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Hydrogen in jellium: First-principles pair interactions
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Ground-state pair potentials between protons immersed in jellint@racting electrons plus a compensating
backgroungland at densities corresponding to the ranger 3<4 are calculated using first-principles density
functional theory methods. While the results obtained for immersing a single H atom in an electron gas agree
with previous calculations, it is discovered that molecular-type short-range binding becomes unstable at sur-
prisingly low density(at aboutr = 3.2), and that at even lower density there is a bistability between a weakly
bound molecule and an unpaired state. This behavior is a result of the possible pairing of hydrogen and
itinerant jellium electrons with little electrostatic penalty, a consequence of the positive background filling the
entire volumeV. Another important finding is a density range (&£.5<2) where the pair potentials are
insufficiently strong to bind the protons, suggesting the possibility of inducing hydrogen into a state of
low-temperature quantum fluid at a critical density.
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[. INTRODUCTION The remaining outerN/2—1) pairs are then replaced by a
system where the discrete proton charge is transformed into a
Dense hydrogen has proven to be an extremely intriguinginiform background. For what follows it is important to re-
and subtle quantum system. It has long been predicted t@arkimmediately that the uniforifpositive) background ac-
undergo a sequence of diatomic orderings and transitions 44ally fills the entire volumeV. As will be seen, the physical
B e Lonsequences of this are not trivial for the remaining proton

sure. At high enough pressure, a fully dissociated metallid®&!" which now resides in an otherwise standar'd e!ectron
gas. In the present model the effect of compression is real-

state, first considered by Wigner and Huntingtois, ex- ed as follows; in the original probleny protons andN

g C
Eegted. Beia#.si Itis a fundamgnéal s¥§tenr1], thettbehta\glor %ﬁ_ectrons are densified_ in a gniform manner. Here densifica-
yadrogen at nig F_)zessur_es and densities has attracted CQfy, giters the penetrating uniform background and the com-
siderable a“e”“"ﬁ: and it remains a matter of active the- hensating system of electrons. Together they have an influ-
oretical and experimental debate. ence on the selected molecule and in this way the effect of
. Ironically, the very simplicity of the hydrogen atom, hav- compression in dense hydrogen is being mimicked by the
ing but a single electron, also contributes to the complexitysystematic densification of an outer electron gas on an inner
of its dense state. Because of the lack of closed inner shellgglecule.
of core electrons, and being one electron short of a closed |n this paper we therefore wish to examine the hydrogen-
outer shell, hydrogen is very different from other light ele- hydrogen(or proton-protoh interactions in the ground state
ments(despite its traditional presence in group | of the peri-of such an electron gas, and at densities corresponding to the
odic tablg. Its molecular or paired structure survives to sur-range kr.<4, where 47/3r§’a8= N/V for N electrons in a
prisingly high densities in the condensed phase; and diatomigolume V, where the average electronic density of solid hy-
pairing of hydrogen at metallic densities is also a manifestadrogen at 1 atmosphere corresponds e 3.13, and where
tion of the strong, nonlinear electron-ion interactions whichthe local value ofr¢ at the proton in the hydrogen atom is
lead, via exchange, to the accumulation of extra electroni€.89. Most of the previous studies of the H-H interactions in
charge between the atoms forming a given pair. Consgellium have concentrated either on the short-range or on the
quently, standard perturbation approaches, such as linedeng-range interactions. Mskov’ studied the former by
and higher-order response theory, that are generally satisfagolving the Dyson equation for the change in the Green’s
tory for other metals with closed inner shells, are insufficientfunction of the electron gas associated with the H impurities,
for hydrogen. It is clear that proper inclusion of the electron-by Projecting it onto a finite localized basis set; and later he
proton interaction, and the resulting effective state dependerddressed the same problem with effective medium trfeory.
pair and higher-order interactions are keys to understanding€razet al” proposed a Heitler-London method, but with
the properties of dense hydrogen, the hydrogen plasma, a dmmas—l?erml screened interactions, to study the hydrogen
metal hydrides. Naturally, the study of a simplified system metallization. These approaches are based on the assumption

: - : 'of H,-like interactions and/or charge densities, and naturall
where the protons, with the requisite compensating electron ail %or larger interproton distanges and higher densitieg
. . C o O(U\/here there are no electron states bound to the prptons
gas with neutralizing rigid backgrourithe standard jellium Christensenet al® performed self-consistent caIcuIZttions

problem), _has been a route y_ielding cqnsid_erable insight . within the local-density approximatiofLDA) at r =2.95.
‘We arrive at the system discussed in this paper by_consd?hey situated K molecules on a fcc lattice but with one
ering a specific proton pair, with associated electronic comMgyira electron per unit cell and their results only extend to

ponent, to be viewed as being excerpted ffldf@ such pairs.  H.H separations of 3.0 a.u. At larger separations, the single
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extra electron cannot be representative of jellium because of TABLE I. Summary of parameters used for the calculations of
the eventual formation of Fike ions, as we will show the p-p pair potential plotsa is the lattice constant of the cubic
later. Perrot and Ras8lobtained long-range Friedel oscilla- Superlattice andV is the number of electrons per unit cell.

tions in the effective pair potentid@()(r) by expanding the

kinetic energy functional to fourth order and superimposinqrS a@uw N k-point mesh
the charge densities induced from individual ions. Latery 3 16.8 512 66X6
Perrot? interpolated the long-range pair potential based on 30 20.5 256 KAX4
new formulation of the kinetic energy functional and the ; g5 215 124 KAXA
short-range potential from effective-medium-tike interac- 35 26.0 128 KAXA
tion. 3.93 25.3 64 K4x4

These approaches are valuable but have the shortcoming
that they are not applicable to all densities and all separa-
tions; they require different sets of approximations for thepresented and discussed in Sec. Ill, and conclusions are
short- and long-range interactions and the interpolation begiven in Sec. IV.
tween these two limits is not straightforward. In addition,
although they agree qualitatively, they give quantitatively
different results. Zong and Ceperféyalculatedd ?)(r) at
r«=3.93 and 2.07 using the path integral Monte Carlo The system considered is actually a periodic array of
(PIMC) method, which does not require specification of“large” cubic supercells, each containing electrons, 1 or 2
wave functions and which can be applied in principle to anprotons, and the requisite neutralizing rigid background. The
extended systentalthough the results in Ref. 11 are for role of the background is limited to canceling the divergent
proton-proton separations up to 3 a.udowever, the PIMC k=0 term of the electrostatic potential. The electronic struc-
is applicable only for finite temperatures, and Zong and Cepture problem for this system is treated using standard density
erley usedl'=1/16 Hartree £20000 K), which is actually functional methods, where the Kohn-Sham equatidffare
quite large compared to our energy scales, as we will sesolved self-consistently by expanding the electronic states in
later. Accordingly, to address these points we report belova plane wave basis. We have carried out the computations
large scale ground sta#ab initio band structure calculations with both the Viennaab initio simulations packagé/ASP),
of the H-H interactions in jellium designed to treat a substanand Abinit algorithms. For a description of the plane-wave
tial density range and quite extended separations. As will benethod and the concepts employed in these algorithms we
seen, the pair potential curves that we obtain have numericaéfer the reader to the papers by Kressal?! and Paynet
errors in the relative energies only of the order of 10eV.  al.?
The results are also valid both in the local spin density ap- To determine the proton-proton pair potential, the ground-
proximation(LSDA) and within the generalized gradient ap- state energy of the system is computed at a series of fixed
proximation (GGA). Since in density functional theory we interproton separations. Since each cubic cell is intended to
need not assume any charge denaityriori, all ranges are represent an infinite system, the convergence of all results
treated on the same footing in our calculations. Thus, wavith size is essential and has been ensured; and we have also
have been able to compare the short- and long-range energiesrified that the results do not differ when varying the orien-
and unveil a very surprising feature. At low densitys ( tation of the proton pair relative to the cell geometry. We
>3), the embedded hydrogen molecule, which is otherwisénave used Monkhorst-Pack typepoint meshées; because
little affected by the jellium at around its equilibrium dimer of the large unit cells, typical meshes, resulting in conver-
distance, actually dissociates at interproton distancgs 2 gence of less than 1 meV, arex®x6 at rg=1.3 (N
<R<3a,, with very small dissociation barrigias low as =512), and & 4X4 atr,=3.2 (N=128). Jellium, being a
0.08 eV atrg=3.2), and to an unpaired state with lower perfect Fermi liquid at high enough densities, has an occu-
energy. We will show that the presence of itinerant electronspation function that jumps from 1 to 0 at the Fermi level and
ensured by the uniform positive background, plays an esseithis usually causes serious convergence problems; these have
tial role here. Note that in the unpaired state mentionedeen treated using the smearing method of Methfessel and
above, the protons may be actually bound by the long-rangPaxtorf* (with a typical smearing temperature=0.2 eV).
oscillating part of the pair potentials; they are unpaired in theThe resulting maximum errors in the total energies in terms
sense that they do not form molecules. However, we havef the introduced entropy are of the order of 10 meV per unit
also found that in the density range correspondindaie-  cell (100 to 500 electrons and errors in the energgiffer-
proximately 1.5<r¢<2, the pair potentials are insufficiently encesare naturally much smaller. A summary of the param-
strong to bind the protons, suggesting the possibility that ireters used for the pair potential plots is given in Table I.
the presence of proton dynamics solid hydrogen can undergo The plots of the pair potential given in the next section are
a pressure melting at a critical density, which was first profrom computations with VASP, within the LSDRAusing the
posed by Brovmanetal,!® and later investigated by Ceperley and Aldéf (CA) exchange-correlation param-
Ceperley’ using quantum Monte Carlo; it also has been pre-etrized by Perdew and Zung€}, and with 7.35 Hartree en-
dicted with a different argument by Ashcrdft. ergy cutoff ultrasoft pseudopotential supplied by Kresse and

The remainder of the paper is organized as follows. TheHafner?’? However, we have also confirmed the featuiigs
computational method is described in Sec. Il, the results arasing corrections originating with the GG#erdew-Wang

II. COMPUTATIONAL METHOD
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91 (Refs. 29,30]; (ii) with norm-conserving pseudopoten- 0 S R A S
tials supplied by Tetet! with core radii as small as 0.1 a.u. 5[ |} /W o ]
(with plane wave cutoffs up to 80 Hartpeand using Abinit Ity t
(LSDA, Teter parametrization of QAand (iii) with a bare Trohy ' e ' 1
Coulomb potential—1/r and energy cutoff as high as 200  -15 } N \/\ o \/M
Hartree. We find that the choice of pseudopotenti L - - ]
—1/r potentia) and exchange-correlation has practically no % S S A
effect on the energy differencedg is certainly not greater § -25 ]
than our numerical errors 5‘, 3l _
Although we are mainly interested in the energy differ- S
ences, we have also established the pair potentials on a 357 N e i
absolute scale. We define the enefgyas -4t i :;;25
a5 | —-— 1,=393 ]
Ep(rs,R)=E(Ne,2p;R)—E[(N—-2)e]-2E(H), (1) fo=oe
o 4 5 6 7 8 9 10 11 12
whereE(Ne,2p;R) is the energy per cell, where each cell p-p separation, R {a.u.)
containsN electrons and 2 protons separated by a dist&ce
E[(N—2)e] is the energy of a uniform gas with—2 elec- FIG. 1. Pair potentials of H atoms in vacuum and embedded in

trons in a cell, anE(H) is the LSDA energy of a hydrogen 2 background neutralized jellium at selected densities close to the

atom in vacuum. All of these quantities are calculated di-Te® electron densities found in Ney(=3.93), Li(3.29, Mg (2.69,

rectly with theab initio algorithms. The physical meaning of 2nd Al (2.07; also the average electronic densities of solidail

E, is that it is the energy of embedding a pair of hydrogenatmosphere and at the point of tran5|t_|on to a monoatomlc solid

atoms in the background neutralized electron gas. The quaﬁprresmm.jI tc_r3:3.13 and 1‘3’.r?.5pe°t.'velﬁb(rS’R) IS the. en-

tity £4(r)=1/2E,(Ne,20;R— ), which is the energy of ergy of bringing two H atoms initially in vacuum and at infinite
b\!s)— b ’ ) )

: - . . separation into the electron gas and at separation
embedding a single H atom, can be compared with earlier P g P

work,>*# and gives additional physical insight into the aftected because the bond distances increase with density, so

problem. . ) while the short-range effects around the protons become
When adding a hydrogen pair to each cell, the averagg,ore important for the total energy, the long-range effects

density changes fromN—2)/V to N/V. It might seem that  phecome more relevant for the energy differences. To ascer-

the energie€(Ne,2p;R) andE[(N—2)e] are now defined i if the calculations oE, are independent of the choice of

at two different densities, and in principle such an amb'gu'typseudopotential, we have computed the quarEitie, 1p)

cogld then pose a problem for the intended physical interpre-_ E(H) atr.=1.3 with different pseudopotentials and also

tation of Ey(rs,R), because the convergence M<2)/V  ith a'— 1/ potential with cut off 500 Hartree. We find no

andN/V when the cells are enlarged is also accompanied by,gticeable differences when choosing pseudopotentials with
the equally fast ¢ N) increase ofE(Ne,2p;R) and E[ (N smaller core radii.

—2)e]. But in fact this difficulty can easily be avoided
thro.ugh the reali_zation that the induced charge_ arqund apro- Ill. RESULTS AND DISCUSSION
ton is always unity, and that the long-range oscillations in the
density must fade away asRf. Therefore, we can always The proton-proton [§-p) pair potential curves at selected
make the supercells large enough that the electron charge @énsities are shown in Fig. 1, and a summary of their char-
their borders is almost uniform at a density< 2)/V. Under  acteristics is listed in Table Il. A comparison of our results
such conditions, each cubic cell indeed represents an infiniteor the energy of immersing a single hydrogen impurity in
system and botlE(Ne,2p;R) andE[(N—2)e] are defined jellium &, with the previous results of several different
at the same density, naméR(N—2)/V. The amplitudes of groups>'*~**given in Fig. 2, shows very good agreement.
the oscillations of the pair potential at separations close t@he general observation is thaf increases with decreasing
half the cell side are now an estimate for the errors in the in the metallic range r;<6), and eventually becomes
calculation of the energ¥, that are related to the finite positive at about,=2.1. At lower densities, it is expected to
system size. start increasingslowly) again, and to approach0.75 eV,
The accuracy of the total energy calculations, and hencthe binding energy of an Hion, when the chemical poten-
E,, depend also on the quality of the pseudopotentials usedial vanishes. Compared to the free atom, there is a substan-
As required by the cusp theorem, the induced charge arounihl accumulation of extra charge around a hydrogen atom
the protons contracts when the density is increased. The eleembedded in the electron gas with uniform backgro(sek
trons from the jellium, which now have higher kinetic energy Fig. 3). The state is paramagnetic at all densiti@asd p-p
(kinetic energy of uniform gas goes as ﬁ)[ can more easily separationsindicating pairing between the hydrogen and/or
penetrate in the core region. It is obvious that the potential igellium electrons. Similar results for the electron density and
the immediate vicinity of the protons becomes more impor-magnetic moment of a single hydrogen impurity in jellium
tant and pseudopotentials designed to produced correct endrave been reported by other authotd™®® It has been
gies at low densities may fail to do so at higher densities. Wsuggestet* that as a basis for the physical understanding of
must emphasize here that the enedgferencesare still little  this state a screened Hon should be considered. The seem-
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TABLE Il. Summary of characteristics of the-p pair potentialsd is the the equilibrium separation and
AE is the dissociation barrier of the ,Hike short-range interactionAE,=Ey(rg,d) —Ep(rs,») is the
binding energy of a hydrogen molecule in jelliugy, is the energy of immersing a single hydrogen atom in
jellium; Ry, is the separation at which the molecular dissociation barrier has a maxiRgns; the first
minimum in the long-range oscillating pair potential, aA® is its period;ke is the Fermi wave vector.
Lengths are in atomic units, energies in eV. Error bars in the last digit are given in parentheses and are related
mostly to the finite cell size and to the introduced entropy due to the smearing of the Fermi surface. All
results here are from LSDA calculations with a 7.35 Hartree cutoff ultrasoft pseudopotential.

rs d AE AEb €p Rm RO AR ’7T/k|:
1.3 9.81) 3.01(5) 2.21) 2.13
2.0 0.832) 3.642) 3.32) 3.27
2.65 —-1.11(1) 4.5%5) 4.02) 4.34
3.2 1.631) 0.0813) 0.521) —1.665(5) 2.271) 5.305) 5.2(1) 5.24
3.93 1.521) 0.5523) 0.022) —1.85(1) 2.79%6) 6.4510) 6.4610 6.43
e 1.4485) 4.8721) —4.872(1) 0 0

ing contradiction between a shalloscreenegd H™ -like H, molecule behavior is of course recovered at very large
bound state and induced density even more contracted than). This behavior is initially unexpectedhough explicable
that of free hydrogen has been justifidry the argument that — see below considering that the density corresponding to
the bound H electrons are being screened out primarily byrs=3 is only about 2.6% of the density at the proton in the
the long-wavelength jellium electrons. hydrogen atonfthough for othes-p valent metals it is quite

At rs>3 we find a well defined hydrogen molecule with a high). It cannot be explained in terms of perturbeg-ltke
dissociation barrier and with an equilibrium bond lengthinteractions, and this is why methods based on this assump-
somewhat larger than but close to that of the molecule irion predict the molecule to remain stable up to densities
vacuum; it also displays a similar electron density around theorresponding ta ;=2 and lowef”°We have plotted re-
protons(see Fig. 3 The interaction at about the equilibrium sults for the binding energy of a molecule in jellium from
distance is H-like in the sense that it can be explained in Refs. 6 and 10 in Fig. 4. It shows that, unlike the findings of
terms of the usual Hbinding plus perturbative screening the present calculations, perturbative methods give the bind-
from the jellium electrons. However, the dissociation barriering energy to be linearly proportional to the density and re-
is only 0.08 eV atr;=3.2, which is less than the zero point main negative up to density corresponding to alnmgst2.
vibrational energy of the protons, and it disappears com- The reason behind the large differences betweerptpe
pletely at higher densities. Evenat>3, the unpaired state pair potentials in vacuum and in a background-neutralized
has energy close to or lower than the moledtife isolated

T T T T LA A | l I ‘
or ] 03 y
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- 3 - - S
T a
I 0.1 - _
ol ]
] 0 L N 1 i
Y -8 -4 0 8
1 2 3 4 Symmetry axis (a.u.)

FIG. 3. Electronic densities @-p separations 1.5 a.@molecu-

FIG. 2. Energy of embedding a single H atom in jellium as alar stat¢ and 9 a.u(unpaired stafein vacuum and in an electron
function of the density parametey; (@) present work, ¢) from gas. The lack of cusps at the proton positions is traced to the use of
Ref. 5, (J) from Ref. 13,(x) from Ref. 14, and ©) from Ref. 15.  pseudopotentials. The integrated densitiép(r), differ little from
The line is a spline interpolation and is only a guide to the eye. calculations with a bare Coulomb potential.
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-1 . . Then, there are bands that coincide with the free electron
] bands and remain unchanged, and other bands that are only
slightly shifted upward when the protons are moved apart.
These bands, even when flat in certén in all) directions,
correspond to itinerant jellium electrons, and their exact
structure can be explained with an impurity induced resonant
] state, which is not relevant here and will be discussed in a
. future papef® Finally, and more interestingly, there is an-
] other flat band, which appears and moves down for larger
p-p separations. This corresponds to a hybridized, triplet,
antibonding state, which piles charge over the protons. When
the hydrogen atoms are moved apart, the singlet state, which
accumulates charge between the protons, causes a depletion
of charge at their position. In this way, the electrostatic pen-
5L . - . L ] alty associated with occupying the triplet state, when the
5 10° (a.u.) 10 15 singlet level is already occupied, decreases. When the energy
Po e of this state falls below the chemical potential, it becomes
FIG. 4. Binding energy of a kimolecule(the energy of 2 H Occupied by the jellium electrons, thus breaking the molecu-
atoms at separatioR~ 1.5 diminished by the energyf @ H atoms ~ lar bond3* Accordingly, the size of the dissociation barrier
at R=x) as a function of density®) from Ref. 6 and(x) from  decreases with density increase and eventually disappears
Ref. 10. when the energy of the triplet state becomes equal to the
chemical potential ap-p separation of about 1.6 a.u.
electron gas of relatively low density is clearly related to the The energye,,, on the other hand, depends on where the
pile up of extra charge around the protons in jellium at largesinglet and triplet levels merge, and on the influence of the
separations, illustrated in Fig. 3. A look at the correspondingegyting state on the other bands. The former is determined
band structure for the supercell system gives an insight int%rimarily by the average exchange-correlation potential, and
what is happening. In Fig. 5, we have Shown the lowest ecreases with density increase, while the merger of the
bands for 2 protons and 128 electrons at different proto'i)onding and antibonding states represents doubly occupied
s_eparatlonR an(_j atrs=3.2 (the molepular band #=1.6 H™ ions, which act as cores that push the other bands
lies out of the picture to the bottomFirst, we observe that 38 . . .
upward:® Therefore, in this band structure picture, the en-

there is a flat band that is movin when istan . .
ere is a flat band that is moving up when fhe distance ergy for immersing an H atom in jellium can be understood

is increased. It corresponds to the bonding, singlet state: . :
in terms of the competition between the exchange correlation

and kinetic energies.

We also propose here a picture in real space, which can be
used to understand the pair potential curves and the induced
density around the embedded hydrogen atoms. The binding
] of the hydrogen molecul&l.7 eV) is largely realized by the
- exchange-driven singlet pairing of the localized two hydro-

\MS gen electrons. The result of the pairing is an accumulation of
~ charge between the two protons where the attractive field is
s = stronger. It can also be said that there are two electrons in the
T field of each proton. The binding of the free"Hon (also
- > with two electrons around the protoon the other hand is

AE, (eV)

Energy (eV)
&
/
/
/

only 0.75 eV because the ion is not neutral. The fact that in
jellium the unpaired state has an energy similar to the H
molecule suggests a formation of electron pairs around each
proton with little electrostatic penalty. The situation differs
-7 from that in vacuum in that the extra electron in the vicinity
r [010] [o11] of the hydrogen atom is now provided by the electron gas. If
FIG. 5. Band structures at a density correspondinggte3.2 one Were to s_olve the problem of the fa_mbedded h.ydr.ogen
and at 4 different H-H separation®] R=1.6, (1) R=5.0, (©) atom in sphe_rlcal coordinates, the positive charge inside a
R=9.0, and (\) R=12.0. The highlighted flat bands correspond to SPhere of radius, and centered at the proton is 2 a.u. The
singlet lowey and triplet(upped H, states. The Fermi level is at Physical picture then resembles a neutral “atom” with one
—1.46 eV and the molecular band fB=1.6 at—11.27 eV. The point charge, one smeared positive charge, and two electrons.
dashed lines are free electron bands, and the solid lines with no The simplest analytical model to describe this situation is
symbols indicate bands which remain the samallap-p separa- a spherical cell mode{SCM), acknowledging the charged
tions and coincide with the free electron bands. background and with Hamiltonian
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R Vi Vg ) R 1 0.06 -
H=————+V(r1)+V(r2)—l——, (2) /f-\
2 2 EP) 0.04 | e\ -
. ¥ \ A l‘s—3.2
where
0.02
vin-— -2 € \Y
ry=—— — =, 0 1 \. | L A/I\
roo2rd 2rg 3 \ \\/
defined forr<rg, is the potential arising from the positive g’_ "“
point charge ar=0 and the uniform positive background &2 g9 | e
inside the sphere of radiug. As noted earlier, the potential ya r=13
arising from the background is an effective representation of %97 [ Lol S '
the electrostatic interaction between the electrons inside the 0.05 | TN
cell and the rest of the systethWe can further simplify 4
matters if we first treat the electron-electron interactian 1/ 0.03 /4
as a perturbation and write the two-electron wave function as 001/ ..
W(ry,ro)=(r)¥(ry), but also introduce an effective cou- N ' '
pling Z as a variational parameter. We can then fif(d) as 0ot 0.5 1 15 2 25 3
a function ofZ from the auxiliary single-particle Schadimger 1/r,
equation . )
FIG. 6. Integrated induced charge densityrg&3.2 and 1.3
v?2 from (—) ab initio calculations, (- - - - - )H ion, (- — - — )
{ -5 +ZV(r)} P(r)=Equ(r). (4)  the SCM, and— — —) the SCM but with charge normalized to

give theab initio charge inside a sphere with radius The results
The physical basis of this model is linked to the assumptiorffom the SCM ars=1.3 withZ=1 and wave functions normalized
that the overlap between the wave functions of the electron&Sider maxand boundary condition imposed @{ax, Wherer ny is
inside and outside the cell, which can be measured bﬁuch that theab initio charge inside a sphere of radius,, is 2 is
Sar¥y(r=ry)|?, is negligible, which is a good approxima- /¢ givent- - -).

tion only at low density and when bound electron _states eXistgensities (>2). A hydrogen impurity in a metal can indeed
To account for the effects of the overlap, we introduce aye regarded as a “jellium hydride” state, which is a conse-
band-energy correction th, in terms of an effective mass, quence of the fact that the positidleackground charge fills

m* =m/a, namely, the entire space. Therefore, results from such jellium models
5 o3 cannot bedirectly translated _topure soli(_j hydrogen(in a
E,=23 _k:ai(g_ﬂ) 1 ) nonplasma stajevhere there is but a unit charge associated
bsTEL 2 10\ 4 2 with each proton.
s Structural trends within simple metals can often be ac-
We then minimize the variational energy counted for by the form of théFriede) oscillating inter-
R atomic pair potentials. At very high density, when the oscil-
E={(¢(ry,ro)|H|(ry,r2))+ Eps, (6) lations diminish, the structure is determined by the repulsive

~ L . short-range potentials when they appear at separations larger
where H is given by Eq.(2). Here E is minimized with  than twice the Wigner-Seitz radius. What is unique about
respect taZ, which enters the equation through bathand  hydrogen, is thati) it has small mass and charge, meaning
Eps, and Eq.(4) is solved subject to the boundary condition that the magnitude of the oscillations in the pair potentials
dy/dr|;_=0. The details of the calculatiofwhich has rel-  can become smaller than the energy associated with the zero
evance beyond this particular probleand a justification of  point motion of the protons at relatively low density com-
the boundary conditions are given in the Appendix. A com-pared to other metals ariil) as noted it does not have inner-
parison between the induced density obtained from thishell electrons, as a result of which the repulsive short-range
model and from theb initio calculations is given in Fig. 6. potential is more “contracted” around the protons. We have
Considering that the SCM almost completely ignores thefound that there is a density region (£5,<2) where the
quantum nature of the surrounding medium, the agreement isscillating p-p pair potential is insufficiently strong to bind
quite satisfactory at densities where there are bound electrahe protons® and the repulsive short-range potential appears
states(in the actual systejrt’ At higher densities, where at separations less tham2(see inset in Fig. )1 This obser-
there are no bound states and the screening leffgtie  vation confirms previous predictions of such a stite?
larger thanrg, there is little physical justification for a de- though at a different density. Its physical implications can be
termination of the induced density by minimizing the energyfar-reaching, namely, that it is possible, by application of
of a Schralinger equation definednly inside a sphere of pressure, to bring hydrogen to a state of a low-temperature
radiusrg, and the model naturally fails. The point that the quantum fluid. Notice that at these densities there are no
SCM illustrates is that the presence of itinerant jellium elec-bound states around the protdtise value ofr ¢ at which the
trons iscrucial for the shape of the pair potentials at metallic Yukawa potential expfker)/r just fails to have a bound
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state is 2.4 so the results from the jellium model actually do APPENDIX

have relevance to hydrogen plasma. The difference between

the two systems is that, at the same average density, the With the approximationy(r,r,) = (rq) ¥(r,), the en-
plasma electrons will have larger effective mass than thergy in Eq.(6) can be written as a sum of three terms
jellium electrons because of the presence of point positive

charges in this system, rather than a uniform background. An E=Eo+ Eeet Eps, (A1)

exact correspondence between jellium and the hydrogefnere E, is the eigenvalue of the auxiliary Scldinger

plasma can be found by comparing the density dependencg, ation(4), E. . is the electrostatic energy between the elec-
of the effective mass obtained from the two models, but it isyons inside the cell of radius,,

clear that results from the jellium model correspond to those

of the hydrogen plasma at higher average density. e?
Eee:<¢(r1:rz)|mW(rl,rz»

s r
V- CONCLUSION — (4m)? fo drlrllwul)lz[ fo dror2|i(r,)|?

We have elucidated the evolution with density of proton-
proton interactions in jellium. Our results for the energy and s 5
induced density of a single hydrogen impurity in an electron + fr drararo|¢(ro)| ] (A2)
gas agree well with previous results. However, when embed- '
ded in jellium, the H molecule becomes unstable at muchandEg is a band energy correction which we will evaluate
lower density than previously thought. The origin of this by analogy with Bardeen’s derivatitfhof the effective mass
behavior, which previous approximate methods have novalid for Bloch wave functions in the framework of the
fully included, is the presence of itinerant jellium electrons, Wigner-Seitz modet! In this model, which is identical to
which tend to bind with the hydrogen electrons in competi-our SCM,ZV(r) is identified as areffectiveionic potential,
tion with the molecular binding, and for which, to repeat, theEg is the bottom of the band energy, ads thek=0 Bloch
uniform positive background plays a central role. Thereforewave function, solution to an equivalent to Sdtiirmer
we have concluded that the jellium model cannot be applie@quation(4), which must have the symmetry of the latfite
directly to studyintramolecular H-H interactions in pure and is required to satisfy the average boundary condition
dense hydrogen. However, the results from this model are

especially relevant for interactions between hydrogen impu- dy —0 A3
rities in systems witlinearly free electrons. It is an interest- drl (A3)
ing experimental question whether the bistability between s

the paired and unpaired states which we find@at3.2 can A single proton in jellium is not a periodic system and it is
actually be observed for H impurities in metals or in densenot immediately obvious why EqA3) is the appropriate
hydrogen supplied with donor impurities. The jellium model houndary condition for the SCM. The reason why it is cho-
is an even more “realistic” system in 2D, where it can be sen here, is that in the same way thigt) in this model is an
mimicked in the inversion region of semiconductors. Theeﬁective potentia| fo“'<rsy the boundary condition |mp||c_
main features of the pair potentials should remain similaiity defines aneffectivepotential forr >r. When the proton
there, but because of the stronger molecular binding in 2Dis completely screened at=r, which is consistent with the
the 3D behavior will translate to higher density in 2D. other assumptions of the model, an electron will feel the
Finally, we find a range of densities, corresponding togame effective potential at either side of the cell boundary.

(approximately 1.5<rs<2, where the H-H pair potential is  Equation(4) of the text can be solved using a series ex-
insufficiently strong to bind the protons, which suggests theyansjon

intriguing possibility that hydrogen can be liquified in its

ground state simply by systematic application of pressure. * _

Whether this is actually possible, depends on how exactly z/;(r)=2 ar'tk r=rq, (A4)
the jellium system in the density range betwees 1.5 and 1=0

2 maps on the real hydrogen systéfit is clear that the  and has one solution regular at the origin, given by
effective mass associated with the extremely inhomogeneous

electronic distribution in an N-proton system will be much 1 37
larger than in a jellium model with equal average density. k=0, a;=-—Zay, az=§(Zz—Eo— or. ap,
S
1 3z
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The coefficienta, is determined by the normalization condi- with Z=1, which has a power series solutio®(r)

tion =37 pi r'*S, where
I's
4772[0 drr¥y(n*=1, (A6) s=0, po=p1=0, po=1, ps=-2/2,
and withk=0, the boundary conditiofA3) becomes
“2 zp o+ E+32) z i=4
* = — - JR— o= ——Di , 1=4.
2 (i+1)ai+1rL:0, (A?) Pi i2—i—2 Pi-1 0 2rs Pi-2 2r§p| 4
=0

(A12)

which gives the eigenvalue equation 6.

For the calculation of the effective mass, which enters However, in our casg is a variational parameter. To account
Eq. (5), we examine the energy of tHe Bloch state,i,,  for this, we can add and subtraZ¥/(r) in Eq. (A8). After
=uy(r)exp(k-r), some straightforward calculations, it can be shown that the

effective mass that enters E@) is given by

Ex= (¥l (= VZ2+ )| ) (] i) - (A8)
Here u, can be expanded as = ¢+u,, where ¢ is the 8 s
solution of Eq.(4), andu; of @=agt ?(Z_l){ Jo dr{P(r) = y(n)r’)*
VZ
— 5 Ut ZV(ru;=Eeup +ik- V. (A9) X[(V)—V(r)]), (A13)
In Bardeen’s derivationZ=1, and he obtains for the effec-
tive mass where ag and P are now calculated from Eq$A10) and
4 dinP (A12), but with arbitrary variational Z, and (\7)
=— 3l (r =12 _ = [drr2v(n)|y(r)|2.
ap 37Trs|lr/,(r rs)l dinr 1 ’ (Alo) f X . .
r=rg Finally, we may also add a correlation energy correction
. . to E, which within the LDA is
whereP(r) is a solution of
d’P 2P s, 5 5
a2~ 72 T2Ee=ZzV(n]P=0 (A11) EC=47TL drr?g(r)[Pe | p(r)|?]. (A14)
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