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Hydrogen in jellium: First-principles pair interactions

S. A. Bonev and N. W. Ashcroft
Laboratory of Atomic and Solid State Physics and Cornell Center for Materials Research, Cornell University,
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~Received 14 May 2001; published 26 November 2001!

Ground-state pair potentials between protons immersed in jellium~interacting electrons plus a compensating
background! and at densities corresponding to the range 1,r s,4 are calculated using first-principles density
functional theory methods. While the results obtained for immersing a single H atom in an electron gas agree
with previous calculations, it is discovered that molecular-type short-range binding becomes unstable at sur-
prisingly low density~at aboutr s53.2), and that at even lower density there is a bistability between a weakly
bound molecule and an unpaired state. This behavior is a result of the possible pairing of hydrogen and
itinerant jellium electrons with little electrostatic penalty, a consequence of the positive background filling the
entire volumeV. Another important finding is a density range (1.5,r s,2) where the pair potentials are
insufficiently strong to bind the protons, suggesting the possibility of inducing hydrogen into a state of
low-temperature quantum fluid at a critical density.

DOI: 10.1103/PhysRevB.64.224112 PACS number~s!: 71.10.Li, 34.20.Cf, 71.30.1h, 71.55.2i
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I. INTRODUCTION

Dense hydrogen has proven to be an extremely intrigu
and subtle quantum system. It has long been predicte
undergo a sequence of diatomic orderings and transition
density is increased under the application of external p
sure. At high enough pressure, a fully dissociated meta
state, first considered by Wigner and Huntington,1 is ex-
pected. Because it is a fundamental system, the behavio
hydrogen at high pressures and densities has attracted
siderable attention,2–4 and it remains a matter of active the
oretical and experimental debate.

Ironically, the very simplicity of the hydrogen atom, ha
ing but a single electron, also contributes to the complex
of its dense state. Because of the lack of closed inner sh
of core electrons, and being one electron short of a clo
outer shell, hydrogen is very different from other light el
ments~despite its traditional presence in group I of the pe
odic table!. Its molecular or paired structure survives to s
prisingly high densities in the condensed phase; and diato
pairing of hydrogen at metallic densities is also a manifes
tion of the strong, nonlinear electron-ion interactions wh
lead, via exchange, to the accumulation of extra electro
charge between the atoms forming a given pair. Con
quently, standard perturbation approaches, such as lin
and higher-order response theory, that are generally satis
tory for other metals with closed inner shells, are insufficie
for hydrogen. It is clear that proper inclusion of the electro
proton interaction, and the resulting effective state depend
pair and higher-order interactions are keys to understan
the properties of dense hydrogen, the hydrogen plasma,
metal hydrides. Naturally, the study of a simplified syste
where the protons, with the requisite compensating electr
are embedded in a previously formed homogeneous elec
gas with neutralizing rigid background~the standard jellium
problem!, has been a route yielding considerable insight.5–15

We arrive at the system discussed in this paper by con
ering a specific proton pair, with associated electronic co
ponent, to be viewed as being excerpted fromN/2 such pairs.
0163-1829/2001/64~22!/224112~9!/$20.00 64 2241
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The remaining outer (N/221) pairs are then replaced by
system where the discrete proton charge is transformed in
uniform background. For what follows it is important to re
mark immediately that the uniform~positive! background ac-
tually fills theentirevolumeV. As will be seen, the physica
consequences of this are not trivial for the remaining pro
pair, which now resides in an otherwise standard elect
gas. In the present model the effect of compression is r
ized as follows; in the original problem,N protons andN
electrons are densified in a uniform manner. Here densifi
tion alters the penetrating uniform background and the co
pensating system of electrons. Together they have an in
ence on the selected molecule and in this way the effec
compression in dense hydrogen is being mimicked by
systematic densification of an outer electron gas on an in
molecule.

In this paper we therefore wish to examine the hydrog
hydrogen~or proton-proton! interactions in the ground stat
of such an electron gas, and at densities corresponding to
range 1,r s,4, where 4p/3r s

3a0
35N/V for N electrons in a

volumeV, where the average electronic density of solid h
drogen at 1 atmosphere corresponds tor s53.13, and where
the local value ofr s at the proton in the hydrogen atom
0.89. Most of the previous studies of the H-H interactions
jellium have concentrated either on the short-range or on
long-range interactions. No”rskov5 studied the former by
solving the Dyson equation for the change in the Gree
function of the electron gas associated with the H impuriti
by projecting it onto a finite localized basis set; and later
addressed the same problem with effective medium theo6

Ferrazet al.7 proposed a Heitler-London method, but wi
Thomas-Fermi screened interactions, to study the hydro
metallization. These approaches are based on the assum
of H2-like interactions and/or charge densities, and natura
fail for larger interproton distances and higher densit
~where there are no electron states bound to the proto!.
Christensenet al.8 performed self-consistent calculation
within the local-density approximation~LDA ! at r s52.95.
They situated H2 molecules on a fcc lattice but with on
extra electron per unit cell and their results only extend
H-H separations of 3.0 a.u. At larger separations, the sin
©2001 The American Physical Society12-1
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extra electron cannot be representative of jellium becaus
the eventual formation of H2-like ions, as we will show
later. Perrot and Rasolt9 obtained long-range Friedel oscilla
tions in the effective pair potentialF (2)(r ) by expanding the
kinetic energy functional to fourth order and superimpos
the charge densities induced from individual ions. La
Perrot10 interpolated the long-range pair potential based o
new formulation of the kinetic energy functional and t
short-range potential from effective-medium H2-like interac-
tion.

These approaches are valuable but have the shortco
that they are not applicable to all densities and all sep
tions; they require different sets of approximations for t
short- and long-range interactions and the interpolation
tween these two limits is not straightforward. In additio
although they agree qualitatively, they give quantitative
different results. Zong and Ceperley11 calculatedF (2)(r ) at
r s53.93 and 2.07 using the path integral Monte Ca
~PIMC! method, which does not require specification
wave functions and which can be applied in principle to
extended system~although the results in Ref. 11 are fo
proton-proton separations up to 3 a.u.!. However, the PIMC
is applicable only for finite temperatures, and Zong and C
erley usedT51/16 Hartree ([20 000 K), which is actually
quite large compared to our energy scales, as we will
later. Accordingly, to address these points we report be
large scale ground stateab initio band structure calculation
of the H-H interactions in jellium designed to treat a subst
tial density range and quite extended separations. As wil
seen, the pair potential curves that we obtain have nume
errors in the relative energies only of the order of 1023 eV.
The results are also valid both in the local spin density
proximation~LSDA! and within the generalized gradient a
proximation ~GGA!. Since in density functional theory w
need not assume any charge densitya priori, all ranges are
treated on the same footing in our calculations. Thus,
have been able to compare the short- and long-range ene
and unveil a very surprising feature. At low density (r s
.3), the embedded hydrogen molecule, which is otherw
little affected by the jellium at around its equilibrium dime
distance, actually dissociates at interproton distancesa0
,R,3a0, with very small dissociation barrier~as low as
0.08 eV at r s53.2), and to an unpaired state with low
energy. We will show that the presence of itinerant electro
ensured by the uniform positive background, plays an es
tial role here. Note that in the unpaired state mention
above, the protons may be actually bound by the long-ra
oscillating part of the pair potentials; they are unpaired in
sense that they do not form molecules. However, we h
also found that in the density range corresponding to~ap-
proximately! 1.5,r s,2, the pair potentials are insufficientl
strong to bind the protons, suggesting the possibility tha
the presence of proton dynamics solid hydrogen can und
a pressure melting at a critical density, which was first p
posed by Brovmanet al.,16 and later investigated by
Ceperley17 using quantum Monte Carlo; it also has been p
dicted with a different argument by Ashcroft.18

The remainder of the paper is organized as follows. T
computational method is described in Sec. II, the results
22411
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presented and discussed in Sec. III, and conclusions
given in Sec. IV.

II. COMPUTATIONAL METHOD

The system considered is actually a periodic array
‘‘large’’ cubic supercells, each containingN electrons, 1 or 2
protons, and the requisite neutralizing rigid background. T
role of the background is limited to canceling the diverge
k50 term of the electrostatic potential. The electronic stru
ture problem for this system is treated using standard den
functional methods, where the Kohn-Sham equations19,20 are
solved self-consistently by expanding the electronic state
a plane wave basis. We have carried out the computat
with both the Viennaab initio simulations package~VASP!,
and Abinit algorithms. For a description of the plane-wa
method and the concepts employed in these algorithms
refer the reader to the papers by Kresseet al.21 and Payneet
al.22

To determine the proton-proton pair potential, the groun
state energy of the system is computed at a series of fi
interproton separations. Since each cubic cell is intende
represent an infinite system, the convergence of all res
with size is essential and has been ensured; and we have
verified that the results do not differ when varying the orie
tation of the proton pair relative to the cell geometry. W
have used Monkhorst-Pack typek-point meshes23; because
of the large unit cells, typical meshes, resulting in conv
gence of less than 1 meV, are 63636 at r s51.3 (N
5512), and 43434 at r s53.2 (N5128). Jellium, being a
perfect Fermi liquid at high enough densities, has an oc
pation function that jumps from 1 to 0 at the Fermi level a
this usually causes serious convergence problems; these
been treated using the smearing method of Methfessel
Paxton24 ~with a typical smearing temperature,s50.2 eV).
The resulting maximum errors in the total energies in ter
of the introduced entropy are of the order of 10 meV per u
cell ~100 to 500 electrons!, and errors in the energydiffer-
encesare naturally much smaller. A summary of the para
eters used for the pair potential plots is given in Table I.

The plots of the pair potential given in the next section a
from computations with VASP, within the LSDA@using the
Ceperley and Alder25 ~CA! exchange-correlation param
etrized by Perdew and Zunger26#, and with 7.35 Hartree en
ergy cutoff ultrasoft pseudopotential supplied by Kresse a
Hafner.27,28However, we have also confirmed the features~i!
using corrections originating with the GGA@Perdew-Wang

TABLE I. Summary of parameters used for the calculations
the p-p pair potential plots;a is the lattice constant of the cubi
superlattice andN is the number of electrons per unit cell.

r s a ~a.u.! N k-point mesh

1.3 16.8 512 63636
2.0 20.5 256 43434
2.65 21.5 124 43434
3.2 26.0 128 43434
3.93 25.3 64 43434
2-2
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HYDROGEN IN JELLIUM: FIRST-PRINCIPLES PAIR . . . PHYSICAL REVIEW B 64 224112
91 ~Refs. 29,30!#; ~ii ! with norm-conserving pseudopoten
tials supplied by Teter,31 with core radii as small as 0.1 a.u
~with plane wave cutoffs up to 80 Hartree! and using Abinit
~LSDA, Teter parametrization of CA!; and ~iii ! with a bare
Coulomb potential21/r and energy cutoff as high as 20
Hartree. We find that the choice of pseudopotential~or
21/r potential! and exchange-correlation has practically
effect on the energy differences~it is certainly not greater
than our numerical errors!.

Although we are mainly interested in the energy diffe
ences, we have also established the pair potentials o
absolute scale. We define the energyEb as

Eb~r s ,R!5E~Ne,2p;R!2E@~N22!e#22E~H !, ~1!

whereE(Ne,2p;R) is the energy per cell, where each ce
containsN electrons and 2 protons separated by a distancR,
E@(N22)e# is the energy of a uniform gas withN22 elec-
trons in a cell, andE(H) is the LSDA energy of a hydroge
atom in vacuum. All of these quantities are calculated
rectly with theab initio algorithms. The physical meaning o
Eb is that it is the energy of embedding a pair of hydrog
atoms in the background neutralized electron gas. The q
tity «b(r s)51/2Eb(Ne,2p;R→`), which is the energy of
embedding a single H atom, can be compared with ea
work,5,12–15 and gives additional physical insight into th
problem.

When adding a hydrogen pair to each cell, the aver
density changes from (N22)/V to N/V. It might seem that
the energiesE(Ne,2p;R) andE@(N22)e# are now defined
at two different densities, and in principle such an ambigu
could then pose a problem for the intended physical interp
tation of Eb(r s ,R), because the convergence of (N22)/V
andN/V when the cells are enlarged is also accompanied
the equally fast (;N) increase ofE(Ne,2p;R) and E@(N
22)e#. But in fact this difficulty can easily be avoide
through the realization that the induced charge around a
ton is always unity, and that the long-range oscillations in
density must fade away as 1/R3. Therefore, we can alway
make the supercells large enough that the electron charg
their borders is almost uniform at a density (N22)/V. Under
such conditions, each cubic cell indeed represents an infi
system and bothE(Ne,2p;R) and E@(N22)e# are defined
at the same density, namely,32 (N22)/V. The amplitudes of
the oscillations of the pair potential at separations close
half the cell side are now an estimate for the errors in
calculation of the energyEb that are related to the finite
system size.

The accuracy of the total energy calculations, and he
Eb , depend also on the quality of the pseudopotentials u
As required by the cusp theorem, the induced charge aro
the protons contracts when the density is increased. The e
trons from the jellium, which now have higher kinetic ener
~kinetic energy of uniform gas goes as 1/r s

2!, can more easily
penetrate in the core region. It is obvious that the potentia
the immediate vicinity of the protons becomes more imp
tant and pseudopotentials designed to produced correct e
gies at low densities may fail to do so at higher densities.
must emphasize here that the energydifferencesare still little
22411
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while the short-range effects around the protons beco
more important for the total energy, the long-range effe
become more relevant for the energy differences. To as
tain if the calculations ofEb are independent of the choice o
pseudopotential, we have computed the quantityE(Ne,1p)
2E(H) at r s51.3 with different pseudopotentials and als
with a 21/r potential with cut off 500 Hartree. We find n
noticeable differences when choosing pseudopotentials
smaller core radii.

III. RESULTS AND DISCUSSION

The proton-proton (p-p) pair potential curves at selecte
densities are shown in Fig. 1, and a summary of their ch
acteristics is listed in Table II. A comparison of our resu
for the energy of immersing a single hydrogen impurity
jellium «b with the previous results of several differe
groups,5,13–15 given in Fig. 2, shows very good agreemen
The general observation is that«b increases with decreasin
r s in the metallic range (r s,6), and eventually become
positive at aboutr s52.1. At lower densities, it is expected t
start increasing~slowly! again, and to approach20.75 eV,
the binding energy of an H2 ion, when the chemical poten
tial vanishes. Compared to the free atom, there is a subs
tial accumulation of extra charge around a hydrogen at
embedded in the electron gas with uniform background~see
Fig. 3!. The state is paramagnetic at all densities~and p-p
separations! indicating pairing between the hydrogen and/
jellium electrons. Similar results for the electron density a
magnetic moment of a single hydrogen impurity in jelliu
have been reported by other authors.5,13–15 It has been
suggested5,14 that as a basis for the physical understanding
this state a screened H2 ion should be considered. The seem

FIG. 1. Pair potentials of H atoms in vacuum and embedded
a background neutralized jellium at selected densities close to
free electron densities found in Na (r s53.93), Li ~3.25!, Mg ~2.65!,
and Al ~2.07!; also the average electronic densities of solid H2 at 1
atmosphere and at the point of transition to a monoatomic s
correspond tor s53.13 and 1.3, respectively.Eb(r s ,R) is the en-
ergy of bringing two H atoms initially in vacuum and at infinit
separation into the electron gas and at separationR.
2-3
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TABLE II. Summary of characteristics of thep-p pair potentials:d is the the equilibrium separation an
DE is the dissociation barrier of the H2-like short-range interaction;DEb5Eb(r s ,d)2Eb(r s ,`) is the
binding energy of a hydrogen molecule in jellium;«b is the energy of immersing a single hydrogen atom
jellium; Rm is the separation at which the molecular dissociation barrier has a maximum;R0 is the first
minimum in the long-range oscillating pair potential, andDR is its period;kF is the Fermi wave vector.
Lengths are in atomic units, energies in eV. Error bars in the last digit are given in parentheses and are
mostly to the finite cell size and to the introduced entropy due to the smearing of the Fermi surfac
results here are from LSDA calculations with a 7.35 Hartree cutoff ultrasoft pseudopotential.

r s d DE DEb «b Rm R0 DR p/kF

1.3 9.8~1! 3.01~5! 2.2~1! 2.13
2.0 0.83~2! 3.64~2! 3.3~2! 3.27
2.65 21.11(1) 4.55~5! 4.0~2! 4.34
3.2 1.63~1! 0.081~3! 0.52~1! 21.665(5) 2.22~1! 5.30~5! 5.2~1! 5.24
3.93 1.52~1! 0.552~3! 0.02~2! 21.85(1) 2.79~6! 6.45~10! 6.46~10! 6.43
` 1.445~5! 4.872~1! 24.872(1) 0 `
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ing contradiction between a shallow~screened! H2-like
bound state and induced density even more contracted
that of free hydrogen has been justified5 by the argument tha
the bound H2 electrons are being screened out primarily
the long-wavelength jellium electrons.

At r s.3 we find a well defined hydrogen molecule with
dissociation barrier and with an equilibrium bond leng
somewhat larger than but close to that of the molecule
vacuum; it also displays a similar electron density around
protons~see Fig. 3!. The interaction at about the equilibrium
distance is H2-like in the sense that it can be explained
terms of the usual H2 binding plus perturbative screenin
from the jellium electrons. However, the dissociation barr
is only 0.08 eV atr s53.2, which is less than the zero poi
vibrational energy of the protons, and it disappears co
pletely at higher densities. Even atr s.3, the unpaired state
has energy close to or lower than the molecule~the isolated

FIG. 2. Energy of embedding a single H atom in jellium as
function of the density parameterr s ; (d) present work, (1) from
Ref. 5, (h) from Ref. 13,~x! from Ref. 14, and (s) from Ref. 15.
The line is a spline interpolation and is only a guide to the eye
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H2 molecule behavior is of course recovered at very la
r s). This behavior is initially unexpected~though explicable
— see below! considering that the density corresponding
r s53 is only about 2.6% of the density at the proton in t
hydrogen atom~though for others-p valent metals it is quite
high!. It cannot be explained in terms of perturbed H2-like
interactions, and this is why methods based on this assu
tion predict the molecule to remain stable up to densit
corresponding tor s52 and lower.6,7,10 We have plotted re-
sults for the binding energy of a molecule in jellium fro
Refs. 6 and 10 in Fig. 4. It shows that, unlike the findings
the present calculations, perturbative methods give the b
ing energy to be linearly proportional to the density and
main negative up to density corresponding to almostr s52.

The reason behind the large differences between thep-p
pair potentials in vacuum and in a background-neutraliz

FIG. 3. Electronic densities atp-p separations 1.5 a.u.~molecu-
lar state! and 9 a.u.~unpaired state! in vacuum and in an electron
gas. The lack of cusps at the proton positions is traced to the us
pseudopotentials. The integrated densities,r 2r(r ), differ little from
calculations with a bare Coulomb potential.
2-4
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electron gas of relatively low density is clearly related to t
pile up of extra charge around the protons in jellium at la
separations, illustrated in Fig. 3. A look at the correspond
band structure for the supercell system gives an insight
what is happening. In Fig. 5, we have shown the lowes
bands for 2 protons and 128 electrons at different pro
separationsR and atr s53.2 ~the molecular band atR51.6
lies out of the picture to the bottom!. First, we observe tha
there is a flat band that is moving up when thep-p distance
is increased. It corresponds to the bonding, singlet st

FIG. 4. Binding energy of a H2 molecule~the energy of 2 H
atoms at separationR;1.5 diminished by the energy of 2 H atoms
at R5`) as a function of density (d) from Ref. 6 and~x! from
Ref. 10.

FIG. 5. Band structures at a density corresponding tor s53.2
and at 4 different H-H separations (s) R51.6, (h) R55.0, (L)
R59.0, and (n) R512.0. The highlighted flat bands correspond
singlet lower! and triplet~upper! H2 states. The Fermi level is at
21.46 eV and the molecular band forR51.6 at211.27 eV. The
dashed lines are free electron bands, and the solid lines with
symbols indicate bands which remain the same atall p-p separa-
tions and coincide with the free electron bands.
22411
e
g
to
8
n

e.

Then, there are bands that coincide with the free elect
bands and remain unchanged, and other bands that are
slightly shifted upward when the protons are moved ap
These bands, even when flat in certain~or in all! directions,
correspond to itinerant jellium electrons, and their ex
structure can be explained with an impurity induced reson
state, which is not relevant here and will be discussed i
future paper.33 Finally, and more interestingly, there is an
other flat band, which appears and moves down for lar
p-p separations. This corresponds to a hybridized, trip
antibonding state, which piles charge over the protons. W
the hydrogen atoms are moved apart, the singlet state, w
accumulates charge between the protons, causes a dep
of charge at their position. In this way, the electrostatic p
alty associated with occupying the triplet state, when
singlet level is already occupied, decreases. When the en
of this state falls below the chemical potential, it becom
occupied by the jellium electrons, thus breaking the mole
lar bond.34 Accordingly, the size of the dissociation barrie
decreases with density increase and eventually disapp
when the energy of the triplet state becomes equal to
chemical potential atp-p separation of about 1.6 a.u.

The energy«b , on the other hand, depends on where
singlet and triplet levels merge, and on the influence of
resulting state on the other bands. The former is determi
primarily by the average exchange-correlation potential, a
decreases with density increase, while the merger of
bonding and antibonding states represents doubly occu
H2 ions, which act as cores that push the other ba
upward.35 Therefore, in this band structure picture, the e
ergy for immersing an H atom in jellium can be understo
in terms of the competition between the exchange correla
and kinetic energies.

We also propose here a picture in real space, which ca
used to understand the pair potential curves and the indu
density around the embedded hydrogen atoms. The bin
of the hydrogen molecule~4.7 eV! is largely realized by the
exchange-driven singlet pairing of the localized two hyd
gen electrons. The result of the pairing is an accumulation
charge between the two protons where the attractive fiel
stronger. It can also be said that there are two electrons in
field of each proton. The binding of the free H2 ion ~also
with two electrons around the proton! on the other hand is
only 0.75 eV because the ion is not neutral. The fact tha
jellium the unpaired state has an energy similar to the2
molecule suggests a formation of electron pairs around e
proton with little electrostatic penalty. The situation diffe
from that in vacuum in that the extra electron in the vicin
of the hydrogen atom is now provided by the electron gas
one were to solve the problem of the embedded hydro
atom in spherical coordinates, the positive charge insid
sphere of radiusr s and centered at the proton is 2 a.u. T
physical picture then resembles a neutral ‘‘atom’’ with o
point charge, one smeared positive charge, and two electr

The simplest analytical model to describe this situation
a spherical cell model~SCM!, acknowledging the charge
background and with Hamiltonian

no
2-5
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Ĥ52
¹1

2

2
2

¹2
2

2
1V̂~r1!1V̂~r2!1

1

r 12
, ~2!

where

V~r !52
1

r
1

r 2

2r s
3

2
3

2r s
, ~3!

defined forr ,r s , is the potential arising from the positiv
point charge atr 50 and the uniform positive backgroun
inside the sphere of radiusr s . As noted earlier, the potentia
arising from the background is an effective representation
the electrostatic interaction between the electrons inside
cell and the rest of the system.36 We can further simplify
matters if we first treat the electron-electron interaction 1/r 12
as a perturbation and write the two-electron wave function
c(r1 ,r2)5c(r1)c(r2), but also introduce an effective cou
pling Z as a variational parameter. We can then findc(r ) as
a function ofZ from the auxiliary single-particle Schro¨dinger
equation

H 2
¹2

2
1ZV~r !J c~r !5E0c~r !. ~4!

The physical basis of this model is linked to the assumpt
that the overlap between the wave functions of the electr
inside and outside the cell, which can be measured
4
3 pr s

3uc(r 5r s)u2, is negligible, which is a good approxima
tion only at low density and when bound electron states ex
To account for the effects of the overlap, we introduce
band-energy correction toE0 in terms of an effective mass
m* 5m/a, namely,

Ebs52(
k

ak2

2
5a

3

10S 9p

4 D 2/3 1

r s
2

. ~5!

We then minimize the variational energy

E5^c„r1 ,r2…uĤuc~r1 ,r2!&1Ebs , ~6!

where Ĥ is given by Eq.~2!. Here E is minimized with
respect toZ, which enters the equation through bothc and
Ebs , and Eq.~4! is solved subject to the boundary conditio
dc/drur s

50. The details of the calculation~which has rel-
evance beyond this particular problem! and a justification of
the boundary conditions are given in the Appendix. A co
parison between the induced density obtained from
model and from theab initio calculations is given in Fig. 6
Considering that the SCM almost completely ignores
quantum nature of the surrounding medium, the agreeme
quite satisfactory at densities where there are bound elec
states~in the actual system!.37 At higher densities, where
there are no bound states and the screening lengths38 are
larger thanr s , there is little physical justification for a de
termination of the induced density by minimizing the ener
of a Schro¨dinger equation definedonly inside a sphere o
radius r s , and the model naturally fails. The point that th
SCM illustrates is that the presence of itinerant jellium el
trons iscrucial for the shape of the pair potentials at metal
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densities (r s.2). A hydrogen impurity in a metal can indee
be regarded as a ‘‘jellium hydride’’ state, which is a cons
quence of the fact that the positive~background! charge fills
the entire space. Therefore, results from such jellium mod
cannot bedirectly translated topure solid hydrogen~in a
nonplasma state! where there is but a unit charge associa
with each proton.

Structural trends within simple metals can often be
counted for by the form of the~Friedel! oscillating inter-
atomic pair potentials. At very high density, when the osc
lations diminish, the structure is determined by the repuls
short-range potentials when they appear at separations la
than twice the Wigner-Seitz radius. What is unique ab
hydrogen, is that~i! it has small mass and charge, meani
that the magnitude of the oscillations in the pair potenti
can become smaller than the energy associated with the
point motion of the protons at relatively low density com
pared to other metals and~ii ! as noted it does not have inne
shell electrons, as a result of which the repulsive short-ra
potential is more ‘‘contracted’’ around the protons. We ha
found that there is a density region (1.5,r s,2) where the
oscillating p-p pair potential is insufficiently strong to bind
the protons,39 and the repulsive short-range potential appe
at separations less than 2r s ~see inset in Fig. 1!. This obser-
vation confirms previous predictions of such a state,16–18

though at a different density. Its physical implications can
far-reaching, namely, that it is possible, by application
pressure, to bring hydrogen to a state of a low-tempera
quantum fluid. Notice that at these densities there are
bound states around the protons@the value ofr s at which the
Yukawa potential exp(2kTFr)/r just fails to have a bound

FIG. 6. Integrated induced charge density atr s53.2 and 1.3
from ~——! ab initio calculations, (••••••) H2 ion, ~– • – • –!
the SCM, and~— — —! the SCM but with charge normalized t
give theab initio charge inside a sphere with radiusr s . The results
from the SCM atr s51.3 withZ51 and wave functions normalize
inside r max and boundary condition imposed atr max, wherer max is
such that theab initio charge inside a sphere of radiusr max is 2 is
also given~- - -!.
2-6



o
e
t

th
tiv
. A
ge
n

t i
os

n
n
o
e
ch
is
n
s
ti

he
re
lie

a
pu
t-
e

s
e
e

he
ila
2D

to

th
ts
r

ct

o
ch
.

e
hi
tio

c-

te

e

is

o-

he
ry.
x-

HYDROGEN IN JELLIUM: FIRST-PRINCIPLES PAIR . . . PHYSICAL REVIEW B 64 224112
state is 2.4#, so the results from the jellium model actually d
have relevance to hydrogen plasma. The difference betw
the two systems is that, at the same average density,
plasma electrons will have larger effective mass than
jellium electrons because of the presence of point posi
charges in this system, rather than a uniform background
exact correspondence between jellium and the hydro
plasma can be found by comparing the density depende
of the effective mass obtained from the two models, but i
clear that results from the jellium model correspond to th
of the hydrogen plasma at higher average density.

IV. CONCLUSION

We have elucidated the evolution with density of proto
proton interactions in jellium. Our results for the energy a
induced density of a single hydrogen impurity in an electr
gas agree well with previous results. However, when emb
ded in jellium, the H2 molecule becomes unstable at mu
lower density than previously thought. The origin of th
behavior, which previous approximate methods have
fully included, is the presence of itinerant jellium electron
which tend to bind with the hydrogen electrons in compe
tion with the molecular binding, and for which, to repeat, t
uniform positive background plays a central role. Therefo
we have concluded that the jellium model cannot be app
directly to study intramolecular H-H interactions in pure
dense hydrogen. However, the results from this model
especially relevant for interactions between hydrogen im
rities in systems with~nearly! free electrons. It is an interes
ing experimental question whether the bistability betwe
the paired and unpaired states which we find atr s.3.2 can
actually be observed for H impurities in metals or in den
hydrogen supplied with donor impurities. The jellium mod
is an even more ‘‘realistic’’ system in 2D, where it can b
mimicked in the inversion region of semiconductors. T
main features of the pair potentials should remain sim
there, but because of the stronger molecular binding in
the 3D behavior will translate to higher density in 2D.

Finally, we find a range of densities, corresponding
~approximately! 1.5,r s,2, where the H-H pair potential is
insufficiently strong to bind the protons, which suggests
intriguing possibility that hydrogen can be liquified in i
ground state simply by systematic application of pressu
Whether this is actually possible, depends on how exa
the jellium system in the density range betweenr s51.5 and
2 maps on the real hydrogen system.17 It is clear that the
effective mass associated with the extremely inhomogene
electronic distribution in an N-proton system will be mu
larger than in a jellium model with equal average density
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APPENDIX

With the approximationc(r1 ,r2)5c(r1)c(r2), the en-
ergy in Eq.~6! can be written as a sum of three terms

E5E01Eee1Ebs , ~A1!

where E0 is the eigenvalue of the auxiliary Schro¨dinger
equation~4!, Eee is the electrostatic energy between the ele
trons inside the cell of radiusr s ,

Eee5^c~r1 ,r2!u
e2

ur12r2u
uc~r1 ,r2!&

5~4p!2E
0

r s
dr1r 1uc~r 1!u2H E

0

r 1
dr2r 2

2uc~r 2!u2

1E
r 1

r s
dr2r 1r 2uc~r 2!u2J , ~A2!

andEbs is a band energy correction which we will evalua
by analogy with Bardeen’s derivation40 of the effective mass
valid for Bloch wave functions in the framework of th
Wigner-Seitz model.41 In this model, which is identical to
our SCM,ZV(r ) is identified as aneffectiveionic potential,
E0 is the bottom of the band energy, andc is thek50 Bloch
wave function, solution to an equivalent to Schro¨dinger
equation~4!, which must have the symmetry of the lattice42

and is required to satisfy the average boundary condition

dc

dr U
r s

50. ~A3!

A single proton in jellium is not a periodic system and it
not immediately obvious why Eq.~A3! is the appropriate
boundary condition for the SCM. The reason why it is ch
sen here, is that in the same way thatV(r ) in this model is an
effective potential forr ,r s , the boundary condition implic-
itly defines aneffectivepotential forr .r s . When the proton
is completely screened atr 5r s , which is consistent with the
other assumptions of the model, an electron will feel t
same effective potential at either side of the cell bounda

Equation~4! of the text can be solved using a series e
pansion

c~r !5(
i 50

`

air
i 1k, r<r s , ~A4!

and has one solution regular at the origin, given by

k50, a152Za0 , a25
1

3 S Z22E02
3Z

2r s
Da0 ,

a352
1

18FZ224S E01
3Z

2r s
D Ga0 , ~A5!

ai5
22

i ~ i 11! FZai 211S E01
3Z

2r s
Dai 222

Zai 24

2r s
3 G , i>4.
2-7
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The coefficienta0 is determined by the normalization cond
tion

4p2E
0

r s
drr 2uc~r !u251, ~A6!

and withk50, the boundary condition~A3! becomes

(
i 50

`

~ i 11!ai 11r s
i 50, ~A7!

which gives the eigenvalue equation forE0.
For the calculation of the effective mass,a, which enters

Eq. ~5!, we examine the energy of thek Bloch state,ck
5uk(r )exp(ik•r ),

Ek5^cku~2¹2/21V̂!uck&/^ckuck&. ~A8!

Here uk can be expanded asuk5c1u1, where c is the
solution of Eq.~4!, andu1 of

2
¹2

2
u11ZV~r !u15E0u11 ik•¹c. ~A9!

In Bardeen’s derivation,Z51, and he obtains for the effec
tive mass

aB5
4

3
pr s

3uc~r 5r s!u2Fd ln P

d ln r
21G

r 5r s

, ~A10!

whereP(r ) is a solution of

d2P

dr2
2

2P

r 2
12@E02ZV~r !#P50 ~A11!
.

s.

ys

-

T

22411
with Z51, which has a power series solution,P(r )
5( i 50

` pi r i 1s, where

s50, p05p150, p051, p352Z/2,

pi5
22

i 22 i 22
FZpi 211S E01

3Z

2r s
D pi 222

Z

2r s
3

pi 24G , i>4.

~A12!

However, in our caseZ is a variational parameter. To accou
for this, we can add and subtractZV(r ) in Eq. ~A8!. After
some straightforward calculations, it can be shown that
effective mass that enters Eq.~6! is given by

a5aB1
8p

3
~Z21!H E

0

r s
dr@P~r !2c~r !r 2#2

3@^V̂&2V~r !#J , ~A13!

where aB and P are now calculated from Eqs.~A10! and
~A12!, but with arbitrary variational Z, and ^V̂&
5*drr 2V(r )uc(r )u2.

Finally, we may also add a correlation energy correct
to E, which within the LDA is

Ec54pE
0

r s
drr 2uc~r !u2«c@ uc~r !u2#. ~A14!
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