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Vibrational model for the direct-exchange diffusion of substitutional B in Cu
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~Received 26 June 2001; published 20 November 2001!

Recently it was shown that substitutional B impurities in Cu metal diffuse via a direct-exchange mechanism.
In this paper a model for this mechanism is proposed. From the temperature dependence of the electric field
gradient produced by the B atom at its nearest Cu neighbors it is concluded that the local vibration of the B
atom within its cage of Cu neighbors triggers the direct-exchange mechanism.
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The basic diffusion mechanisms for impurities or host
oms in crystalline lattices are~i! the vacancy mechanism
where a substitutional atom jumps into a neighboring
cancy, ~ii ! the interstitial mechanism where an interstit
atom moves between interstitial sites, and~iii ! the intersti-
tialcy mechanism where an interstitial atom takes the site
a substitutional one by pushing it into the interstitial lattic1

In contrast to these well-established scenarios information
the direct-exchange mechanism, where two neighboring
oms change their sites, either directly or in a ring process
still scarce.2 To the best of our knowledge up to now the on
experimental verification of this process has been achie
for the case of diluted substitutional B atoms in copp
metal.3

It is the aim of this paper to give a simple physical exp
nation of these findings. We shall see that a local vibration
the light B impurity triggers the site exchange between th
and one of the neighboring Cu atoms. This direct exchang
in contrast to the ring mechanisms discussed in Ref. 2. S
the argument of the present paper is applicable whenev
light impurity takes a substitutional site, it is probable th
the scenario found for B in copper holds for a large num
of other systems as well.

Let us start with a short recapitulation of the essen
results of our previous work. Radioactive spin-polarized12B,
produced in a nuclear reaction, was implanted into sing
crystalline copper and studied by nuclear magnetic resona
and cross relaxation by monitoring the asymmetricb-decay
radiation of 12B. For details readers should consult the ori
nal paper.3 The main result of the work was the following: I
the temperature range of 400–750 K there are two B spec
an interstitial and a substitutional one. Both of them diffu
independently on their respective lattices; there are no
change jumps in between. From these findings the inte
tialcy mechanism is excluded. But for substitutional boro
the vacancy mechanism can be excluded as well, since
number of thermally activated vacancies in the studied te
perature range is by far too small to explain the obser
jump rates. The direct B-Cu exchange mechanism thus
mains the only explanation for the diffusion of substitution
boron.

From cross-relaxation measurements between subs
tional B and its Cu neighbors the electric field gradie
~EFG! produced by the B impurity at the nearest Cu neig
bor was determined.4–6 For the following discussion one o
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the Cu neighbors in the bottom plane of the surround
cube is selected as a representative~see Fig. 1!. From sym-
metry considerations alone it is obvious that the main axe
the EFG tensor are oriented along the crystalline@101#,

@010#, and@101̄# axes, and that there should be an asymm
try parameterhÞ0. From the experiment it could be con
cluded only that either the largest EFG component po
along the@101# axis, and the smallest one along the@101̄#
axis, or vice versa. The second alternative is not plausible
a charged impurity, however. We therefore adopt the nota
x̃, ỹ, and z̃ for the @101̄#, @010#, and @101# axes, respec-
tively, to be in accordance with the usual EFG conventio
The crystalline main axes are denoted byx, y, andz.

As usual, we introduce the notationVz̃z̃5eq and h
5(Vx̃x̃2Vỹỹ)/Vz̃z̃ for the largest EFG component and th
asymmetry parameter, respectively. ForT<600 K both q
andh show a temperature dependence according to

q~T!5q0@112.18~9!31024T/K#,

h~T!5h0@121.09~30!31023T/K#, ~1!

with e2q0Q(63Cu)/h51.737(7) MHz, h050.58(13) ~Ref.
7!, andQ(63Cu)520.211(4)310228m2 ~Ref. 8!. From Eqs.
~1! we have

1

h0

dh

dT
525.2~1.5!

1

q0

dq

dT
. ~2!

FIG. 1. The substitutional B atom~hatched! in a fcc lattice of Cu
atoms~solid circles!.
©2001 The American Physical Society01-1
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The increaseof the electric field gradient with tempera
ture is highly unusual. The ordinary behavior is adecrease
with temperature. In many cases it can be well described
a T3/2 dependence9

q~T!5q0~12aT3/2!, ~3!

which can be explained in terms of thermal vibrations of
lattice.10

The increase of the EFG with temperature will turn out
be the main key for identification of the underlying mech
nism. Our working hypothesis is that again lattice vibratio
are responsible for the temperature dependence of the E
But in contrast to Ref. 10 we assume that the only vibrat
of relevance is the local mode of the B atom within the ca
of its surrounding Cu neighbors and that the contributions
all other vibration modes can be neglected.

We start with the static case by expanding the electrost
potential produced by the B impurity into a multipole expa
sion and stopping at the quartic term:

V~x,y,z!5 f ~r !1g~r !@x41y41z423~x2y21x2z21y2z2!#,
~4!

where f (r ) and g(r ) are arbitrary functions of r
5Ax21y21z2. For cubic symmetry there are no furth
terms up to fourth order. It is obvious that the expansion
contain only even powers of the coordinates, but one m
argue that there should be a quadratic term in the expans
However, because of symmetry, such a term has to be o
form h(r )(x21y21z2). It is thus a function ofr and can be
incorporated intof (r ).

If the potential is generated by point charges exclusiv
V has to obey the homogeneous Poisson equationDV50. In
the far-field region the potential can be expanded as

V5(
lm

alm

Ylm~u,f!

r l 11
~5!

with suitably chosen coefficientsalm . Comparison with Eq.
~4! shows thatf (r ) andg(r ) are given by

f ~r !5
a

r
, g~r !5

b

r 9
, ~6!

wherea andb are constants. But due to the presence of th
impurity, the electron density is modified as well. Therefo
V(x,y,z) must obey the inhomogeneous Poisson equa
DV524pr, wherer is the electron density. As a cons
quencea and b become functions ofr comprising informa-
tion on the electronic screening.a(r ) in particular is ob-
tained from solution of the equation a9(r )5
2r *r(r ,u,f)dV where the integration is over the full soli
angle. This is easily seen by inserting expansion~5! into the
inhomogeneous Poisson equation and using the orthogo
ity of the spherical harmonics.

From Eq.~4! we get for the EFG principal axis compo
nents at the nearest-neighbor sites

Vx̃x̃2Vỹỹ515R2g,
22430
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Vz̃z̃5
2

3
R2f 22

1

6
R6g22

4

3
R4g123R2g, ~7!

wheref 05 f (R) and f n115(1/r ) f n8ur 5R . Corresponding ex-
pressions hold forgn . HereR is the distance between the
atom and the nearest Cu neighbors.

Equation~7! holds for arbitrary functionsf (r ) andg(r ),
i.e., arbitrary electronic charge distributions. But for the fu
ther procedure we have to make an approximation. Let
assume for simplicity thatg(r ) is given by an exponentially
screenedr 29 potential

g~r !5b
e2lr

r 9
, ~8!

where l is of the order of the reciprocal lattice consta
~alternatively, we could have taken a screening function
cillating with the Fermi wavelengthlF). The value ofg(R)
will be changed considerably by the screening, but theratios
R2g1 /g and R4g2 /g vary only by 10%–20% iflR is
changed from 0 to 2~which should cover the complete rang
of admissible screening lengths!. We may therefore replace
in Eq. ~7! these ratios by theirl50 values at the price of an
error of about 10% for the EFG components and obtain

Vx̃x̃2Vỹỹ515R2g,

Vz̃z̃5
2

3
R2f 22

15

2
R2g. ~9!

Equation ~9! shows thatf 2 and g may be expressed in
terms ofeq0 andh0 as

f 25
3

2 S 11
h0

2 Deq0

R2
,

g5
1

15
h0

eq0

R2
. ~10!

In the next step we study the change of the electrost
potential~4! due to a vibrational shift of the position of the
atom by replacingx, y, and z by x2xB , y2yB , and z
2zB wherer B 5(xB ,yB ,zB ) is the B position. Taking only
the terms linear in the the B coordinates and restricting ag
the multipole expansion of the potential to the two leadi
terms, we obtain

Vvib ~x,y,z!52S xB

]

]x
1yB

]

]y
1zB

]

]zDV~x,y,z!

52 f̃ 1~r !~xxB 1yyB 1zzB !

1g̃~r !@xxB ~24x216y216z2!

1yyB ~6x224y216z2!

1zzB ~6x216y224z2!#. ~11!

We have writtenf̃ 1(r ) andg̃(r ) instead off 1(r ) andg(r )
to allow for the fact that due to the shift of the B atom th
electron density and the positions of the neighboring Cu
1-2
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VIBRATIONAL MODEL FOR THE DIRECT-EXCHANGE . . . PHYSICAL REVIEW B 64 224301
oms are changed somewhat, giving rise to a modification
the radial dependencies. The first term on the right-hand
of Eq. ~11! describes the vibration of the B atom within i
cage, whereas the second term takes into account a v
tional tetragonal distortion of the surroundings~in addition
there may be, e.g., trigonal distortions, but again we foll
the philosophy adopted throughout this paper and apply
simplest approach possible!.

Calculating the electric field gradient of the vibration
part of the potential and proceeding analogously as abov
replacing the ratiosr 2 f̃ 3 / f̃ 2 , R2g̃1 /g̃, etc., by theirl50
values, we obtain

~Vvib ! x̃x̃2~Vvib ! ỹỹ52 f̃ 2~ x̃x̃B 2 ỹỹB !

130g̃~4x̃x̃B 14ỹỹB 16z̃z̃B !,

~Vvib ! z̃z̃54 f̃ 2~ x̃x̃B 1 ỹỹB 22z̃z̃B !

130g̃~6x̃x̃B 29ỹỹB 24z̃z̃B !, ~12!

where nowx̃B ,ỹB ,z̃B andx̃,ỹ,z̃ denote the deviations of th
B and Cu atoms from their respective equilibrium positio

In the next step the vibrational part of the EFG has to
averaged over the B position. The calculation becomes
ticularly simple if we assume that all vibrational averag

^x̃x̃B &, ^ ỹỹB &, and ^ z̃z̃B & are equal. This approximation i
admittedly somewhat questionable. Since thex̃, ỹ, and z̃
directions are inequivalent, it is improbable that the avera
are exactly the same. But the mean value (^x̃x̃B &1^ ỹỹB &
1^z̃z̃B &)/3 cancels out, and only the deviations from t
mean value survive. For theg̃ terms, on the other hand, th
mean values do not cancel. Takingg/ f 254h0/45(21h0)
@see Eq.~10!# as an estimation forg̃/ f̃ 2 it seems at leas
probable that theg̃ terms will dominate thef̃ 2 ones. Neglect-
ing thus thef̃ 2 contributions, we obtain for the total EFG
including static and vibrational contributions,

~Vtot ! x̃x̃2~Vtot ! ỹỹ515R2g1420g̃^z̃z̃B &,

~Vtot ! z̃z̃5
2

3
R2f 22

15

2
R2g2210g̃^ z̃z̃B &. ~13!

Because of momentum conservation, the vibrational a
age^z̃z̃B & is negative. Furthermore, it is proportional toT in
leading order. Equation~13! thus describes qualitatively cor
rectly the linear increase ofeq with T. From Eq.~13! we
obtain for the relative changes ofq andh with T

1

q0

dq

dT
52

210g̃

eq0
^z̃z̃B &

1

h0

dh

dT
5

420g̃

eq0h0
^z̃z̃B &2

1

q0

dq

dT
, ~14!

whence follows
22430
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h0

dh

dT
52S 11

2

h0
D 1

q0

dq

dT
. ~15!

Insertingh050.58 we obtain (dh /dT)/h0524.5 (dq/dT)/
q0, in perfect agreement with the value found in the expe
ment @see Eq.~2!#.

For a more quantitative comparison between experim
and theory we repeated the previous EFG measurem
with higher precision and over a larger temperature ran
The result is shown in Fig. 2. In contrast to the earl
results6 it is now evident that the increase ofeq with tem-
perature flattens with increasing temperature. The comp
temperature dependence can be well described by

q~T!5q0~11AT2BT2!, ~16!

where e2q0Q(63Cu)/h51.619(12) MHz, A55.20(13)
31024K21, andB52.78(11)31027K22.

A comparison with Eq.~1! shows that the coefficient o
the linear term has increased by a factor of about 2. But
is no contradiction: if the right-hand side of Eq.~16! is lin-
earized atT5500 K, we obtain a linear term in complet
accordance with the earlier result.

The quadratic term in the temperature dependence of
EFG suggests that we have to go beyond the harmonic
proximation to explain the experimental findings. The expa
sion of the mechanical potential seen by the B impur
within its cage of surrounding Cu atoms reads in the t
leading orders

VB ~xB ,yB ,zB !5
D0

2
~xB

2 1yB
2 1zB

2 !1
D1

2R2
@xB

2 1yB
2 1zB

2 #2

1
D2

2R2
@3~xB

2 yB
2 1xB

2 zB
2 1yB

2 zB
2 !

2~xB
4 1yB

4 1zB
4 !#. ~17!

All constantsD0 , D1, andD2 are positive provided tha
the repulsive part of the B-Cu interaction decreases m
rapidly thanr 21. The second fourth-order term destroyin
the full rotational symmetry does not survive the vibration
average to be performed below and will therefore be d

FIG. 2. Temperature dependence of the quadrupole-coup
constante2qQ/h of the electric field gradient produced by B at i
nearest-neighbor Cu site. The solid line is a best fit using Eq.~16!.
1-3
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carded in the following. From Eq.~17! we obtain for the
equation of motion of thezB component

mB z̈B 52D0zB 22
D1

R2
zB ~xB

2 1yB
2 1zB

2 !, ~18!

wheremB is the B mass. Corresponding equations of mot
are obtained forxB andyB . The equations may be approx
mately solved by means of the ansatz

xB 5xB
0 cosvt, yB 5yB

0 cosvt, zB 5zB
0 cosvt,

~19!

wherev still has to be determined. Replacing furtherxB
2 ,

yB
2 , andzB

2 on the right-hand side of Eq.~18! by their time
averages (xB

0 )2/2, etc., we obtain

v25
D0

mB
1

D1

mB R2
@~xB

0 !1~zB
0 !1~zB

0 !2#. ~20!

In this approximation the fourth-order correction just leads
a modification of the vibration frequency, a fact well know
from the theory of the pendulum.

The equation of motion for thez coordinate of the Cu
neighbor reads

mCu z̈52DCu~z2zB !, ~21!

whereDCu is the spring constant coupling thez coordinate of
the Cu to thezB coordinate of the B atom. This ansatz a
sumes that the neighboring Cu atom is driven by the mo
of the B impurity. The fact that the vibrations of the C
neighbors conversely modify the B vibration is ignored. Th
approximation is allowed in view of the fact that the mass
B is by a factor of 6 smaller than that of Cu, with the co
sequence that the vibration amplitude of the latter one is
about one order of magnitude smaller. With expression~19!
for zB we obtain

z5z0 cosvt ~22!

as the solution, where

z05
DCu

DCu2mCuv
2

zB
0 . ~23!

Assuming that all spring constants are comparable in s
the second term in the denominator exceeds the first on
a factor ofmCu /mB '6, justifying the approximation

z052
DCu

mCuv2
zB

0 . ~24!

Inserting expression~20! for v2 and expending the de
nominator we obtain up to third order inzB

0

22430
n
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z052
DCumB

D0mCu
$12l1@~xB

0 !21~yB
0 !21~zB

0 !2#%z̃ B
0 ,

l15
D1

D0R2
. ~25!

Now we are in the position to calculate the avera
^z0zB

0 &. Collecting the results from Eqs.~19!–~25! we have

^zzB &5
1

2
^z0zB

0 &

52
DCumB

2D0mCu
@^~zB

0 !2&2l1~^~xB
0 !2~zB

0 !2&

1^~yB
0 !2~zB

0 !2&1^~zB
0 !4&!#

52
DCumB

6D0mCu
@^~r B

0 !2&2l1^~r B
0 !4&#

52
DCumB

3D0mCu
F ^^~r B !2&&2

4

3
l1^^~r B !4&&G , ~26!

where (r B
0)25^(xB

0 )21(yB
0 )21(zB

0 )2& and (r B)25(xB )2

1(yB )21(zB )2. The inner and outer angular brackets d
note averaging over amplitudes and time, respectively. In
last step we replaced̂(r B

0 )2& and^(r B
0 )4& by 2^^(r B )2&& and

(8/3)^^(r B )4&&, respectively, using ^cos2vt&51/2 and
^cos4vt&53/8. Reinterpreting the double brackets as therm
averages over the lattice vibrations, we have

^^~r B !n&& ~27!

5E r ne2VB(x,y,z)/kBTdxdydzY E e2VB(x,y,z)/kBTdxdydz

~28!

where VB(x,y,z) is given by Eq.~17!. The calculation of
the averages is straightforward and yields up to second o
in 1/kBT

^^~r B !2&&53
kBT

D0
230

D1

D0R2 S kBT

D0
D 2

,

^^~r B !4&&515S kBT

D0
D 2

, ~29!

whence follows from Eq.~26!

^zzB &52
DCumB

D0mCu
FkBT

D0
2

50

3

D1

D0R2 S kBT

D0
D 2G . ~30!

Since the averageŝxzB & and ^zxB & vanish within the
limits of the applied approximations, we havêzzB &
5^z̃z̃B &. Inserting this result into Eq.~13! we recover the
experimentally found temperature dependence~16! for q(T),
where

A5
210g̃

eq0

DCumB

DmCu

kB

D̃
,

1-4
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B5
50

3

D1

D0R2

kB

D0
A. ~31!

For a comparison with the experiment a number of rad
approximations have to be applied. First we replaceg̃ by g
5eq0h0/15R2 @see Eq.~10!#. Next, we assume again that a
spring constants entering Eqs.~31! are equal. We thus get

A514h0

mB

mCu

kB

D0R2
,

B5
50

3

kB

D0R2
A. ~32!

A problem poses the best value forD0R2. It should be of
the order of magnitude of the migration enthalpyEa for sub-
stitutional B ~alternatively one might expressDR2 in terms
of the velocity of sound, yielding comparable results!. With
Ea51.0 eV ~see below! we thus obtain A51.3
31024 K24, which is by a factor of 4 smaller than the valu
found experimentally. In the same way one obtains from
~32! B/A51.431023 which has to be compared with th
experimental ratio of 5.331024.

In view of the numerous applied approximations the
correspondences have to be considered as excellent and
onstrate without doubt, in our opinion, that local B vibratio
are responsible for the found temperature dependence o
EFG at the nearest-neighbor site. Of course there is
chance to get absolute values for EFG’s and their temp
ture dependences from this heuristic approach. But all tha
needed in the present context areratios of different types,
and ratios are much less prone to approximations as abs
values@see discussion after Eq.~8!#.

The last step in the argument implies an extrapolati
Equation ~25! shows that the B vibration amplitudes a
larger by a factor of aboutmCu /mB than those of the sur
rounding Cu atoms. At a given temperature the B atom
thus by far the largest probability to arrive at some sadd
,

,
G.

ns

-
W

E
.

b-

22430
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point configuration, thus producing a transient Frenkel-p
configuration. This argument is corroborated by the fact t
due to Eq.~29! at 600 K the nonlinear contributions to th
mean-squared displacement are already of about 10%. I
itively one may expect that occasionally the B vibration a
plitudes are sufficient for it to arrive at the center of one
the faces of the surrounding cube~see Fig. 1!. At this mo-
ment the chance is opened for one of the Cu atoms in
face of the cube to jump into the vacancy left by the imp
rity. In the subsequent step the B atom jumps into the vac
Cu position. If this picture is correct, the activation ener
for the jump process should be somewhat larger than
migration energy for vacancy diffusion,EM50.70(2) eV, in
Cu metal.12 This is indeed the case: an analysis of the lin
widths of the same cross-relaxation data used in Fig
yielded a value ofEa'1.0 eV for the migration enthalpy o
the exchange process.11 This is the main conclusion of this
paper: the direct B-Cu exchange is triggered by the loc
vibration of the light B impurity and does not involve rin
exchanges of the type proposed by Adda et al.2 The same
situation should hold in many similar systems. However,
still have to wait for the experiments to prove or to dispro
this conjecture.

Of course, it would be useful to check the applied a
sumptions on the electrostatic potential produced by
presence of the B impurity by means of density function
methods. This is true in particular for thesignsof the differ-
ent contributions to the electrostatic and the mechanical
tentials which cannot be obtained from symmetry consid
ations alone. It would be nice as well to verify the direc
exchange model presented in the last paragraph by s
molecular dynamics calculation. We are confident, howev
that our general conclusion will withstand these quantitat
verifications.
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4E. Jäger, B. Ittermann, H.-J. Sto¨ckmann, K. Bu¨rkmann, B. Fis-
cher, H.-P. Frank, G. Sulzer, H. Ackermann, and P. Heitja
Phys. Lett. A123, 39 ~1987!.

5H.-J. Stöckmann, E. Ja¨ger, G. Sulzer, B. Ittermann, H. Acker
mann, E. Diehl, R. Dippel, B. Fischer, H.-P. Frank, and
Seelinger, Hyperfine Interact.49, 235 ~1989!.

6G. Sulzer, B. Ittermann, E. Diehl, B. Fischer, H.-P. Frank,
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