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Thermodynamics and spin-tunneling dynamics in ferric wheels with excess spin

Florian Meier and Daniel Loss
Department of Physics and Astronomy, University of Basel, Klingelbergstrasse 82, 4056 Basel, Switzerland

~Received 2 July 2001; published 20 November 2001!

We study theoretically the thermodynamic properties and spin dynamics of a class of magnetic rings closely
related to ferric wheels, antiferromagnetic ring systems, in which one of the Fe~III ! ions has been replaced by
a dopant ion to create an excess spin. Using a coherent-state spin path integral formalism, we derive an
effective action for the system in the presence of a magnetic field. We calculate the functional dependence of
the magnetization and tunnel splitting on the magnetic field and show that the parameters of the spin Hamil-
tonian can be inferred from the magnetization curve. We study the spin dynamics in these systems and show
that quantum tunneling of the Ne´el vector also results in tunneling of the total magnetization. Hence, the spin
correlation function shows a signature of Ne´el vector tunneling, and electron spin resonance~ESR! techniques
or ac susceptibility measurements can be used to measure both the tunneling and the decoherence rate. We
compare our results with exact diagonalization studies on small ring systems. Our results can be easily
generalized to a wide class of nanomagnets, such as ferritin.
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I. INTRODUCTION

Nanomagnets and molecular clusters are systems in w
macroscopic quantum phenomena may be observed in
form of quantum tunneling of the magnetization.1–3 Two sce-
narios must be carefully distinguished: incoherent mac
scopic quantum tunneling~MQT! and macroscopic quantum
coherence~MQC!. In the latter case, tunneling between e
ergetically degenerate spin configurations takes place
rateD/h large compared to the spin decoherence rateG. In
ferromagnetic molecular clusters such as Fe8 and Mn12 the
ground-state tunnel splittingD is small compared to\G.4–6

However,D is significantly larger in antiferromagnetic~AF!
systems7,8 which are promising candidates for the observ
tion of MQC in the form of coherent tunneling of the Ne´el
vectorn.

The ferric wheels~FW’s! Li:Fe6 , Na:Fe6 , Cs:Fe8, and
Fe10 ~Refs. 9–14! are a particularly interesting class of m
lecular magnets. Thes55/2 Fe~III ! ions are arranged on
ring, with an AF nearest-neighbor exchange couplingJ.0,
and a weak, easy-axis anisotropy (kz) directed along the ring
axis ez . For hx50, the classical ground-state spin config
ration has alternating~Néel! order with the spins pointing
along6ez . The two states with the Ne´el vectorn along6ez
~Fig. 1!, labeledu↑& and u↓&, are energetically degenerate a
separated by an energy barrier of heightNkzs

2. However,u↑&
and u↓& are not energy eigenstates. Rather, the low-ene
sector of the FW consists of a ground stateug&5(u↑&
1u↓&)/A2 and a first excited stateue&5(u↑&2u↓&)/A2, sepa-
rated in energy byD. For weak tunneling,ug& and ue& are
energetically well separated from all other energy eig
states.

For Fe10, the tunnel splittingD can be as large as 2.1
K.14,15 An estimate for the electron spin decoherence ratG
in FW’s can be obtained from the typical energy scales of
various interactions of the electron spins. These inclu
nuclear dipolar interactions with1H nuclei @0.1 mK ~Ref.
16!#, hyperfine interactions with57Fe @1 mK ~Ref. 17!#, in-
terring electron spin dipolar interactions~of order 10–50
0163-1829/2001/64~22!/224411~14!/$20.00 64 2244
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mK!, and possible interring superexchange processes, w
are difficult to estimate but may be of order 100 mK. How
ever, the tunnel splitting is sufficiently large that FW’s a
most promising candidates for coherent tunneling ofn even
in the presence of intrinsic or extrinsic sources of decoh
ence on energy scales up to 0.5 K.

Although quantum tunneling effects in antiferromagne
are more pronounced than in ferromagnets,7,8 the detection
of quantum behavior is experimentally more challengin
The reason for this is that magnetization and susceptib
measurements probe only the total spin of the molec
which, by symmetry, remains unaltered upon tunneling of
Néel vector. This problem is resolved in ferrimagnets a
antiferromagnets with uncompensated sublattice spins
which D is still large and tunneling ofn leads to large signals
in the alternating-current~ac! susceptibility,18–20 provided
that magnetic fields are small.21–24 Recent work25 indicates
that ferrimagnets exhibit a wealth of interesting tunnel s

FIG. 1. The two degenerate classical ground-state spin confi
rations of the ferric wheel Fe10.
©2001 The American Physical Society11-1
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narios also in finite magnetic fields.
In this paper we study magnetic rings closely related

the ferric wheels, in which one of the Fe~III ! ions has been
replaced by a Ga or Cr ion with spins850 or s853/2,
respectively, to create an excess spin. Such systems
been synthesized recently.26 Starting from a microscopic
model Hamiltonian,

Ĥ5J (
i 52

N21

ŝi• ŝi 111J8~ ŝ1• ŝ21 ŝ1• ŝN!

1\h•(
i 51

N

ŝi2S kz8ŝ1,z
2 1kz(

i 52

N

ŝi ,z
2 D , ~1!

which also accounts for modified exchange (J8) and anisot-
ropy (kz8) constants due to doping, we calculate various th
modynamic quantities and spin correlation functions. In E
~1!, N510, 8, or 6,h5gmBB/\, with B the external mag-
netic field, andg52 is the electron sping factor. As we will
show, the excess spinds5s82s is strongly coupled ton and
hence is expected to modify both the thermodynamic pr
erties and the spin dynamics of the FW. In contrast, for
impurity spin coupled weakly to the Ne´el vector,27 the ther-
modynamic properties of the wheel remain essentially un
tered. For the modified FW’s discussed in the present w
Néel vector tunneling also leads to oscillations of the to
spin which are in principle observable in ac susceptibility
electron spin resonance~ESR! measurements. Thermody
namic properties of AF systems with uncompensated sub
tice spins by now have been studied in great detail for v
ous anisotropy potentials and field configurations.28,29 One
main advantage of the small, high-symmetry modified F
studied in the present work is that the dependence of var
thermodynamic quantities and spin correlation functions
the small number of microscopic parameters entering Eq.~1!
can be evaluated analytically.

The outline of this paper is as follows. In Sec. II w
review the theory of spin tunneling in FW’s and calculate t
spin correlation functionsxaa . In Sec. III we discuss the
modified FW within a classical vector model and show th
in contrast to the FW, tunneling ofn now also results in
oscillations of the total spin. In Sec. IV and Sec. V, we d
velop a semiclassical theory of the modified FW, thus gen
alizing earlier work on AF systems with uncompensated s
lattice spins21–24 to BxÞ0. For uJ8/J21u!1, we evaluate
explicitly the tunnel splittingD̃ and magnetizationMx of the
modified FW, and show thatJ8 can be determined by mea
suring Mx . We calculate the Fourier transform of the rea
time susceptibilityxzz9 (v.D̃/\) and prove that Ne´el vector
tunneling can be detected in ac susceptibility or ESR m
surements. In Sec. VI, we discuss the modified FW for
limiting casesJ8/J@1 and J8/J!1. The relevance of the
present work for experiments is discussed in Sec. VII.
nally, we indicate that our results can be easily generalize
other systems such as ferritin~Sec. VIII!. We summarize our
results in Sec. IX.
22441
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II. THERMODYNAMICS AND SPIN DYNAMICS
OF THE FW

A. Thermodynamics

In this section, we give a brief review of previous work o
Néel vector tunneling in FW’s.14 In particular, we point out
that the notion of quantum tunneling applies only to Fe10 and
Cs:Fe8 ~and somewhat less to Na:Fe6) for largehx , but not
to Li:Fe6.

The minimal Hamiltonian of the FW’s contains only tw
parametersJ andkz ,

Ĥ05J(
i 51

N

ŝi• ŝi 111\h•(
i 51

N

ŝi2kz(
i 51

N

ŝi ,z
2 . ~2!

HereN510, 8, or 6 andŝN11[ ŝ1 , h5gmBB/\, with B the
external magnetic field, andg52 is the electron sping fac-
tor. Throughout this paper we restrict our attention toB
5Bxex , i.e., magnetic fields applied in the ring plane. F
kz50, the eigenstates of the total spinŜ5( i 51

N ŝi are also
energy eigenstates, with energy10,14 ES,Sx

.(2J/N)S(S11)

1\hxSx . For systems with weak anisotropy,kz
!2J/(Ns)2, the anisotropy can be taken into account in p
turbation theory for a wide range ofhx . However, the sce-
nario changes for large anisotropykz*2J/(Ns)2, where
mixing of different spin multiplets becomes appreciable,
is the case for Fe10, Cs:Fe8, and Na:Fe6.

Both the tunnel splittingD and the magnetizationMx of
the FW can be obtained from the partition functionZ0@hx#
which we evaluate using spin path integrals. Introduc
spin coherent states, we decompose the local spin fi
si ~Ref. 30!

si5~21! i 11sn1 l ~3!

into a Néel ordered field6sn (n251) and fluctuationsl'n
around it. For small systems containing six, eight, or t
spins, spatial fluctuations of the fieldsn and l are frozen out
at low temperatureT. Carrying out the Gaussian integra
over l, we obtainZ05*Dn exp$2*0

b\dt L0(n)/\% with a Eu-
clidean Lagrangian depending only onn,

L0@n#5
N\2

8J
@2~ in3ṅ2h!21~h•n!22v0

2nz
2#, ~4!

wherev05sA8Jkz/\.
In contrast to the classical description of the statesu↑& and

u↓& used in Sec. I, in a quantum mechanical treatmentn al-
ways exhibits quantum fluctuations around its classi
minima. The notion of quantum tunneling, however, is on
applicable ifn is well localized in the statesu↑& and u↓&, i.e.,
if 1 2^↑unz

2u↑&!1. The quantum fluctuations ofn can be
estimated from Eq.~4!. For h50, L0 describes two indepen
dent harmonic oscillators of frequencyv0, corresponding to
fluctuations ofn in the direction ofex andey . If the ampli-
tude of the fluctuations is small, we can evaluate the m
deviation of the Ne´el vector fromez , 12^nz

2&.2/(S0 /\),
where S0 /\5NsA2kz /J is the classical tunnel action
Hence, n is well localized alongez only if S0 /\@2 or,
1-2
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equivalently, if the ground-state energy 2v0/2 is small com-
pared to the potential barrierNkzs

2. The scenario changes
a strong magnetic fieldh5hxex , hx@v0, is applied in the
ring plane. Then, the mode ofn alongex is frozen out, such
that 12^nz

2&.1/(S0 /\), and the FW can exhibit quantum
tunneling if S0 /\@1. Note that for large tunnel actio
S0 /\*10, the tunnel splitting becomes small, which wou
make the system under consideration a less favorable ca
date for the observation of MQC.

The FW’s Li:Fe6 , Na:Fe6 , Cs:Fe8, and Fe10 have been
well characterized.10–13,15,31 For Fe10, J515.56 K andkz
50.0088J. For Cs:Fe8 , J522.5 K andkz50.0191J.13 For
Fe6 , J and kz vary appreciably depending on the cent
alkali-metal ion and ligands: for Na:Fe6 , J532.77 K and
kz50.0136J, whereas for Li:Fe6 , J520.83 K and kz
50.0053J.31,15 In Table I,S0 /\ and\v0/2mB are given for
Fe10, Cs:Fe8 , Na:Fe6, and Li:Fe6. As is obvious from these
values, for none of the molecular ringsS0 /\ is sufficiently
large to assure that a tunnel scenario is rigorously applic
if hx&v0. In Na:Fe6, even at largeBx@20 T, n is far less
well localized alongez than in Fe10, which hence remains
the most favorable candidate for the observation of quan
tunneling. Note, however, that even in Fe10 and Cs:Fe8 ,
S0 /\ is so small that corrections to the instanton techniq
used below may become large.32

For hx@v0, the magnetic fieldB strongly confinesn to
the (y,z) plane and thus determines the tunnel path of
electron spins. This allows one to evaluateZ0. We param-
etrize

n5~cosu,sinu cosf,sinu sinf! ~5!

and expandL0 to second order inq5u2p/2,

L0@n#5
N\2

8J
@2~hx2 i ḟ !22v0

2 sin2f#1
1

2
qG21@f#q,

~6!

whereG21@f#5(N\2/4J)@2]t
21(hx2 i ḟ)21v0

2 sin2f#, ḟ
5]tf, and v05sA8Jkz/\ as defined above. The typica
energy scales for the dynamics off and q are v0 and
hx , respectively. Due to this separation of energy scales,
can use an adiabatic approximation, in whichq oscillates
rapidly in a quasistatic harmonic potential33 (N\2/8J)(hx

2

22ihxḟ). Integrating outq, we obtain an expression forL0
depending only onf.14 For kBT/\!v0!hx , we find

TABLE I. S0 /\5NsA2kz /J and \v0/2mB for Fe10, Cs:Fe8 ,
Na:Fe6, and Li:Fe6.

S0 /\ \v0/2mB

Fe10 3.32 7.68 T
Cs:Fe8 3.91 16.37 T
Na:Fe6 2.47 20.11 T
Li:Fe6 1.54 7.98 T
22441
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L0@f#.
N\2

8J
@2~hx2 i ḟ !22v0

2 sin2f#1\
hx2 i ḟ

2

1O~v0
2/hx!, ~7!

where the term\(hx2 i ḟ)/2 arises from theq fluctuation
determinant. The two saddle points of Eq.~7!, f[p/2 and
f[3p/2, correspond to the two classical spin configuratio
sketched in Fig. 1. If tunneling is weak,S0 /\@1, the re-
maining path integral overf is straightforward.34,14 Sum-
ming all multi-instanton solutions, one finds

Z05expFbS N\2

8J
hx

22\
hx1v0

2 D GcoshS bD~hx!

2 D , ~8!

with the tunnel splitting

D~hx!5D0UsinS p
N\

4J
hxD U, ~9!

where b51/kBT, D058\v0AS0/2p\ exp@2S0 /\#, and
S0 /\5NsA2kz /J. In particular,D is periodic as a function
of hx . Differentiating with respect toBx , we obtain the
magnetization14

Mx5~gmB!FN\

4J
hx2

1

2
1

1

2\

]D

]hx
tanhS bD

2 D G . ~10!

Because]D/]hx is discontinuous at the zeros ofD, Mx ex-
hibits steps atBc,n5n4J/NgmB , where n51,2, . . . ,Ns.
From

Ma5~gmB!
N\

4J

1

ZE Dn@ha2 i ~n3ṅ!a2nah•n#

3expS 2E
0

b\

dt L0@n#/\ D , ~11!

it also follows that, for arbitraryhx , Ma50 for ha50, a

5y,z, which is a result of the invariance ofĤ0 under rota-
tion aroundB by p.35

B. Spin dynamics

We show now that the tunneling dynamics ofn does not
enter the susceptibility of the FW, i.e., that the imaginary p
of the susceptibility,xaa9 (v), has no absorption peakd(v
2D/\). To prove this, we calculate the susceptibility of th
total spin,Ŝ5( i 51

N ŝi , in Matsubara representation,

xaa~ ivn!5~gmB!2E
0

b\

dt eivnt

3@^Tt Ŝa~t!Ŝa~0!&2^Ŝa&2#, ~12!

wherea5x,y,z. As we will show below,xaa( ivn) contains
no terms proportional to 1/(ivn2D/\). This implies that ac
susceptibility or ESR measurements cannot be used to d
Néel vector tunneling in FW’s described byĤ0.

xxx( ivn) can be calculated from the generating function
Z@dhx(t)#, wheredhx(t) is a small probing field added to
1-3
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FLORIAN MEIER AND DANIEL LOSS PHYSICAL REVIEW B64 224411
the static fieldhx@v0. Because we are only interested in t
low-frequency response of the FW,vn&D/\!v0, we may
restrict our attention to a slowly varying fielddhx whose
Fourier components vanish forvn*D/\. The typical time
scale for the dynamics off, 1/v0, is short compared to the
time scale on whichdhx varies. In particular, approximatin
dhx(t) by a constant during instanton passage, we find

Z@dhx~t!#.expF E
0

b\dt

\ S N\2

8J
@hx1dhx~t!#2

2\
hx1dhx~t!1v0

2 D G
3coshF E

0

b\dt

\

D@hx1dhx~t!#

2 G . ~13!

Differentiating twice and settingdhx→0, for vn&D/\,

xxx~ ivn!5~gmB!2FN\

4J
1

1

2\

]2D

]hx
2
tanh~bD/2!

1
b

\ S 1

2

]D

]hx
D 2

cosh22~bD/2!dvn,0G . ~14!

The transverse susceptibilities can be evaluated dire
from d2Z/dha(t)dha(0), a5y,z. Using the parametriza
tion in Eq.~5!, q5u2p/2 can be integrated out in the pat
integral expression forxaa . After lengthy calculation~Ap-
pendix A!, we obtain forvn!hx

xyy~ ivn!.~gmB!2
N\

4J
,

xzz~ ivn!.~gmB!2
N\

4J
. ~15!

From Eqs.~14! and ~15! it is evident that none of the
susceptibilitiesxaa( ivn) contains a term proportional t
1/(ivn6D/\). In the tunneling regime discussed here,ug&
andue& are energetically well separated from all other stat
Then, Eq.~15! and the spectral representation

xaa~ ivn!5(
i , j

e2bEi

Z
u^ i uŜau j &u2S 1

ivn2~Ei2Ej !/\

2
1

ivn1~Ei2Ej !/\
D2b\dvn,0̂ Ŝa&2, ~16!

where u i & and u j & label energy eigenstates, imply th

^euŜaug&50 (a5x,y,z). Although for the parameters o
Fe10, Cs:Fe8, and Na:Fe6 tunnel corrections toxaa ne-
glected in Eq.~15! can be significant, the main conclusion
our calculation—that coherent tunneling ofn does not enter
the susceptibilitiesxaa—remains valid.

Indeed,̂ euŜaug&50 is a direct consequence of the inva
ance ofĤ0 as i→ i 11, i.e., the exchange of the two subla
22441
ly

s.

tices of the bipartite AF ring. In order to clarify this point, w
introduce the sublattice spin operators

ŜA5 (
i 5odd

ŝi , ŜB5 (
i 5even

ŝi , ~17!

with Ŝ5ŜA1ŜB . In a semiclassical description of the FW
spins of one sublattice couple ferromagnetically to ea
other. The classical spin fields30 si then obeysi5SA /(N/2)
for odd i andsi5SB /(N/2) for eveni. This amounts to treat-
ing SA and SB as single large spins7,8,22 with spin quantum
numberNs/2, andĤ0 reduces to

Ĥ0,subl5
4J

N
ŜA•ŜB1\h•~ŜA1ŜB!2

2kz

N
~ŜA,z

2 1ŜB,z
2 !.

~18!

Similar to the nonlinear sigma model~NLSM! formalism
used above,Ĥ0,sublprovides an appropriate description of th
low-energy physics of the FW.

In Fig. 2, the two classical ground-state spin configu
tions of Ĥ0,subl are shown. A finite magnetic fieldB tilts the
sublattice spins away from the direction ofB such thatS
5SA1SB is parallel toB. During tunneling ofn, the sublat-
tice spins retain their position relative to each other and
tate jointly aroundex . The total spin vectorS, however,
remains invariant during tunneling such that the real-ti
spin correlation function does not contain terms proportio
to eiDt/\ or, equivalently,̂ euŜaug&50.

III. PHENOMENOLOGICAL MODEL
FOR THE MODIFIED FW

The fact that the susceptibilitiesxaa of the FW show no
signature of the tunneling ofn is a consequence of the sym
metry of Ĥ0,subl under ŜA↔ŜB . In the modified FW’s@Eq.
~1!# this symmetry is broken, which makes them much mo
suitable for the observation of tunneling ofn. In this section
we discuss the saddle-point, i.e., classical, properties of
phenomenological sublattice model for the modified FW. W
generalize earlier work21–24 to finite magnetic fields and
show that, in contrast to systems with easy-pla
anisotropy,25 in molecular rings with easy-axis anisotrop
and finite excess spin,S oscillates asn tunnels.

Following Sec. II B, we introduceŜA andŜB as defined in

FIG. 2. Sublattice spins and total spin of the FW in magne
fields.
1-4
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Eq. ~17!. The HamiltonianĤ of the modified FW can thus b
mapped onto a simpler version in terms of sublattice spi

Ĥsubl5
4@~N22!Js212J8ss8#

~Ns12ds!Ns
ŜA•ŜB1\h•~ŜA1ŜB!

2
2kz

N F112~kz8s822kzs
2!/~Nkzs

2!

~112ds/Ns!2
ŜA,z

2 1ŜB,z
2 G ,

~19!

where ds5s82s, SA5(N/221)s1s85Ns/21ds, and SB
5Ns/2. Throughout this paper we assume the following
equalities:

udsu!Ns, ~20!

ukz8s822kzs
2u!Nkzs

2/2,Js, ~21!

2J8s8!NJs, ~22!

whereJ,J8.0. Equation~20! guarantees that the modifie
FW is an AF system with small excess spin, to which t
theory of Néel vector tunneling applies. For both Cr and G
dopant ions (udsu51 and 5/2, respectively!, Eq. ~20! is well
satisfied. Equation~21! will allow us to treat the difference in
sublattice anisotropies (kz8s822kzs

2) in perturbation theory.
Typical values ofkz8 andkz are on the order of only 0.01J,
such that this condition holds for most systems of intere
Finally, Eq. ~22! together with Eq.~20! assures that the
‘‘bulk’’ parameters of a FW are only slightly altered by ex
changing one single spin, such that the parameters of
undoped FW~Table I! still determine whether the modifie
FW is in a quantum-tunneling regime. However, as will
shown below, the excess spindsÞ0 leads to qualitative
changes in both thermodynamic and dynamic quantities.
further assume

kBT!\v0 , ~23!

which allows us to restrict our attention to the low-ener
sector of the FW, which consists of two tunnel-split sta
only.

We first discuss the classical vector model of Eq.~19! for
kz5kz850, but finitehx . For an AF system with equal sub
lattice spins, the spins would lie close to the plane perp
dicular to the fieldhx . As sketched in Fig. 2, tilting of the
spins leads to a gain in energyN\2hx

2/8J. However, for un-
compensated sublattices, the configuration sketched in
3~a! provides an energy gainudsu\hx and hence is favorable
for \hx!udsu8J/N5\hc . Only for hx@hc is the classical
ground-state spin configuration as sketched in Fig. 3~b!. The
energy is minimized if the projections ofSA andSB onto the
(y,z) plane are antiparallel, such thatS5SA1SB is parallel
to B. This picture remains valid for a system with easy-plane
anisotropy andB applied in the easy plane.25

The scenario changes for easy-axis (ez) anisotropy and a
magnetic fieldB perpendicular toez . First, the anisotropy
favors the spin configuration sketched in Fig. 3~b! over that
in Fig. 3~a!. The true classical ground-state spin configu
22441
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tion depends on the ratiokz /\hx . More importantly, even
for hx@hc , S now has a component perpendicuar toB. The
reason for this is that fordsÞ0 or kz8s822kzs

2Þ0, Eq.~19!
is no longer invariant under exchange ofSA and SB if kz
Þ0. Due to Eq.~21! and~22!, the componentsSy andSz of
the total spin can be evaluated perturbatively. With the po
angle f parametrizing the projection ofSA onto the (y,z)
plane, to leading order inds and (kz8s822kzs

2)/2Js we
obtain

S Sy

Sz
D .S ds

v0
2

hx
2

1
kz8s822kzs

2

2Js D sin2fS cosf

sinf D . ~24!

As is evident from Eq.~24!, finite Sy or Sz can be due to
dsÞ0 or kz8s822kzs

2Þ0, i.e., excess spin or unequal effe
tive anisotropies forSA andSB .

According to Eq.~20!, the modified FW is an AF system
with small excess spin which is expected to exhibit sp
tunnel dynamics qualitatively similar to the FW, as indicat
by the close formal analogy between Eqs.~18! and~19!. For
magnetic fields

max@\v0 ,udsu8J/N#!\hx!4Js, ~25!

the sublattice spin vectorsSA and SB lie close to the (y,z)
plane. Due to the easy-axis anisotropy, configurations w
SA andSB close to thez axis are energetically favorable. It i
noteworthy that the conditionhx@v0 is not indispensible for
quantum tunneling ofn, but only assures that a tunnel sc
nario remains applicable for a wider range ofkz ~Sec. II A!.
In contrast,\hx@udsu8J/N guarantees that there are two e
ergetically degenerate, macroscopically distinct spin confi
rations between which spin tunneling may take place25 and
hence, in general, will shift the range of magnetic fields
which a tunneling scenario as discussed in the present
text ~Fig. 1! is valid. Henceforth, we will always assume th
Bx is large enough to satisfy Eq.~25!. For sufficiently large
kz , the two-state model for the low-energy sector of the s
tem outlined in Sec. I then still applies. As Eq.~24! indicates,
the modified FW exhibits one important novel feature: asn
tunnels betweenez and2ez (f5p/2 andf53p/2, respec-
tively!, the z component of the total spin,Sz , oscillates be-
tweenS05@dsv0

2/hx
21(kz8s822kzs

2)/2Js# and2S0.

FIG. 3. Classical ground-state spin configurations~schemati-
cally! of an AF system with excess spin in a magnetic field.~a! kz

5kz850 and hx,hc5udsu8J/N\. ~b! hx.hc and kz5kz850. ~c!
hx.hc . Now, the finite anisotropieskz ,kz8Þ0 lead to a finite com-
ponentSz perpendicular to the magnetic fieldB.
1-5
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IV. THERMODYNAMICS OF THE MODIFIED FW

In order to quantify the statements on Ne´el vector tunnel-
ing in modified FW’s~Sec. III!, we now develop a semiclas
sical theory of the modified FW. In this section, we discu
thermodynamic quantities such as the magnetizationMx and
specific heatcv . While our theory treats the spins semicla
sically, we give the explicit dependence on the microsco
parameters ofĤ @Eq. ~1!#. To this end we evaluate the pa
tition functionZ, thus generalizing the procedure reviewed
Sec. II A to systems withkz8Þkz , J8ÞJ, and dsÞ0. The
most significant change is that, fordsÞ0, the staggering
@Eq. ~3!# must be modified in order to account fors1

25s82.
The ansatz

s15s8n1
s8

s
l,

si5~21! i 11sn1 l ; iÞ1 ~26!

is equivalent to the assumption that spins within sublatticeA
and B are ferromagnetically coupled.7,8,21–24The results for
the magnetizationMx and susceptibilities obtained from th
ansatz turn out to be in good agreement with those obta
from numerical exact diagonalization~ED! ~see below and
Sec. V! as long asuJ8/J21u!1. We restrict ourselves to thi
case first and discuss further limiting casesJ8!J and J8
@J in Sec. VI.

As for the FW,14 at low temperatures spatial variations
the Néel field n, and the fluctuationsl around it, are sup-
pressed in small ring system. With the coherent spin st
defined in Eq.~26!,36

Z5E Dn Dl d~n• l!e2S[n,l]/\, ~27!

where

S@n,l#52 i\S s8vFn1
1

s
lG1s(

i 52

N

vF ~21! i 11n1
1

s
lG D

1E
0

b\

dt H@n,l#. ~28!

Here,

H@n,l#52F ~N22!J12
s8

s
J8G l21\S N1

ds

s Dh• l

2@~N21!kzs
21kz8s82#nz

21
2

s
~kzs

22kz8s82!nzl z

1ds\h•n ~29!

is the classical energy of a given spin configuration. T
small term @(N21)kz1kz8# l z

2 has already been neglecte
The first term in Eq.~28! is the Berry-phase term, wher
v@V# denotes the area traced out by some vectorV~t! on the
unit sphere. Here, we use the south pole gauge„i.e.,
v@V(t)[2ex#50…. Expanding the Berry-phase term
leading order inl with the parametrization Eq.~5! yields
22441
s

-
ic

ed

es

e

2E
0

b\

dtF idsḟ~11cosu!1 i S N1
ds

s D ~n3ṅ!• lG . ~30!

The first term is due to the fact that, fordsÞ0, the Berry-
phase terms of the AF-ordered componentss8v@n#

1s( i 52
N v@(21)i 11n#5*dt @Nsḟ1dsḟ(11cosu)# do not

add to an integer multiple of 2p.37,38

Carrying out the Gaussian integral overl we obtainZ
5*Dn exp$2*0

b\dtL@n#/\%, with a Euclidean Lagrangian

L@n#5
N\2

8J̃
$2~h1hAnzez2 in3ṅ!2

1@~h1hAnzez!•n#22ṽ0
2nz

2%

1ds\@h•n2 i ḟ~11cosu!#, ~31!

where

J̃

N
5

~N22!J12s8J8/s

~N1ds/s!2
,

hA5
2~kzs

22kz8s82!

~N1ds/s!s\
,

ṽ0
25

8J̃

N
@~N21!kzs

21kz8s82#. ~32!

Equation~31! is the analog of Eq.~4! for the FW. A finite
excess spinds of the modified FW leads to two significan
changes inL@n#: first, the typical energy scales of the syste
are slightly renormalized,J→ J̃ and v0→ṽ0, even forJ8
5J andkz85kz . More importantly,L acquires an additiona
term due to the Zeeman energy and Berry phase of the
compensated spindsn. For all cases of experimental interes
due to Eq.~21!, we havehA!ṽ0!hx . The hA-dependent
terms in Eq.~31! hence lead only to minor modifications o
the thermodynamic properties of the modified FW compa
to the FW, but feature in the dynamics.

We will show now that, forhxÞ0, n and hence the exces
spin no longer trace a tunneling path in the (y,z) plane. As
can be seen from

L@f,u#.
N\2

8J̃
@2~hx2 i ḟ !22ṽ0

2 sin2f#2 i\dsḟ

1
N\2

8J̃
F u̇21cos2u„~hx2 i ḟ !21ṽ0

2 sin2f…

12 cosu~hx2 i ḟ !S ds
4J̃

N\
1hA sin2u sin2f D G ,

~33!

the time scales for the dynamics off andu separate due to
Eq. ~25!, and we can again invoke the adiabatic approxim
tion used in Sec. II B. Hereu oscillates in a slowly varying
harmonic potential with the potential minimum atu0, where
1-6
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cosu052
hx2 i ḟ

~hx2 i ḟ !21ṽ0
2 sin2f

S 4J̃

N\
ds1hAsin2f D . ~34!

Corrections to the adiabatic approximation are beyond
order of the present calculation. Equation~34! shows that
finite dsÞ0 or hAÞ0 leads to a shift in the saddle points
the LagrangianL@f,u# away fromu05p/2, which is due to
the fact that thenSA2SB no longer lies in the (y,z) plane
@Fig. 3~c!#. Expanding Eq.~33! to second order inq5u
2u0 and carrying out the Gaussian integral overq, we ob-
tain af-dependent effective Lagrangian

L@f#5
N\2

8J̃
@2~hx2 i ḟ !22ṽ0

2 sin2f#2 i\S ds1
1

2D ḟ

1\
hx

2
1O~ṽ0

2/hx ,NhAṽ0/8J̃!. ~35!

Comparison with the corresponding Lagrangian fords50
@Eq. ~7!# shows that, to leading order in the excess spinds
and anisotropy fieldhA , the only effect of an excess spi
is to introduce an additional topological phase2 idsḟ. In
particular, in contrast to the casehx50 discussed in
earlier work on tunneling in ferrimagnets,21–24 the potential
barrier and hence the real part of the tunnel action
only slightly altered by the excess spin. This is due to
fact25 that, for \hx.udsu8J/N @Eq. ~25!#, the system is in
the AF regime in which the tunnel splitting is only slight
modified by the excess spin. Note that Eq.~35! is formally
identical to Eq.~7!, which provides a rigorous proof of th
statement that the modified FW also may exhibit tunneling
n for sufficiently large anisotropy, as already claimed on b
sis of physical arguments at the end of Sec. III.

Using the same techniques as for the FW, we find

Z5expFbS N\2

8J̃
hx

22\
hx1ṽ0

2 D GcoshS bD̃

2
D , ~36!

with the tunnel splitting

D̃~hx!5D̃0UsinpS N\

4J̃
hx1dsD U , ~37!

where S̃/\5Nṽ0/2J̃ and D̃058\ṽ0AS̃/2p\ exp@2S̃/\#.
From Eq.~36! it is also straightforward to derive all thermo
dynamic quantities of interest. In particular, for the free e
ergy F, the magnetizationMx , and the specific heatcv we
obtain

F5\
ṽ01hx

2
2

N\2

8J̃
hx

22
1

b
ln coshS bD̃

2
D , ~38!

Mx5~gmB!FN\hx

4J̃
2

1

2
1

1

2\

]D̃

]hx
tanhS bD̃

2
D G , ~39!

cV5kBS bD̃

2
D 2

cosh22S bD̃

2
D . ~40!
22441
e

e
e

f
-
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The most significant change in the thermodynamic proper
of the modified FW is that, for half-integerds, the zeros
of D̃ and hence the magnetization steps are shifted by a m
netic field 2J̃/NgmB , i.e., half of a magnetization plateau
compared to the unmodified wheel~Fig. 4!. The magnetiza-
tion plateaus then lie at half-integer spin values. At lowT,
the specific heatcv should exhibit a characteristic Schottk
anomaly, with a peak atT0.0.4D̃/kB . So far,cv has been
measured only forBx50 in Fe10 and Fe6 samples.39 Mea-
surements ofT0 in cv(T) for varioushx@ṽ0 would in prin-
ciple allow one to observe the characteristic sinusoidal va
tion of D̃ as function ofhx .

The width of the magnetization plateaus,dBc,n5Bc,n11

2Bc,n54J̃/NgmB , whereBc,n is the field at which the mag
netizationMx exhibits thenth step, is a quantity which is
accessible in experiments and from whichJ8 can be inferred.
Our theory predicts

dBc,n~J8!2dBc,n~J85J!58
s8/s

~N1ds/s!2

~J82J!

gmB
. ~41!

In Fig. 5 we compare the functional dependence predicted
Eq. ~41! with the results of ED on small rings,N54, s
52, s853/2 ~upper panel!, ands851 ~lower panel!, respec-

FIG. 4. Schematic plot of the ground-state magnetization o
modified FW with integer~solid line! and half-integer~dashed line!
ds, respectively.

FIG. 5. Comparison of ED~symbols! and analytical~solid line!
results for the difference in plateau width,dBc,n(J8)2dBc,n(J8
5J) as function ofJ82J for ds521/2 ~upper panel! and ds
521 ~lower panel!. N54, s52, kz5kz850.1J. The numerical
error of the data points60.00234J/NgmB is smaller than the
symbol size.
1-7
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tively, for uJ8/J21u<0.1.40 The ED results are in good
agreement with the analytical result. The deviations
uJ8/J21u*0.1 signal the breakdown of our ansatz in E
~26! for J8 significantly different fromJ ~see Sec. VI below!.

We show now that although, for a given direction ofn, the
total spinS acquires a component perpendicular to the fi
B, the magnetizationMa50 still vanishes fora5y,z. We
define the fieldsma(t)5d*dtL@n#/d„\ha(t)…uha[0 such

that Ma52(gmB)*Dnma(t)exp(2*dtL/\)/Z. Using Eq.
~33!, we obtain

mz5
N\

4J̃
@2hAnz~12nz

2!1hxnxnz1 i ~n3ṅ!z#1dsnz

.2
N\

4J̃
hAsinf1ds

ṽ0
2

~hx2 i ḟ !2
sin3f

1 i
N\

4J̃
u̇0 cosf1O~q!, ~42!

with u0 defined in Eq.~34!.41 As follows from the invariance
of Ĥ under rotation aroundB by p, M y5Mz50 for arbitrary
hx . In particular, atT50, Mz50 indicates that the groun
state is not a state with definite direction ofn, but rather a
coherent superposition of such states,~u↑&1u↓&!/A2, as
expected for a system which shows coherent Ne´el vector
tunneling.

V. DYNAMICS OF THE MODIFIED FW

As we have shown above, the effective actionL@f# of the
modified FW @Eq. ~35!# is formally identical to that of the
FW @Eq. ~7!#. In particular, for large anisotropykz , such that
S̃/\@1, the modified FW is in the quantum tunneling r
gime ~Sec. II A!. In this section, we evaluate explicitly th
spin susceptibilityxzz(t) for the modified FW.

In order to motivate this, we first calculatexzz using the
results of the classical vector model~Sec. III!. Forn alongez
or 2ez , the z component of the total spin vector is finite
Sz56S0, where S05dsv0

2/hx
21(kz8s822kzs

2)/2Js. For
n(t50)5ez , the coherent tunneling ofn then results in an
oscillating Sz(t)5S0cos(D̃t/\), such that the Fourier trans
form of the ~real-time! susceptibility exhibits an absorptio
pole xzz9 (v.D̃/\)5puS0u2tanh(bD̃/2)d(v2D̃/\).

Generalizing the procedure for the FW~Appendix A! to
dsÞ0, we calculate the quantum corrections to this res
from42

xzz~t!5~gmB!2
N\

4J̃
~12^sin2f&!d~t!1~gmB!2

1

Z

3E Dn expS 2E
0

b\

dtL@n#/\ Dmz~t!mz~0!,

~43!

with mz(t) given in Eq.~42!. As for the undoped FW, the
correlations of theq terms inmz(t) give rise to a strongly
peaked term (gmB)2N\d(t)^sin2f&/4J̃. We hence find43
22441
r
.

d

lt

xzz~t!5~gmB!2
N\

4J̃
d~t!1~gmB!2

1

Z

3E Df expS 2E
0

b\

dtL@f#/\ D
3S 2

N\hA

4J̃
sinf~t!1ds

ṽ0
2

hx
2

sin3f~t!D
3S 2

N\hA

4J̃
sinf1ds

ṽ0
2

hx
2

sin3f D . ~44!

In stark contrast to the undoped FW, the path integral in
~44! gives rise to terms proportional to exp@6D̃utu/\# such
that, upon Fourier transform, the susceptibility in Matsub
representation contains terms 1/(ivn6D̃/\). The path inte-
gral is most easily evaluated in a Hamiltonian descriptio
We requantize the fieldf and use an effective two-stat
Hamiltonian to evaluate the matrix elements. Inserting
expression forhA , we find ~Appendix B!

u^euŜzug&u5UN~kz8s822kzs
2!

2J̃s~N1ds/s!
S 12

J̃

N\ṽ0
D

1ds
ṽ0

2

hx
2 S 123

J̃

N\ṽ0
DU , ~45!

xzz9 ~v.D̃/\!5p~gmB!2u^euŜzug&u2 tanhS bD̃

2
D d~v2D̃/\!.

~46!

Equations~45! and ~46! are the main results of this section
For ds525/2 or 21 ~for Ga and Cr dopants, respectively!,
u^euŜzug&u can be of order 0.1 even forhx*3ṽ0. For kBT

&D̃ the susceptibility of the modified FW then exhibits
resonance atv56D̃/\ which is accessible in ac suscep
bility or ESR measurements. The termsJ̃/N\ṽ0

51/(2S̃/\) in u^euSzug&u are quantum corrections to the cla
sical result derived at the beginning of this section.

So far we have ignored decoherence of the spin tunnel
which is crucial for the notion of MQC. The conditionG
.D̃/\, whereG is the electron spin decoherence rate, ma
the transition from coherent to incoherent tunneling dyna
ics. As is evident from the classical vector model discus
in Sec. III, Sz follows the tunneling dynamics ofn. In par-
ticular, for a single modified FW, the decay rate
u^nz(t)nz&u, G, is also the decay rate of the component
u^Sz(t)Sz&u oscillating at frequencyD/\. ForGÞ0, thed peak
in Eq. ~46! is then broadened into a Lorentzian of widthG. In
experiments carried out on an ensemble of modified FW
inhomogeneous broadening~e.g., due to crystal defects o
nuclear spins! adds to the width of the resonance peaks. T
experimentally determined linewidth of the absorption a
emission peaks provides an upper limit forG. This should
1-8
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allow one to settle the experimentally unresolved problem
whether true quantum coherence is established in fe
wheels.

Finally we compare our result for the transition matr
elementu^euSzug&u entering Eq.~46! with results obtained
from ED on small rings for a wide range of parameters~Figs.
6–8!. For simplicity, we assumeJ85J. In the range of va-
lidity of our theory@Eq. ~25!#, for dsÞ0 ~Figs. 6 and 8!, the
agreement of ED~L! with analytic results~—! is both quali-
tatively and quantitatively convincing.44 The small oscillat-
ing features seen in the exact results are due to tunne
correctionsO(exp@2S̃/\#) to u^euSzug&u, which were ne-
glected in Eq.~45!. For Fig. 7, whereds50, our theory
makes the correct qualitative prediction thatu^euSzug&u de-
pends only weakly onhx , but overestimates the matrix ele
ment. However, due to the smallness of the matrix elem
for ds50, the discrepancy can be due to terms neglecte
the derivation of Eq.~35!. The significantly different quali-
tative features of Fig. 7 compared to Figs. 6 and 8 arise fr
the fact thatds50 in Fig. 7. The different functional depen
dence ofu^euSzug&u on hx for the two casesdsÞ0 andds

FIG. 6. Transition matrix elementu^euSzug&u for small rings,N
54 with J85J, s55/2, s852. In the upper panel,kz5kz850.1. In

the lower panel,kz5kz850.055J is chosen such thatS̃/\.3.3 as for
Fe10. The analytical result ~solid line! is shown for

max@\ṽ0,udsu8J/N#,\hx,4Js. Due to Eq.~25!, our theory is rigor-

ously valid only for fields much larger than max@\ṽ0,udsu8J/N# and
much smaller than 4Js.

FIG. 7. Transition matrix elementu^euSzug&u for a small ring
N54 with J85J, s5s852, i.e.,ds50, but kz851.5kz and hence

hAÞ0. Again, kz50.0655J is chosen such thatS̃/\.3.3, as for
Fe10. The analytical result ~solid line! is shown for

max@\ṽ0,udsu8J/N#,\hx,4Js. See also caption of Fig. 6.
22441
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50 is well understood within the theoretical framework pr
sented here@Eq. ~45!#. The very large difference in matrix
element magnitude illustrates the importance of looking
doped rings in experiment.

We conclude this section by remarking that, for finite e
cess spinds, the second transverse susceptibilityxyy9 (v)

also has an absorption pole atv5D̃/\. However, sinceey is
a hard axis, the spectral weight of this pole is significan
smaller than that ofxzz9 (v), such that Ne´el vector tunneling
in the modified FW’s can be more easily detected by prob
the latter quantity.

VI. THERMODYNAMICS AND SPIN DYNAMICS
FOR J8ÕJš1 AND J8ÕJ™1

The deviations of the ED results from our theoretical p
dictions shown in Fig. 5 indicate that, forJ8/J!1 or J8/J
@1, the theory developed in Sec. IV is no longer imme
ately applicable. Indeed, results obtained by ED for
ground-state magnetizationMx in small rings (N54, s52,
ands853/2) ~Fig. 9! indicate that one of the main results o
Sec. IV—thatMx exhibits a series of equally spaced magn
tization steps—does not hold anymore. As we will show b
low, this is due to the fact that our ansatz, Eq.~26!, needs to
be modified forJ8 significantly different fromJ. In this sec-
tion we show that, for the limiting cases ofJ8@J or J8
!J, the modified FW can be mapped onto the problem d
cussed in the preceding sections. We discuss the qualita
features ofMx for these systems and show that coher
tunneling ofn also results in coherent oscillations of the to
spin.

J8!J. In this limit, s1 decouples from all other spins an
aligns antiparallel toB for \hx*J8s. The remaining spins
s2 , s3, . . . ,sN form an open spin chain, as sketched in F
10~a!. As shown in Appendix C, the Lagrangian of an op
spin chain with an odd number of spins can also be map
onto Eq. ~35!, with ds5s and slightly renormalizedJ̃

FIG. 8. Transition matrix elementu^euSzug&u obtained with the
phenomenological sublattice Hamiltonian@Eq. ~19!# for Fe10 with
ones55/2 substituted by~a! a dopant withs853/2 ~e.g., Cr! @nu-
merical data~L!, analytical prediction~solid line!# and~b! a dopant
with s850 ~e.g., Ga! @numerical data~s!, analytical prediction
~dashed line!#. Note that, in this case, the numerical data is n
obtained from ED of Eq.~1!, but rather of Eq.~19!. For simplicity,
we assumedJ85J and kz85kz50.0088J. The analytical results
~solid and dashed lines! are shown for max@\ṽ0,udsu8J/N#,\hx

,4Js. See also caption of Fig. 6.
1-9
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FLORIAN MEIER AND DANIEL LOSS PHYSICAL REVIEW B64 224411
5JN(N22)/(N21)2. We predict thatMx has the following
features.

~i! Mx*gmB(s81s) for 2J8s!\hx .
~ii ! For max@\ṽ0 ,s8J̃/N#!\hx!4J̃s, Mx exhibits a se-

ries of equally spaced magnetization steps with plateau w
dBc,n54J̃/NgmB . Depending on whetherds is half-integer
or integer, the plateaus correspond to states with half-inte
or integer total spin, respectively.

J8@J. In this limit, the spinssN , s1, ands2 are strongly
coupled. In a semiclassical picture,s1 aligns antiparallel to
sN and s2 and the three spins act as one single spinu2s
2s8u coupled tos3 andsN22 with exchange constantJ @Fig.
10~b!#. For simplicity we assumes8,2s. Then, for \hx

!J8(s2ds11), Ĥ can be mapped onto a Hamiltonian
the form of Eq. ~1! with N→N22, J8→J, kz8→(kz8s82

12kzs
2)/(2s2s8)2, and s8→2s2s85s2ds. Because all

N22 exchange couplings in the new Hamiltonian are id
tical, the theory developed in Secs. IV and V remains ap
cable. In particular, for the ground-state magnetizationMx
we make the following predictions.

~i! For max@\ṽ0 ,udsu8J/(N22)#!\hx!4Js, Mx ex-
hibits a series of equally spaced magnetization steps
dBc,n.4J/(N22)gmB . Depending on whetherds is half-
integer or integer, the plateaus correspond to states with h
integer or integer total spin, respectively.

~ii ! For \hx*J8(s2ds11), the Zeeman energy is suffi
ciently large to destroy the AF configuration ofsN , s1, and
s2. This results in a series of additional magnetization st
with spacingJ8.

Note that a similar argument also applies ifJ8,0. In this
case, the three spinssN , s1, and s2 are ferromagnetically
coupled and align parallel. Again, the system can be map
onto a smaller ring@as in Fig. 10~b!#, where nows8→2s
1s8. The magnetization curve resembles the one show
the upper panel of Fig. 9. In Fig. 9, ED results for small rin
with N54, s52, s853/2 are displayed. The qualitative fea
tures agree with all the above predictions.

We conclude that even the qualitative features ofMx al-
low one to estimate the parameterJ8 of a modified FW. Even

FIG. 9. Mx(Bx) at T50 for a small system withJ8!J ~upper
panel! or J8@J ~lower panel!. Here,N54, s52, s853/2, kz5kz8
50.1.
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more importantly, as we have shown, also forJ8!J andJ8
@J the modified FW can be mapped onto the Lagrang
@Eq. ~31!# of a system which exhibits quantum tunneling
n. In all cases discussed above, the quantum tunnelingn
leads to coherent oscillations of the total spinS and thus can
be observed in ac susceptibility or ESR measurements.

VII. DISCUSSION

The theory described in Secs. IV, V, and VI allowed us
derive explicit expressions for both thermodynamic quan
ties @Eqs.~39! and~40!# and the susceptibilitiyxzz9 @Eqs.~45!
and ~46!# of modified FW’s. In order to establish a con
nection with experimental issues, we now outline the st
necessary to detect coherent Ne´el vector tunneling. For sim-
plicity we restrict our considerations to Fe10 with Ga (ds
525/2) or Cr (ds521) impurity ions and assumeJ8.J.

For finite excess spinds, the two energetically degenera
spin configurations~Fig. 1! required for coherent spin tun
neling as discussed in the present work certainly exis
\hx@udsu8J/N @Eq. ~25!#. This tunneling regime is well
within experimental reach for Cr dopants (Bx@9 T), but not
for Ga dopants (Bx@23 T).45 For Cr dopants (s8Þ0), how-
ever, the two new parametersJ8 andkz8 introduced inĤ @Eq.
~1!# must first be determined in order to characterize the r
system.

Both J8 andkz8 can be obtained from the measurement
two independent thermodynamic quantities, such as
ground-state magnetization and tunnel splitting. A schem
plot of the ground-state magnetization for integerds (s) is
shown in Fig. 4. Although the magnetization steps a
smeared out at finite temperature, forT&1 K, the magneti-
zation step spacingdBc,n still can be obtained with high
accuracy.10 With dBc,n54J̃/NgmB and Eq.~32!, this allows
one to determineJ8. The on-site anisotropykz8 can be ob-
tained fromD̃, which depends sensitively on the tunnel a
tion S̃}A(N21)kzs

21kz8s82 and hence onkz8 . The tunnel
splitting D̃ ~and hencekz8) is accessible either in ac susce
tibility or ESR measurements@Eq. ~46!# or in measurements
of thermodynamic quantities, such ascv . Torque magnetom-
etry is another experimental technique which has been u
to determine the anisotropy constant with quasispectrosc
accuracy.31

OnceJ8 andkz8 are known, Eq.~46! determines both the
position and the spectral weight of the resonance inxzz9 (v)
which arises from coherent quantum tunneling ofn. The
characteristic functional dependence ofD̃ @Eq. ~37!# and
u^euSzug&u2 @Eq. ~45!# on hx predicted by our theory can b
checked experimentally. Finally, it is noteworthy that, a
thoughD̃ can be determined from thermodynamic quantiti
the key problem of MQC is the measurement of the decoh
ence rateG which is accessible only in dynamic quantitie
such as ac susceptibilities.

Throughout the current work, we have considered FW
with only one dopant ion. As we have shown in the prece
ing sections, thermodynamic and dynamic quantities
doped FW’s may differ significantly from those of undope
FW’s. In the large samples investigated experimentally, d
1-10
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ing will lead to a random distribution both of the number
dopant ions and of their position relative to the direction
the magnetic field. We defer a detailed analysis of these
sues to a future publication. Here we note only that the r
dom distribution of impurities does not invalidate the abo
considerations and stress the qualitative features which
sure this. The choice of a low impurity concentration resu
in a large majority of the FW’s containing no dopants
having only one dopant ion, which allows one to extract
system parameters of the singly doped FW’s. When intrar
dipolar interactions make a significant contribution to t
effective uniaxial anisotropykz , doping with only one ion
changes the effective anisotropy from uniaxial to biaxial. T
theoretical framework presented in this paper can be rea
extended to account for biaxial anisotropies. Because
original uniaxial anisotropy dominates the biaxial correctio
the altered tunnel splittingsD̃ i in a singly doped FW have a
magnitude similar toD̃ for the undoped FW and a separatio
which is small by comparison. Thus ac susceptibility or E
measurements can be expected to observe signals c
sponding to reversals of the total spin accompanying N´el
vector tunneling and governed by the frequenciesD̃ i .

VIII. SPIN QUANTUM TUNNELING IN FERRITIN

The theoretical framework developed in this work is qu
general and applies to other systems besides AF ring
tems. In particular, the results of the classical sublat
model~Sec. III! can be easily extended to different system
In order to illustrate this point, we now discuss natu
horse-spleen ferritin and artificial magnetoferritin, in whi
spin quantum tunneling has already been studied exp
mentally18–20and theoretically.22–25,46The experiments were
carried out in the presence of small static magnetic fie
(Bx&1026 T). In this regime,BxÞ0 leads to an energy bia
between the statesu↑& andu↓&, and tunneling is suppressed fo
increasingBx .

Recently it was shown25 that, for sufficiently large field,
i.e., \hx;udsu8J/N, there are again two energetically d
generate spin configurations between which spin quan

FIG. 10. ~a! For J8!J, s1 decouples from all other spins and th
modified FW can be mapped onto an open spin chain excludings1.
~b! For J8@J, sN , s1, ands2 are strongly coupled such that the
can be described as one single large spin. The Hamiltonian o
ring then maps onto that of a modified FW withJ85J.
22441
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tunneling may take place. In natural horse-spleen ferritin46

J.200 K andds/N.0.05. For a system with uniaxial har
axis anisotropyĤan,z5kz( i ŝi ,z

2 , the tunnel barrier and henc
the tunnel action can be effectively controlled over a wi
range of parameters by varying the magnetic fieldBx applied
in the easy plane.25 Tunneling in the plane perpendicular toB
gives rise to a topological phase acquired by the spins.47,48,6

A drawback of the setup considered in Ref. 25 is that,
uniaxial hard axis anisotropy, spin tunneling leaves the to
spinS invariant if B is applied perpendicular to the hard axi
As for the FW with equal sublattice spins, spin tunneli
cannot be observed in ac susceptibility measurements.

However, experiments indicate that, in addition to t
strong hard-axis anisotropy, ferritin also exhibits a seco
weak hard-axis anisotropyĤan,y5ky( i ŝi ,y

2 , where46 ky /kz

.1023. In self-sustaining films of natural horse-splee
ferritin, the hard axisez is perpendicular to the film.20 In the
simplest experimental setup, interference of different s
tunnel paths then could be explored if a fieldB5Bzez
is applied along the hard axis. As long as\hz!Nkzs

2/ds
~.10 K for horse-spleen ferritin!, due to the large anisotrop
energy the spins remain confined to the film plane such
there are again two energetically degenerate spin config
tions similar to Fig. 1. Tunneling takes place in the pla
perpendicular toB, with a tunnel splitting

D5D0UcospS Stot1
N\

4J
hzD U, ~47!

where D0.531025 K and the total staggered spin isStot
.2.534500 for natural horse-spleen ferritin.D is periodic as
a function ofBz , with a perioddBz54J/NgmB ~.0.13 T for
natural horse-spleen ferritin!. The advantage of this tunne
scenario is that quantum tunneling ofn also results in a
tunneling of the excess spinds and hence leads to a larg
resonance peak in the susceptibility per ferritin molecu
i.e.,

xxx9 ~v.D/\!.
1

2
p~ds!2 tanhS bD

2 D d~v2D/\!. ~48!

The factor 1/2 takes into account the random distribution
easy axes in the film plane. Due to the spread in part
number, the total staggered spin of the system can be e
integer or half-integer. Hence, one will observe two differe
tunnel splittings varying withhz as D5D0ucos(pN\hz/4J)u
and D5D0usin(pN\hz/4J)u. An experimental confirmation
of this behavior would provide further strong evidence th
the resonance observed in ac susceptibility measuremen
ferritin18–20 is due to macroscopic spin tunneling. In partic
lar, the period of the oscillations ofD as function of the
applied fieldBz would allow one to estimate the total numb
of tunneling spins.

IX. CONCLUSION

The AF ring systems discussed here, modified fer
wheels which are already available to experimentalists, co
bine the advantages of AF and ferromagnetic molecular m

he
1-11
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nets. The tunnel splittingD̃ is sufficiently large that quantum
coherence between macroscopically different states is es
lished. Tunneling of the Ne´el vectorn also leads to a tunnel
ing of the total spinS, thus making the spin dynamics i
modified FW’s accessible to experiment. We have conside

the simplest realistic model HamiltonianĤ @Eq. ~1!# for a
system in which, for example, one of the Fe ions is e
changed by Cr or Ga. We showed that the additional par

eters enteringĤ can be inferred from equilibrium quantitie
such as the magnetization. Moreover, for a wide range
parameters, the system still exhibits MQC in the form
coherent tunneling ofn. Finally, we calculated spin correla
tion functions of the modified FW and showed that tunnel
of n can indeed be observed in ac susceptibility or E
experiments, which allow one to measure both the tun
splitting D̃ and an upper bound for the spin decoherence
G. Hence they should be appropriate to verify experim
tally that Néel vector tunneling in FW’s is coherent.

Throughout this work we have used spin coherent-s
path integrals leading to a NLSM description for the mo
fied FW. The main advantage of this technique over ED
that thermodynamic and dynamic quantities can be evalu
for a realistic system size. In addition, an intuitive physic
understanding of the spin dynamics~quantum tunneling of
n) can be obtained. A drawback of the analytical approa
chosen in the present work is that it naturally requires
proximations. Corrections to our results, in particular 1s
corrections, may become appreciable for the parameter
the FW’s. However, our analytical results foru^euŜzug&u
agree well with ED results obtained for small systems. F
the parameter range explored in ED, deviations from
theoretical predictions become significant mainly ifs8 is
small (s851/2 or 1), where the ansatz, Eq.~26!, fails due to
large quantum fluctuations ofŝ1. Although numerical work
on rings withN56, 8, and 10 is challenging, some resu
have been obtained for the ground-state magnetization
torque.15 A detailed numerical study also of spin correlatio
functions would provide clearer evidence for the range
validity of the present approach and could explore its limi
tions. For example, as is well known, the sublattice Ham
tonian, Eq.~18!, is exact forN54. For increasingN, how-
ever, ED results49 show that there are small deviations fro
Ĥ0,subl.

Note that our work also has important implications f
undoped ferric wheels. Recent torque,50 cv ,50 and proton
1/T1 measurements51 on single crystals of various Fe6 com-
pounds indicate that these FW’s could exhibit physics
yond the Hamiltonian, Eq.~2!. One important future step in
explaining the new experimental data will be to clarify
which extent the observed phenomena can be attribute
inhomogeneous level broadening. The theoretical framew
presented here allows one to calculate analytically the in
mogeneous level broadening resulting from a random dis
bution of single exchange couplingsJ8 and on-site anisotro
pies kz8 which could be a consequence of lattice defects
Fe6 crystals. Indeed, recent work on Mn12 suggests that lat
tice distortions52 and a distribution of anisotropy energie
22441
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andg factors53,54 could account for the observed broad d
tribution of tunneling rates in Mn12.

Finally, we stress once more that the HamiltonianĤ @Eq.
~1!# discussed in this paper is a simple model Hamiltoni
which still leads to fascinating novel features in the physi
properties of the modified FW’s. However, as discussed
Sec. VII, realistic systems might require modification of E
~1!. Generalization of the present approach to more com
cated anisotropies is, however, straightforward.
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APPENDIX A: SUSCEPTIBILITIES

In this appendix, we sketch how the transverse susce
bilities xaa( ivn), a5y,z, can be evaluated for the FW wit
HamiltonianĤ0 @Eq. ~2!#. With M y5Mz50,42

xaa~t!5~gmB!2
N\

4J
d~t!~12^na

2&!1~gmB!2S N\

4J D 2 1

Z

3E Dn@ i ~n3ṅ!a1nahxnx#t@ i ~n3ṅ!a

1nahxnx#0 expS 2E
0

b\

dt L0@n#/\ D , ~A1!

where the first~second! square bracket is evaluated att ~0!.
Using the parametrization in Eq.~5! and expanding to sec
ond order inq5u2p/2, for a5y the terms in square brack
ets read

i ~n3ṅ!y1nyhxnx52~hx2 i ḟ !q cosf2 i q̇ sinf. ~A2!

The corresponding expression fora5z can be obtained by
settingf→f2p/2. Integratingq, we obtain

xyy~t!5~gmB!2
N\

4J
~12^cos2f&!d~t!1S N\

4J D 2 1

Z

3E Df expS 2E
0

b\

dt L0@f#/\ D
3$Gqq~t!@hx2 i ḟ~t!#cosf~t!~hx2 i ḟ !cosf

1 iGqq̇~t!@hx2 i ḟ~t!#cosf~t!sinf

1 iG q̇q~t!sinf~t!~hx2 i ḟ !cosf

1 i 2Gq̇q̇ ~t !sinf~t!sinf%. ~A3!

The Green functions are defined byGqq(t)5^Ttq(t)q&
2^q&2. In the high-field limithx@v0, all Green functions
1-12
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are strongly peaked att50. Using the adiabatic approxima
tion outlined in Sec. II A, we find fromL0@n# @Eq. ~6!# @up to
O(v0

2/hx
2)]

Gqq~t!.
2J

N\~hx2 i ḟ !
e2(hx2 i ḟ)utu, ~A4!

Gqq̇~t!.
2J

N\
sgn~t!e2(hx2 i ḟ)utu, ~A5!

Gq̇q̇~t !.
4J

N\
d~t!2

2J~hx2 i ḟ !

N\
e2(hx2 i ḟ)utu, ~A6!

whereḟ5ḟ(0). Along the classical path, the fieldf varies
on a time scale 1/v0, i.e., slowly on the time scale ove
which the Green functions vanish, which allows us to
exp@2(hx2iḟ)utu#→@2/(hx2 i ḟ)#d(t) in Gqq andGq̇q̇ . Be-
causeGqq̇52Gq̇q the second and third terms in Eq.~A3!
cancel. To leading order inv0 /hx we then obtain

xyy~t!.~gmB!2
N\

4J

3F ~12^cos2f1sin2f&!d~t!1
hx

2
e2hxutuG

5~gmB!2
N\hx

8J
e2hxutu.~gmB!2

N\

4J
d~t! ~A7!

and

xzz~t!.~gmB!2
N\hx

8J
e2hxutu.~gmB!2

N\

4J
d~t!. ~A8!

APPENDIX B: TWO-STATE MODEL
OF THE MODIFIED FW

As shown in Secs. I and II, for weak tunnelingS̃/\@1,
the low-energy sector of the~modified! FW can be described
as a two-state model with basisu↑& and u↓&. In this approxi-
mation,Ĥ52(D̃/2)@ u↑&^↓u1u↓&^↑u#, where the parameter
of the original microscopic Hamiltonian enterD̃.

For any operatorÔ, the transition matrix element be
tweenug& and ue& can be evaluated from

^euÔug&5
1

2
~^↑uÔu↑&2^↓uÔu↓&1^↑uÔu↓&2^↓uÔu↑&!.

~B1!
22441
t

For hx@ṽ0 the stateu↑& describes a Gaussian probabili
distribution for n in the plane 'B with variance

^↑u cos2fu↑&52J̃/N\ṽ051/(S̃/\) ~Sec. II A!. Expanding
sinf.6(12cos2f/2) for f.p/2 and f.3p/2, respec-
tively, we obtain

u^eusinfug&u.
1

2
u^↑usinfu↑&2^↓usinfu↓&u.12

J̃

N\ṽ0

.

~B2!

The terms^↓usinfu↑& are of order exp@2S̃/\# and hence
negligible in the weak tunneling regime. Similarly, we al
find

u^eusin3fug&u.123
J̃

N\ṽ0

. ~B3!

APPENDIX C: EFFECTIVE LAGRANGIAN FOR AN OPEN
AF SPIN CHAIN

In this appendix we show that an open spin chain with
odd numberN21 of spinssi , i 52,3, . . . ,N, can be mapped
onto the Lagrangian of a modified FW. For simplicity w
restrict ourselves to the chain

H5J (
i 52

N21

ŝi• ŝi 111\h•(
i 52

N

ŝi2kz(
i 52

N

ŝi ,z
2 . ~C1!

Again, we assume that the system exhibits AF order and
the staggeringsi5(21)isn1 l for the spin fields, withl•n
50. Spatial variations of the fieldsn and l are strongly sup-
pressed in the small system under consideration. We he
can proceed as in Sec. IV and carry out the Gaussian inte
over l. We obtain

Lchain@n#5
~N21!2\2

8J~N22!
$2~h1hAnzez2 in3ṅ!2

1@~h1hAnzez!•n#2%2~N21!kzs
2nz

2

2s\@h•n2 i ḟ~11cosu!#, ~C2!

wherehA522skz /(N21)\. Evidently, by appropriate defi
nition of J̃ and ṽ0, the Lagrangian of the open spin cha
can be mapped onto that of the modified FW@Eq. ~31!# with
excess spinds5s.
ys.
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2/hx

2 , which is beyond the precision of our result, E
~35!. Hence we compare ED and analytical results only
dBc,n(J8)2dBc,n(J), for which this shift nearly cancels.

41Note that the classical value formz at the saddle points of the pat
integral,f5p/2 and 3p/2, respectively, coincides with the valu
derived from the classical vector model in Sec. III, as it shou

42S. Allen and D. Loss, Physica A239, 47 ~1997!.
43Terms proportional to cosf in mz lead only to small contributions

of order exp@2S̃/\# to u^eum̂zug&u. This allows us to neglect the

term i u̇0cosf @Eq. ~42!#.
44However, we donot claim that this is an indication that our an

satz, Eq.~26!, provides a fullmicroscopicdescription of the
local spin directions.

45Note that also the anisotropy energy favors a spin configuratio
sketched in Fig. 3~c! such that the conditionhx@udsu8J/N can
be relaxed. Consequently, also for Ga dopants a tunneling
nario is feasible.

46J. G. E. Harris, J. E. Grimaldi, D. D. Awschalom, A. Chioler
and D. Loss, Phys. Rev. B60, 3453~1999!.

47A. Garg, Europhys. Lett.22, 205 ~1993!.
48V. Yu. Golychev and A. F. Popkov, Europhys. Lett.29, 327

~1995!.
49J. Schnack and M. Luban, Phys. Rev. B63, 014418~2001!.
50A. Cornia, M. Affronte, and J. Hinderer~private communication!.
51A. Lascialfari, F. Borsa, M. Horvatic, and M.-H. Julien~private

communication!.
52E. M. Chudnovsky and D. A. Garanin, Phys. Rev. Lett.87,

187203~2001!.
53K. Park, M. A. Nowotny, N. S. Dalal, S. Hill, and P. A. Rikvold

cond-mat/0106276~unpublished!.
54K. M. Mertes, Y. Suzuki, M. P. Sarachik, Y. Paltiel, H. Shtrikma

E. Zeldov, E. Rumberger, D. N. Hendrikson, and G. Christo
cond-mat/0106579~unpublished!.
1-14


