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Monte Carlo study of a bond-diluted q-state clock model: A simple representation
for the glass transition

Saeid Davatolhagh* and Bruce R. Patton†

Department of Physics, The Ohio State University, Columbus, Ohio 43210
~Received 7 June 2001; published 21 November 2001!

The idea of local bond ordering is discussed further as a representation for the glass transition: in a
supercooled liquid, the local ordering of bonds can lead to substantial lowering in the configurational energy in
the absence of long-range structural ordering or crystallization. This concept is developed in the context of a
model system using quantities such as a bond energy order parameter and the corresponding response function,
the bond susceptibility, which provides a theoretical identification for the calorimetric glass transition tempera-
ture. Thermodynamic properties of the two-dimensional model system are investigated by means of Monte
Carlo simulation. These simulations exhibit local bond ordering at the intermediate temperature range uncor-
related with any type of long-range structural ordering whether conventional orxy type, implying stronger
mechanical properties such as the viscosity for the structurally disordered system.
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I. INTRODUCTION

The problem of the glass transition is a classic one
physics and materials science. Viewpoints break down
considerations of an underlying thermodynamic ph
transition,1,2 and kinetic explanations of an arrested liquid3

Discussions have approached the glass transition in term
the fragmentation of small structural units,4 the agglomera-
tion of clusters through chemical bonds,5 and correlations
between different metastable equilibrium states represen
distinct configurations or arrangements of the liqu
molecules.6 Furthermore, the effects of frustration arisin
from the local ordering of bonds in a supercooled liqu
have been discussed in a two-order-parameter descriptio
liquids.7 Here we would like to introduce a representation
the glass transition, which incorporates some of these id
in a simple form.

To begin we recall some of the basic structural feature
typical covalently bonded glass-forming materials such
silica. Vitreous silica is made up of SiO4 tetrahedra similar to
quartz the crystalline phase of silica. Thus, molecular str
ture for the two different phases of silica, i.e., vitreous a
crystalline, are alike with major exception of the Si1-Si2
next-nearest-neighbor~NNN! distance which may be als
specified by the Si-O-Si bond angle. The statistical distri
tion of Si-O-Si bond angles as determined by Mozzi a
Warren for vitreous silica is shown in Fig. 1.8 From the bond
angles distribution it becomes clear that Si1-Si2 distances
vary moderately which is in fact the primary source of t
topological disorder. The distribution is characterized by
half-width-half-maximum~HWHM! of about 17° and a mos
probable value of 144°. Clearly the variation in Si-O-Si bo
angles~or Si1-Si2 distances! is significant enough to suppres
the long-range order~LRO! characterizing the crystalline
phase, and yet small enough to maintain the medium-ra
order ~MRO! characteristic of vitreous silica which extend
to about a nanometer or two. We note that the ordering
nearest-neighbor~NN! distances, and moderation in th
variation of NNN distances is well maintained in spite of t
0163-1829/2001/64~22!/224206~10!/$20.00 64 2242
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fact that vitreous silica is devoid of long-range structu
order. Similar structural properties are also observed in v
ous other covalent network materials such as GeO2, B2O3,
etc.

This observation regarding the existence of medium-ra
order in glass is striking enough to indicate a strong role
the local ordering of bonds, i.e., relaxation of bonds in
their low-lying energy states, in a proper microscopic rep
sentation for the glass transition. The local ordering of bon
can be viewed as being brought about by the coopera
rearrangement of a molecular group as suggested in
theory of Adam and Gibbs.1 The basic idea is that a supe
cooled liquid does not need to undergo long-range struct
ordering in order to achieve metastable equilibrium. In fa
the cooperative rearrangements of the molecular groups
lead to substantial lowering in the configurational energy
an entire sample through reduced bond energies at the
level. This is perhaps the primary reason for the ordering

FIG. 1. Statistical distribution of Si-O-Si bond angles in vitreo
silica ~Ref. 8!.
©2001 The American Physical Society06-1
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NN distances, and moderation in the variation of NNN d
tances or alternatively the bond angle degrees of freedom
glassy materials as may be seen in Fig. 1.

A model for the glass transition incorporating small stru
tural units or fragments was proposed by Suzukiet al.4 In the
fragmentation model, noncrystalline solids are assumed t
assemblies of pseudomolecules—a pseudomolecule be
cluster of atoms having a disordered lattice in which th
are no definite defects such as undercoordinated or ove
ordinated atoms. As the temperature increases, bond br
ing intensifies at the boundaries of the clusters where bo
tend to be weak. The bond breaking mechanism arising f
the thermal excitation of electrons from bonding to antibon
ing energy states causes the noncrystalline solid to fragm
tize with the average fragment size decreasing as the
perature increases. Consequently material begins to s
viscous flow when the average fragment size reaches a
cal small value. The fragmentation model has some suc
with describing the temperature dependence of viscosity
the variation in glass transition temperature with the hea
rate fora-Si.4 The origin of pseudomolecules in the coolin
process, however, is not addressed in the fragmenta
model.

Attempts have been made to incorporate frustration a
ing from local bond ordering in a supercooled liquid, throu
the introduction of a local order parameter describing
energetically favored local arrangements of the liquid m
ecules which are not consistent with the crystallograp
symmetry favored by density ordering or crystallizati
characterized by density as the order parameter. In the
order-parameter description of liquids due to Tanaka,7 the
frustration arises from competition between density order
and local bond ordering, explaining why some molecu
crystallize easily without vitrification while others easi
form glasses without crystallization. This model emphasi
that the introduction is necessary of a bond order param
in addition to the density, in order to have a complete th
modynamic description of the liquid state and in particu
the supercooled glass-forming liquids.

In accord with the two-order-parameter description
liquids,7 we present a microscopic representation for
glass transition, called the bond-ordering representation,
is general enough to be applicable to various types of gl
forming liquids with widely differing bonding schemes an
chemical compositions. The focus of the bond-ordering r
resentation is the bonds linking neighboring atoms rat
than the atomic arrangements. In other words a bond
treated as a distinct object possessing internal degree
freedom or energy states. The energy state of a bond i
course governed by the separation and relative orientatio
the participating atoms. The term ‘‘bond ordering’’ refers
local process of relaxation of bonds into their low-lying e
ergy states, facilitated by the cooperative rearrangement
molecular group. Bond ordering may be thereby viewed a
form of ordering in energy space. The important point th
we would like to bring home, however, is that such an ord
ing is achievable without need for any type of long-ran
structural ordering. To this end we present results fr
Monte Carlo~MC! simulation of a model system describe
22420
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by a Hamiltonian which couples the coordinates of ions
the electronic states of electrons as for a typical covale
bonded network material. Simulation results make clear
possibility of the local ordering of bonds, i.e., relaxation in
low-lying energy states of the bonds, uncorrelated with a
type of long-range structural ordering whether conventio
or xy type. Bond ordering, or the strengthening of bond
naturally implies stronger mechanical properties such as
viscosity for the disordered system. This is in view of t
fact that a system which is bond ordered, resides in dee
minima of the potential energy hypersurface and needs
overcome higher potential energy barriers hindering visc
flow.

The rest of this paper is organized as follows. In Sec.
we derive the model Hamiltonian and describe the mean
of bond dilution implied therein. In Sec. III, we give math
ematical definitions for various structural and bond-rela
thermodynamic functions of interest. In Sec. IV, the therm
dynamic functions are given their physical interpretatio
and a theoretical identification is presented for the calorim
ric glass transition temperature based on variation with te
perature of a bond-related response function that is define
Sec. III. Simulation procedure and the thermodynamic
sults are discussed in Sec. V. Section VI contains the c
cluding remarks and a summary of the main ideas prese
in this paper.

II. MODEL SYSTEM

In this section we introduce a lattice model that is a bon
diluted version of theq58 state clock model, the thermody
namic properties of which are then investigated by mean
MC simulation. The potential energy functionU(r ), for a
typical two-body interaction~e.g., Lennard-Jones potentia
shown in Fig. 2!, may be expanded in the displacementx
5r2r0 from the equilibrium separation

U~r !5U~r 0!1
U9~r 0!

2!
x21

U-~r 0!

3!
x31•••, ~1!

FIG. 2. Lennard-Jones or 6-12 potential typical of a two-bo
interaction as a function of distance or separationr. The upright
parabola shown as dotted curve is the corresponding harmonic
proximation.
6-2
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MONTE CARLO STUDY OF A BOND-DILUTEDq-STATE . . . PHYSICAL REVIEW B 64 224206
where, the coefficients are evaluated at the equilibrium se
ration r 0. Dropping the constant term which plays no ro
and in harmonic approximation, we have

U~r !>
U9~r 0!

2
x2. ~2!

For many-body system, we consider a system of atoms
fined on a square lattice and interacting through NN c
pling. The displacement of an atom from its equilibrium la
tice site is specified by a vectorRi . The deviation from
equilibrium separation for a NN pair is approximated by

x'uRi2Rj u, ~3!

where Ri and Rj represent the displacements of the ato
from their equilibrium lattice sites labeledi and j, respec-
tively. This approximation is justified in the light of the fo
lowing arguments. Denoting the Bravais lattice vectors of
NN sites labeledi and j by Ri andRj , respectively, the
deviationx from equilibrium separation is then given by

x5r 2r 05u~Ri1Ri !2~Rj1Rj !u2uRi2Rj u

5u~Ri2Rj !1~Ri2Rj !u2uRi2Rj u

<uRi2Rj u1uRi2Rj u2uRi2Rj u5uRi2Rj u.

~4!

Equation~3! is therefore an approximation ofx in terms of
an upper bounduRi2Rj u. In order to have a more tractab
system one may also introduce the idealizing constraint
all the atomic displacements are of the same magnitudeuRu

uRi u5uRu, ;Ri . ~5!

With these approximations Eq.~2! yields

U~r !5uRu2U9~r 0!@12R̂i•R̂j #. ~6!

Denoting the coupling strength byJ5uRu2U9(r 0), we there-
fore get the following Hamiltonian for a system of atom
interacting through NN coupling:

H̃52J(
^ i , j &

R̂i•R̂j52J(
^ i , j &

cosF2p

q
~si2sj !G . ~7!

This is clearly of the same mathematical form as theq-state
clock model,9,10 when the displacement or site degrees
freedom are taken to be discrete. In Eq.~7!, q is the number
of possible orientations, andsi51,2, . . . ,q, is an integer
characterizing the orientation of the site variableR̂i . As a
way of illustration two typical configurations of such a sy
tem are displayed in Fig. 3.

The more realistic Hamiltonian that we employed for o
MC simulation work, also involves a coupling between t
ionic coordinates and the electronic state of the bond
22420
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H52J(
^ i , j &

~R̂i•R̂j11!ni j

52J(
^ i , j &

S cosF2p

8
~si2sj !G11Dni j , ~8!

wheresi51,2, . . . ,8, andni j 50,1. Heresi is an integer label
for the displacement of an atom from its designated equi
rium lattice site. The coefficientni j (50,1) may be regarded
as the bond electron occupation number for a bond linkin
NN pair. That is a given bond may or may not be brok
depending on whether the corresponding bond electron
cupation numberni j , takes on the values 0 or 1, respective
The value taken by eachni j depends on the total number o
electrons made available to the system~as input to the simu-
lation code!, and the relative value of NN interactions for
given configuration of the system. The available electro
are treated at zero temperature: that is for every configura
of the system, NN pairs are sorted out in the ascending o
of ~configurational! energy and are assigned a bond elect

FIG. 3. Two snapshots of the system typifying a disordered~up!
and a significantly ordered~down! configurations.
6-3
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SAEID DAVATOLHAGH AND BRUCE R. PATTON PHYSICAL REVIEW B64 224206
in that order. Hence, NN pairs with lower configuration
energy are more likely to have a bond electron. The int
duction of the constant in the Hamiltonian, ensures that
bonding state is higher in energy than the antibonding s
characterized byni j 50. The choice ofq58, for the number
of possible orientations of a site variable, while closely a
proximates a circle also helps simplify the simulation
allowing only a limited number of moves.

Interesting results are obtained with a bond electron~hole!
concentration of about 60%~40%!, as we report later in this
paper. The choice of bond dilution or hole concentration~i.e.,
40%), is consistent with the fact that for the system to
fluid one requires a large concentration of holes or bro
bonds, however, in order to maintain the condensed ph
attributes of the system, the hole concentration must not
ceed the limitation set by the bond percolation threshold
is 50% for a square lattice. As we shall see in Sec. V,
overall effect of holes is to suppress thexy-like phase tran-
sition that is believed to occur for theq-state clock models
with q.4, and instead one observes evidence for the lo
ordering of bonds. The local ordering of bonds naturally i
plies stronger mechanical properties such as the viscosity
the structurally disordered system. This is in view of the f
that a bond-ordered system is low in configurational ene
and resides in deeper minima of the potential energy hy
surface, hence needs to overcome higher potential en
barriers hindering viscous flow.

III. THERMODYNAMIC FUNCTIONS

In Sec. I, we defined bond ordering as that process inv
ing the relaxation of bonds into their low-lying energy stat
brought about by the cooperative rearrangement of a mol
lar group. There are a few thermodynamic functions relev
to our discussion, that are defined in this section and
considered in the context of the glass transition phenom

A. Bond order parameter

Previous work has suggested the need for a bond o
parameter characterizing energetically favored local arran
ments of the liquid molecules.7 Here we introduce a bond
energy order parameter as a thermodynamic variable
characterizes the degree of bond order prevailing in a ph
cal system at a given temperature. The bond order param
is assumed to be large when bonds are in their low-ly
energy states, as for a bond-ordered low temperature p
~e.g., glass!, and negligible when bonds are distribute
among all possible energy states with uniform probabi
which is the case when the thermal energy is far in exces
the typical binding energy.

In order to construct an expression for the bond or
parameter pertaining to the model system, every NN pai
atoms is characterized by a bond variableB̂i j , the purpose of
which is to characterize the configurational energy of the p
e i j 52J(R̂i•R̂j ), given by the scalar product of the site va
ables. The unitary vectorB̂i j may be specified by an angula
variable f i j that is given byf i j 5pe i j /J, where2J<e i j
<J, and so,2p<f i j <p. An expression that fulfills all the
22420
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requirements of an extensive bond order parameter defi
over the entire system is the following:

^Mb&5K U(
^ i , j &

2N

B̂i jU L , ~9!

where angular braces stand for ensemble average,N is the
total number of atoms or sites in the system, andB̂i j

5@cosp(R̂i•R̂j ),2sinp(R̂i•R̂j )#. The intensive bond orde
parameter̂ mb& is given by

^mb&5^Mb&/2N, ~10!

where, the normalization factor corresponds to 2N NN pairs
contained in the system given periodic boundary conditi
and so, 0<^mb&<1. ^mb& is a bond order parameter in th
manner of energy, as it characterizes the configurational
ergy of the system. A property of bond order parameter^mb&
is that it vanishes only for thermal energies far in excess
the binding strengthJ, where all possible energy states a
equally likely in accordance with the Boltzmann probabili
factor. That is, limbJ→0^mb&50, whereb5(kBT)21, andkB
is Boltzmann constant. This important property should a
serve to distinguisĥmb& from bond-orientational order pa
rameter characterizingxy type transition in 2D.

B. Bond susceptibility

Bond susceptibility is the response function associa
with bond order parameter^Mb&, and its thermodynamically
conjugate fieldHb which may be referred to as the bon
ordering field. The bond ordering fieldHb is introduced pri-
marily for pedagogic reasons; however, in view of the tw
order-parameter description of liquids,7 Hb should be re-
garded as the field favoring the local ordering of bonds
opposed to the one favoring global density ordering or cr
tallization. That is, in a liquid there always exist two com
peting orderings:~i! global density ordering that results i
crystallization and,~ii ! local bond ordering that leads to th
glass transition.7

With this background the change in the Gibbs free ene
G(T,Hb) in an infinitesimal bond ordering process may
expressed as

dG52S dT2^Mb&dHb . ~11!

The bond susceptibility, apart from a normalization, is d
fined by

xb5S ]^Mb&
]Hb

D
T,Hb50

~12!

52S ]2G

]Hb
2D

T,Hb50

. ~13!

The free energyG(T,Hb) is of course defined in terms of th
partition function in the presence of the bond ordering fie

exp~2bG!5Tr exp@2b~H2HbMb!#, ~14!
6-4
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MONTE CARLO STUDY OF A BOND-DILUTEDq-STATE . . . PHYSICAL REVIEW B 64 224206
where, the trace denotes a sum over all microstates,
Mb5u(^ i , j &

2N B̂i j u. From Eqs.~13! and ~14!, one may readily
obtain a fluctuation-dissipation equation expressing the b
susceptibility in terms of the equilibrium fluctuations of th
bond parameter

xb5@^Mb
2&2^Mb&

2#/2NkBT. ~15!

Equation~15! for the bond susceptibility is properly norma
ized to the number of NN pairs 2N, for a system of sizeN
with periodic boundary condition, and may be employed
calculate bond susceptibility in an equilibrium MC simul
tion. A detailed derivation of Eq.~15! is given in the Appen-
dix.

Bond susceptibility is the response function measuring
tendency for relaxation of bonds into their low-lying ener
states brought about by cooperative rearrangement of a
lecular group, and is intimately related to the correlati
length associated with the bond variablesB̂i j which is in fact
the characteristic length associated with relaxation in a
operatively rearranging region. Furthermore, it provides
basis for a theoretical identification of the calorimetric gla
transition temperature that is presented in Sec. IV.

C. Structural order parameter and susceptibility

The structural order parameter is a measure of the c
ventional LRO a system may possess. For the model sys
we are considering, the displacement of an atom from
designated equilibrium lattice site is characterized by
unitary vectorR̂i which may be specified by the angle that
makes with a fixed axis in the plane of the systemu i
52psi /8, wheresi51,2, . . . ,8. Theextensive structural or
der parameter defined over the entire system may be th
fore expressed as

^Ms&5K U(
i 51

N

R̂iU L , ~16!

where R̂i5@cosui ,sinui#. The intensive ~or normalized!
structural order parameter is given by

^ms&5^Ms&/N, ~17!

where the normalization factor is chosen such that,
<^ms&<1.

The analogy between structural order parameter and m
netization of a magnetic system,9,10 is rather obvious. In fact
we can use this analogy to express the structural suscep
ity in terms of the equilibrium fluctuations in the structur
order parameter, as follows:

xs5@^Ms
2&2^Ms&

2#/NkBT, ~18!

whereMs5u( i 51
N R̂i u. The structural susceptibility is the re

sponse function describing the tendency for structural ord
ing and is intimately related to the correlation length asso
ated with the site variablesR̂i .9,10
22420
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IV. INTERPRETATION

A. Theoretical identification for Tg

Following the previous discussion one can trace
physical origin of MRO characteristic of the vitreous state
the local ordering of bonds, which becomes most intens
some particular temperature. This brings us to another id
tification for the calorimetric glass transition temperatureTg

that in particular applies to fragile and intermediate class
the glass-forming liquids.

In the glass transition temperature regime, the bond s
ceptibility of a supercooled liquid reaches a maximum. T
implies that one should also expect a peak~or a maximum!
in the specific heat because of the large energy fluctuat
associated with the strong fluctuations in the number
bonds in each energy state. This may be understood in v
of the fact that for a system at constant temperature the
cific heat varies directly as the mean square fluctuation in
internal energy9,10 C;^(H2^H&)2&/T2. Hence, the anoma
lous peak in the experimentally measured specific hea
various fragile and intermediate glass-forming liquids su
as As2Se3 , B2O3, etc.,11,12 can be regarded as a result of th
strong fluctuations in the number of bonds in each ene
state, occurring at the glass transition. Hence, we propo
theoretical identification for calorimetricTg as that particular
temperature corresponding to the maximum of bond susc
tibility of a supercooled liquid. We need to point out that f
the laboratory systems, the specific heat peak anomaly is
observed in a cooling process. We believe that this is
cause, given the large structural relaxation times for a liq
in the glass transition temperature regime and rapid lab
tory cooling rates, the structure of the liquid simply does n
find the time necessary for it to relax into low-lying config
rational energy states and as a result the specific heat
anomaly is suppressed. However, once the liquid is coo
and then reheated, the bonds have already found the ne
sary time for them to relax into their low-lying energy stat
as a result of which the specific heat peak anomaly is
served in the heating process.

Having given an explanation for the specific heat pe
anomaly at the glass transition, we also briefly consider
unexpected linear behavior of the specific heat at very
temperatures.13 There is evidence that the low temperatu
anomalous properties of amorphous materials, e.g., the
viation of the specific heat from Debye-T3 behavior, arise
mainly from two-level systems and not from the multilev
vibrational degrees of freedom associated with
atoms.14,15 The energy gapsD of the two-level systems are
supposed to vary with a uniform probability in some ran
0<D<D0, whereD0'1 K. In our view these low energy
excitations may be attributed to the bond ordering proces
very low temperatures. In structurally disordered syste
whether supercooled liquid or glass, bonds continuously
lax into more stable internal energy states with lowering
the temperature. At very low temperatures certain numbe
bonds may be seen to act like two-level systems with vary
energy gaps. Bond ordering process is therefore a poss
explanation for the low temperature anomalous specific h
of the amorphous materials.
6-5
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B. Order parameter for glass

We would like to address at this point a possible ord
parameter for the glass transition, the temperature varia
of which may be used as a distinguishing criterion betwe
fragile and strong behaviors in supercooled liquids. This
simply the bond order parameter if one is consideri
strictly, a liquid-glass transition.

Many of the theories describing glass transition pheno
ena assume that there is a single parameter which chara
izes glass. This assumption is believed to be inaccura16

Prigogine and Defay have shown that in general the ratio
the discontinuities in second-order thermodynamic functi
isothermal compressibilityDk, heat capacity at constan
pressureDCp , and coefficient of thermal expansionDa

R5
DkDCp

TV~Da!2
~19!

is equal to unity if a single order parameter characterizes
underlying thermodynamic transition, but if more than o
order parameter is involved, thenR.1.17 The latter seems to
describe most glasses. We therefore consider a two o
parameter description of glass, which involves two of t
thermodynamic parameters described earlier, namely,
structural order parameter^ms& and the bond order param
eter^mb&. We require for the amorphous solids, or glass, t
the structural LRO vanishes while the bond order param
remains significantly large. The requirement of the vanish
of the structural LRO is meant to characterize the liquidl
attributes of the amorphous systems. Yet large values
bond order parameter is a solidlike attribute implying stro
ger mechanical properties such as the viscosity, and sh
serve to distinguish glass from the liquid phase.

Clearly in the case of strong glass formers such as s
characterized with strong and directional covalent bonds,
values for bond order parameter above and below the g
transition must be quite comparable. This is because the t
cal binding energy of a Si-O bond in vitreous silica is
enormous 0.45 eV that is equivalent to several thousand
hence silica tends to maintain its structure at temperat
which are low compared to that binding energy. On the ot
hand, in the case of fragile systems the liquid underg
substantial bond ordering in the supercooled tempera
range mainly due to the weak and nondirectional nature
their van der Waals’ or ionic bonds. As a result the bo
order parameter is expected to vary rather significantly
the fragile class over the supercooled range of tempera
Originally the labels strong and fragile were introduced
refer to the ability of a liquid to withstand changes in MR
with temperature.18 In the context of the bond-ordering rep
resentation, these labels will be referring to the ability o
liquid to withstand changes with temperature in bond or
parameter̂mb&. It is worthwhile to mention that in the bond
ordering picture, an ideal glass may be characterized as b
maximally bond-ordered which should also imply the le
possible configurational energy for the amorphous struct
This interpretation of ideal glass in terms of the bond or
parameter is also consistent with the one emerging from
22420
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potential energy landscape consideration in which the id
glass is characterized with least amount of configuratio
energy.19

The viscous behavior of supercooled liquids when coo
toward glass transition may be also interpreted in terms
the bond-ordering representation or more precisely the t
perature variation of the bond order parameter. Fragile
uids undergo significant bond ordering through the sup
cooled temperature regime leading to a strongly temperat
dependent effective potential energy barrier for the visc
flow. For that reason one may argue that the viscosity in
fragile limit is seen to vary in a highly non-Arrhenius ma
ner, as opposed to the Arrhenius-like behavior of the visc
ity exhibited by strong glass-forming liquids.

V. MONTE CARLO SIMULATION

Simple clock models have been investigat
analytically,20,21 and by computer simulation.9,10 Previous
Monte Carlo works have examined the behavior of the tw
dimensional simple clock systems with various values of
parameterq. The important results are that forq<4 the sys-
tem exhibits one second-order transition, but forq.4 two
Berezinskii-Kosterlitz-Thouless~BKT! transitions22,23 are
present. Asq increases the lower transition temperatu
(;1/q2) approaches zero leaving just one BKT transition
the continuous orxy model. The upper transition tempera
ture is believed to have a value approximately equal to t
of the BKT transition point for thexy model, i.e.,
0.89J/kB .24

Our model Hamiltonian, represented by Eq.~8!, is in fact
a bond-diluted version of theq58 state clock model, involv-
ing NN interactions with bonding and antibonding electron
states. For our purpose the eight possible states of a
variable must be interpreted as the possible displacemen
an atom from its designated equilibrium lattice site, with
the site variables being in the same clock-state if the sys
were in a fully ordered configuration~Fig. 3!.

A. Procedure

The standard MC importance sampling,25 was used to
simulate the behavior of the system onL3L square lattices
with periodic boundary condition. We performed simulatio
on lattices of sizeL512, 20, 32, and 50. In every case th
system was initialized in a random configuration suitable
high temperature regime where it is known to be disorder
Starting with initial value 2.0J/kB , the temperature was low
ered in steps of 0.05J/kB . At every temperature the system
was allowed to equilibrate through several hundred Mo
Carlo steps per site~MCS!. The data points were then ac
quired by averaging over 40 000 MCS. The data were ac
mulated in several bins and binned averages were use
obtain error estimates for the calculated average values.
most cases, the estimated statistical error is less than 2%
the calculated average value. In order to test our simula
code, we simulated theq56 state clock model~in the ab-
sence of bond dilution! and compared our results with th
extensive literature available on the subject.9,10 Good agree-
ment was obtained.
6-6
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The thermodynamic functions have been already d
cussed and given explicit mathematical definitions in S
III. In addition, the specific heat is obtained from equilibriu
fluctuations in the internal energy

C5@^H2&2^H&2#/2NkBT2. ~20!

The bond-related quantities, i.e., bond order parameter^mb&,
bond susceptibilityxb , internal energyE, and the specific
heatC, are normalized to the number of NN pairs 2N for
systems of sizeN5L2 with periodic boundary condition. On
the other hand the structural properties, i.e., structural o
parameter̂ ms& and structural susceptibilityxs , are normal-
ized to the system sizeN. As a note on the calculation of th
internal energy, the NN pairs were sorted out in ascend
order of energy at every time step and were given a b
electron in that order. Our results correspond to an anne
hole ~bond electron! concentration of 40%~60%!.

B. Thermodynamic parameters

Figure 4 contains the temperature variation of the str

FIG. 4. Structural order parameter as a function of tempera
for three system sizes.

FIG. 5. Variation of bond order parameter with temperatu
There appears a sharp variation due to local ordering of bonds
22420
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tural order parameter̂ms& for three different system size
L520, 32, and 50. Clearly there is no indication of conve
tional structural ordering for the range of temperatu
shown. The finite size effects on structural order parame
are evident, implying the vanishing of the order parame
for the systems of large enough size.

Figure 5 shows the bond order parameter^mb& as a func-
tion of temperature. There is no significant effect due to
system size on̂mb&. Evidently the system undergoes mo
erate bond ordering with lowering of the temperature. This
in absence of conventional structural ordering as may
seen from Fig. 4 representing the temperature variation
the structural order parameter. The internal energy is sho
in Fig. 6, exhibiting a sharp descend with decreasing te
perature because of the local ordering of bonds.

C. Response functions

Figure 7 shows the temperature variation of the structu
susceptibility. The structural susceptibility is seen to be n
singular throughout the range of temperature shown, he

re

.

FIG. 6. Internal energy as a function of temperature.E is mea-
sured in units of coupling strengthJ.

FIG. 7. Variation of structural susceptibility with temperatur
Clearly there is no indication of long-range structural ordering
the temperature range shown.
6-7
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ruling out long-range structural ordering whether conve
tional or xy type. We need to point out that in the case
conventional ordering the structural order parameter devi
from zero at the transition point and stays finite for all te
peratures below the transition point. But in the case ofxy
type ordering, the structural order parameter remains zer
the thermodynamic limit, even though the correlation len
and the structural susceptibility diverge at the transition a
stay infinite for temperatures below the transition.24 There is
a slight undulation at around 1.0J/kB that we believe is due
to fluctuations arising from the local ordering of bonds, as
evident in Fig. 5 representing the temperature variation
the bond order parameter.

The bond susceptibility is shown in Fig. 8 displaying
peak followed by a sharp fall in the quantity as the tempe

FIG. 8. Bond susceptibility as a function of temperature
three system sizes: 202 ~1!, 322 (3), and 502 (*).

FIG. 9. ~a! Variation of the peak value of bond susceptibili
with lattice sizeL. Solid curve is drawn to guide the eye.~b! Tem-
perature corresponding to the peak value of bond susceptibility
function of L21. Solid line represents least-squares fit to the d
points.
22420
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s
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ture decreases. While there is a slight size dependence t
height of the peaks, this tendency is seen to disappear
large enough lattices. This may be seen from Fig. 9~a!, where
the variation of the peak height with the lattice size is d
played. The temperature corresponding to the maximum
bond susceptibility, is estimated to be 1.07J/kB in the ther-
modynamic limit or the limit of the infinite lattice size. Thi
estimate is obtained by a linear extrapolation of the d
points as a function ofL21, displayed in Fig. 9~b!.

Figure 10 represents the variation of the specific heat w
temperature. There appears to be some size dependen
the height of the peaks. This size dependence disappear
large enough system sizes as may be seen in Fig. 11~a! where
the variation of the peak height for the specific heat with
lattice size is displayed. In fact even for the simple clo
models withq.4 ~in the absence of bond dilution!, the spe-

r

a
a

FIG. 10. Specific heat as a function of temperature for th
system sizes: 202 ~1!, 322 (3), and 502 (*).

FIG. 11. ~a! Variation of the peak value of specific heat wit
lattice sizeL. Solid curve is drawn to guide the eye.~b! Tempera-
ture corresponding to the peak value of specific heat as a functio
L21. Solid line represents least-squares fit to the data points.
6-8
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cific heat is found to be a smooth function of temperat
free of any singular behavior such as a divergence.9 The
temperature corresponding to the maximum of the spec
heat is estimated to have a value equal to that of the b
susceptibility in the thermodynamic limit, i.e., 1.07J/kB , as
may be seen from Fig. 11~b!.

D. Discussion

Perhaps the most interesting feature of the simulation
sults, is the conspicuous peak in the bond susceptibility s
in Fig. 8, that is an indication of the local ordering of bond
uncorrelated with any type of long-range structural orderi
This becomes evident from the structural order param
and the structural susceptibility seen in Fig. 4 and Fig.
respectively. Unlike the behavior observed for the sim
clock models in the absence of bond dilution, the structu
susceptibility does not exhibit singular behavior in the int
mediate temperature range hence ruling out long-range s
tural ordering whether conventional orxy type. The smooth
behavior of the structural susceptibility can be of course
derstood in view of the large concentration of annea
holes, or bond dilution.

In the temperature range where the bond susceptib
displays a maximum, one also observes a maximum in
specific heat, shown in Fig. 10, which should be attributed
the large energy fluctuations associated with the local or
ing of bonds. Indeed experimental measurements of the
capacity for covalently bonded fragile systems such
As2Se3 , B2O3, etc., indicate similar peaks at the glass tra
sition, which therefore suggest a bond-ordering nature for
glass transition in such systems.

In the bond-ordering temperature range, the bond or
parameter is seen to increase rapidly with the decrea
temperature~Fig. 5!. The internal energy, on the other han
is seen to display a sharp descend with lowering of the t
perature as may be seen in Fig. 6. This behavior along w
the nonsingular behavior of the structural susceptibility t
tifies to the earlier assertion that a system may undergo
stantial bond ordering and hence largely reduce its inte
energy, in the absence of long-range structural ordering.

VI. SUMMARY

In the context of a model system, a bond energy or
parameter is introduced for supercooled liquids, the temp
ture variation of which serves to distinguish between frag
and strong liquids. The variation with temperature of t
bond susceptibility provides a theoretical identification
the calorimetric glass transition temperature as the temp
ture corresponding to the maximum of the bond suscept
ity of a supercooled liquid. This identification has a distin
advantage in having its foundation in the bond energy or
parameter characterizing viscous liquids.

MC simulation results of the model system indicate bo
ordering at the intermediate temperature range that is un
related with any type of structural ordering whether conv
tional or xy type, and thus make clear the possibility of t
local ordering of bonds in the absence of long-range str
22420
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tural ordering. The local ordering of bonds must also res
in the ordering of NN distances and moderation in the va
tion of NNN distances, and hence may be regarded as
physical origin of the local structural order or the medium
range order seen in the glassy materials.

APPENDIX: DERIVATION OF FLUCTUATION-
DISSIPATION EQUATION FOR BOND SUSCEPTIBILITY

The change in the Gibbs free energy in an infinitesim
bond ordering process is expressed as

dG52S dT2^Mb&dHb . ~A1!

The bond susceptibility apart from a normalization w
therefore be given by

xb5S ]^Mb&
]Hb

D
T,Hb50

~A2!

52S ]2G

]Hb
2D

T,Hb50

. ~A3!

The partition functionZ in the presence of the fieldHb is
given by

Z5Tr exp@2b~H2HbMb!#, ~A4!

where, the trace denotes a sum over all microstatesb

5(kBT)21, and Mb5u(^ i , j &
2N B̂i j u. The Gibbs free energy

G(T,Hb) is of course given by the partition function

G52
1

b
ln Z. ~A5!

On substituting this expression for the Gibbs free energy i
Eq. ~A3!, we get

xb5bF ]

]bHb
S ] ln Z

]bHb
D

b
G

b,Hb50

. ~A6!

On carrying out the partial differentiation with temperatu
held constant, and then equatingHb to zero, we get

xb5bFTr Mb
2exp@2b~H2MbHb!#

Z

2
$Tr Mbexp@2b~H2MbHb!#%2

Z2 G
Hb50

~A7!

5bFTr Mb
2exp~2bH!

Tr exp~2bH!
2S Tr Mbexp~2bH!

Tr exp~2bH! D 2G
~A8!

5b@^Mb
2&2^Mb&

2# ~A9!
6-9
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5b^~Mb2^Mb&!2&. ~A10!

The fluctuation-dissipation result expressed in Eq.~A9! as
g

22420
well as Eq.~A10!, relates the bond susceptibility of the sy
tem with the equilibrium fluctuations in the bond order p
rameter in the absence of the bond ordering field,
Hb50.
s.
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