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Nucleus-mediated spin-flip transitions in GaAs quantum dots
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Spin-flip rates in GaAs quantum dots can be quite slow, thus opening up the possibilities to manipulate spin
states in the dots. We present here estimations of inelastic spin-flip rates mediated by hyperfine interaction with
nuclei. Under general assumptions the nucleus-mediated rate is proportional to the phonon relaxation rate for
the corresponding non-spin-flip transitions. The rate can be accelerated in the vicinity of a singlet-triplet
excited state crossing. The small proportionality coefficient depends inversely on the number of nuclei in the
quantum dot. We compare our results with known mechanisms of spin-flip in GaAs quantum dots.
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I. INTRODUCTION

The electron spin states in bulk semiconductor and h
erostructures have attracted much attention in recent ye
Experiments indicate very long spin decoherence times
small transition rates between states of different spin1–3

These promising results have motivated proposals for in
mation processing based on electron spins in quantum d
which might lead to a realization of a quantum computer4,5

A quantum dot is a region where electrons are confin
The energy spectrum is discrete, due to the small size,
can display atomiclike properties.6,7 Here we will consider
quantum dots in GaAs-AlGaAs heterostructures. The m
reasons for studying them are that relevant quantum dots
fabricated in such structures and GaAs has peculiar elec
and phonon properties which are of interest. There are
main types of gate controlled dots in these systems, so-ca
vertical and lateral dots.8 They are characterized by differen
transverse confinement, which is approximately a triangu
well and a square well for the lateral and vertical do
respectively.

Manipulation of the electron spin in a coherent way
quires that it should be relatively well isolated from the s
rounding environment. Coupling a quantum dot, or a
closed quantum system, to its environment can cause d
herence and dissipation. One measure of the strength o
coupling to the environment is the transition rates, or inve
lifetimes, of the quantum dot states. Calculations of tran
tion rates between different spin states due to phon
assisted spin-flip process mediated by spin-orbit coupl
which is one possibility for spin relaxation, have given s
prisingly low rates in quantum dots.9–11 For these calcula-
tions it is very important that the electron states are discr
and the result differs strongly from that obtained in applic
tion to two-dimensional~2D! extended electron states
GaAs. The same argument applies to the phonon-scatte
mechanisms, since certain phonon processes possible i
and 3D electron systems are not effective in scattering
electron in 0D. An alternative mechanism of spin relaxat
in quantum dots is caused by hyperfine coupling of nucl
spins to those of electrons. Although the hyperfine inter
tion mediated spin relaxation in donors was considere
long time ago,12 no analysis has been made yet, to o
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knowledge, of the hyperfine interaction mediated spin-fl
processes in quantum dots.

The present paper offers an estimation of the scale
hyperfine interaction induced spin relaxation rates in Ga
quantum dots and its magnetic-field dependence, the m
result presented by the expression in Eq.~12!. Since the pa-
rameters of hyperfine interaction between conduction-b
electrons and underlying nuclei in GaAs have been ext
sively investigated,13,14 including the Overhauser effect an
spin relaxation in GaAs/AlGaAs heterostructures,15–19 we
are able now to predict the typical time scale for this proce
in particular quantum dot geometries. The rate that we fi
depends inversely on the number of nuclei in the dot~which
can be manipulated by changing the gate voltage! and is
proportional to the inverse squared exchange splitting in
dot ~which can be varied by application of an external ma
netic field with orientation within the 2D plane!. The follow-
ing text is organized in two sections: Sec. II, where the tr
sition rates in systems with discrete spectra are analyzed,
Sec. III, where the obtained result is compared to transit
rates provided by the spin-orbit coupling mechanism.

II. MODEL AND ASSUMPTIONS

The ground state of a quantum dot is a many-elect
singlet uSg&, for sufficiently low magnetic fields. This ca
change at higher magnetic fields. We assume that the sy
is in a regime of magnetic field so that the lowest-lying sta
are ordered as shown in Fig. 1. The relevant energy sc
used in the following analysis are given by the energy d
ference between the triplet state~we assume small Zeema
splitting! and the ground state«5ET82Eg , and exchange
splitting dST5ES82ET8 between the first excited singlet an
the triplet. It is possible to inject an electron into an excit
state of the dot. If this excited state is a triplet, the syst
may get stuck there since a spin flip is required to ca
transitions to the ground state.

The G point of the conduction band in GaAs is main
composed ofs orbitals, so that the hyperfine interaction ca
be described by the contact interaction Hamiltonian20

HHF5A(
i ,k

Si•I k d~r i2Rk!, ~1!
©2001 The American Physical Society06-1
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whereSi (I k) andr i (Rk) denote the spin and position theith
electron (kth nuclei!. This coupling flips the electron spi
and simultaneously lowers/raises thez component of a
nuclear spin, which mixes spin states and provides the p
sibility for relaxation.

But the hyperfine interaction alone does not guarantee
transitions between the above-described states occur, s
the nuclear spin-flip cannot relax the excessive initial-st
energy. ~The energy associated with a nuclear spin is
nuclear Zeeman,\vn , energy which is three orders of mag
nitude smaller than the electron Zeeman energy and the
ergies related to the orbital degree of freedom.! For free elec-
trons, the change in energy accompanying a spin-flip cau
by the hyperfine scattering is compensated by an approp
change in its kinetic energy. In the case of a quantum do
any system with a discrete energy spectrum, this mechan
is not available and no hyperfine induced transitions w
occur because the energy released by the quantum dot ca
be absorbed. Therefore the spin-relaxation process in a
also requires taking into account the electron coupling to
lattice vibrations. The excess energy from the quantum
can be emitted in the form of a phonon. Since the ‘‘bar
electron-phonon interactionHph does not contain any spi
operators and thus does not couple directly different s
states, one has to employ second-order perturbation th
which results in transitions via virtual states. The amplitu
of such a transition between the triplet stateuT8& and the
ground stateuSg& is

^T8uSg&5(
t

^T8uHphut&^tuHHFuSg&

ET82~Et1\vq!

1(
s

^T8uHHFus&^suHphuSg&

ET82~Es1\vn!
, ~2!

where \vq is the energy of the emitted phonon and\vn
'0 is the energy changed by raising/lowering a nuclear s

It is natural to assume that the exchange splitting
smaller than the single-particle level splitting, so that t
dominating contribution to the amplitudêT8uSg& comes
from the term describing the virtual stateus&5uS8&, due to a

FIG. 1. The lowest lying states of the quantum dot. The ene
separation of the ground-state singlet and the first triplet is den
by « and the exchange splitting bydST. The two rates indicated ar
the phonon rateGph and the combined hyperfine and phonon ra
GHF-ph
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small denominator. All other terms can be ignored and
approximate amplitude takes the form

^T8uSg&'
^T8uHHFuS8&^S8uHphuSg&

ET82ES8

. ~3!

The justification for this assumption is that we aim at obta
ing estimates of the rates, and including higher states wo
not affect the order of magnitude, even if the exchange sp
ting is substantial. Note that the phonon and nuclear state
not explicitly written in Eq.~3!.

The transition rate fromuT8& to uSg& is given by Fermi’s
golden rule,

G̃HF-ph5
2p

\ (
Nq8 ,m8

u^T8uSg&u2d~Ei2Ef!, ~4!

where Nq8 and m8 are the final phonon and nuclear state
respectively, andEi and Ef stand for the initial and final
energies. Inserting Eq.~3! into Eq. ~4! and averaging over
initial nuclear states with probabilityP(m), we obtain an
approximate equation for the nucleus mediated transi
rate,

GHF-ph5
2p

\ (
Nq8

u^S8;Nq8uHphuSg ;Nq&u2d~Ei2Ef!

3 (
m8,m

P~m!u^T8;m8uHHFuS8;m&u2

~ET82ES8!
2

~5!

5Gph~«! (
m8,m

P~m!u^T8;m8uHHFuS8;m&u2

~ET82ES8!
2

, ~6!

whereGph is the non-spin-flip phonon rate as a function
the relaxed energy«5ET82ESg

.
We will approximate the many-body orbital wave fun

tions by symmetric,uCS&, and antisymmetric,uCT&, Slater
determinants corresponding to the singlet and triplet sta
respectively. It is not obviousa priori why this approxima-
tion is applicable, since the Coulomb interaction in few ele
tron quantum dots can be quite strong.21,22The exact energy
levels are very different from those obtained by simply ad
ing the single-particle energies. However, the wave funct
will not drastically change and especially the matrix e
ments calculated using Slater determinants are comparab
the ones obtained by using exact ones. The singlet and tr
wave functions can be decomposed into orbital and s
parts:uT8&5uCT&uT& and uS&5uCS&uS&, where

uT&52
nx2 iny

A2
u1,11&1

nx1 iny

A2
u1,21&1nzu1,0&. ~7!

Using the above discussed wave functions in Eq.~6! we
obtain the following:

y
ed
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(
m8m

P~m!u^T8;muHHFuS8;m8&u2

5
A2

4
Gcorr(

k
~ uC1~Rk!u22uC2~Rk!u2!2, ~8!

where C1,2 are the wave functions of the lowest ener
states. The factorGcorr contains the nuclear correlation fun
tions

Gcorr5 (
h,g5x,y,z

nhng* S Ḡhg1
1

2
i(

k
eghk^I k& D . ~9!

Here we have introduced symmetric part of the nuclear c
relation tensorḠhg5^dI hdI g1dI gdI h&/2, where dI h5I h
2^I h&. The nh’s are the coefficients in the triplet state e
pansion in Eq.~7! andeghk is the totally antisymmetric ten
sor. We assume that nuclei are identical and noninterac
~thus we can drop thek subscript!, which gives for an iso-
tropic systemGcorr5I (I 11)/351.25 since Ga and As bot
have nuclear spinI 53/2.

Let us now introduce the length scalesl andz0 which are
the spatial extent of the electron wave function in the late
direction and the dot thickness, respectively. LetCn denote
concentration of nuclei with nonzero spin. The effecti
number of nuclei contained within the quantum dot is

Neff5Cnl 2z0 . ~10!

In GaAsNeff@1 and the sum over the nuclei in Eq.~8! can
be replaced byCn*d3Rk and we define the dimensionles
quantity

g int5 l 2z0E d3Rk@ uC1~Rk!u22uC2~Rk!u2#2. ~11!

To relate the hyperfine constantA ~which has dimension
energy3volume! to a more convenient parameter we no
that the splitting of spin-up and spin-down states at ma
mum nuclear polarization isEn5ACnI , whereI 53/2 is the
nuclear spin. Thus the hyperfine mediated transition rate

GHF-ph5Gph~«!S En

dST
D 2 Gcorrg int

~2I !2Neff

. ~12!

Note that the rate is inversely proportional to the num
of nuclei Neff in the quantum dot and depends on t
inverse square ofdST, which are both possible to vary i
experiments.23,25 In particular, the singlet-triplet splitting o
excited states of a dot can be brought down to zero va
using magnetic field parallel to the 2D plane of the hete
structure, which would accelerate the relaxation process.
nuclear correlation functions inGcorr may also be manipu
lated by optical orientation of the nuclear system.13,14

III. COMPARISON AND ESTIMATES

We now consider Eq.~12! for a specific quantum do
structure. It is assumed that the lateral confinement is p
bolic and that the total potential can be split into a lateral a
19530
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transverse part. For vertical dots the approximate transv
wave function is

xver~z!5S 2

z0
D 1/2

sinS pz

z0
D , ~13!

wherez0 is the thickness of the quantum well, i.e., the d
thickness. The wave functions in the lateral direction are
Darwin-Fock solutionsfn,l(x,y) with radial quantum num-
ber n and angular momentuml. The single-particle state
corresponding to (n,l )5(0,0) and~0,61! are used to con-
struct the Slater determinant for a two-electron quantum d
In the case of these states the factorg int in Eq. ~11! is then
g int50.12 for a vertical dot andg int50.045 for a lateral one

One property of the Darwin-Fock solution is the relatio

l 225\v m* /\2 wherev5AV0
21vc

2/4 is the effective con-
fining frequency andvc5eB/m* the cyclotron frequency.
Inserting this and Eq.~10! into Eq.~12! the rate for parabolic
quantum dots becomes

GHF-ph5Gph~«!\vS En

dST
D 2Gcorrg int

~2I !2 S m*

\2Cnz0
D . ~14!

Spin relaxation due to spin-orbit related mechanisms
GaAs quantum dots were investigated by Khaetskii and N
arov in Refs. 10 and 9. We will summarize their results h
for comparison with our hyperfine-phonon mechanism.
Ref. 10, it has been found that the dominating scatter
mechanism is due to the absence of inversion symme
There are three rates related to this mechanism,

G15Gph~«!
8

3 S m* b2

\v D 3

, ~15!

G25Gph~«!
7

24

~m* b2!~\v!

Ez
2

, ~16!

G55Gph~«! 6~m* b2!~g* mBB!2
\v

~\V0!4
. ~17!

The Hamiltonian representing the absence of inversion s
metry has two distinct contribution which behave differen
under a certain unitary transformation.10 This behavior re-
sults in the two different rates in Eqs.~15! and ~16!. The
inclusion of Zeeman splitting gives the rate in Eq.~17!. Here,
m* b2 is determined by the transverse confinement and b
structure parameters andEz5^pz

2&/(2m* ). For vertical dots
of thicknessz0515 nm, thenm* b2'431023 meV, but one
should be cautious when considering a different thicknes
sincem* b2}z0

24, so the rates are sensitive to variations
z0. The transition rates in Eqs.~12!, ~15!, and ~16! are all
proportional to the phonon rateGph evaluated for the same
energy difference«. It is thus sufficient to compare the onl
the proportionality coefficients.

Let us now consider for which confining energies the d
ferent rates are comparable. At zero magnetic fieldG15G2 at
\V0'0.8 meV. The estimated confining energies of verti
quantum dots used in experiment are in the ran
6-3
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2–5.5 meV.7,24,25For those dotsG2@G1 due to the very dif-
ferent dependence on the confinement,G1}(\V0)23 and
G2}\V0. Doing the same forG1 andGHF-ph we obtain that
those rates are equal at\V0'4.4 meV. The numerical val
ues used for the hyperfine rate in Eq.~12! are the following:
En50.13 meV,15 dST52.3 meV,26 and az0515 nm. Thus
for B50 T and the previously cited experimental values
the confining energy the dominant transition rate is Eq.~16!.

For clarity we will give the values of the rates. The no
spin-flip rateGph(«) is given in Ref. 10 and using the value
\V055.5 meV andB50 T we get

Gph'3.63107 s21, ~18!

GHF-ph'231022 s21, ~19!

G2'13102 s21. ~20!

The values of level separations«52.7 meV and dST
52.84 meV are taken from Ref. 25.

An application of a magnetic field to the dot may result
two effects. The rateG5 becomes larger thanG2 for magnetic
fields aroundB51 T (\V053 meV) to B'5.4 T (\V0
55.5 meV). More importantly, the exchange splittingdST
can vanish in some cases and the hyperfine rate in Eq.~12!
will dominate. It is also worth noting that in this limit th
19530
r

approximation used in obtaining Eq.~3! becomes very good
Since the rates considered here are all linear in the pho
rate the divergence ofGph at the singlet-triplet transition doe
not affect the ratio of the rates. The above estimates w
focused on vertical dots. To obtain the corresponding res
for lateral dots the value ofg int in Eq. ~14! should be used.

In summary, we have calculated the nucleus media
spin-flip transition rate in GaAs quantum dots. The compa
son of our results to those previously obtained for the sp
orbit scattering mechanism indicates that the rates we
tained here are relatively low, due to the discrete spectr
so we believe that hyperfine interaction would not cau
problems for spin-coherent manipulation with GaAs qua
tum dots. Nevertheless, the hyperfine rate, which was fo
to be lower than the spin-orbit rates at small magnetic fie
may diverge and become dominant at certain values of m
netic field corresponding to the resonance between tri
and singlet excited states in the dot.
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