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Theory of neutron channeling in the resonant layer of multilayer systems
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A wave theory of neutron channeling is presented. An experiment to check the theory is considered.
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[. INTRODUCTION system under the illuminated part of the upper surfacehe
left of Cd in Fig. ) is well known, but we do not know what
We consider theoretically neutron channeling in a planathe channeling wave is, how it propagates under the nonillu-
system like the one shown in Fig.(it will be considered in  minated area, and how it is matched at the interface between

more detail in the next sectign the illuminated and nonilluminated parts. These are the main
This system consists of two layers on a substrate, with thguestions we address in this paper.
optical potential of the system shown in Fig(W&ithout Cd. Microwaveguides are well known for x raé where

The channeling takes place in the sec¢frdsonant”) layer,  they are used for microfocusing, which is applied to micro-
which has low optical potential. In this figure it is Ti, which diffraction, microimaging, and microspectroscopy. Research
has a negative optical potential, or potential well of dapth  in this field has been highly stimulated by the advent of
(uy=—50.81 neV)(Fig. 2. The substraté¢‘reflector”) has  modern powerful synchrotron sources.
a positive optical potential;, here Cu(ic,=171neV, and Neutron sources are considerably less powerful, and a
is usually thick enough for the waves channeled in the resosingle microwaveguide, if fed only through the entrance,
nant layer to be totally reflected from it. Above Ti there is agives an intensity too low to be useful because of the small
“tunneling” layer. It also has a positive optical potential,  area of the entrance hole. Thus, it is interesting to look for
in Fig. 2) to hold the channeled wave inside the resonanthe channeling in a geometry like the one shown in Fig. 1.
layer. This potential may be even higher than that of the The first observation of neutron channefirg thin films
substrate ;> u3), as for example, is shown in Fig. 1, where showed that such experiments are feasible and deserves fur-
the tunneling layer is Nify;=245 neV). However, it must ther theoretical and experimental considerafiolf.
be thin enough for the outside wave to penettatane) into Experiments on neutron channeling in thin-film neutron
the resonant Ti layer. Above the system a Cd layer is showryaveguides have been discussed in several papersin
which absorbs neutrons, and prevents the feeding of théhis paper we present a different approach. We show how to
channel along its entire length from the outside. relate the extinction of neutron flux along the channel to the

Such multilayer systems are well knowsee, for in- tunneling through the first layer, and how to find the distri-
stance, Ref. )1 however, there is no good understanding howbution of neutrons exiting the chanrféf
the external wave is coupled to the channeling one. It is The problems of channeling in multilayer reson&viR)
understood what happens if the channel is a microsSystems are closely related to the problems of reflection from
waveguide, in which the wave is an eigenmode. In this casghem, which are studied by reflectometry. The resonant struc-
the wave is totally reflected from both sides, and the waveture of MR systems shows itself in an interference pattern of
guide is fed from the outside through either its entrance oriteflectivity even in the subcritical reflection region, when the
fice at the edge surface or through a special wedge. normal-to-surface compone#t, of the total energy of the

In our case the channel is not a perfect waveguide becaugecident beam is in the range<CE,<uz. This pattern has
its upper side is slightly permeable. Thus rather than eigenwell-pronounced resonant minima only when the system has
modes we have resonant ones, with the channel fed only
through the upper side. In this case the wave function in the V)t

<ly—Iy —
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< N} Ug z
Ti K I
< Cu FIG. 2. Stepwise potential of a multilayer resonant system. The

z axis is directed along normal to the surface of the multilayer
FIG. 1. A mirror for measuring resonant neutron channeling. system.
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high absorption in the tunneling, resonant or/and reflector 2Kl o+ og(Koy) + or(Kay) =270 (5

layer.
y with integern. At these points, which correspond to reso-

Experiments on subcriticalE,<uj) reflection were re- ; .
ported in Refs. 16—20. The depth of the minima in the re1ances, the amplitudé(k,) of the wave function(1) has

flectivity curve (the curve that shows the dependence of re/Maxima. The magnitudes of these maxima are larger the
flectivity on neutron momentum transfewas enhanced ClOSer|pzi| is to unity, or the smaller is the transmission

through either a special choice of material with high absorp@Mplitude| 2. .
tion for layeru,, or by embedding a thin absorbing layer Let us consider how large these maxima are. If we neglect

into the resonant one. Experiments were also performed wit[PSS€S We have the law of energy or flux conservation, which
polarized neutrons in magnetic layers where spin rotatiorS the same as unitarity condition represented by the relation

played the role of absorptidit:?? 2 o
In the following section we consider the reflectivity of Kaal p2al “+ | 721 ko= Kz, ®
resonant systems and channeling in them. where 7, is the transmission amplitude through barrnigr
from the layeru, into the vacuum, and,,k,, are the
II. WAVE FUNCTION IN A MULTILAYER SYSTEM normal-to-surface components of the neutron wave vector in

_ vacuum and inside the, layer. The relatior(6) leads to
We shall treat the multilayers through the method of mul-

tiple reflections presented in Refs. 23—-25, which is appli- 5 , K, 1 , K,
cable to scalar and magnetic systems. This method is an |p21®=\/ 1~ 721 5”1—§|721| P (7)
analytical one, and it is more appropriate for our analysis z z

than the other methods such as those in Refs. 2628, whicfr | 724 <1.
in our opinion, are more appropriate for numerical From detailed balance theorem it follows that the prob-

calculations’’ ability of transmission from vacuum into, layer, and the
We denotex as the coordinate along the mirror ands  reverse, are equal. It gives
the coordinate along its normal. The wave function in the

2 — 2
middle layeru, under the area illuminated by the incident | 712 *Koz 1Ko = | 721 K /Ko, - ®
plane wave expKx+ik;z) is equal to This leads tor,;= (K,,/k,) 71,. Substitution into Eq(7) and
. . into Eq. (3) with account of Eq(5) gives
W(2X)= Alky) [ xliky,2) + exptikz ) podkzy) A 159
X expl —ikz(z—12)} lexp(ikx), M Adg|= 722 ©

1-[p2 - | 724
wherek,,= \/kz2+ u,, k, andk, are the components of the

~ 2
neutron wave vector, angh«(K»,) is the reflection amplitude  Thus for|74/~0.1 we have at resonan¢&(k,)|*~400.
from the totally reflecting layeus inside the layewu,. The

factor A(k,) is determined by the equation B. Mechanism of particle accumulation in the resonant layer
B . We can easily understand the mechanism of wave-
Alky) = 1121 p21p23€XA21K o ) Alky), @ function enhancement in the layer at resonance. Indeed, at

which shows that the wave propagating towards the substrate€sonances the wave elfl,)p,s(K,,)exp(—iky[z—I1,]) in

is the sum of the wave penetrating through the tunnelind=g. (1) going from the substrate towards the layer after
layer form the outsidéthe first term), and the wave reflected reflection at the point z=0 becomes equal to
from both sides in the tunneling lay&he second terimThe  exp(2kad2)po3(Kay) po1(Kay) explka2) =|po1 €Xplksy2)  be-
term 7, is the transmission amplitude of the wave throughcause of Eq(5), that is it positively interferes with the pre-
the barrieru; from vacuum into the layen,, andp,; is the  vious wave expk,,2) and enhances it.

reflection amplitude in layeu, from the barrieru;. From Such enhancement facilitates penetration of the external
Eq. (2) it follows that wave into theu, layer. It suggests that the reflection ampli-
tude of the external wave decreases, and we want to prove
)= T12 that this is indeed so.
Alk) = 1— poipazeXp(2iky,ls) © Let us consider the resulting amplitude of the outgoing

wave as consisting of two parts: the directly reflected inci-
dent wave with amplitude,,, and the part that is transmit-
ted into theu, layer, then reflected from substrate and trans-

Since reflection fromug is total, the amplitude,z is of  mitted back into vacuum again. The amplitude of the second
the form pys=exp¢,3). After substitution of thispoz and  wave is equal tor;,7,10,5(Ko,) €Xp(dkyl,). Thus the ampli-
p21=|p21l€xpli¢sy) into Eq. (1) the denominator becomes  tude of the resulting reflection is given by

A. Neutron resonances in MR systems

1—p21p23€Xp(2ika,l ;) P12= p12+ T12721P23(Kaz) EXP( 2K 2, 2)
=1—|palexp2iko o tidostico).  (4) 1 T2 Ioad 10
It has minima at point&,, which satisfy the equation P17 P21P12 Pal |
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where in the last equality we took into account E5). It is
easy to sho##?°that

Mo1— 21 €XP(— 2Ky, 1)

Pz = Foaf 218XP(—2Kq,l1)
:rzl—r01exli_2klz|1) ; :kz_iklz (12)
pa1 1-rofr;exp(—2Kylq) " % k+iky,’
o tort1eXp( — Ky )
12 1—ror o exp(—2Ky,lq)’
tortioexp(—Ky ) Ko, —
. L ory=Z (12
21— roaranexpl — 2Kyl ) 2 k22+|klz 12
L2 2k 2Ky,
01 k,+iky,’ Ky, +ikq,' 10 K, +ikq,’
2ik
tlzz—.lz, klZ: \/Ul_kg, (13)
ko, +iky,

where 7, denotes the reflection, arng the transmission,

amplitudes for a potential step from leuglto levelu,, and
[, is the width of theu, layer.

For real potentialsu;,u, we have 751712/p21p12
= —|1o1m19/| p21p 12| . Substitution into Eq(10) gives

| 7'127'21|

(14
[p12pa

P21=p12d 1—

| |P21|}

or [p1o<|p14. It shows that indeed the wave passed through
the resonance layer compensates a little bit the directly re-

flected one.
However, at energieg,<u; reflection is always total,
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FIG. 3. Matching the wave function at=0 in two parts of a
multilayer mirror, and distribution of outgoing neutrons over posi-
tion sensitive detector PSD.

stopped by absorbers arranged as shown in Fig. 3. This is
easier as the boundary conditions under the nonilluminated
area remain the same as under the illuminated one, which
means that the resonant conditions remain the same. In the
case of Fig. 1, reflectivity in the resonant layer from the
upper side of the nonilluminated area is different from that
under the illuminated one, and the positions of the reso-
nances should be slightly shifted. This leads to some com-
plications in matching at the interface between the illumi-
nated and nonilluminated parts.

In the simplified geometry the front of the incident wave
is limited by an absorber, and the position sensitive detector
(PSD does not see the illuminated part of the mirror.

Under the illuminated part of the mirrox0), the wave
function inside the layeu, is equal to

h(X,2) = A(Kk) [ expik,,z) + expliKy,l o) pas(Ka,)

Xexp{ —iko(z—15)}explikx), (16

where k, is the component along the axis of the wave
vector in the incident wave above the mirror, and the coeffi-

independent of th&,, thus the amplitude in the resonant CIENtSA,py3, and wave numbek,, are the same as in Eq.
layer should be accumulated to such a level that the wavél)-

transmitted througlu, into vacuum would overcompensate

The wave function under the nonilluminated surface is a

the directly reflected one up to the point at which the modu-Solution of the Schidinger equation, which we can represent
lus of the resulting reflected amplitude is unity. Indeed, if wein the form

multiply the second term in the brackets of expresgib#)
by the resonant factor 1/(|p,,|), we obtain

_ 721712 |p2il
pr=piz 1~ Tlplz 1_|P21|}
P12 |P12P21|_|P21|(|P12P21|+|7127'21|)__ P12
- |p12021] —|p2dl lp1d’
(15
where we used the relatiofs; 0o + | 712721 =1, and|p4

=|p,4, which follow directly from Eqgs.(11) and(12). Ex-

pression(13) then shows that the resulting reflection is in-

deed total.

C. Channeling in the middle layer

P(x,2)=Alexplik,,z) + explika,l o) pas(Ks,)

xexp{ —iky,(z—1,)} Jexplik,X), a7
where A=A(k,), and ky2+k,?=k>+u,. If we take kj,

=ky,—ik, where ky,= VK2 +U,, then k.= k2+2ixk,,
~ky+irky, /Ky, wherek?=k?—k2. The imaginary partx
>0, should be chosen in such a way that

p21(Ka,) pas(Ks,) exp(2iky,l ) =1. (18)

This form matches well the wave functidt?7) to the right
and wave function(16) to the left of the section wherg
=0. Some mismatch becauserofiives some reflected wave
going to the left from this section. However, for smal
(later we shall see, when it is smathe reflected wave is
also small, so we can neglect it.

To begin our discussion of ideas for the channeling in the The equation(18) is the same as Eq2) but with 74,
resonant layer, let us consider a system slightly differenbmitted. When it is satisfied, the wave function has the same
from that shown in Fig. 1. It will be simpler if illumination is dependence omat every pointx, and only its amplitudéA|
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contains a factor, which, because of imaginary parkpf
exponentially decays alongaxis,

explikyx)= exr(ikxx)exr( - %) ,

(19

In the case when 4|p,,|<1, the magnitude ofk is
small, and we can neglect it in amplitudes; andp,,. Then
Eq. (18) is represented as

|p21(ky) |exp(2ik ol a1 hogtichy+2kl,)=1. (20)

For k,, satisfying condition(5), we obtain|p,;|exp(2«l,)
=1, which gives the magnitude &,

- | k Kz Ko,) |2
K—_TZ (| paa( 22)|)~m|7'21( 22)]

—amak? @
where relations(7),(8) were taken into account. Thus
<ky,~ll,, when|7,)|2<4mk,/ky,, which is always sat-
isfied, so our approximation is always very well justified.
Let us estimate the range=K,/2K,,« = 21K, /K,| 7572
of exponentially decaying factor in Eq19). For neutrons
with wavelength 4 A, in particular, the grazing angle of in-
cidence is smallwe need total reflection from substrateo
K,/ke=10"3. Thus x,=2X10%,/| 7|2 FoOr |7,q~|71J
~0.1 andl,=2000 A we havex,=4 cm.

D. Calculation of intensity distribution over nonilluminated
surface

PHYSICAL REVIEW B 64 205408

k
J(x) =21 g7 Wl | Al* exp = X/xe). (24)
From Eq.(24) it follows that the total number of neutrons
crossing per unit time the section of the chanuglat the
pointx=0 is

Ky
J(O)=2IO?WI2|A|2. (25)
At resonance, when Eq9) is valid, for w=1 cm, |A|?
=400, and,=2x10 °cm we havel(0)~10 2I,.
Now we can calculate the total number of neutrons that go
out through an elementdx of the nonilluminated surface at
point x,

dJ(x I
dI(x)=— d(x ) dxe fwdx|A|2| 71/ 2K, EXP — X/Xo)
J(0
=20 gy (26
Xe

If the nonilluminated area is infinite ir direction, then the
total number of outgoing neutrons is equal to the integral
over dx from 0 to, which is naturally equal td(0).

The above result is valid for monochromatic and colli-
mated neutrons with precisely resonant normal component
kf of the neutron energy. If the spectrum is not monochro-
matic, we should replace ER5) by the expression

dig(k?) _k,

—_o__ " " r_~ 2
J(0)=2 i I who|A=2, 27)

wherel is the resonance width, calculated as follows. Let us

All the above formulas were obtained for a single incidentdenote phasé) as®(k,), then the resonance conditi¢®)
neutron, with its flux over unit area of the entrance surfacas ®(k,)=2=mn, wheren is an integer 1=0) called the

proportional tok,. For the intensity; we need to renormal-
ize the coefficienfA by a factoryly/k. Then the number of

resonance order. Near tmth resonance the exdf) in the
denominator(4) can be approximated as

neutrons crossing the cross area of the resonant layer per unit

time, at some poirt under the nonilluminated surface of the
mirror, is

dAN(X) g

I2
== =% wdZ 4(2)| 2k, expl — x/Xe),

)
(22)

wherew is the width of the mirror surface along tlyeaxis.
From Eq.(17) it follows that

|4(2)|2~4|A|? coS ({ko 2~ 15]— 3} /2).
Substitution into Eq(22) gives the integral

(23

I2
k2zf0 coS({Ko[z—1,]— ¢p3}/2)dz

nm nm
f cog(y)dy= - Where y~kz,
0

andn is the integer of the resonanég,l,=nmw. Thus Eq.
(22) is

i . do
expid)~1+i

2
ag E-B)~1+i - (E-E,), (29

WhereE=k§. Substitution into Eq(3) gives

where
:@1_|P21|%|7'21|2kz~ 2k, - &
|2 |p21| 2|2 |2|A|2, 12|2|p21| ,
(30)

and we approximated®/dE as A,(dk,,/dE)=1,/k,,, be-
cause of the weak dependence of the phasgand ¢»,; on
energy.

Substitution of Eqs(30) and (9) into Eq. (27) gives

dlg(K2)

J(0)=4 a2

wk, . (31)
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For estimation we can replaal,/dki=1,/kZ, k,=m/l,, T, andx, describe the losses due to absorption and scattering
and acceptingv=1 cm andl,=2x 10 °cm, we obtain on roughness and inhomogeneities.

We can also easily generalize the above considerations to
(32) magnetic multilayer systems with noncollinear magnetiza-

w 4
= — ~ — ~2X —5 X
)0 4|0kZ | oWl2=2x 1071, tion of nearby layers. See, for example, Refs. 25 and 27.

which means that the experiment is feasible fby
\/
10 n/sec/qrﬁ._ . . . . 1l. SUMMARY
For the distribution of exit neutrons over the nonillumi- _ o _
nated surface in the experiment with the geometry shown in We considered neutron channeling in a multilayer system.

Fig. 3 we, according to E¢26), can expect the count rate We applied simple analytical algebra to it, and have shown
how to match the illuminated and nonilluminated areas in a

dJ(x) T J(0) . 4 - / resonant layer. For matching we used the anébfy, which
dx E Xe eXp(—X/Xe)~ e oWl2 Xp(—X/Xe), represents the wave function of a channeled neutron under

(33  the nonilluminated area. This wave function precisely satis-
fies the Schrdinger equation in the resonant layer, is almost
s Lt identical to the wave function on the other side of the match-
X101, exp(—x/_xe) Sec’ cm - - ing cross area, and determines the extinction rate of the chan-
For the experiment with the geometry shown in Fig. 1, Wegjing function along the channel in the absence of losses. It
can get a similar estimate, although the matching under thgy wjyia| to add losses, if they are present, and we leave it to
Cd layer is worse because of the change of the reflectiofe yeader. Our estimations show that a neutron channeling
amplitudep,,— p,; at the upper surface of the layes, and  experiment is feasible. For cold neutrons with nonmonochro-
consequently some shift of the resonant valuek0f This  matic intensityl, we can expect count rates of the order
matching will lead to excitation of several modes under Cd10—5|0, which are measurable in sufficiently good back-
and reflection from the section from the pok#0 to the  ground conditions. For x rays the situation on the one hand
left. _ _ ) is better because of the high luminosity of x ray sources, but
The above considerations can be generalized to the cagg the other hand is worse because of the high absorption
when absorption in the layers and scattering due to inhomass y rays in matter. These two factors should cancel each
geneities and interface roughnesses are not negligible. In th%%her, however, so that for x rays we can also expect good

and for the above parameters we getl/dx~0.5

case all the formulas must be multiplied by the ratio feasibility.
1"2
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