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Kinetic model of coherent island formation in the case of self-limiting growth
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The stage of nucleation and growth of stressed coherent islands is investigated for the Stranski—Krastanow
growth mode. Both elastic deformations and the attraction of atoms by the wetting layer due to a wetting
potential are taken into account. It is shown that these two effects do not change the functional dependence of
the free energy of island formation on the size of the island and result in the renormalization of the surface
tension of islands and the equilibrium concentration of adatoms. Analytical expressions for the rate of self-
limiting growth and cluster-size distribution of coherent islands are obtained. The evolution equation of super-
saturation is deduced and the time dependences of all the main features of the deposition process such as
supersaturation, nucleation rate, surface concentration of islands, and their size distribution are calculated.
Self-limiting growth of islands is shown to result in a secondary nucleation process.
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I. INTRODUCTION Il. THEORY

A. Free energy and nucleation rate of islands

The self-assembled growth of dislocation-free coherentis- The starting point of any nucleation theory is the calcula-
lands is currently used to produce dense ordered structures gbn of the free energy of island formatidhas a function of
nanoscale quantum dot8.The increasing interest in such the number of atomsin an island. For the case of 3D co-
systems is caused by the prospect of their practical use iRerent islands growing by the Stranski—Krastanow mode it
optoelectronics due to the carrier confinement in quantunmay be presented in the form
dots® For this reason a small size and narrow cluster-size
distribution are required. In order to control the morphology F(i)=EBsur—1Au+Eeq —Ea- 1)

of grovying islands, it is necessary to find out whether .it isHere E.. is the surface energy term is the difference
determined by the growth kinetics or by thermodynarfics. between the chemical potential of the 2D gas of adsorbed

Rec.ently,_ the thermodynamic model of the free energy of &toms on the wetting layer and of atoms in the new-phase
strained island ensemble has been developed by Shchukiiang ... is the energy of attraction of island atoms to the
et al* It includes the surface energy, elastic deformation eNsypstrate, which always takes place in Stranski—Krastanow
ergy, and the energy of elastic relaxation on edges. In thigrowth!® and E, is the elastic energy of an island. We as-
work it has been shown that for certain conditions the freesume for simplicity that each new-phase island has the per-
energy of a coherent island ensemble may have a minimurmanent shape of a hemispherical segment with a contact
that corresponds to the most favorable size of islarfdghis angle# and a base radilR (see Fig. 1, which is situated on
minimum may result in a narrow size distributidf. a wetting layer of the same material. Notice that this angle is

An alternative explanation of narrowing of the size distri- distinguished from a wetting angle that is equal to zero be-
bution during growth is based on the kinetic control of self-cause the surface energy of an island is equal to the surface
limiting growth.”~® This effect takes place when larger is- energy of the wetting layer. But the mismatch of film and
lands grow more slowly than smaller ones because the elastitibstrate materials results in a positive value of the contact
deformation leads to an energetic barrier for the embeddingngle of dislocation free islands to decrease the stress elastic
of adatoms into islandsand the growth on island facétés ~ energy.” Let k be the number of monolayers in the wetting
a result, small islands are able to catch up in size with largetayer anchg the height of one monolayer. Thér=khy is the
ones. This fact also results in a narrowing of the size distrin€ight of the complete wetting layefig. 1). For this island
bution. This type of self-limiting growth of islands was re- Shape the aspect ratio is equajde (1—coso)/(2 sinf). For
cently observed in the Ge(300) systen® The authors ex- €Xample, a value 0f=30° conforms with3=0.134, which
plain this effect by an increasing nucleation barrier for each

- . Island

repeated growth of a new atomic layer on an island facet.

In the present work the mechanism of self-limiting growth m
provides the basis for the theoretical description of the pro- Wetting layer I )
cesses of nucleation and growth of quantum dots in the case
of the Stranski—Krastanow growth mode. The time depen- 7
dence of the main characteristics of growth such as super- Substrate
saturation, nucleation rate, surface concentration of islands, FiG. 1. Schematic representation of an island of hemispherical
and their size-distribution function are calculated. shape with contact anglé and base radiuR being situated on a

wetting layer of the same material with height
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1.0

tion to the substrate. In the case of semiconductor materials
this decay can be considered to be exponeffliab,,
=d, exp(—m/ky), wherem is the number of monoatomic
layers separating a given film layer from the substrate, and
ko is the dimensionless parameter of relaxafidiherefore,

0.94 X\
0.8
0.7

0.6
m

K\ <
Ean=<1>wn51ex;{ - k_o) mE:O |mex;< - k_o) (5)

03 . . . . wherek is the number of monolayers in the wetting layler,
0 10 20 30 40 50 is the number of monolayers in the islanmg, is the surface
Contact angle [deg] concentration of atoms in a monolayer of the film, apds
the number of atoms in thath layer of an island. The value
FIG. 2. The dependence of the relative relaxation of elastic depf k is determined by the balance of the stress energy and the
formation stress in an island on the contact angle; solid line, th%nergy of attraction to the substrafeFor large islands

Ratsch—Zangwill approximatiofRef. 13; dashed line, finite ele- \yhose height is much larger thag (normally, ky=1) it is
ment calculationgRef. 1) averaged over island volume. possible to approximate the sum by

0.5

Relative relaxation Z

0.4

approximately corresponds to the case of Ge islands on

Si(100.1? The energy of formation of an island surface Eat =P eXF{—k—
equals the product of the specific energy of the island-gas 0
interfacecy with the difference between the initial surface Thus, in the framework of these assumptions the free energy
area of the wetting layer and newly formed surface are®f coherent island formation on a wetting layer is equal to
Seurt = 2R%(1— cosé)/sinf0— mR2=4mR?,

(1+kq) mR2. (6)

k
- 2 2_ _ 2
Esur‘f:47TBZO-isl RZ. (2) F—47T,B O-iis q)x eX;{ ko (1+ k0)7TR
The difference in the chemical potential is of the usual form n,
—ikBTInn—+i)\s§QZ(ﬂ). 7
ny e
Ap=keT Inn_,s’ ® The first and last terms of this expression contain the aspect

ratio 8. Moreover,oi; depends on the shape of the islands
. . - according to the Wulf—Kaishew theorem. Therefore, mini-
IS t_he surface concentration of adatoms, a@t_is the equi- mizing the sum of these terms gives the equilibrium aspect
!|br|um concentration of a(_ja_toms. The elastic energy of aatio and shape of the islands. This minimization procedure
island due to the lattice misfit can be presented in the formWas performed in Ref. 14 and it was shown that the equilib-
220 rium aspect ratio slightly increases with cluster sizes up to
Ea=epZ(B), @ the dislopcation forma%ionyprocess. An even more complicgted
where =(Cq1+2¢19)(C11— (:12)c1*11 is the elastic modulus, problem was solved in Ref. 6, where the elastic energy of
cy; and ¢y, are the elastic moduli in the standard Voigt €dges and the repulsive interaction between islands were
notation! £,=(a—b)/b is the misfit parameteh is the lat-  taken into account to describe the pyramid-to-dome transi-
tice parameter of a substrateis the lattice parameter of the tion under near-equilibrium conditions. In our case, when
film material, Q is the volume per atom in the film, and Strong supersaturation takes place, we neglect these effects
Z(P) is the relative relaxation of the island stress. For aand consider3=const in order to describe the kinetic as-
given island shape this function was found numerically bypects of the evolution of an island ensemble.
the method of finite elementSMoreover, the dependence of It is convenient to rewrite this function in terms of renor-
Z on the aspect ratio or contact angle can be estimated by tHgalized parameters

Ratsch—Zangwill approximatiolf. Results of calculations n

performed within the framework of these estimations for a F=4mB20 Rz—ikBTIn—l. (8)
hemispherical segment are given in Fig. 2. It can be seen that Neft

the Ratsch—Zangwill approximation is in good agreemeniyere

with finite element calculations. According to the” Néu—

Kern theory!? the energy of attraction of island atoms to a Tet = Tig) — Do €XP( —K/Ko) (1+Ko)/(487) 9
substrate per unit surface is determined by the wetting en- , ) i

ergy per unit surface.. = o.— o— o;_g, whereor_ is the 'S the effective surface tension of an island,

specific interface energy of the boundary between the film _

and the substrate, ant,, o are the surface tensions of the et =Ne EXP(KZ(A)) (10
substrate and the film, respective®y., represents the energy is the effective equilibrium concentration of adatoms, and
of attraction of the nearest atomic layer of the film to the 5

substrate. The following atomic layers have a weaker attrac- k=NegQd/ (kgT) (11

wherekg is the Boltzmann constan, is the temperaturey;
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is a dimensionless constant that characterizes the ratio bét2) and(15) into Eq. (16) gives the dependence of the co-
tween elastic and thermal energies. Let us estimate thedwrent island nucleation rate on supersaturation
values for Ge islands on a (3D0 surface atT=550°C.

In this case ko~1%° oiq~0=800 erg/cm, o, T 1

—1260 erglcrh, and o;_=10 erg/cn, which yields ®., 1(£)=DnZc (14 &)2In(1+ &) \/ —==

=450 erglcrh. For k=3 and 8=0.134 we obtainoqg o 2B

=490 erg/cm~0.60 . If we choose, for examplk=2, c

then oo will be negative. This fact means that it is more X p( - (17)
advantageous for germanium to spread over the substrate In?(1+¢)

surface than to form islands. In order to decrease the sub-
strate attraction it is necessary to add one more monolayer to

the wetting layer. ) ]
Since for  Ge/S00  £,=0.042, c;;=1.14 In order to describe the evolution process of a system of

X102 dyn/cn?, c,,=0.38x10'2 dyn/cn?, and Q=2.27 coherentislands, the growth rate of an island must be found.
X102 cm?, we obtain A=1.27x10'2 dyn/cn? and x  For this purpose we use the results of Refs. 7-9, in which it
=0.45. The relative relaxation of the elastic stress in an iswas stated that the elastic deformation energy results in an
land corresponding té=30° amounts to approximately 0.5 €nergy barrieiG(R) for the attachment of adatoms into an
(see Fig. 2 Therefore,ng=1.25,, i.e., the elastic stress |slr?1nd. In the abse_nce of this barrier the attachment flux per
increases the equilibrium concentration of adatoms by 2504nit length of an island boundary would be equal tu; (

For the further analysis it is convenient to rewrite the free ~Nert) D/lo, Whereng is the concentration of adatoms near
energy(8) in the form an island with the base radil& If a barrier exists this flux

decreases exponentially

B. Rate of self-limiting growth of islands

(3 . .
F(i)= 5(@!)2’3—1 In(§+1) [KsT, (12) j = (Nr—Nggt ) (D/1g)exp( — G(R)/KgT). (18)

whereé=n, /ngz— 1 is the effective supersaturation and  The functionG(R) was found numerically in Ref. 9. This

dependence can be approximated by a power furnfction
2

w0 Q? [ 1-cosd 13
T3 (eT)? L oS0 (13 G(R)~kgTo(R/IWVD NP, (19)
2

_ . . . where 7 is the lifetime of adatoms,/D 7 is their diffusion
The estimation of the dimensionless parametat the same  |ength, andT0~a§ is the characteristic temperature of self-

conditions yieldsc=0.38. The function(12) reaches its Jimiting growth. Then the diffusion flux per unit length of
maximum at =i., where the number of atoms in the critical an island boundary is equal toj=(ng—nex)(D/

nuclei is equal to lo)exp(-a(RI\D7)P), where a=T,/T is a dimensionless
parameter which is proportional tog and depends on the
.2 temperaturd as (O 7)P?/T. Thus, in order to find this flux it
= 14 . e )
IN3(&+1) is necessary to solve the diffusion equation for the adatom

concentration with proper boundary conditions
The value of this maximum or the relative nucleation barrier
height is equal to
D

1 n
n"+ Fn’ —--=0,
_ F(ie) c

© keT  In2(¢+1)°

(19

—Dn’|;_p=(Ng—Nex)(D/lg)exp — a(R/\D7)P),
For instance, for the case of Ge growth or(18D) at ¢
=0.17 these parameters have the vallts 15 andi, n(«)=n;. (20)
~200, which corresponds t&(i;)~2.2 nm.

If F(i) is known, the nucleation rate can be found by theHeren(r) is the adatom concentration at a distandeom
Zeldovich formuld®*® the center of an island any is the adatom concentration at
infinite distance from an island. Having solved this equation

FU | e . .
I=n,\/ - Z(WC)W(ic)eiH- (16) it is easy to find the growth rate of coherent islands
Here W(i.)=2mR(i.)n,D/ly is the rate of attachment of v-=ﬂ=2ij=2an & R (21)
adatoms to a critical nuclel) is the diffusion coefficient bodt € JD7/'

over the wetting layer, anth=n, */? is the average distance

between nearest atoms in a monolayer. Substitution of Eqsvhere the growth functiofiis given by
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3.0

Codi
] without .-~ (I):f T — (24)
- 25 barrin/ef,/ P of(R(i ')/\/E‘)
=
g 20 where R(i)=(3iQ/27) Y3 1+ (1/2) cosd] Y3(1
2 % —cos#) ?3sing is the dependence of the base radius of an
E island on the number of atoms. In this case the evolution
1G] equation(23) is simplified considerably
7 t) g
0.0 : : : . . _g+i_g:0, (29
00 05 10 15 20 25 30 gty dp
R/(D7)"* wherety=1/(27Dng) is the characteristic time for coher-
FIG. 3. The dependence of the self-limiting growth rate of anent IISIand growth. The initial condition of E¢25) is obvi-
island on the normalized radiw/yD7; solid line, with an energy ~ °YSY
barrier; dashed line, without an energy barrier.
¥ g(p,0)=0. (26)
Ki(X) _ . The boundary condition of Eq25) should be set at the
X boundary between the near-critical and overcritical regtdns.
Ko(X) : " X
f(x)= o Ka(x) (22 However, this condition may be transferred to the pgqint
0 1(X _ P =0
+ aX
VD7 Ko(X) £
t
andK, andK, are the MacDonald functions. If the energy 90D =1(&(1)), (27)
9

barrier for the adatom incorporation into an island is negli-
gible, i.e., (o/VD7)K;/Ko<exp(—axP), ordinary growth because near-critical islands are so small compared to their
by diffusion takes place with the rateK, /K,. Otherwise, if —actual size that they are of little importance in the matter
the energy barrier is significant, i.e.,IO(\/E-)KllKO balance of the wetting layer surfatEThis condition means
>exp(—axP), it limits the growth of coherent islands. This that the fluxi of nuclei proceeds through the pojmt=0 with
phenomenon was observed experimentally for sufficientlythe rates/ty. Equation(25) with the conditiong26) and(27)
large island$:'*® In Fig. 3 the growth function(22) is  can be solved analytically. After doing this we go back from
shown forly/\D7=0.01, =1, p=2 (the valuesa andp  the variablep to the variabld,

were chosen on the basis of a rough approximation of the .
numerical results given in Ref.)9lt can be seen that the g(i,t)
influence of the energy barrier for adatom attachment starts

L(E(t(y() —p(i)) E(L(y(t) —p(i)))

at approximatelyR>1.7\/D 7. Starting from this point the , p(i)=y(1),
size-distribution function begins to be narrowed. We con- = tyf(R(i)/VD7)
tinue to describe this process quantitatively. 0, p(i)>y().

(28)

C. Evolution of supersaturation and size distribution
of islands Here, t(y) is the inverse function ty(t)=t,*[(£(t")dt’.

We consider the early stage of deposition when the nucleSince g(i,t)~ 1/f(R(i)/\/D7) the functiong increases and
ation process takes place. In this case the surface coverageligfcomes narrower in the region whéie small, i.e., at large
islands is much less than unity and we can neglect botlR/\/D 7 values(see Fig. 3.
diffusion and elastic interaction of islands. Under these con- The dependence of supersaturation on tét and thus
ditions coherent dislocation free islands are formed, whereag(t) andt(y) may be found from the conservation of matter
small island spacings result in the process of dislocatioron the wetting layer. In the case of small coverage of the
formation!? Moreover, we neglect the coalescence processvetting layer by coherent islands it can be written in the
of islands, which takes place at the late stage of depositiorform
Thus, at the early stage of deposition all islands grow inde-
pendently and the distribution functiogy(i,t) of coherent dny n; * . .
islands in terms of the number of atornat timet is deter- H:J(t)_ 7_J vig(i,t)di, (29)

0
mined by the continuity equation in size spHce

whereJ(t) is the arrival rate of adatoms on the wetting layer.
ag  d(vig) The integral on the right-hand side of E&9) describes the
E”LT:O' (23 decrease of adatoms due to their embedding into islands.
Hereafter we use the simplest model for the arrival tate
Following the general technique described in Ref. 19 we turn
from the variabld to the new variablg J(t)=Jg(1—e V), (30
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where J, is the maximum flux and is the characteristic
time for reaching a constant flux. Substitution of E¢&1)
and (30) into Eq. (29) gives the required evolution equation
for supersaturation

dé¢ &—¢& 1+& _ = [ R(i) o
F TR — “ts‘”foof(@)”‘g("”d"

(31

Here ¢&9=Jg7/nek is the highest effective supersaturation
possible. Substitution of the obtained size-distribution func-
tion (28) into Eq. (31) gives an integro-differential equation

in the effective supersaturation. Solving it and substituting
the solution into Egs(17) and (28) one obtains the time
dependence of the nucleation rate and the size-distribution
function.

. NUMERICAL RESULTS AND DISCUSSION

The integro-differential equatiof81) was solved numeri-
cally by taking into account Eq$17) and(28), and the ini-
tial condition £(0)=0. For the calculation of the diffusion
coefficient and the equilibrium concentration of adatoms the

Supersaturation

Island surface density cm”®| Nucleation rate [cm™®s™]

PHYSICAL REVIEW B54 205421

0.16 |
012}
0.08 |-

0.04

6x10 |
4x10' |

2x10' |

o

100

200

8x10°|

4x10°|

o

100

200

100

200
Deposition time [s]

300

400

following Arrhenius equations are used

14

D= 4_noefED /kBT, (32)
7=y LeEalkeT, (33)
Ne=nge Ea’keT (34)

wherev is the frequency of lattice oscillations of atonts;
is the activation energy for diffusiorky is the activation

energy for desorption, anl, is the energy of adatom for-

mation. For example, aff=550°C, »=10 s !, Ep
=0.65 eV,E4=1.3 eV, andE,=0.6 eV, which approxi-
mately corresponds to the system G&/80), we obtainD
=4.7x10"8 cnms !, r=0.9x10 % s, yDr=21 nm, and
ne=1.2x10" cm 2=2.1x10 “*n,. The solution of Eq.

FIG. 4. The time dependences of the main characteristics of
nucleation processes using the following constagis=0.18, T
=550°C,7=10"* s,t,=30 5,D=4%X108 cnmPs !, niu=1.5
x10% cm 2, =1, p=2, 1,=0.42 nm,§=30°, c=0.38;(a) ef-
fective supersaturatior(p) nucleation rate(c) surface density of
islands.

down. The equilibrium situation corresponds to the maxi-
mum supersaturation and nucleation rate. For the parameter
values given the relevant quantities ag,,,=0.172
~0.95, and | n,=6.5x10" cm 2s 1. The higherl 4,

the shorter the nucleation time and the narrower the size
distribution?® This conclusion is supported by experimefits.
However, in the case of too large an arrival rate the coales-
cence of islands begins quickfy(in this work the coales-
cence process is not consideredhich results in a broad-
ened and bimodal size-distribution function. After some time
the growing islands reach the region of self-limitation, where

(31) for £,=0.18 andt;=30 s with these constants and the {he clei absorb fewer and fewer adatoms. Thus the effec-

values stated above that approximately correspond to

growth on S{100) is shown in Fig. 4a). Substitution ofé(t)

e supersaturation goes up again, resulting in the process of
secondary nucleation. This phenomenon has been frequently

into Eq. (17) gives the time dependence of the nucleationghseryed'in different systems with coherent islafid3ue to

rate that is presented in Fig(b}. Integration of the nucle-
ation rate over time results in the surface concentration of

new-phase islands,

t
N(t)=f0|(§(t’))dt’, (39

presented in Fig. @). The size-distribution function of co-

herent islands is calculated according to E8). It is shown

in Fig. 5 at different times. The characteristic behavior of the

2.0x10*4

1.5x10% 4

1.0x10%4

5.0x10°

Cluster-size distribution g(i,t) [cm?]

o
o

system becomes quite clear from these pictures. At the be-
ginning the effective supersaturation increases under the in-
fluence of the adatom flux. Nucleation starts and progresses
and growing islands act as sinks for adatoms. At a certain FIG. 5. Cluster-size distributions for three different growth
time these sinks become more effective than the external flutmes:t=250 s,t=310 s, and=400 s. The conditions are the
in creating adatoms. This means that the supersaturation gossme as in Fig. 4.

1.0x10°  15x10°  2.0x10°

Number of atoms

0.0 5.0x10°
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FIG. 6. Time dependence of the total volume of islands at the FIG. 7. Dependence of the surface density of islands on the
same conditions as in Fig. 4. integrated growth rate at the same conditions as in Fig. Z at
=550°C andT=740°C. Black squares are the experimental re-
secondary nucleation the cluster-size distribution can beconssilts of Ref. 23 replotted on a logarithmic scale.
bimodal(see Fig. 5. If the cluster-size distribution is known

one can easily calculate the total volume of islands and exclusion conforms with experimental results for molecular

press it in equivalent monolayers beam epitaxyMBE) of Ge on S{100) at T= 740 °C?* Simi-
B lar results were obtained for Ge($11) as well®®
M(t):”c?lﬂf ig(i,t)di. (36) In summary, a kinetic model of nucleation and growth of
0 coherent islands has been developed for the case of

This function is presented in Fig. 6 up to the onset of secStranski—Krastanow growth. It describes the effect of stress
ondary nucleation. It is easy to see that for latghe inte- energy on nucleat|_on and s_elf-ll_mltlng growth of cohe_:rent

grated growth rateU=dM/dt tends to a constant value. islands. The evolution equation is deduced as a function of
Therefore, a one-to-one correspondence between the intgj-e. effective supersaturation. The_ time dependence of the
grated growth rate ang, is observed. Since the integrated main characteristics of the deposition process, such as the

- . .~ nucleation rate, the surface concentration of islands, and their
growth rate can be measured experimentally, it is Convenlengize-distribution function are calculated. Self-limiting growth

o use this quantity as a variable to describe the adatom ﬂu())(f islands is shown to be followed by a secondary nucleation
onto the wetting layer. The dependence of the island denSi%rocess The hiaher the intearated arowth rate the sooner this
(up to secondary nucleatipon the integrated growth raté - 'he hig integ 9 :
is plotted in Fig. 7 for two different temperatured: process begins.

=550°C andT=740°C. It is easy to see that the curves are A.V.O. thanks the Alexander von Humboldt Foundation
very close to the power laml=NyUP (for T=550°C, p  for a fellowship. Additional support by the Deutsche Fors-
~0.65, and forT=740°C, p~0.71). This theoretical con- chungsgemeinschaft is gratefully acknowledged.
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