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Kinetic model of coherent island formation in the case of self-limiting growth
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The stage of nucleation and growth of stressed coherent islands is investigated for the Stranski–Krastanow
growth mode. Both elastic deformations and the attraction of atoms by the wetting layer due to a wetting
potential are taken into account. It is shown that these two effects do not change the functional dependence of
the free energy of island formation on the size of the island and result in the renormalization of the surface
tension of islands and the equilibrium concentration of adatoms. Analytical expressions for the rate of self-
limiting growth and cluster-size distribution of coherent islands are obtained. The evolution equation of super-
saturation is deduced and the time dependences of all the main features of the deposition process such as
supersaturation, nucleation rate, surface concentration of islands, and their size distribution are calculated.
Self-limiting growth of islands is shown to result in a secondary nucleation process.
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I. INTRODUCTION

The self-assembled growth of dislocation-free coheren
lands is currently used to produce dense ordered structur
nanoscale quantum dots.1,2 The increasing interest in suc
systems is caused by the prospect of their practical us
optoelectronics due to the carrier confinement in quan
dots.3 For this reason a small size and narrow cluster-s
distribution are required. In order to control the morpholo
of growing islands, it is necessary to find out whether it
determined by the growth kinetics or by thermodynamic2

Recently, the thermodynamic model of the free energy o
strained island ensemble has been developed by Shch
et al.4 It includes the surface energy, elastic deformation
ergy, and the energy of elastic relaxation on edges. In
work it has been shown that for certain conditions the f
energy of a coherent island ensemble may have a minim
that corresponds to the most favorable size of islands.1,4 This
minimum may result in a narrow size distribution.5,6

An alternative explanation of narrowing of the size dist
bution during growth is based on the kinetic control of se
limiting growth.7–9 This effect takes place when larger i
lands grow more slowly than smaller ones because the el
deformation leads to an energetic barrier for the embedd
of adatoms into islands7 and the growth on island facets.9 As
a result, small islands are able to catch up in size with lar
ones. This fact also results in a narrowing of the size dis
bution. This type of self-limiting growth of islands was re
cently observed in the Ge/Si~100! system.9 The authors ex-
plain this effect by an increasing nucleation barrier for ea
repeated growth of a new atomic layer on an island face

In the present work the mechanism of self-limiting grow
provides the basis for the theoretical description of the p
cesses of nucleation and growth of quantum dots in the c
of the Stranski–Krastanow growth mode. The time dep
dence of the main characteristics of growth such as su
saturation, nucleation rate, surface concentration of isla
and their size-distribution function are calculated.
0163-1829/2001/64~20!/205421~6!/$20.00 64 2054
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II. THEORY

A. Free energy and nucleation rate of islands

The starting point of any nucleation theory is the calcu
tion of the free energy of island formationF as a function of
the number of atomsi in an island. For the case of 3D co
herent islands growing by the Stranski–Krastanow mod
may be presented in the form

F~ i !5Esurf2 iDm1Eel 2Eatt . ~1!

Here Esurf is the surface energy term,Dm is the difference
between the chemical potential of the 2D gas of adsor
atoms on the wetting layer and of atoms in the new-ph
island,Eatt is the energy of attraction of island atoms to t
substrate, which always takes place in Stranski–Krastan
growth,10 andEel is the elastic energy of an island. We a
sume for simplicity that each new-phase island has the
manent shape of a hemispherical segment with a con
angleu and a base radiusR ~see Fig. 1!, which is situated on
a wetting layer of the same material. Notice that this angle
distinguished from a wetting angle that is equal to zero
cause the surface energy of an island is equal to the sur
energy of the wetting layer. But the mismatch of film an
substrate materials results in a positive value of the con
angle of dislocation free islands to decrease the stress el
energy.12 Let k be the number of monolayers in the wettin
layer andh0 the height of one monolayer. Thenh5kh0 is the
height of the complete wetting layer~Fig. 1!. For this island
shape the aspect ratio is equal tob5(12cosu)/(2 sinu). For
example, a value ofu530° conforms withb50.134, which

FIG. 1. Schematic representation of an island of hemispher
shape with contact angleu and base radiusR being situated on a
wetting layer of the same material with heighth.
©2001 The American Physical Society21-1



o
e
ga
e
re

rm

a
rm

,
gt

e
d
r
b
f
t

r a
th
en

a
e

film
e
y
he
ra

rials

and

the

rgy
o

pect
ds
ni-
ect
ure
lib-

to
ted
of
ere

nsi-
en
fects
s-

r-

de
th

A. V. OSIPOV, S. A. KUKUSHKIN, F. SCHMITT, AND P. HESS PHYSICAL REVIEW B64 205421
approximately corresponds to the case of Ge islands
Si~100!.12 The energy of formation of an island surfac
equals the product of the specific energy of the island-
interfaces isl with the difference between the initial surfac
area of the wetting layer and newly formed surface a
Ssurf52pR2(12cosu)/sin2u2pR254pb2R2,

Esurf54pb2s isl R
2. ~2!

The difference in the chemical potential is of the usual fo

Dm5kBT ln
n1

ne
, ~3!

wherekB is the Boltzmann constant,T is the temperature,n1
is the surface concentration of adatoms, andne is the equi-
librium concentration of adatoms. The elastic energy of
island due to the lattice misfit can be presented in the fo

Eel 5l«0
2V iZ~b!, ~4!

wherel5(c1112c12)(c112c12)c11
21 is the elastic modulus

c11 and c12 are the elastic moduli in the standard Voi
notation,1 «05(a2b)/b is the misfit parameter,b is the lat-
tice parameter of a substrate,a is the lattice parameter of th
film material, V is the volume per atom in the film, an
Z(b) is the relative relaxation of the island stress. Fo
given island shape this function was found numerically
the method of finite elements.11 Moreover, the dependence o
Z on the aspect ratio or contact angle can be estimated by
Ratsch–Zangwill approximation.13 Results of calculations
performed within the framework of these estimations fo
hemispherical segment are given in Fig. 2. It can be seen
the Ratsch–Zangwill approximation is in good agreem
with finite element calculations. According to the Mu¨ller–
Kern theory,10 the energy of attraction of island atoms to
substrate per unit surface is determined by the wetting
ergy per unit surfaceF`5ss2s f2s f –s , wheres f –s is the
specific interface energy of the boundary between the
and the substrate, andss , s f are the surface tensions of th
substrate and the film, respectively.F` represents the energ
of attraction of the nearest atomic layer of the film to t
substrate. The following atomic layers have a weaker att

FIG. 2. The dependence of the relative relaxation of elastic
formation stress in an island on the contact angle; solid line,
Ratsch–Zangwill approximation~Ref. 13!; dashed line, finite ele-
ment calculations~Ref. 11! averaged over island volume.
20542
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tion to the substrate. In the case of semiconductor mate
this decay can be considered to be exponential:10 Fm
5F` exp(2m/k0), where m is the number of monoatomic
layers separating a given film layer from the substrate,
k0 is the dimensionless parameter of relaxation.10 Therefore,

Eatt5F`n0
21 expS 2

k

k0
D (

m50

L

i m expS 2
m

k0
D , ~5!

wherek is the number of monolayers in the wetting layer,L
is the number of monolayers in the island,n0 is the surface
concentration of atoms in a monolayer of the film, andi m is
the number of atoms in themth layer of an island. The value
of k is determined by the balance of the stress energy and
energy of attraction to the substrate.10 For large islands
whose height is much larger thank0 ~normally, k0.1) it is
possible to approximate the sum by

Eatt5F` expS 2
k

k0
D ~11k0!pR2. ~6!

Thus, in the framework of these assumptions the free ene
of coherent island formation on a wetting layer is equal t

F54pb2s isl R
22F` expS 2

k

k0
D ~11k0!pR2

2 ikBT ln
n1

ne
1 il«0

2VZ~b!. ~7!

The first and last terms of this expression contain the as
ratio b. Moreover,s isl depends on the shape of the islan
according to the Wulf–Kaishew theorem. Therefore, mi
mizing the sum of these terms gives the equilibrium asp
ratio and shape of the islands. This minimization proced
was performed in Ref. 14 and it was shown that the equi
rium aspect ratio slightly increases with cluster sizes up
the dislocation formation process. An even more complica
problem was solved in Ref. 6, where the elastic energy
edges and the repulsive interaction between islands w
taken into account to describe the pyramid-to-dome tra
tion under near-equilibrium conditions. In our case, wh
strong supersaturation takes place, we neglect these ef
and considerb5const in order to describe the kinetic a
pects of the evolution of an island ensemble.

It is convenient to rewrite this function in terms of reno
malized parameters

F54pb2seff R
22 ikBT ln

n1

neff
. ~8!

Here

seff 5s isl 2F` exp~2k/k0!~11k0!/~4b2! ~9!

is the effective surface tension of an island,

neff 5ne exp~kZ~b!! ~10!

is the effective equilibrium concentration of adatoms, and

k5l«0
2V/~kBT! ~11!

-
e

1-2
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is a dimensionless constant that characterizes the ratio
tween elastic and thermal energies. Let us estimate th
values for Ge islands on a Si~100! surface atT5550 °C.
In this case k0;110, s isl 's f5800 erg/cm2, ss
51260 erg/cm2, and s f –s510 erg/cm2, which yields F`

5450 erg/cm2. For k53 and b50.134 we obtainseff
5490 erg/cm2'0.6s isl . If we choose, for example,k52,
then seff will be negative. This fact means that it is mo
advantageous for germanium to spread over the subs
surface than to form islands. In order to decrease the s
strate attraction it is necessary to add one more monolay
the wetting layer.

Since for Ge/Si~100! «050.042, c1151.14
31012 dyn/cm2, c1250.3831012 dyn/cm2, and V52.27
310223 cm3, we obtain l51.2731012 dyn/cm2 and k
50.45. The relative relaxation of the elastic stress in an
land corresponding tou530° amounts to approximately 0.
~see Fig. 2!. Therefore,neff51.25ne , i.e., the elastic stres
increases the equilibrium concentration of adatoms by 2

For the further analysis it is convenient to rewrite the fr
energy~8! in the form

F~ i !5F3

2
~A2ci !2/32 i ln~j11!GkBT, ~12!

wherej5n1 /neff21 is the effective supersaturation and

c5
p

3

seff
3 V2

~kBT!3 S 12cosu

11
cosu

2
D 2

. ~13!

The estimation of the dimensionless parameterc at the same
conditions yieldsc50.38. The function~12! reaches its
maximum ati 5 i c , where the number of atoms in the critic
nuclei is equal to

i c5
2c

ln3~j11!
. ~14!

The value of this maximum or the relative nucleation barr
height is equal to

H5
F~ i c!

kBT
5

c

ln2~j11!
. ~15!

For instance, for the case of Ge growth on Si~100! at j
50.17 these parameters have the valuesH'15 and i c
'200, which corresponds toR( i c)'2.2 nm.

If F( i ) is known, the nucleation rate can be found by t
Zeldovich formula15,16

I 5n1A2
F9~ i c!

2p
W~ i c!e

2H. ~16!

Here W( i c)52pR( i c)n1D/ l 0 is the rate of attachment o
adatoms to a critical nuclei,D is the diffusion coefficient
over the wetting layer, andl 05n0

21/2 is the average distanc
between nearest atoms in a monolayer. Substitution of E
20542
e-
se

te
b-
to

-

.

r

s.

~12! and ~15! into Eq. ~16! gives the dependence of the c
herent island nucleation rate on supersaturation

I ~j!5Dneff
2 ~11j!2 ln~11j!AkBTn0

s

1

2b

3expS 2
c

ln2~11j!
D . ~17!

B. Rate of self-limiting growth of islands

In order to describe the evolution process of a system
coherent islands, the growth rate of an island must be fou
For this purpose we use the results of Refs. 7–9, in whic
was stated that the elastic deformation energy results in
energy barrierG(R) for the attachment of adatoms into a
island. In the absence of this barrier the attachment flux
unit length of an island boundary would be equal to (nR
2neff )D/ l 0, wherenR is the concentration of adatoms ne
an island with the base radiusR. If a barrier exists this flux
decreases exponentially

j 5~nR2neff !~D/ l 0!exp~2G~R!/kBT!. ~18!

The functionG(R) was found numerically in Ref. 9. This
dependence can be approximated by a power function7

G~R!;kBT0~R/ADt!p, ~19!

where t is the lifetime of adatoms,ADt is their diffusion
length, andT0;«0

2 is the characteristic temperature of se
limiting growth. Then the diffusion flux per unit length o
an island boundary is equal toj 5(nR2neff )(D/
l 0)exp(2a(R/ADt)p), where a5T0 /T is a dimensionless
parameter which is proportional to«0

2 and depends on the
temperatureT as (Dt)p/2/T. Thus, in order to find this flux it
is necessary to solve the diffusion equation for the ada
concentration with proper boundary conditions

DS n91
1

r
n8D2

n

t
50,

2Dn8ur 5R5~nR2neff !~D/ l 0!exp~2a~R/ADt!p!,

n~`!5n1 . ~20!

Here n(r ) is the adatom concentration at a distancer from
the center of an island andn1 is the adatom concentration a
infinite distance from an island. Having solved this equat
it is easy to find the growth rate of coherent islands

v i5
di

dt
52pR j52pDneff j f S R

ADt
D , ~21!

where the growth functionf is given by
1-3
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f ~x!5

x
K1~x!

K0~x!
e2axp

l 0

ADt

K1~x!

K0~x!
1e2axp

~22!

and K0 and K1 are the MacDonald functions. If the energ
barrier for the adatom incorporation into an island is neg
gible, i.e., (l 0 /ADt)K1 /K0!exp(2axp), ordinary growth
by diffusion takes place with the ratexK1 /K0. Otherwise, if
the energy barrier is significant, i.e., (l 0 /ADt)K1 /K0
@exp(2axp), it limits the growth of coherent islands. Th
phenomenon was observed experimentally for sufficien
large islands.9,17,18 In Fig. 3 the growth function~22! is
shown for l 0 /ADt50.01, a51, p52 ~the valuesa andp
were chosen on the basis of a rough approximation of
numerical results given in Ref. 9!. It can be seen that th
influence of the energy barrier for adatom attachment st
at approximatelyR.1.7ADt. Starting from this point the
size-distribution function begins to be narrowed. We co
tinue to describe this process quantitatively.

C. Evolution of supersaturation and size distribution
of islands

We consider the early stage of deposition when the nu
ation process takes place. In this case the surface covera
islands is much less than unity and we can neglect b
diffusion and elastic interaction of islands. Under these c
ditions coherent dislocation free islands are formed, wher
small island spacings result in the process of disloca
formation.12 Moreover, we neglect the coalescence proc
of islands, which takes place at the late stage of deposit
Thus, at the early stage of deposition all islands grow in
pendently and the distribution functiong( i ,t) of coherent
islands in terms of the number of atomsi at time t is deter-
mined by the continuity equation in size space16

]g

]t
1

]~v ig!

] i
50. ~23!

Following the general technique described in Ref. 19 we t
from the variablei to the new variabler

FIG. 3. The dependence of the self-limiting growth rate of
island on the normalized radiusR/ADt; solid line, with an energy
barrier; dashed line, without an energy barrier.
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r~ i !5E
0

i di8

f ~R~ i 8!/ADt!
, ~24!

where R( i )5(3iV/2p)1/3@11(1/2)cosu#21/3(1
2cosu)22/3sinu is the dependence of the base radius of
island on the number of atoms. In this case the evolut
equation~23! is simplified considerably

]g

]t
1

j~ t !

tg

]g

]r
50, ~25!

wheretg51/(2pDneff ) is the characteristic time for coher
ent island growth. The initial condition of Eq.~25! is obvi-
ously

g~r,0!50. ~26!

The boundary condition of Eq.~25! should be set at the
boundary between the near-critical and overcritical region19

However, this condition may be transferred to the pointr
50

j~ t !

tg
g~0,t !5I ~j~ t !!, ~27!

because near-critical islands are so small compared to
actual size that they are of little importance in the mat
balance of the wetting layer surface.19 This condition means
that the fluxI of nuclei proceeds through the pointr50 with
the ratej/tg . Equation~25! with the conditions~26! and~27!
can be solved analytically. After doing this we go back fro
the variabler to the variablei,

g~ i ,t !

5H I ~j~ t~y~ t !2r~ i !!!j~ t~y~ t !2r~ i !!!

tgf ~R~ i !/ADt!
, r~ i !<y~ t !,

0, r~ i !.y~ t !.

~28!

Here, t(y) is the inverse function toy(t)5tg
21*0

t j(t8)dt8.
Since g( i ,t);1/f (R( i )/ADt) the functiong increases and
becomes narrower in the region wheref is small, i.e., at large
R/ADt values~see Fig. 3!.

The dependence of supersaturation on timej(t) and thus
y(t) andt(y) may be found from the conservation of matt
on the wetting layer. In the case of small coverage of
wetting layer by coherent islands it can be written in t
form

dn1

dt
5J~ t !2

n1

t
2E

0

`

v ig~ i ,t !di, ~29!

whereJ(t) is the arrival rate of adatoms on the wetting lay
The integral on the right-hand side of Eq.~29! describes the
decrease of adatoms due to their embedding into isla
Hereafter we use the simplest model for the arrival rateJ,

J~ t !5J0~12e2t/ts!, ~30!
1-4
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where J0 is the maximum flux andts is the characteristic
time for reaching a constant flux. Substitution of Eqs.~21!
and ~30! into Eq. ~29! gives the required evolution equatio
for supersaturation

dj

dt
5

j02j

t
2

11j0

t
e2t/ts22p DjE

0

`

f S R~ i !

ADt
D v ig~ i ,t !di.

~31!

Here j05J0t/neff is the highest effective supersaturatio
possible. Substitution of the obtained size-distribution fu
tion ~28! into Eq. ~31! gives an integro-differential equatio
in the effective supersaturation. Solving it and substitut
the solution into Eqs.~17! and ~28! one obtains the time
dependence of the nucleation rate and the size-distribu
function.

III. NUMERICAL RESULTS AND DISCUSSION

The integro-differential equation~31! was solved numeri-
cally by taking into account Eqs.~17! and ~28!, and the ini-
tial condition j(0)50. For the calculation of the diffusion
coefficient and the equilibrium concentration of adatoms
following Arrhenius equations are used

D5
n

4n0
e2ED /kBT, ~32!

t5n21eEd /kBT, ~33!

ne5n0e2Ea /kBT, ~34!

wheren is the frequency of lattice oscillations of atoms,ED
is the activation energy for diffusion,Ed is the activation
energy for desorption, andEa is the energy of adatom for
mation. For example, atT5550 °C, n51012 s21, ED
50.65 eV, Ed51.3 eV, andEa50.6 eV, which approxi-
mately corresponds to the system Ge/Si~100!, we obtainD
54.731028 cm2 s21, t50.931024 s, ADt521 nm, and
ne51.231011 cm2252.131024n0. The solution of Eq.
~31! for j050.18 andts530 s with these constants and th
values stated above that approximately correspond to
growth on Si~100! is shown in Fig. 4~a!. Substitution ofj(t)
into Eq. ~17! gives the time dependence of the nucleat
rate that is presented in Fig. 4~b!. Integration of the nucle-
ation rate over time results in the surface concentration
new-phase islands,

N~ t !5E
0

t

I ~j~ t8!!dt8, ~35!

presented in Fig. 4~c!. The size-distribution function of co
herent islands is calculated according to Eq.~28!. It is shown
in Fig. 5 at different times. The characteristic behavior of
system becomes quite clear from these pictures. At the
ginning the effective supersaturation increases under the
fluence of the adatom flux. Nucleation starts and progres
and growing islands act as sinks for adatoms. At a cer
time these sinks become more effective than the external
in creating adatoms. This means that the supersaturation
20542
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down. The equilibrium situation corresponds to the ma
mum supersaturation and nucleation rate. For the param
values given the relevant quantities arejmax50.172
'0.95j0 and I max56.53107 cm22 s21. The higherI max ,
the shorter the nucleation time and the narrower the s
distribution.20 This conclusion is supported by experiments21

However, in the case of too large an arrival rate the coa
cence of islands begins quickly22 ~in this work the coales-
cence process is not considered!, which results in a broad-
ened and bimodal size-distribution function. After some tim
the growing islands reach the region of self-limitation, whe
the nuclei absorb fewer and fewer adatoms. Thus the ef
tive supersaturation goes up again, resulting in the proces
secondary nucleation. This phenomenon has been freque
observed in different systems with coherent islands.23 Due to

FIG. 4. The time dependences of the main characteristics
nucleation processes using the following constants:j050.18, T
5550 °C, t51024 s, ts530 s, D5431028 cm2 s21, neff 51.5
31011 cm22, a51, p52, l 050.42 nm,u530°, c50.38;~a! ef-
fective supersaturation,~b! nucleation rate,~c! surface density of
islands.

FIG. 5. Cluster-size distributions for three different grow
times: t5250 s, t5310 s, andt5400 s. The conditions are th
same as in Fig. 4.
1-5
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secondary nucleation the cluster-size distribution can bec
bimodal~see Fig. 5!. If the cluster-size distribution is known
one can easily calculate the total volume of islands and
press it in equivalent monolayers

M ~ t !5n0
21VE

0

`

ig~ i ,t !di. ~36!

This function is presented in Fig. 6 up to the onset of s
ondary nucleation. It is easy to see that for larget the inte-
grated growth rateU5dM/dt tends to a constant value
Therefore, a one-to-one correspondence between the
grated growth rate andj0 is observed. Since the integrate
growth rate can be measured experimentally, it is conven
to use this quantity as a variable to describe the adatom
onto the wetting layer. The dependence of the island den
~up to secondary nucleation! on the integrated growth rateU
is plotted in Fig. 7 for two different temperatures:T
5550 °C andT5740 °C. It is easy to see that the curves a
very close to the power lawN5N0Up ~for T5550 °C, p
'0.65, and forT5740 °C, p'0.71). This theoretical con

FIG. 6. Time dependence of the total volume of islands at
same conditions as in Fig. 4.
.
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clusion conforms with experimental results for molecu
beam epitaxy~MBE! of Ge on Si~100! at T5740 °C.24 Simi-
lar results were obtained for Ge/Si~111! as well.25

In summary, a kinetic model of nucleation and growth
coherent islands has been developed for the case
Stranski–Krastanow growth. It describes the effect of str
energy on nucleation and self-limiting growth of cohere
islands. The evolution equation is deduced as a function
the effective supersaturation. The time dependence of
main characteristics of the deposition process, such as
nucleation rate, the surface concentration of islands, and
size-distribution function are calculated. Self-limiting grow
of islands is shown to be followed by a secondary nuclea
process. The higher the integrated growth rate the sooner
process begins.

A.V.O. thanks the Alexander von Humboldt Foundati
for a fellowship. Additional support by the Deutsche Fo
chungsgemeinschaft is gratefully acknowledged.

e FIG. 7. Dependence of the surface density of islands on
integrated growth rate at the same conditions as in Fig. 4 aT
5550 °C andT5740 °C. Black squares are the experimental
sults of Ref. 23 replotted on a logarithmic scale.
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