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Electron-phonon coupling and optical transitions for indirect-gap semiconductor nanocrystals
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We show that it is possible to perform full microscopic calculations of the phonon-assisted and no-phonon
radiative transitions in silicon nanocrystals. These are based on a tight-binding Hamiltonian for the electron
and electron-phonon part together with a valence force-field model for phonons. We predict an unexpected
large broadening of the luminescence peaks attributed to the breaking of bulk selection rules and to mul-
tiphonon effects in the acoustic range. We also find that phonon-assisted transitions dominate over the full
range of sizes. These results are compared to previous estimates in the effective-mass approximation and are
used to discuss available experimental data.
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Quantum dots~QD’s! can be considered as artificial atom
since their electronic spectrum consists of discrete atomic
energy levels. Indeed when they are built from direct-g
semiconductors, their low-temperature photoluminesce
~PL! is mainly characterized by sharp spikes with linewid
lower than a few hundreds ofmeV, confirming the atomiclike
nature of the emitting state.1 The situation becomes mor
complex for QD’s made from indirect-gap semiconducto
like silicon. The reason is that purely electronic optical tra
sitions in the gap region are strictly forbidden in the bulk~k
selection rule! and only phonon-assisted transitions can ex
In the corresponding QD’s however thek selection rule is
broken2 and there is a size-dependent competition betw
no-phonon and phonon-assisted transitions. This has b
confirmed for nanocrystalline porous silicon3 where several
experimental studies4–6 show that phonon-assisted trans
tions remain efficient. On the theoretical side there only
ists one model calculation due to Hybertsen7 based on simple
effective-mass approximation~EMA! that is too crude for
small QD’s.8

There is thus need for a more quantitative approach
these electron-phonon related phenomena. Due to its c
plexity, such a calculation is far beyond the present possib
ties of ab initio theories for the range of interesting crysta
sizes~several nanometers!. Our aim is to demonstrate that
becomes feasible when using well-established semiempi
techniques like tight-binding~TB! and a valence force-field
model. We consider ideal hydrogenated silicon clusters
present results concerning the size dependence of the b
ening of optical spectra and the relative strength of phon
assisted and no-phonon transitions. Contrary to what is u
ally assumed we find that, for gap energies larger than
eV, multiphonon effects in the low acoustic range beco
important and contribute to the broadening of the spec
lines. Finally, our results are used to give a plausible in
pretation of the various experimental data of Refs. 6 and

The TB parameters are those discussed in Ref. 8 and
vide a band gap size in good agreement~within ;0.1 eV!
with previous works.2,10 The vibrational modes of the QD’
are calculated using a valence force-field model11 that pro-
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vides a very good fit to the phonon-dispersion curves of b
silicon. Finally, for each QD, we calculate the radiative r
combination rateW(hn) of photonshn as follows. We start
from the usual expression for the dipolar transition:8

W~hn!5K(
i , f

p~ i !u^C i upuC f&u2 ~1!

with K548p2e2nn/hm2c3. uC i& anduC f& are, respectively,
initial and final states of the system with energyEi5Ef
1hn, p( i ) is the probability of occupation of the initial stat
andn is the refractive index. The wave functions include t
coordinates of the electrons and nuclei. Working within t
adiabatic approximation, the matrix element of the mom
tum in ~1! becomes

^C i upuC f&5^x i u^c i upuc f&uxf&, ~2!

ux i& andux f& are the vibrational states of the system that
built in the harmonic approximation from independent h
monic oscillators corresponding to each normal modeQj .
These oscillators are centered on the equilibrium configu
tions of the nuclei that are not the same in the excited s
and in the ground state. This is due to the lattice relaxatio
the excited state induced by the transfer of an electron fr
a valence state to a conduction state that tends to deform
lattice.8 Thus, for each modeQj the electronic energies o
the excited state (« i) and of the ground state (« f) are para-
bolic functions centered, respectively, onQj

i and Qj
f . uc i&

anduc f& in Eq. ~2! are the electronic wave functions that ca
be defined for any set of nuclear coordinates.12 Because each
normal mode gives a contribution of order 1/A3N ~Ref. 12!
~N is the number of atoms!, we expand the matrix elemen
~2! to first order in the normal modes:

^C i upuC f&5^c i upuc f&0^x i ux f&1(
j 51

3N

A j^x i uQj2Qj
f ux f&

~3!

whereA j5(]^c i upuc f&/]Qj )0 . The index 0 means that th
quantities are calculated at the equilibrium positions of
©2001 The American Physical Society02-1
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final state. We now use the fact that the vibrational states
products of 3N harmonic oscillators:

^x i ux f&5 )
j , j 851

3N

^ i ,nj u f ,nj8& ~4!

wherenj (nj8) is the number of phonons in modej ( j 8). The
overlaps between two displaced harmonic oscillators can
expressed in terms of the quantitiesVj :12

Vj52Av j /2\~Qj
f2Qj

i !5A1/2\v j
3F ]

]Qj
~« f2« i !G

0

~5!

where\v j is the phonon energy in the modej. Noticing that
the quantitiesVj are of the order 1/A3N, we have12
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^ i ,nj u f ,nj&'12~nj11/2!Sj

^ i ,nj u f ,nj11&'Anj11Vj ~6!

^ i ,nj u f ,nj21&'2AnjVj

where the quantitiesSj are the so-called Huang-Rhys facto
Sj5Vj

2.12 All the other overlaps are of higher order. Usin
Eq. ~6! and the transformationQj2Qj

f5A\/2v j (af j
11af j )

in terms of the creation and annihilation operators and av
aging overnj , we obtain the following recombination rate
after straightforward algebra:
no phonon: Wnop'KU^c i upuc f&01(
j 51

3N

A~\/2v j !VjA jU2 ~7!

one-phonon emission~\v j !: W'Ku^c i upuc f&0Vj1A~\/2v j !A f
2u$n̄ j11% ~8!

one-phonon absorption~\v j !:W'K2u^c i upuc f&0Vj1A~\/2v j !A j u2n̄ j ~9!
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wheren̄ j5@exp(\vj /kT)21#21. The heavy part of the work
is the evaluation of the coupling coefficientsA j andVj that
are calculated numerically foreach mode j of the QD.
The optical matrix elements are calculated like in R
13 and the matrix elements of the Hamiltonian are ma
dependent on the atomic positions following the rules of R
14.

Figure 1 shows the recombination rates at 4 K calculated
for a 2.85 nm diameter QD with respect to the energy of
phonons involved in the transitions. At this temperature,

FIG. 1. Radiative recombination rate at 4 K~1! with respect to
the energy of the phonon involved in the transition for a 2.85
hydrogen-passivated QD. The dotted line shows in arbitrary u
the single cluster PL intensity assuming it is directly proportiona
the recombination rate, neglecting acoustic phonons. The full
shows the PL intensity including the broadening by the m

tiphonon effect. The insert showsS̄(\v) as a function of the pho-
non energy.
.
e
f.

e
e

phonon absorption process is negligible and the recomb
tion proceeds by phonon emission. We also plot on Fig. 1
PL spectrum below the no-phonon line calculated assum
that the PL intensity is directly proportional to the recomb
nation rate. It shows, in agreement with the EMA results
Ref. 7, that optical modes dominate and that the contri
tions from TA modes are smaller. However, there is a pr
lem associated with the direct use of Eqs.~8! and ~9! to
calculate line shapes. This is connected with the fact that

total Huang-Rhys factorS̄5( j (2n̄ j11)Sj increases rapidly

with decreasing size~like N21! and reaches a value close
1 for band gaps around 2 eV that means that multipho
processes become important.12 From this point of view it is

interesting to analyze the quantityS̄(\v) that is the sum of

all Sj with \v j,\v. Figure 1 shows thatS̄(\v) has essen-
tially two contributions: one originating from low-frequenc
acoustical modes (\v,15 meV) and a smaller one from th
highest optical modes. The first one intuitively correspon
to relaxation effects in the excitonic state, analyzed in Ref
All this means that for small silicon QD’s formulas~7!–~9!
are no more valid.

The way to handle this problem can be easily analyzed
T50 K where only the processes given by Eqs.~7! and ~8!
subsist. For the low acoustical modes we find that terms
A j are negligible so that we only retain terms inVj that result
from the overlap factors. Thus each process given by Eqs~7!
and ~8! has replica corresponding to the emission ofp
phonons whose intensity is proportional to the total over
between these acoustical modes, which using Eq.~6! can be
written as
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)
k51

p

Sk )
l 51

Na2p

~12Sl !, ~10!

whereNa is the total number of low acoustic modes. As
Ref. 12 we now consider that the acoustic modes of inte
are degenerate at\va;10 meV that according to the inset o
Fig. 1 should be an excellent approximation. Summing
independent contributions~10! at fixed p gives, for p!Na

and Sl!1, a total relative intensityI p5(S̄p/p!)exp(2S̄a)
whereS̄a is the sum of allSk for these modes. This mean
that Eqs.~7! and~8! are still valid but have replica atp\va
with relative intensityI p . In other words the peaks corre
sponding to Eqs.~7! and ~8! have to be broadened by th
spectral functionI p . This procedure directly applies to ou
case (T54 K), but can be extended to higher temperature
use of Bessel functions as shown in Ref. 12.

Figure 1 shows that the multiphonon broadening by
low acoustical modes is substantial so that the total broad
ing is large, of the order of 10’s of meV for crystallites wit
3 nm diameter. Thus the PL of small silicon QD’s~below 4
nm! should not correspond to sharp spikes as for QD’s m
of direct-gap semiconductors. Another important result
our calculations is the relative strength of no-phonon a
phonon-assisted transitions. These are plotted in Fig. 2 w
one sees that phonon-assisted transitions dominate ove
whole range of sizes. We also obtain that the ratio of tran
tion rates for one-phonon acousticalWac and optical pro-
cessesWopt is Wopt/Wac;10.

Our results confirm some points of the EMA calculati
of Ref. 7:~i! the validity of the neglect of transverse acous
processes,~ii ! the order of magnitude of phonon-assist
processes with radiative rateW;104– 105/sec for gaps in the
1.8–2 eV range. On the other hand the no-phonon ratesWnop
are more difficult to compare due to strong oscillations
size. Our values seem nevertheless consistently smaller
factor of order less than 10 probably due to simplificatio
arising in the EMA treatment. Comparison with experime
is more delicate since our calculations correspond to id
hydrogen-terminated crystals. The closest experimental s
ation corresponds to the recent study of alkyl-terminated
con crystal of Ref. 9 that supports our findings: agreem

FIG. 2. Recombination rate as a function of the QD band g
sum of no-phonon and phonon-assisted processes~1!; no phonon
~jj!; transitions assisted by optical phonons~3!; by TA phonons
~j!.
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for the gap vs size but also the fact that phonon-assis
transitions dominate even for the smaller crystallites.

The comparison with the resonant PL experiments
Kovalev et al.6 performed on oxidized porous silicon i
much less direct. Indeed it is well known that large stra
occur at the Si-SiO2 interface resulting in some cases in th
creation of surface defects like the SivO defect15 or self-
trapped excitons.16 The situation then becomes quite diffe
ent from our ideal hydrogenated Si crystallite. Let us nev
theless try to make the comparison between the result
Ref. 6 and those of Fig. 2. This leads to two conclusions:~i!
the calculation givesWopt/Wac;10 in full agreement with
experiment;~ii ! on the contrary, for gaps in the 1.8–2 e
range, our predicted values forWnop/Wopt are about 150
times smaller~note however that there are strong oscillatio
in the theoretical values that can be larger than one orde
magnitude!. The origin of such a difference must then b
ascribed to the existence of strained interface regions in
oxidized samples. However it cannot be due to the deep
fects mentioned earlier~self-trapped exciton, SivO! since
their Stokes shift is by far too large15,16 to be observable in
resonant PL. One must then look for states with weaker
calization due to more or less distorted bonds in the vicin
of the interface region. This is quite similar to what happe
in theoretical descriptions of amorphous silicon. We ha
shown recently17 that such distorted bonds are responsi
for the band tails of localized states ofa-Si that can extend
over regions containing 10–100 atoms. Furthermore we h
calculated the corresponding radiative recombination ra
that turn out to be in the 105– 106/sec range,18 i.e., ;100
times larger than our values for ideal clusters.

To strengthen this conclusion let us use a simple EM
argument. We consider a strained region resulting in a p
bolic like central potential, attractive for electronse and
holesh. This results in localized states with Gaussian en
lope functionsce5ch5exp(2ar2), r being the distance
from the potential extrema. We now use the argument de
oped in Ref. 7 that the zero-phonon and phonon-assisted
cesses, respectively, scale asI 05u*cecheik0•rdvu2 ~wherek0
is the wave vector of one of the conduction band minim!
and I 15* uceu2uchu2dv. We obtainI 05exp(2k0

2/4a) and I 1

:

FIG. 3. Experimental resonant PL spectrum for an excitat
energy equal to 1.9 eV~full line! ~Ref. 19! compared to the theo
retical result for a hydrogen-passivated cluster without~dashed line!
or with ~dotted line! enhancement of the no-phonon transition.
2-3
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5(a/2p)3/2. In fact I 1 represents a measure ofV21 whereV
is the volume over which the localized state extends~the
same definition was used fora-Si in Ref. 17. We can inject
the valuea52pV22/3 to calculateI 0 vs V. From Ref. 7I 0
representsWnop in units of the rate for direct transitions, i.e
109/sec. We thus get

Wnop'109/sec expS 2
k0

2

8p
V2/3D ~11!

which, for states localized on;100 atoms, give a value o
order 106/sec exactly in the range calculated in Ref. 18
a-Si.

Our view of the resonant PL of oxidized nanocrystals
thus that it is dominated by such transitions between lo
ized states due to strained bonds. As discussed beforeWnop is
drastically increased taking values much larger than for
ideal clusters. On the other hand this localization of the sta
does not affect the one-phonon rates too much since
only vary asV21. To confirm this point of view we have
thus calculated the resonant PL spectrum for one QD of
n
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2.85 nm and gap 1.83 eV, and compared it to unpublis
results19 of the authors of Ref. 6. These are obtained fo
sample with non resonant PL centered at 2.2 eV, the reso
PL being excited on the low-energy side at 1.9 eV. To ge
meaningful resonant PL spectrum we proceed in two ste
~a! we calculate the gap dependence of each individual s
trum as resulting from a simple shift of the level structu
obtained for the QD of gap 1.83 eV;~b! we convolute this by
the gap-distribution function taken from the nonresonant
of Ref. 6 under the form of a Gaussian reproducing corre
the low-energy side near 1.9 eV. The result of this proced
is plotted on Fig. 3. This shows that the predicted curve w
Wnop calculated for the ideal QD does not compare well w
experiment. On the other hand if the relative value ofWnop is
increased by a factor;150 then the agreement becom
strikingly good.

In conclusion we have shown that it is possible to perfo
microscopic calculations of the optical spectrum due
phonon-assisted transitions in silicon crystallites of size up
3 nm. We show that these always dominate over no-pho
transitions.
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