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Magnetic properties of finite superconducting cylinders. II.
Nonuniform applied field and levitation force

Carles Navau1,2 and Alvaro Sanchez1

1Grup d’Electromagnetisme, Departament de Fı´sica, Universitat Auto`noma Barcelona, 08193 Bellaterra (Barcelona), Catalonia, Spai
2Escola Universita`ria Salesiana de Sarria`, Rafael Batlle 7, 08017 Barcelona, Catalonia, Spain
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We study the current penetration profiles inside a finite type-II superconducting cylinder when it is in the
presence of an axially symmetric applied field created by a cylindrical and uniformly magnetized permanent
magnet. The results are obtained using the general framework derived in the first paper of this series. The
levitation force in such a system is calculated from the current distribution, for the cases of a constant critical
current in the superconductor and an exponential dependence of the critical current upon the internal magnetic
field. From the obtained results, we study in detail how the levitation force depends upon the system param-
eters. We conclude from the results that~i! the levitation force is optimized when the magnet and the super-
conductor have similar dimensions,~ii ! an excess of length in the superconductor can yield no significant
increase in the force, and~iii ! demagnetizing effects can lead to an important enhancement of the levitation
force, particularly in the case of thin films, for which the force per unit volume of material is the highest.
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I. INTRODUCTION

When a nonuniform magnetic field is applied to a sup
conductor, the magnetic forces resulting from the interact
of the applied field with the currents in the superconduc
may produce its levitation.1 If the superconductor is of type
II, the pinning of flux lines in the superconductor defects c
yield unique properties with regard to the stability of t
levitation. Magnetic levitation has therefore become an
portant topic in superconductivity research, particularly b
cause of the excellent perspectives of application of highTc

superconductors in the technology.2,3

Several experiments were reported on the study of lev
tion forces in different situations and for different geom
etries. Most of the experiments use YBaCuO supercond
ors cooled by liquid nitrogen. A permanent magn
~commonly of NdFeB or SmCo! is normally matched to a
moving system~either vertically or horizontally, or both!.
The force acting at several positions is measured usin
torsion system, or by similar methods. The dimensions of
permanent magnet~PM! in such experiments are on the ord
of centimeters, and its induction on the order of 1 T. As
the superconductor~SC!, the radii are of the same order b
their lengths range from centimeters to a few microns~thin
films!. The described experiment is equivalent to having
permanent magnet fixed at some position and the super
ductor moving. The latter configuration is, in principle, mo
complicated in practice, since the superconductor mus
immersed in liquid nitrogen. The stability of the system c
be studied from the restoring force measured after produ
a small displacement of the levitated sample.

Moon et al.4 measured the levitation force of bul
samples of YBaCuO, and showed some of their propert
Several groups extended these measurements to stud
dependence of the force upon the orientation of the system5,6

the properties of the levitated material,7 and the shape of the
superconductor,8 sometimes comparing, thin films with bul
0163-1829/2001/64~21!/214507~10!/$20.00 64 2145
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samples.9 There were some attempts at standardization
levitation measurements.10 The levitation force due to latera
movements was also experimentally studied.4,11 The stability
in these systems has been measured through restoring f
by several groups.6,12,13

With regard to the progress in the theoretical understa
ing of levitation, the first important step was provided b
Brandt,1 when he described the general properties of sup
conducting levitation, justifying why a type-II supercon
ductor can levitate rigidly over a permanent magnet. Ho
ever, more detailed theoretical models are either incomp
~calculating only the response in the Meissner state, for
ample! or have unrealistic approximations~such as neglect-
ing demagnetizing effects!. Hellman et al.14 introduced a
model based on total flux exclusion. Adler and Anderso15

presented some results for the suspension force by a
trapping model. Johansenet al.16 proposed a model consid
ering the granularity of the superconductor. Torng a
Chen17 and Scho¨nhuber and Moon18 considered the penetra
tion of currents inside the superconductor with an appro
mate field expression. Badia and Freyhardt19 presented a for-
malism for studying a superconducting disk shielding
arbitrary magnetic field, in particular that created by a cyl
drical permanent magnet. Yang20 calculated the levitation
forces acting on magnets placed above an infinite super
ductor. Coffey21 studied the levitation force acting on a poi
magnetic dipole above a semi-infinite type-II superconduc
in both Meissner and mixed states. In addition, some num
cal calculations based on finite elements were presented.22–24

Fewer works dealing with stability were carried out. Dav
et al.25 studied infinite superconductors, and Hullet al.26

proposed a partial formula without calculations. We stud
the levitation force, and the stiffness and damping of b
superconducting cylinders without considering demagne
ing effects in Ref. 27, and superconducting thin disks with
more realistic approximation in Ref. 28~the latter case was
also studied by Riiseet al. in Ref. 29!. Finally, lateral forces
were theoretically studied using very simplified models.30,31
©2001 The American Physical Society07-1
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The main difficulty in the development of a comple
model for levitation is the presence of the demagnetiza
effects that appear in finite samples. Demagnetizing fie
modify the internal field inside the superconductor and, a
result, the current distribution and the levitation force.
Ref. 32 some analytical results were given including dem
netization corrections through the approximation of cons
ering a constant demagnetization factor. Tsuchim
et al.22,23 used finite element methods and showed some
sults on the force resulting when some nonuniform field
applied to a finite superconductor. In spite of all these effo
a systematic study of the demagnetization effects on the l
tation force has not yet been presented yet.

Recently there were important advances in the study
the magnetization of finite superconductors in a unifo
field, including demagnetizing effects.33–36 In the spirit of
these works, in Ref. 37 we studied the magnetic respons
a cylindrical type-II superconductor in the critical state in t
presence of a quasistatically changing uniform applied fie
We presented a general framework for calculating curr
distribution inside the superconducting sample, which
counts for the demagnetizing fields that appear in any fi
sample and which allows one to introduce any dependenc
the critical current on the internal applied fieldJc(Hi).

In this second paper of the series we shall use this gen
framework to study the magnetic response of a cylindri
type-II superconductor in the critical state in the presence
a cylindrically symmetric applied field created by a un
formly magnetized permanent magnet, and the levitat
force that arises from the interaction of the external field w
the currents in the superconductor. We will analyze the
sults in terms of the current penetration and levitation for
Although only the case of a permanent magnet is treate
this work, our method can be readily applied to any oth
system with cylindrically symmetric fields, such as those c
ated by a pair of coils or a solenoid.

This paper is structured as follows. In Sec. II we descr
the studied system, introduce the modifications we mak
the general framework presented in Ref. 37 to consider
nonuniformity of the applied field, and show how the for
can be calculated from the current distribution. In Sec. III
present the calculated current penetration profiles and
levitation force in the case of constant critical current. W
study how the nonuniformity of the field and the demagn
tizing fields affect both the current distribution and the le
tation force and its dependence upon all the relevant par
eters of the system. In Sec. IV we extend our study to
case of nonconstant critical current, and discuss the effec
its field dependence upon the levitation force. In Sec. V
compare the obtained results with some simpler analyt
models to see when the analytical descriptions are accu
In Sec. VI, we compare the model results with actual exp
mental data. Finally, in Sec. VII we present the conclusio
of this work.

II. MODEL

In this work we study the levitation properties of a syste
composed of a permanent magnet and a superconductor
21450
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system is described as follows.
~i! The permanent magnet is a cylinder with radiusa and

lengthb, and is uniformly magnetized with axial magnetiz
tion M PM . We assume that the presence of the SC does
affect the PM.

~ii ! The superconductor is a cylinder of radiusR and
lengthL, with the same axis as the PM. Following the mo
eling of the first paper in this series,37 we consider the SC to
be composed by a set ofn3m linear azimuthal currents
separated a distanceDR5R/n and DL5L/m in the radial
and axial dimension, respectively~see Fig. 1 of Ref. 37!. The
SC is assumed to be in the critical state, so if there is cur
in some linear circuit, it must flow with an intensit
Jc(uH i u)DRDL, whereJc(uH i u) is the critical current density

~iii ! Initially, the superconductor is zero field cooled, a
located very far from the permanent magnet. The distancd
between PM and SC is decreased to some valued1. Then the
current distribution is calculated following the energy min
mization procedure described in Ref. 37, using the value
the external applied field in the region occupied by the S
In all the SC movements, the cylindrical symmetry is ma
tained. As in Ref. 37, the applied fields will always be su
that Hc1!Ha!Hc2.

~iv! When the magnetic energy becomes minimized atd1,
we calculate the magnetic levitation force. The force w
have only axial component given by

Fz52pm0(
i j

nm

I i j Hr ,i j
a r i j , ~1!

whereHr ,i j
a is the radial component of the external magne

field at the positioni j .
~v! The superconductor is now lowered to a new distan

d2 and the minimization process starts again from the pre
ous distribution of currents. The process is repeated un
certain minimum distancedmin is reached~ending the initial
or descending stage!, after which the distance is increase
from d5dmin to d→` ~reversal or ascending stage! in sev-
eral steps.

It is important to remark that the magnetic field that ent
in the force calculation@Eq. ~1!# is the external applied field
because all internal forces, such as those created betw
each pair of current loops, are canceled due to the act
reaction law. This is so even when demagnetizing fields
considered. However, the presence of the demagnetiza
has an important effect in the value of the force, since
magnetizing fields contribute to the magnetic energy a
therefore, have an influence on the current distribution~and,
if Jc depends inH i , also on the current value!.

III. CONSTANT CRITICAL CURRENT

In this section we study the constant critical current ca
so Jc(uH i u)5Jc . The values we will use for the PM areb
50.01 m andMPM57.953105 A/m (MPM corresponds to
m0MPM51T). The SC is considered to have a radiusR
50.01 m. These values are among the typical ones for l
tation experiments. We defineH0 as the applied magneti
field at the origin of coordinates~center of the top face of the
7-2
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FIG. 1. Calculated current profiles for thre
differents cylinders of different aspect ratios:~a!
L/R55, ~b! L/R51, and ~c! L/R50.1. The
other parameters of the system are reported in
text. The vertical scale for case~c! has been
doubled for the sake of clarity.
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permanent magnet!. Except when explicitly stated, we use
critical current of Jc52.813107 A/m2, which yields Hp
5JcR5H0 . Hp is the field, if it were uniform, at which a
superconductor withL→` would become completely pen
etrated.

When studying thea/R dependence, the value ofa will be
changed, whereas the value ofR will be maintained. The
length to radius ratioL/R will be modified by changing only
the value ofL. Some adequate normalization could redu
the number of parameter needed to completely describe
system~see Refs. 27 and 28!. However, in this work we
prefer to give the values in absolute terms, because the
sults could be directly checked with experimental ones.

A. Current profiles

In Fig. 1 we present the current profiles calculated
three cylinders of different aspect ratios, and for differe
21450
e
he

re-

r
t

distancesd from the PM, for both the descending and th
ascending branch~we setdmin50). The radius of the PM is
a50.01 m. We observe some common facts in all cases~a!
The penetration of currents inside the SC is deeper near
the bottom~nearest to the PM! and the top~farthest from the
PM! ends, due to the demagnetization effects as found
constant applied field.37 ~b! The penetration profiles are no
symmetric with respect to the central layer of the SC, b
cause of the spatial nonuniformity of the applied field.

Although the exact form of field created by the PM
somehow complicated, as a general trend, the magnitud
the field is larger in the regions close to the PM. Therefo
the SC should shield a field in its bottom region~the closest
to the PM! larger than in the top one, so currents have
penetrate deeper at the layers of SC which are close to
PM. In the case of long cylinders@Fig. 1~a!#, in the upper
layer, we observe no current penetration because the fie
almost zero there~actually, there should be some curre
7-3
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very close to the upper layer due to the demagnetiza
field; however, within the scale and the numerical accur
used, this current is not seen!. For the thin film case@Fig.
1~c!#, we observe that the current penetration is almost s
metric with respect to the central layer, as we found fo
uniform applied field in Ref. 37. This is because the ma
netic field changes slightly in thez direction along the super
conductor. There are, however, some differences with
behavior of thin films in a uniform applied field, because
this case the applied field has some radial component
varies through the radial distance.

Another observed fact related to the demagnetization
fect is that currents fully penetrate the superconducto
lower applied fields for shorter samples.38 This is translated
here to have a fully penetrated sample at higherd’s for short
samples, as observed in Fig. 1.

When ascending the superconductor, currents are indu
in a sense opposite to those induced in the descending s
The initial currents are kept frozen in an interior region
the superconductor, whereas the reverse ones penetrate
the surface. The demagnetizing fields affect these reve
currents, producing a deeper penetration into the upper
lower layers of the superconductor. Moreover, since the fi
is inhomogeneous, an inhomogeneous penetration of rev
currents is again observed. The difference is that, when s
ing the reversal movement, the applied field and itsz varia-
tion are both larger than when starting the initial moveme
This yields, as seen in the right columns of Fig. 1, a mu
larger penetration of reversal currents, for a given increm
of height, when the SC is close to the reversing point. In
thin film limit @Fig. 1~c!#, this behavior is accentuated b
cause the demagnetizing effects are more important.

B. Levitation forces

1. LÕR dependence

Figure 2 shows the levitation force calculated for the th
cases of Fig. 1, that is, for three superconductors with

FIG. 2. Levitation force for three samples of Fig. 1, withL/R
55 ~solid line!, L/R51 ~dotted line!, andL/R50.1 ~dashed line!,
as a function of the vertical distance between the SC and the
Other parameters of the system are reported in the text.
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sameJc and in the presence of the same PM, but with d
ferentL/R ratios. The force presents the typical hystereti
shape due to the hysteresis in the penetration of curre
When the sample becomes thinner, the force tends to
more hysteretic in the sense that the forces in the descen
and ascending branches are more symmetric with respec
valueFz50. This fact was experimentally observed by d
ferent authors~see Refs. 9 and 10, for example!. The reason
for this effect is that, due to the demagnetization, as
plained above, a thin superconductor is completely p
etrated at higherd’s in the descending stage and at an ea
position in the ascending stage. The result is an almost s
metric behavior of the force versus distance. The levitat
force in the case of thin films when the vertical field can
approximated to be independent of the radial distance~when
R&0.2a) was calculated analytically in Ref. 28. In Ref. 2
some calculations and measurements of levitation for t
films were reported.

The force acting over a superconductor with const
critical current density depends upon both the volume fil
by the currents and the value of the external field in t
volume. At a given distanced ~corresponding to a given se
of applied field values on the superconductor! thin samples
will tend to be more deeply penetrated by currents due
demagnetization fields. So demagnetization fields tend
produce larger forces. However, for thin samples, the ab
lute volume penetrated by currents is small and so is
force. From the analysis of these two opposite factors,
can draw an important conclusion: not very large samples
needed to produce large levitation forces. In Fig. 2 we
that the force forL/R51 is similar to the caseL/R55. This
is because@as can be seen in Fig. 1~a!#, for the caseL/R
55, a large portion of material does not contribute to t
force, since currents have not penetrated into these reg
For thin films ~see the caseL/R50.1 in Fig. 2!, even con-
sidering that the demagnetizing field produces a very la
penetration, the volume of material is scarce and the forc
lower.

An interesting issue to analyze is the force per unit v
ume of superconducting material, since this information m
be valuable for their use in actual devices. The forceF0
reached at the minimum distance@F05Fz(d50)# per unit
volume for the caseL/R50.1 is about two times larger tha
in the caseL/R51, and about ten times than in the ca
L/R55 @see Fig. 3~a!#. This indicates that, with relation to
the volume of the material, thin films are the best candida
to produce larger forces.

It is also of interest to study the levitation force attained
a given heightd as a function of the shape of the superco
ductor. In Fig. 3 we show both the levitation force and t
force per volume atd50, for different values of theL/R
parameter and differentHp /H0 ratios.39 It can be observed
that the force tends linearly toward zero asL/R decreases.
This linear behavior arises from the fact that the force
volume unit is constant whenL/R is low enough. WhenL/R
increases the force increases, whereas the force per vo
unit decreases. When achievingL.R ~the exact value de-
pends on the parameters of the permanent magnet! we ob-

.

7-4
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serve that the force tends to saturate. This is due to the
ready discussed fact that for long enough samples there
superconducting region that does not contribute to the fo
As a consequence, for a given PM, the force tends to satu
for large values ofL/R, producing a force per unit volum
that decreases as 1/L.

2. aÕR dependence

An important factor in the study of the levitation force
the relative size between the SC and the PM. We now disc
the dependence of the force upon thea/R value.

Figure 4 shows the levitation force atd50, for different
values of the ratioa/R varying the radius of the permane
magnet. We have plotted the results for a superconducto
L50.01 m. For the three curves, the value of the criti
current is such thatHp /H05JcR/H050.5, 1, and 2, respec
tively.

For all values ofHp /H0 the curves present a similar be
havior. Whena/R→0 the force tends toward zero.F0 in-
creases until a maximum is reached, and then decrease
ward zero for a large enough permanent magnet. The la
Hp /H0 ~which means a largerJc , for a given PM! is, the
larger the forceF0 is, for a givena/R value.

The previous results can be understood by viewing
effect of the magnetic field over the superconductor. The

FIG. 3. ~Top! Maximum levitation force per unit volume~at d
50) as a function ofL/R. ~b! Maximum levitation force~at d
50) as a function ofL/R.
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that the force tends toward zero whena/R→0 is obvious,
since as the permanent magnet becomes small, the fie
produces tends to vanish. This limit for small magnets a
for the Meissner state~or high Jc) for the superconducto
was studied in Ref. 40. At the opposite limit, when the p
manent magnet is much larger than the supercondu
(a/R@1) the force should also tend toward zero because
magnetic field that the superconductor feels is almost u
form in both radial and axial directions, and uniform field
do not produce levitation forces over a superconductor. T
there should be, at least, one maximum at some intermed
a/R value. As demonstrated in Fig. 4,F0 attains its maxi-
mum with respect to thea/R value whena/R.1. This
means that, regarding the relation between the radius of
permanent magnet and the superconductor, the levita
force is at a maximum when both have similar radii. Wh
studying the field created by a permanent magnet in all
exterior space, one sees that the region where the fiel
more inhomogeneous is forr.a. This fact explains the pre
vious conclusion.

3. Dependence on Jc

The levitation force for givend, a/R, andL/R increases
with an increasing value ofJc . Actually, the magnetic levi-
tation force is largest when the superconductor is in
Meissner~fully diamagnetic! state, which corresponds to th
high-Jc limit. In Fig. 5 we plot the calculated levitation forc
~in the typical casesd50, a/R51, andL/R51) as a func-
tion of the value of the critical currentJc . The force is nor-
malized to the force that a completely shielded superc
ductor with the same dimensions would support,FMeiss.

The observed dependence is explained as follows. W
Jc is very low (Jc!H0 /R), currents easily completely pen
etrate the SC, yielding a linear dependence of the force u
Jc . However, their value is small, and the force they c
produce is small. On the other limit, whenJc is very high
(Jc@H0 /R), the force saturates with respect toJc ~no de-

FIG. 4. Levitation force atd50 for as a function of thea/R
parameter. Different curves correspond to different values of
Hp /H0 relation, as shown in the figure. Other parameters of
system are reported in the text.
7-5
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CARLES NAVAU AND ALVARO SANCHEZ PHYSICAL REVIEW B 64 214507
pendence onJc) since the field is completely shielded b
basically surface currents, so no larger magnetization ca
achieved. This limit corresponds to the Meissner state li
and, thus, the force should tend toFMeiss. The absolute value
of the non-normalized saturated force depends on the
ticular values ofL/R, a/R, andd, although the general de
scribed behavior remains the same.

4. Dependence on other parameters

The height of the PM,b, modifies the applied field create
by the permanent magnet in no trivial way. The main effec
can produce is that, in some region and for some value
the relationa/b, the magnetic field created by the PM pr
sents inflexion regions~i.e., minima in the variations of som
component of the external field with respect to some dir
tion!. This could produce a maximum in the force vers
distance if a significant volume of the superconductor is
such region. This effect was found in experiments,29 and was
studied in Ref. 27.

In the approximation we have used that the perman
magnet is not affected by the presence of the supercondu
and that it has uniform magnetization, the levitation force
proportional toM PM . A more exact treatment should tak
into account the change in the magnetization of the per
nent magnet as the superconductor moves toward or a
from it, changing therefore the working point of the perm
nent magnet.

IV. NONCONSTANT CRITICAL CURRENT

We next discuss the results on the force when the crit
current depends on the internal magnetic field. We will u
the same geometric values as before,a50.01 m andL
50.01 m, and consider a typical system withL/R51 and
a/R51. An exponential dependence is used for the SC, a
the previous paper in the series, that is,Jc5Jc0exp
(2uH i u/H0e), with the parametersp5Jc0H0e /R and Hpe
5H0eln(11p). As explained in Ref. 37, when introducing

FIG. 5. Levitation force atd50 as a function of the critica
current densityJc . The force and the curent density are normaliz
to an equivalent force in the Meissner state~see the text!.
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Jc(uH i u) dependence, the important parameters that affe
the magnetization arep, which characterizes howJc depends
on the field, and the relation between the applied field an
characteristic field of the superconductor, which can be
emplified in the present case by the relationHpe /H0 . Hpe
would correspond to the penetration field if the field we
uniform andL/R5`. Hpe /H0!1 means that the applie
field is strong enough to completely fill at least a large p
tion of the superconductor~particularly in thin films!. On the
other hand,Hpe /H0@1 means that the applied field pro
duces a small penetration in the superconductor.

A. Current penetration profiles

In Fig. 6 we show the calculated current penetration p
files for different distances along the descending stage,
for different values of thep and Hpe /H0 parameters. Lines
represent the current flux front at each stage. The value
that current is given, at any point from the surface to the fl
front, by theJc(uH i u) relation. We see that the general b
havior for all cases is similar, and in all of them we recogn
the deeper penetration close to the upper and lower surf
of the SC due to the demagnetization fields, as well as
nonuniformity of such a penetration due to the no
uniformity of the external applied field, as discussed in S
III.

However, there are some particularities arising from
Jc(uH i u) dependence. For a givend, the lower p is, the
deeper the currents penetrate into the superconductor. Th
because the lowerp is, for the range of fields involved~see
Fig. 4 of Ref. 37!, the lower the value of the current is, so th
current has to penetrate more deeply to shield a given fi
In addition, the dependence on theHpe /H0 parameter is as
expected. WhenHpe@H0 the fields that the superconducto
‘‘feel’’ are small, and the penetration of currents is shallo
As Hpe /H0 decreases, the currents penetrate deeper f
given distance and a givenp.

B. Levitation forces

In Fig. 7 we represent the calculated levitation force
different values ofp andHpe /H0. All results show a typical
hysteretic behavior. When the applied field felt by the sup
conductor is high (Hpe!H0), currents penetrate the samp
at a very early stage, both in descending and ascen
branches, resulting in an almost symmetric behavior of
force. On the other hand, whenH0 is small enough, the
behavior of the force tends to be nonhysteretic.

The dependence onp can be understood as follows. Whe
the superconductor starts to descend, the magnitude o
field it feels is less thanHpe . In this range of fields, the
larger p is the higher the value ofJc , and the higher the
force. When descending the superconductor, the applied
increases in magnitude. When the field is high enough,
possible that in some interior region of the superconduc
the internal magnetic field is such that a largep would imply
a low Jc ~see Fig. 4 of Ref. 37!. This could produce a lowe
force at some heights for largerp’s. In the ascending stag
the behavior is similar but opposite. When the SC is far fro
7-6
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FIG. 6. Calculated curren
penetration profiles for a cylinde
with L/R51, for p50, 2, and 10
~left to right! andHpe/H050.2,1,
and 5 ~top to bottom!. Only a
semiplane of constant angle i
shown; the cylinder axis is on the
right. Numbers represent the dis
tance~in meters! between the PM
and the SC for each profile.
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29,
of
the PM, the larger thep is the higherJc is ~in absolute
value!. The result is again a large force~in absolute value!
for high p when the SC is away enough from PM.

In Fig. 7~a!, a maximum in the levitation force can b
seen for the casesp.0. Forp50, the value of current doe
not change and, even if the SC is fully penetrated, the fo
increases asd decreases owing to the increase in the m
netic field . But whenpÞ0, the value of the currents de
creases and, when the SC is fully penetrated,41 obviously the
force decreases as well. The largerp is, the larger this effect
is. The maximum in the force is associated to the minim
that would appear in the magnetization of the supercond
ing sample.

In Fig. 7~c! we show the force for the caseHpe55H0.
When the superconductor is moved in external fields sma
than the penetration field, the previous behavior change
Hpe@H0, the superconductor will be slightly penetrated,
gardless of the value ofp. The behavior in this range of field
will be almost nonhysteretic for allp values, since the cur
rent penetrates slightly and the same happens in the asc
ing stage. Another point to note is that in this range of fiel
21450
e
-

t-

er
If

-

nd-
,

for any d, the value ofJc increases with increasingp. This
produces, in all descending stages and for a givend, a force
increasing withp.

V. COMPARISON WITH PREVIOUS ANALYTICAL
MODELS

Some of the results presented in this work can be co
pared with previous analytical models derived earlier w
more restrictive assumptions.27,28,32 In the simplest model,
which we can refer to as the ‘‘small sample’’ model,27 we
assumed thatR&a, and neglected demagnetization field
This allowed us to consider only that the field has only v
tical components and is constant along the supercondu
length. A particularly relevant case is the thin-film limit (L
!R), in which the demagnetization effects can be includ
and the model becomes suitable not only to give qualita
behaviors but also to quantitatively fit experimental data28

We remark here that a model was presented in Ref.
which, different from the vertical applied field assumption
7-7
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Ref. 28, considered a more general expression for the app
field.

A further step was the so-called ‘‘long sample’’ model32

for which we still considered only vertical components of t
applied field but took into account their variation along t
SC. The demagnetizing effects could be accounted for
means of a constant demagnetization factor for long eno
samples. When comparing the results between the app
mate analytical models and the more realistic numerical
we can extract the following conclusions.

~1! The small sample model gives good qualitative resu
but not very accurate quantitative ones. However, the mo
is useful to explain and understand the trends of the dep
dencies of the force upon some of the variables involved
the system. In particular, the hysteresis of the force and
dependence uponJc , especially in the high-Jc and low-Jc
limits, are correctly described by analytical expressions fr
the simplified small samples model.

~2! The analytical thin disks limit of Ref. 28 is seen
give results very similar to those of the numerical model,
long asR&0.2a. Thus, not only analytical fits of experimen
tal data can be made, but a general study of these syste
easier than using the numerical approach. However, wheR
is larger the analytical model fails, and a more general mo
such as that in Ref. 29 can be used.

~3! The long sample approximation describes the desce

FIG. 7. Levitation force for a cylinder withL/R51, as a func-
tion of p for ~from top to bottom! Hpe/H050.2, 1, and 5.
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ing branch quite well, but in general not the ascending o
because when the SC approaches the PM the radial com
nent of the field it feels is no negligible. In the ascendi
branch, since reversal currents start to penetrate in a re
where both the radial component of the external applied fi
and the demagnetization fields are important, the calcula
force is different when using the long sample approximat
than when using the more exact numerical approach.

A detailed treatment of the comparison between
analytical models and the present approach can be foun
Ref. 42.

VI. COMPARISON WITH EXPERIMENTAL RESULTS

In this section we compare our calculations with expe
mental data of Chanet al.,43 as shown in Fig. 8. In the mea
sured sample the demagnetization effects are impor
(L/R51.2) whereas the sample cannot be regarded as a
film, so the assumptions of the previous analytical models
not match the experimental situation. In this case we req
the use of the general numerical calculations presente
this work.

The experimental values are fitted quite well by using o
model with p52 and Hpe51.53106 A/m ~these are the
only fitting parameters, all the other being provided by t
authors!. However, some considerations should be made.
have used an exponential model to fit the results, but the
critical current dependence is unknown. Moreover, as in
cated in Ref. 43, the measured sample was not cylindri
This may explain the departure from the experimental data
our calculation in the descending branch.

We have experimentally checked our model using ot
measurements. For example, the dependence of the force
given height upon the length of a superconductor was m
sured by Leblondet al.44 Our results coincide with theirs
showing the linear dependence of the force uponL for short

FIG. 8. Fit of the measured levitation force in Ref. 43. The so
line corresponds to our fitting using the exponential depende
Obtained fitting values arep52 andHpe51.5 106 A/m. The val-
ues of the other parameters are obtained from Ref. 43a
50.00315 mm, b50.0063 mm, M PM57.13105 A/m, R
50.005 m, andL50.006 m.
7-8
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samples and the saturation of the force for long samp
Riise et al.29 measured the levitation force in a thin dis
taking into account the radial components of the appl
field. They found a three-parameter function for the dep
dence ofJc upon the internal field. We have calculated t
levitation force, introducing in our model the sameJc func-
tion, finding that our calculation coincide with their measu
ments. Other measurements of Chanet al.45 used permanen
magnets much smaller than the superconductor. We have
checked this case, obtaining good qualitative results,
though an exact fit could not be done because some of
system parameters were unavailable.

VII. CONCLUSIONS

The macroscopic physics of superconducting levitat
has been studied in terms of interactions between the indu
currents inside a superconducting material and an exte
applied field. The general framework presented in this w
provides a theoretical basis for explaining the observed c
acteristics of the magnetic levitation of high-Tc supercon-
ductors. In particular, we have calculated the levitation fo
in a cylindrical symmetric permanent magne
superconductor system, including the effects of demagn
zation in the superconductor and accounting for all com
nents of the applied field. The procedure is based on
model we derived in the first paper of this series for cal
lating current profiles in a superconductor in the critical st
in the presence of an applied field.

This numerical model extends the conventional critic
state model for the superconductor to finite geometries
nonuniform fields, thus allowing a description of the realis
case of superconducting levitation. The results obtained
able us to draw some conclusions, which should be ta
into account when designing superconducting levitation s
tems.

~i! The levitation force reaches the largest value at a gi
working height~provided that the other parameters are fixe!
when the superconductor and the permanent magnet
similar radii.

~ii ! For long samples, there can be a region in which
superconducting material yields no significant contribut
to the force. As a consequence, not very large samples
pl.
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needed to achieve large forces, the excess of supercond
resulting in wasted material.

~iii ! The force tends to increase for short samples,
which demagnetization effects are important, although
effective volume of material contributing to the force
small. The force per unit volume is shown to be larger in t
case of thin films than in the case of longer samples.

The influence of the dependence of the critical current
the internal field upon the levitation force has also been st
ied. We have discussed a complete set of possibilities, v
ing the values of parametersp andH0 /Hpe . Thus a complete
set of results has been obtained, allowing one to carry out
inverse process, that is, to estimate the material parametp
and Hpe from the measurement of the levitation force. A
though we have always used an exponential dependenc
the critical current upon the internal field, the main conc
sions are valid for other dependencies as long as the cri
current is a decreasing function of the modulus of the int
nal field.

The model results have been compared with those
tained from previous analytical models derived under m
restrictive assumptions. We have discussed in which ca
the simplified models are useful, and when they have to
replaced by the numerical procedure presented in this w

The general framework provided in this work can be e
ily extended to sources of magnetic field other than a per
nent magnet, as long as the cylindrical symmetry is p
served. Finally, the consideration of a noncylindric
geometry would require developments beyond the scop
this work, although the general formalism presented h
may still be useful in calculations of situations in which th
cylindrical symmetry is being lost, as in the initial respon
of the levitation force to lateral movements of the superc
ductor.
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