function may be written directly as

F~ x̃,ṽ !5
D̃

AD̃21ṽ2
exp@2 x̃~11 i !~11 iht!#, ~15!

if we introduce the dimensionless coordinatex̃5x/j f , and
parametersṽ5v/h and D̃5D/h. The real part of the
anomalous Green function in the ferromagnet, which play
some sense the role of superconducting order-paramete
duced in a ferromagnet by proximity effect has the followi
form

Re@F~ x̃,ṽ !#5
D̃

AD̃21ṽ2
expF2

x̃

11ht
GcosF x̃

12ht
G .

~16!

For illustration, we present in Fig. 3 its dampe
oscillatory behavior for different scattering ratest. We see
4-4
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LOCAL QUASIPARTICLE DENSITY OF STATES IN . . . PHYSICAL REVIEW B64 224514
that the spatial period of the oscillationsj f(12ht) and the
damping length of the oscillationsj f(11ht) are both of the
order of magnitude of the superconducting coherence len
in the ferromagnet. However, the spatial period decrea
with increasinght, whereas the damping length increas
with increasinght. The similar behavior is characteristic fo
spatial dependance of the density of states . In the str
dirty limit ( ht→0), we get the simple damped oscillato
behavior Re@F( x̃,ṽ)#}exp(2x̃)cos(x̃) already found in Ref.
10

A. Infinite ferromagnet length

In this section, we examine the behavior of the density
states in the infinite ferromagnet at arbitrary temperatu
assuming that the dirty-limit conditions are held. We may u
the complete set of Usadel equations

2D̃ f,W @G~x,v,h!,W F~x,v,h!2F~x,v,h!,W G~x,v,h!#

12@v1 ih~x!#F~x,v,h!50, ~17!

G2~x,v,h!1F~x,v,h!F* ~x,2h,v!51, ~18!

whereD̃ f5D f(122iht) is the renormalized diffusion coef
ficient in the ferromagnetic region. However, due to the c
dition ht!1 of applicability of Usadel equations this reno
malization is small and we will omit it further in this pape
~as it has been demonstrated before it only weakly modi
the ratio between decaying length and period of oscillatio!.
Equations~17! and~18! naturally suggest the parametrizatio
of F and G by a function Q(x,v), such asF(x,v,h)
5sinQ(x,v,h) andG(x,v,h)5cosQ(x,v,h). Under this pa-
rametrization the Eq.~17! may be written as

2
]2Q~ x̃,ṽ !

] x̃2
12~ṽ1 i !sinQ~ x̃,ṽ !50, ~19!

with x̃5x/j f and ṽ5v/h. For infinite F and S layers, the
solution of this Sine-Gordon equation~19! is Q( x̃,ṽ)
22451
th
es
s

ng

f
e,
e

-

s

54 arctan@tan(u0/4)exp(2x̃A2Ai 1ṽ)#.23 In the case of per-
fectly transparent interfaces the normal Green function
be readily written as

G~ x̃,ṽ !5cosH4 arctanF tanS 1

4
arcsin

1

A11~ṽ/D̃ !2
D

3exp~2 x̃A2Ai 1ṽ !G J . ~20!

Note that in the limitT close toTc (D→0), this expres-
sion gives the same formula for the normal Green funct
G( x̃,ṽ) as in Ref. 10. To calculate the density of stat
N↑( x̃,ṽ), we perform, as usual the analytical continuati
vn→ iv of the normal Green functionG, and the density of
states for the spin-down orientation is found by substitutinh

by 2h in the expression givingN↑( x̃,ṽ). Note that the pe-
riod of these oscillations is always of the order of magnitu
of the coherence lengthj f whereas the amplitude of thes
oscillations strongly depends on the ratioD/v. The ampli-
tude of the oscillations increases when the ratioD/v get
closer to one and decreases when the ratioD/v tends to zero
or to infinity. In Fig. 4, we present the normalized density
states as a function of temperature for different distan
from theS/F interface.

B. Finite ferromagnet length

In the experiments11 the superconducting density of stat
has been measured in a thin ferromagnetic film with thi
nessdf in the range of 50– 100 Å. To describe the situation11

we may take into account the usual boundary conditions
vacuum interface (]F/]x)(x5df)50. It is possible to
present the explicit analytical results near the supercond
ing transition temperature. The solution of linearized Usa
equation fitting the general boundary condition at theS/F
boundary~14! and vacuum-interface condition is
f

F~ x̃!5
1

A11
ṽ2

D̃2

cosh@A2Ai 1ṽ~ x̃2d̃f !#

cosh@A2Ai 1ṽd̃f #2A2Ai 1ṽgb sinh@A2Ai 1ṽd̃f #
, ~21!

where the following dimensionless parameters are used,D̃5D/h,ṽ5v/h,x̃5x/j f , andd̃f5d f /j f . As usual, the density o
states for the spin-up direction is found by performing the analytical continuationvn→ iv of the normal Green functionG

N↑~ x̃,ṽ !5N~0!ReA12
1

12
ṽ2

D̃2

cosh2@~11 i !A11ṽ~ x̃2d̃f !#

$cosh@~11 i !A11ṽd̃f #2~11 i !A11ṽgb sinh@~11 i !A11ṽd̃f #%
2
, ~22!
4-5
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FIG. 4. Variation of the normalized local density of states (Ntot) for v50.3h as a function of the ratioD̃5D/h that gives an idea of the
density-of-states variation with the temperature. We suppose that the only temperature-dependant parameter isD(T) while the exchange field
h is constant. The different curves are obtained for different values of the distancex/j f from the interface (x50.5j f andx51.7j f).

FIG. 5. Variation of the normalized local density of states (Ntot) at zero energy as a function of theF layer thickness normalized by th
coherence lengthj f . The different curves are obtained for different values of the transparency coefficientgb (gb50.2,
gb50.6,gb51.1,gb51.5).
224514-6
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FIG. 6. Low-energy dependance~plotted as a function ofv/D) of the normalized local density of states (Ntot) for gb51.5 and for

different values of theF layer thicknessd̃f50.8, andd̃f53. The parameterD̃ is chosen to be 0.1.
a
th

a
t-

t
ter,
to

at
the
whereN(0) is the density of states per spin in the norm
state. The density of states for the opposite direction of
spinN↓ is simply found by substitutingh by 2h in Eq. ~22!.
The characteristic spatial dependance ofNtot(d̃f ,ṽ), for ṽ
!1 ~see Fig. 5!, is a damped-oscillatory behavior with
characteristic lengthj f ~much smaller than the superconduc
22451
l
e
ing coherence lengthjs). This characteristic length is almos
constant for all values of the transparency parame
whereas the amplitude of the oscillations is very sensitive
the value ofgb . The low-energy (v;D) dependance of
Ntot(d̃f ,v/D) is presented in Fig. 6. One should notice th
the shape of the density of states in the region close to
l
e-
-

s
e

-

f
r-

-
f

FIG. 7. The experimenta
points correspond to the measur
ment of the tunneling conduc
tance, done by Kontoset al.,11 at
zero energy vs the PdNi thicknes
normalized by the coherenc
lengthj f . The theoretical curve is
the best fit obtained by using for
mula~22!, with transparency coef-
ficient gb51.5. The resistivityr f

of the 50-Å thick PdNi layer is of
the order of magnitude of
50 mV cm, the coherence length
is of the order of magnitude o
50 Å and the sample has a su
face of area 100mm3100 mm.
So our fit gives an interface resis
tance of the order of magnitude o
431027 V, which is compatible
with the low-energy dissipation
measurement of Nb/PdNi/Nb
junctions.
4-7
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I. BALADIÉ AND A. BUZDIN PHYSICAL REVIEW B 64 224514
S/F interface~at df!j f), is similar to the density of states o
a conventional superconductor. There are divergencies o
density of states atv56D and also at much-higher ene
gies, whenv56h. It should be underlined that these dive
gencies would be in fact limited by the inelastic proces
that have not been considered in our model. In addition
tunneling measurements at finite temperatures, the fine s
ture of density of states always contributes in some ‘‘th
mally averaged’’ form and the peak atv56h is so narrow
that it certainly exceeds actual experimental resolution.

In the Kontoset al. experiment,11 an S layer of Niobium
and anF layer of PdNi have been used. The typical g
energy isDNb51, 4031023 eV, the measurement of th
conductance of theS/F junction has been made atT
50.3 K. So the resolution of this experiment is of the ord
of magnitude of 1024 eV5DNb/10, which is sufficient to
give an idea of the shape of the density of states av
;DNb . We have fitted their measurement of the tunnel
conductance at zero energy of the PdNi/Nb tunnel junct
with our theoretical expression of the density of states. T
only fitting parameter is the finite-transparency parame
gb . The best fit is obtained forgb.1.5 ~see Fig. 7! and it
reproduces well the experimental data for thicknesses la
than the coherence length. Indeed, close to the interface
experimental density of states can differ from our theoret
predictions for several reasons. First for experimental r
sons, a magnetically dead layer can appear and it may
hance artificially the coherence length. The presence of s
oxides layers that can be formed during the fabrication of
bilayer may also play some role. Finally note that in o
,

ev

i-

tt.
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theoretical approach we have neglected the influence of
ferromagnet on theS layer. If the corresponding condition
are not fulfilled in the experiment a notable modification
the superconducting order parameter near the interface
be produced.

V. CONCLUSION

We have calculated the superconducting density-of-st
induced in a ferromagnet by the proximity effect in a ric
variety of situations that could be useful for further expe
mental studies of peculiar proximity effect inS/F structures.
Our results clearly show that the appearing damping dens
of-states oscillations are quite robust and disappear onl
the nonrealistic extremely clean limit. The characteristic p
riod of these oscillations is much shorter than the superc
ducting coherence length and its precise form depends
large number of parameters, such as the exchange fieldh, the
transparency of the interface, and the thickness of the fe
magnetic layer. The existence of these oscillations under
most all conditions is quite important and means that
experimental conditions needed to fabricate Josephson j
tions with ap-phase shift, as suggested in Ref. 24, are pr
ably much-less restrictive than it was previously suppose
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