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Screw-dislocation-induced plasticization of a pinned vortex lattice

Ken Sugawara
Department of Atomic Energy, Ibaraki Polytechnic College, 864-4 Suifu-cho, Mito, Ibaraki 310-0005, Japan

~Received 5 March 2001; published 16 October 2001!

The energy of vortex-lattice screw dislocations is computed numerically on the basis of the isotropic London
approximation. The results of computation are applied to the collective-pinning theory proposed by Larkin and
Ovchinnikov. The present modified pinning model predicts that a vortex lattice is stabilized by possessing
many screw dislocations for sufficiently strong pinning. Then the spacing between slip planes nearly equals the
vortex-lattice constant, where the Burgers vectors of two adjacent slip planes are in the opposite direction.
Penetration of the screw dislocations induces sudden vortex-lattice plasticization, which can be observed as a
discontinuous jump of the critical current. This prediction is compared with the critical-current abrupt rises
observed in amorphous NbxGe films and in neutron-irradiated V3Si bulks.
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I. INTRODUCTION

Although a critical-current peak effect in type-II supe
conductors is empirically believed to result from plasticiz
tion of a pinned vortex lattice~VL !, hardly anything reliable
is well known. Nearly for one decade, a further understa
ing of the VL plasticization has been progressing by theo
ical work,1 and this work suggests that the peak effect
relevant to a plastic vortex flow due to nucleation and mot
of edge dislocations. In such theoretical work, however,
role of VL screw dislocations was not considered. On t
other hand, Gammelet al.2 have recently observed th
neutron-diffraction pattern of a VL in the peak-effect regim
of an Nb bulk. According to them, the longitudinal correl
tion length of the VL had the maximum at the onset point
the peak effect, but the transverse correlation length was
sensitive to the magnetic field. This indicates that bend
deformation rather than shear deformation is essential for
peak effect.

Importance of VL screw dislocations was pointed out fi
by Wördenweber and Kes,3 and by Brandt.4–6 Wördenweber
and Kes have measured the critical-current densityj c in
amorphous NbxGe films, and found a discontinuous jump
j c near the upper critical field. In these samples, before
jump, j c showed a size effect~film-thickness dependence!,
and was excellently described by the collective-pinn
theory that Larkin and Ovchinnikov7 ~LO! proposed. Mag-
netic fields exceeding the jump point resulted in disappe
ance of the size effect. This should be considered to b
crossover from two-dimensional~2-D! pinning to three-
dimensional ~3-D! pinning, i.e., from straight-vortex-line
pinning to bending-vortex-line pinning. However,j c after the
jump deviated from the estimate based upon the 3-D ver
of the LO theory. Wo¨rdenweber and Kes, and also Bran
proposed that this disparity is attributed to penetration
screw dislocations into the VL. According to them, VL
might always possess screw dislocations for 3-D pinni
For such a case, the LO theory turns invalid because of
mising defect-free VL’s.

Mullock and Evetts8 ~ME! have modified the LO theory
taking account of VL dislocations. Their model was bas
upon the concept that the correlation length correspond
0163-1829/2001/64~17!/174512~11!/$20.00 64 1745
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the mean distance between dislocation lines, and this m
successfully described some peak effects observed in a
phous films; the peak effects can be explained in terms of
edge dislocations.9 However, their modification could not ye
avoid the disparity concerning thej c jump in the NbxGe
films.3

In a preceding paper,10 I have proposed that the ME
model can be improved by taking account of the nonlo
effect in the VL tilt modulus. Considering this effect, I ca
culated the energy of VL screw dislocations within a fram
work of elastic-continuum theory, and estimated the ene
to reduce by a factor of the Ginzburg-Landau~GL! param-
eterk. Application of this estimation to the ME model led t
the prediction of a discontinuous jump ofj c due to screw
dislocations penetrating into a VL, and this prediction alm
agrees with the observations in the NbxGe films.

In spite of that advantage, validity of that model should
considered dubious for the following two reasons. First,
energy estimation for VL screw dislocations is too roug
The basis of the estimation, i.e., the elastic-continuum
proximation, is not valid when the spacing between VL s
planes is comparable to the vortex-lattice constanta0; such a
short spacing is predicted by the model.10 Second, the pin-
ning potential energy in the model was probably overe
mated. As pointed out by some workers,11 the pinning poten-
tial energy can no longer be approximated to a funct
linear in vortex-line displacements exceedinga0/2. This
point was optimistically ignored in the model. Thus, it
necessary to calculate the energy of VL screw dislocati
more precisely, and necessary to reconsider collective
ning of a VL with screw dislocations more carefully. Pro
ably such examination provides a clue to a more gen
problem on peak-effect mechanisms.

The present paper reports the numerical-computation
sults on the energy of VL screw dislocations~Sec. II!, where
the distance between adjacent slip planes is comparable ta0
with their Burgers vectors beingantiparallel. The computa-
tion is based upon the isotropic London approximation, a
therefore the results are precise enough for isotropic largk
superconductors under low magnetic fields. The compu
energy is minimized when the slip-plane spacing nea
equalsa0. For this case, the computation results give pra
©2001 The American Physical Society12-1
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cal expressions to the energy. The values of these exp
sions are comparable to the estimates based upon the el
continuum approximation, but less than these estima
Applying the expressions to collective-pinning theory lea
to the prediction that a VL stably possesses many screw
locations for sufficiently strong pinning~Sec. III!, where the
present modified model allows us to premise linearity of
pinning potential energy in the vortex-line displacement.
both a superconducting film and bulk, penetration of
screw dislocations induces sudden VL plasticization acco
panying adiscontinuous jumpof j c . This prediction is com-
pared with the critical-current abrupt rises~some kinds of
peak effects! observed in amorphous NbxGe films3 and in
neutron-irradiated V3Si bulks12 ~Sec. IV!. The prediction for
the film-pinning case is very similar to the observations
NbxGe. In contrast, the prediction for the bulk-pinning ca
is a little different from the observations in V3Si. From this
difference, I suggest that aweaklypinned VL in a bulk al-
ways possesses screw dislocations with the slip-plane s
ing much longer thana0.

II. ENERGY COMPUTATION FOR SCREW
DISLOCATIONS

This section first presents a description of the numeric
computation procedure for the line energy density of a
screw dislocation. The computation reveals dependenc
the line energy density on the vortex-line bending rate a
the applied magnetic field, where the slip-plane spacingDc
is fixed at the minimum. The bending rate is determined
that the line energy density is minimized. Next, depende
of the minimized line energy density on the slip-plane sp
ing is derived. As a result, we can find that the state forDc
.a0 can be metastable at least. Approximate expressions
the line energy density are provided for application
collective-pinning theory. Lastly, the computation results
compared with the estimates based upon the ela
continuum approximation.

A. Procedure for computation

In an isotropic large-k superconductor with London pen
etration depthl, the total energy of vortices for a low ap
plied magnetic field can be expressed as the sum of t
self-energies and the interaction energies between them13

E5Eself1Eint ~1!

with

Eself5
f0

2

4pm0l2
~ ln k1acore!(

m
E drm

and

Eint5
f0

2

4pm0l2
•

1

2 (
mÞn

E drm•drn

1

urm2rnu

3expS 2
urm2rnu

l D ,
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wheref0 is the magnetic-flux quantum,acore is the numeri-
cal constant resulting from vortex-core energy (.0.5), and
rm is the position of themth vortex line. For the perfec
vortex lattice shown in Fig. 1, thex andy components ofrm
are given by

xm5xi , j5a0S 12~21! j

4
1 i D ~2!

and

ym5yi , j5
A3

2
a0 j . ~3!

When the vortex lines are bending,xm andym vary as func-
tions of the heightzm(5zi , j ).

Suppose that VL-screw-dislocation lines parallel to thex
axis are spacedDc apart in they direction. The Burgers
vectors of two adjacent dislocation lines are in the oppo
direction. Let the vortex-line displacement be

Dxi , j~zi , j !55 si , j

a0

4
expgzi , j for zi , j,0

si , j

a0

4
@22exp~2gzi , j !# for zi , j>0

~4!

with

si , j5sgnH sinF p

Dc
S yi , j1

A3

4
a0D G J S 2Dc

A3a0

51,2,3, . . . D .

On the basis of Eq.~1!, the line energy density of a VL
screw dislocation can be expanded in

FIG. 1. A vortex lattice and a coordinate system. The so
circles denote vortex cores. The arrows indicate the direction
vortex-line displacement with the slip-plane spacingDc equal to
A3a0/2.
2-2
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ESD5
l

a0
S f0

2

4pm0l2D F ~ ln k! selff ~gl,a0 /l!

1
1

2 (
j 52`

`

intf j~gl,a0 /l!G ~5!

with

selff 5E
2`

`

dZ0,0FA11S dU0,0

dZ0,0
D 2

21G ~6!

and

intf j5E
2`

`

dZ0,0 (
i 52`

` E
2`

`

dZi , jFexp~2Ri , j !

Ri , j

3S 11
dU0,0

dZ0,0

dUi , j

dZi , j
D2

exp~2 0Ri , j !
0Ri , j

G
~ i 21 j 2Þ0!. ~7!

Here the following definitions are used:

0Ri , j5
1

l
Axi , j

2 1yi , j
2 1~zi , j2z0,0!

2,

Ri , j5
1

l
A~xi , j1Dxi , j2Dx0,0!

21yi , j
2 1~zi , j2z0,0!

2,

Zi , j5
zi , j

l
,

and

Ui , j5
Dxi , j

l
.

In Eq. ~5!, the vortex-core contributionacore is neglected;
this is valid for ak large enough. We can determine th
vortex-line bending rateg by minimizing ESD.

The integration in Eq.~6! is easily carried out, and we ca
obtain

selff 5
a0

2l FA~a0g/4!21121

a0g/4

1
2

a0g
ln

4@A~a0g/4!21121#

~a0g/4!2@A~a0g/4!21111#
G . ~8!

On the other hand, the integration and summation in
~7! are too complex to carry out, and numerical computat
is enough to give an approximate expression toESD. In the
following subsections, the computation results are repor
Here the following replacements are taken in Eq.~7!:

(
i 52`

`

→ (
i 52N

N

,

and
17451
.
n

d.

E dZi , j→( DZi , j ,

whereN is the minimum integer exceeding 10l/a0. The step
size and the interval of the numerical integration are as
lows:

DZi , j50.02, 2
10

gl
<Zi , j<

10

gl
for gl<1,

and

DZi , j5
0.02

gl
, 210<Zi , j<10 for gl.1.

First, suppose thatDc reaches the shortest limit, i.e
A3a0/2; the computation procedure for this case is the s
plest. In Fig. 1, the arrows indicate the directions of vorte
line displacements forDc5A3a0/2. Then, it is convenient to
rearrange Eq.~7! for an oddj as follows:

intf j5
intf j

(1)1 intf j
(2) ~9!

with

intf j
(1)5E

2`

`

dZ0,0 (
i 52`

` E
2`

`

dZi , j S exp~2Ri , j !

Ri , j

2
exp~2 0Ri , j !

0Ri , j
D ~10!

and

intf j
(2)5E

2`

`

dZ0,0 (
i 52`

` E
2`

`

dZi , j

exp~2Ri , j !

Ri , j

dU0,0

dZ0,0

dUi , j

dZi , j
.

~11!

The function intf j
(1) is always positive, and diverges asg

approaches zero. In contrast,intf j
(2) is always negative, and

converges into zero withg. Using these functions, Eq.~5!
can be transformed into

ESD5
l

a0
S f0

2

4pm0l2D F (n50

M

intf 2n11
(1) ~gl,a0 /l!

1F~gl,a0 /l!G ~12!

with

F5~ ln k! selff 1
1

2
intf 01 (

n51

M

intf 2n1 (
n50

M

intf 2n11
(2) , ~13!

whereM is the minimum integer exceeding 20l/A3a0. Note
that intf j5

intf 2 j .
While the functionF(gl,a0 /l) contributes mainly to the

tilt-elastic energy, the sum ofintf j
(1) in Eq. ~12! contributes

only to the shear-elastic energy. The termsintf j
(1) for j >3
2-3
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are all negligible compared withintf 1
(1) as demonstrated in

Fig. 2, which shows computed plots ofintf j
(1) for a0 /l

50.2. Thus we can obtain

(
n50

M

intf 2n11
(1) . intf 1

(1) . ~14!

This is consistent with locality of the VL shear modulus.13

B. Results of computation

1. Dependence on the vortex-line bending rate

Figure 3 shows dependence ofintf 1
(1) on gl for a0 /l

50.2. Whengl<10, the functionintf 1
(1) can be expresse

approximately by

FIG. 2. Computed plots ofintf j
(1) for a0 /l50.2. The dashed

lines are guides for the eye. For any values ofgl, the functions
intf j

(1) for j >3 are all negligible compared withintf 1
(1) .

FIG. 3. Dependence ofintf 1
(1) on gl for a0 /l50.2. The dashed

line representsintf 1
(1)5A/gl (A50.030).
17451
intf 1
(1)5

A

gl
~15!

with A50.030. Thus, Eq.~14! becomes

(
n50

M

intf 2n11
(1) 5

A

gl
. ~16!

Figure 4 shows dependence ofF on gl for a0 /l50.2.
Near the bending rateg such thatESD is minimized,F is
approximately linear ingl, i.e.,

F.B0gl1C for 0.1!gl!100. ~17!

Table I showsB0 and C obtained from fitting in Fig. 4 for
several values ofk. Both parameters ofB1[B0 /ln k andC
are almost independent ofk. Thus, reasonably,B1 andC for
k5100 are adopted as the coefficients common to thek
range from 10 to 200.

Combining Eq.~16! and Eq.~17!, we can rewrite Eq.~12!
as

ESD5
l

a0
S f0

2

4pm0l2D S A

gl
1B1gl ln k1CD . ~18!

FIG. 4. Dependence ofF on gl for a0 /l50.2. The dashed line
representsF5B0gl1C, where the values ofB0 andC are shown
in Table I.

TABLE I. The coefficientsB0 and C for several values ofk.
The parametera0 /l is set to 0.2.

k B0 B1[B0 /ln k C

10 0.0025 0.0011 20.0027
20 0.0033 0.0011 20.0027
50 0.0044 0.0011 20.0027
100 0.0053 0.0012 20.0027
200 0.0062 0.0012 20.0026
2-4



ef

f

te

er
n

n
he
few

ase

rt-

ts

ts

SCREW-DISLOCATION-INDUCED PLASTICIZATION OF . . . PHYSICAL REVIEW B 64 174512
2. Dependence on the applied magnetic field

Let us discuss magnetic-field dependence of the co
cientsA, B1, andC in Eq. ~18!. Table II showsA for several
values ofa0 /l. The parameterA is almost independent o
a0 /l, and nearly equal to 0.030.

Figure 5 shows dependence ofB1 on a0 /l. The dashed
line represents

B150.030S a0

l D 2

, ~19!

and this equation is in good agreement with the compu
plots.

Figure 6 shows variation ofC versusa0 /l. The computed
plots are dispersed a little widely. This is due to large int
vals by whichg varies in Fig. 4. An appropriate expressio
for C(a0 /l) is

C520.010F1.1S a0

l D 22/3

12.8S a0

l D 3/2G21

. ~20!

The insufficient fit of the computed plots should not be co
sidered severe, becauseESD is not sensitive toC.

From the results of those coefficients, Eq.~18! reduces to

ESD5
f0

2

4pm0l2 S 0.030

a0g
10.030a0g ln k1

lC

a0
D . ~21!

The value of the above equation is minimized when

TABLE II. The coefficientA for several values ofa0 /l.

a0 /l A

0.05 0.031
0.1 0.030
0.2 0.030
0.5 0.029
1 0.027

FIG. 5. Dependence ofB1 on a0 /l. The dashed line represen
B150.030(a0 /l)2.
17451
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g5
1.0

a0Aln k
. ~22!

Then

ESD5
f0

2

4pm0l2 S 0.060Aln k1
lC

a0
D . ~23!

The first term in the parentheses dominatesESD. Thus,ESD
is almost independent of the applied magnetic field. T
above approximate expression is of an accuracy within a
percent fork>20, and an accuracy within about 10% fork
.10. The numerical error of the expression tends to incre
with the decreasing magnetic field.

3. Dependence on the slip-plane spacing

Equation~23! is the result limited to the case of the sho
est slip-plane spacing, i.e.,Dc5A3a0/2. A similar procedure
enables us to computeESD for Dc.A3a0/2.

WhenDc5A3a0 , ESD can be approximated to

ESD5
f0

2

4pm0l2 S 0.030

a0g
1~0.062 lnk10.11!a0g1

lC

a0
D
~24!

with

C50.10S a0

l
20.70D F1.0S a0

l D 24/3

140S a0

l D 3/4G21

.

~25!

The value of Eq.~24! is minimized when

g5
1

a0A2.1 lnk13.7
. ~26!

Then

FIG. 6. Variation ofC versusa0 /l. The dashed line represen
an appropriate expression forC(a0 /l), i.e., Eq.~20! in the text.
2-5
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KEN SUGAWARA PHYSICAL REVIEW B 64 174512
ESD5
f0

2

4pm0l2 S 0.020A19 lnk1331
lC

a0
D . ~27!

The first term in the parentheses dominatesESD. Thus,ESD
is almost independent of the applied magnetic field. T
above approximate expression is of an accuracy within a
percent fora0 /l<0.5, and an accuracy within about 10
for a0 /l.1. The numerical error of the expression tends
increase with decreasingk.

Figure 7 shows dependence ofESD on Dc for k5100.
Given ESD}Dc

z , we can obtainz.3/2 for a0 /l!1 unless
Dc.a0 ; z approaches 1/2 with increasinga0 /l. Thus, when
a0!l, the ratioESD/Dc has a local minimum forDc.a0.

Figure 8 shows variation ofESD/Dc versus Dc for
ka0 /l55. Whenk510, the ratioESD/Dc has a local mini-
mum atDc5A3a0/2. On the other hand, whenk5100, the
ratio ESD/Dc has a local minimum atDc5A3a0. This indi-
cates that the state forDc.a0 can be metastable at least; th
point is discussed in detail in Sec. III.

C. Comparison with the elastic-continuum approximation

Let us compare the result of the above computation w
that of the elastic-continuum approximation,10 which leads to

ESD50.17a0
2@c66c44~k5p/Dc!#

1/2S 2Dc

A3a0
D 1/2

. ~28!

Here c66 and c44(k) are the shear and tilt moduli of a VL
respectively.

FIG. 7. Dependence ofESD on Dc for k5100. The dashed lines
representESD}Dc

3/2 andESD}Dc
1/2. Whena0 /l<0.2, the line en-

ergy densityESD is almost proportional toDc
3/2.
e
w

o

h

Within a framework of the isotropic London approxima
tion, those elastic moduli under a magnetic-flux density oB
are given by13

c665
Hc2B

8k2
~29!

and

c44~k!5c44
(0)~k!1c44

corr ~30!

with

c44
(0)~k!5

B2

m0

1

l2k211

and

c44
corr5

Hc1B

2 lnk
lnS m0Hc2

B D ,

whereHc1 and Hc2 are the lower and upper critical fields
respectively. The above expressions are valid form0Hc1
!B<0.2m0Hc2.

When B;m0Hc2 /k, using those moduli, Eqs.~23! and
~27! can be rewritten as

FIG. 8. Variation of ESD/Dc versusDc for ka0 /l55. The
dashed lines are guides for the eye. The ratioESD/Dc has a local
minimum for Dc.a0. This suggests that VL’s can stably posse
screw dislocations of high density~i.e., Dc.a0).
ESD.H 0.14a0
2~c66c44

corr!1/21ESD
(0) for Dc5A3a0/2 ,

0.21a0
2@c66c44~k54.0/a0!#1/21ESD

(0) for Dc5A3a0

~31!

174512-6
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SCREW-DISLOCATION-INDUCED PLASTICIZATION OF . . . PHYSICAL REVIEW B 64 174512
with

ESD
(0)5

f0
2

4pm0la0
C~,0!.

The coefficientC is given by Eq.~20! for Dc5A3a0/2, and
by Eq.~25! for Dc5A3a0. Although the value of Eq.~31! is
less than that of Eq.~28!, the two values are comparable.

In addition, the two results are similar in the dependen
on Dc . From Eq.~28!, it follows that

ESD}H Dc
3/2 for Dc!l ,

Dc
1/2 for Dc@l .

~32!

The above relation is consistent with the behavior shown
Fig. 7.

III. APPLICATION TO COLLECTIVE-PINNING THEORY

In this section, the approximate expressions forESD, i.e.,
Eqs. ~23! and ~27! are applied to the collective-pinnin
theory proposed by Larkin and Ovchinnikov.7 This applica-
tion leads to a prediction of a discontinuous jump of t
critical-current densityj c . In the first subsection, the theor
for the elastic~defect-free! case6,7,14 is outlined. In the sec-
ond subsection, the theory is extended to the plastic~screw-
dislocation-rich! case on the basis of the Mullock-Evett8

argument. In the last subsection, the extended theory
scribes aj c jump, which reflects a crossover from elas
pinning to plastic pinning.

A. Pinning of a VL with no defects

When pinning centers of number densitynp exert forces
f p on vortices, the LO theory predicts that7

Fp[ j cB5S np^ f p
2&

Rc
2Lc

D 1/2

, ~33!

whereRc andLc are the transverse and longitudinal corre
tion lengths, respectively;Fp is the volume pinning-force
density. Unless

np^ f p
2&@

a0
2

l F S 12
B

m0Hc2
D c66

3 c44~k50!G1/2

, ~34!

nonlocality of c44(k) is negligible.6,7 Then we can roughly
estimate the correlation lengths by minimizing the volum
energy density of a pinned VL, i.e.,

U3-D
elastic5

1

2
c66S a0

2Rc
D 2

1
1

2
c44~k50!S a0

2Lc
D 2

2
a0

2 S np^ f p
2&

Rc
2Lc

D 1/2

. ~35!

Here the pinning-interaction range is set toa0/2; this holds
when B>0.2m0Hc2 ~Refs. 4 and 15!. In this way, we can
obtainFp andLc as follows:6,7
17451
e

n

e-

-

Fp5
4np

2^ f p
2&2

a0
3c66

2 c44~k50!
~36!

and

Lc
elastic5

a0
2c66c44~k50!

2np^ f p
2&

. ~37!

Then Eq.~35! becomes

U3-D
elastic52

np
2^ f p

2&2

2a0
2c66

2 c44~k50!
. ~38!

In a film superconductor with thicknessd shorter than
Lc

elastic, bending of vortex lines can be neglected. In this ca
the energy density is16

U2-D5
1

2
c66S a0

2Rc
D 2

2
a0

2 S np^ f p
2&

Rc
2d

D 1/2

. ~39!

Minimizing the above equation gives

Fp5S np^ f p
2&

Rc
2d

D 1/2

5
2np^ f p

2&
a0c66d

~40!

and

U2-D52
np^ f p

2&
2c66d

. ~41!

As can be seen in Eq.~40!, 2-D pinning is characterized by
size effect, i.e.,j cB5Fp}d21.

B. Pinning of a VL with screw dislocations

According to Mullock and Evetts,8 when a VL possesse
screw dislocations due to pinning, the tilt-elastic-energy te
in Eq. ~35! should be replaced by a screw-dislocation-ene
term,

U3-D
plastic5

1

2
c66S a0

2Rc
D 2

1
ESD~Dc!

DcLc
2

a0

2 S np^ f p
2&

Rc
2Lc

D 1/2

.

~42!

The correlation lengthLc corresponds to the mean longitu
dinal distance between screw-dislocation lines. WhenLc
@g21, dependence ofESD on Lc is negligible as can be
derived from the computation result in Sec. II.

In a preceding paper,10 I estimated the pinning-potential
energy density to be

2
a0

2 S np^ f p
2&

RcDcLc
D 1/2

. ~43!

However, this is an overestimation for the vortex-line d
placement expressed by Eq.~4!. In a region ofz.g21, no
appreciable shear deformation arises from this displacem
the result of which is equivalent to anx-directed translation
of a0/2 in a region ofz.g21. Thus transverse correlatio
2-7
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length perpendicular to screw-dislocation lines isRc but not
Dc . The above overestimation is due to premising linea
of the pinning potential energy in the vortex-line displac
ment. This premise is valid only for vortex-line displac
ments small enough; this point has recently been discu
well by some workers.11 In fact, the pinning potential energ
varies as a sinusoidal function of the VL translation w
perioda0. In conclusion, estimation of the pinning-potentia
energy density should be corrected as given by Eq.~42!.

The volume pinning-force densityFp is determined so
that Eq.~42! is minimized with respect to not onlyLc andRc
but alsoDc . In this equation, only the factorESD/Dc de-
pends onDc . Variation of ESD/Dc versusDc is shown in
Fig. 8.

When Dc.a0, the ratioESD/Dc is minimized as far as
we see in Fig. 8. Thus I assume here that the lowestU3-D

plastic

underDc.a0 represents an equilibrium state. Note that t
largea0 does not allow us to assume so. For example, w
a0 /l51, the ratioESD/Dc has the maximum atDc.a0.

First, let us discuss the case whereESD/Dc is minimized
for Dc5A3a0/2; thenDc is fixed atA3a0/2. However, when
np^ f p

2&,2c66ESD/Dc , the volume energy densityU3-D
plastichas

no minimum for a finiteLc , because]U3-D
plastic/]Rc50 gives

U3-D
plastic5S ESD

Dc
2

np^ f p
2&

2c66
D 1

Lc
. ~44!

In other words, the VL with screw dislocations cannot
even metastable. On the other hand, whennp^ f p

2&
.2c66ESD/Dc , the volume energy densityU3-D

plastic decreases
with Lc ; the VL is stabilized by possessing screw disloc
tions of high density(Dc.a0). For Lc!a0Aln k, we can
approximate the vortex-line bending rate tog;Lc

21 instead
of Eq. ~22! ~viz., g51.0/a0Aln k). Then Eq.~21! ~i.e., depen-
dence ofESD on g) leads to

ESD;
aSD

Lc
~45!

with

aSD5
f0

2

4pm0l2
~0.030a0 ln k!. ~46!

Thus, reasonably,ESD in Eq. ~44! is replaced by

ESD1
aSD

Lc
, ~47!

whereESD is defined by Eq.~23!. Then minimizingU3-D
plastic

with respect toLc gives

Fp5
np^ f p

2&~np^ f p
2&Dc /c6622ESD!

2a0c66aSD
, ~48!

Lc
plastic5

4aSD

np^ f p
2&Dc /c6622ESD

, ~49!
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U3-D
plastic.2

Dc

2aSD
S np^ f p

2&
2c66

2
ESD

Dc
D 2

for Lc
plastic@

1

g
.

~50!

For the amorphous limit (Rc→a0), Eq. ~42! reduces to

U3-D
plastic.

1

8
c661

aSD

DcLc
2

2
1

2 S np^ f p
2&

Lc
D 1/2

. ~51!

HereRc5a0 leads toLc!a0Aln k, and thereforeESD in Eq.
~42! is replaced byaSD/Lc . Note that the effects of VL edge
dislocations are ignored. The lowest-energy state given
Eq. ~51! corresponds to Brandt’s vortex-line-spaghetti state.4

For this state,Lc andFp are

Lc
plastic54S aSD

2

np^ f p
2&Dc

2D 1/3

~52!

and

Fp5
1

2a0
S np

2^ f p
2&2Dc

aSD
D 1/3

. ~53!

The above results are almost the same as those of the e
approach.7 The relationLc

elastic/Lc
plastic;(ln k)2/3 holds for the

amorphous limit.
Next, let us discuss the case whereESD/Dc is minimized

for Dc5A3a0. In this case,ESD in Eqs. ~48!–~50! is given
by Eq. ~27! instead of Eq.~23!. Furthermore, from Eq.~24!,
aSD is

aSD5
f0

2

4pm0l2
~0.062 lnk10.11!a0 . ~54!

For the amorphous limit, the above equation is substitu
into Eqs.~52! and ~53!.

When Dc@a0, we can expect the elastic-continuum a
proximation to be valid; then Eq.~28! leads to the relation
ESD/Dc}Dc

21/2 for Dc@l. ThusESD/Dc for the sufficiently
long Dc is less thanESD/Dc for Dc.a0. In other words, a
VL with high-density screw dislocations possibly settles in
merely a metastable state but not an equilibrium state~see
Ref. 17!. Furthermore, whenDc@a0, we should not neglec
variation of g versusj in Eq. ~4! ~viz., the vortex-line dis-
placementDxi , j ). This variation causes shear deformati
with a wavelength ofDc , and Eq.~43! may turn valid then.
This suggests another minimum-energy state different fr
that represented by Eq.~50!. In this state, the VL stably
possesses screw dislocations oflow density(Dc@a0). How-
ever, I do not consider such a possibility in the present pa
because additional extensive computation is necessary
further discussion.
2-8
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C. Screw-dislocation-induced plasticization of a pinned VL

Comparing the volume energy densities for the vario
pinning regimes described above, we can predict a cross
from elastic pinning to plastic pinning. For specific discu
sion, let us estimateFp[ j cB for two different hypothetical
materials, i.e., a film and a bulk superconductor.

Figure 9 shows variation ofFp versusnp^ f p
2& in a film

superconductor (m0Hc251 T,k5100) with a thickness of
d510 mm. Here the reduced magnetic-flux densityb
[B/m0Hc2 is set to 0.2; this corresponds toka0 /l.5. Thus
ESD/Dc has the minimum atDc5A3a0, as can be seen in
Fig. 8. Whennp^ f p

2&,4.231027 N2/m3, the volume energy
densityU2-D is lower than bothU3-D

elasticandU3-D
plastic; therefore

2-D elastic pinning occurs, andFp is given by Eq.~40!.
Parametersnp^ f p

2& exceeding 4.231027 N2/m3 lead to the
relations U3-D

plastic,U2-D,U3-D
elastic, and cause penetration o

high-density screw dislocations into the film. The scre
dislocation lines easily move along vortex lines witho
Peierls forces.3–6 Then the dislocation lines are spacedDc

5A3a0 apart into a domain wall parallel to the film. Ever
time a domain wall penetrates into the film, the volume e
ergy density stepwise decreases fromU2-D to U3-D

plastic. When
the mean distance between the domain walls reachesLc

plastic

given by Eq.~49!, the screw dislocations no longer penetra
ThenFp is given by Eq.~48!. The relationLc

plastic!d results
in a discontinuous jump ofFp[ j cB; Fp increases by a facto
of about 6. Atnp^ f p

2&55.931027 N2/m3, the VL reaches the
amorphous limit, where Eq.~53! holds. Fornp^ f p

2& in the
whole range, 3-D elastic pinning never occurs stably in t
film.

FIG. 9. A discontinuous jump of volume pinning-force dens
Fp in a film superconductor. The thick solid lines represent va
tion of Fp versusnp^ f p

2&. The thick dashed line indicates the jum
For a parameter ofnp^ f p

2&,4.231027 N2/m3, 2-D elastic pinning
occurs. Above the jump point (np^ f p

2&54.231027 N2/m3), the vor-
tex lattice possesses high-density screw dislocations. The
dashed lines represent Eqs.~40!, ~48!, and ~53!. The triangle indi-
cates the amorphous limit of the vortex lattice.
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Figure 10 shows variation ofFp versusnp^ f p
2& in a bulk

superconductor (m0Hc2510 T,k510,b50.2) with an infi-
nite thickness. In this case, the conditionka0 /l.5 holds.
Thus ESD/Dc has the minimum atDc5A3a0/2, as can be
seen in Fig. 8. Whennp^ f p

2&,10 N2/m3, the volume energy
density U3-D

elastic is lower thanU3-D
plastic; therefore 3-D elastic

pinning occurs, andFp is given by Eq.~36!. Parameters
np^ f p

2& exceeding 10 N2/m3 lead to the relationU3-D
plastic

,U3-D
elastic, and cause screw-dislocation-induced plasticizat

of the VL. Then Fp is given by Eq. ~48!. The relation
Lc

plastic!Lc
elastic results in a discontinuous jump ofFp[ j cB;

Fp increases nearly by a factor of 7. Atnp^ f p
2&513 N2/m3,

the VL reaches the amorphous limit, where Eq.~53! holds.
Up to this limit point,Fp steeply increases and then amoun
to several tens of times ofFp before the jump. In summary
for both the film and bulk, the present modified pinnin
model demonstrates thatnp^ f p

2& exceeding a critical value
causes a discontinuousj c jump, which reflects sudden VL
plasticization induced by screw dislocations of high dens
~i.e., Dc.a0).

IV. COMPARISON WITH EXPERIMENT

Experimental candidates for the VL plasticization pr
dicted above are the abrupt rises ofj c in amorphous NbxGe
films3 and in neutron-irradiated V3Si bulks.12 The abrupt
rises in those materials have not been explained satisfact
by any conventional theories yet, to the best of my know
edge. In this section, the observed rises ofj c are compared
with the jumps ofj c in the hypothetical materials introduce
above.

-

in

FIG. 10. A discontinuous jump of volume pinning-force dens
Fp in a bulk superconductor. The thick solid lines represent va
tion of Fp versusnp^ f p

2&. The thick dashed line indicates the jum
For a parameter ofnp^ f p

2&,10 N2/m3, 3-D elastic pinning occurs
Above the jump point (np^ f p

2&510 N2/m3), the vortex lattice pos-
sesses high-density screw dislocations. The thin dashed lines r
sent Eqs.~36!, ~48!, and~53!. The triangle indicates the amorphou
limit of the vortex lattice.
2-9
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A. An abrupt rise of the critical current in a film

Wördenweber and Kes3 have found an abrupt rise ofj c
nearHc2 in amorphous NbxGe films, and the rise was clearl
observed as a discontinuous jump. From measurement o
size effect inj c , the jump is concluded to be due to a cros
over from 2-D pinning to 3-D pinning; the size effect (j c
}d21) was observed before the jump, and disappeared a
the jump. However, the jump is far different from the dime
sional crossover described by thepurely elastic approach.3,6

In contrast, the observed jump closely resembles the
havior predicted in Fig. 9. The film in this figure has fund
mental properties similar to those of the NbxGe films ~for
example,m0Hc2.4.5 T at a temperature of 2.1 K,k565,
andd518 mm!. The NbxGe film with these properties dis
played a j c jump at b.0.8, and j c increased nearly by a
factor of 7 then. Fromj c measurement before the jump, Ke
and his co-workers3,15,16 estimated the reasonable value
np^ f p

2&/b(12b)2 by using the 2-D LO theory@i.e., Eq.~40!#;

np^ f p
2&/b(12b)2 is independent ofb, and is of order 1026

N2/m3. On the other hand, the film in Fig. 9 displays aj c

jump at np^ f p
2&/b(12b)253.431026 N2/m3. The two val-

ues of np^ f p
2&/b(12b)2 are comparable. This agreeme

suggests that the observed jump was due to VL plasticiza
induced by high-density screw dislocations. Although suc
suggestion has already been provided by Wo¨rdenweber and
Kes3 and by Brandt,4–6 it was deficient in quantitative dis
cussion.

A distinct difference between the observations and
present prediction is merely the following point: thej c jump
in the NbxGe films was observed nearHc2, but thej c jump in
Fig. 9 is predicted on the premise ofB!m0Hc2, which vali-
dates the London approximation. Thus, to obtain a relia
conclusion,ESD nearHc2 should be computed on the basis
the GL theory.

In a preceding paper,10 I proposed that thej c jump in
NbxGe can be explained in terms of the intermediate s
between 2-D pinning and 3-D plastic pinning. However, t
proposal is most likely wrong for the following reason. Th
prediction of the intermediate state is based upon Eq.~43!,
which is invalid forDc;a0 as described above.

B. An abrupt rise of the critical current in a bulk

Comparison for the bulk-pinning case is not success
Meier-Hirmer et al.12 have observed abrupt rises ofj c in
neutron-irradiated V3Si bulks (m0Hc2.10 T at a tempera-
ture of 10 K; k.20). Neutron irradiation causes crysta
lattice defects, which pin the vortices. In this case,np corre-
sponds to the number density of the defects, and
proportional to the neutron fluence. According to Meie
Hirmer et al., the volume pinning-force densityFp[ j cB in-
creased withnp. In particular, whennp exceeded a critica
value,Fp abruptly increased by a factor of about 50. Giv
Fp}np

z , the experiment revealed thatz52 below the critical
np andz<1 above the criticalnp .

That behavior is in good agreement with the prediction
Fig. 10, and the bulk in this figure has fundamental prop
ties similar to those of neutron-irradiated V3Si bulks. From
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expressions forFp , i.e., Eqs.~36! and ~53!, it follows that
z52 before the jump andz52/3 at the amorphous limit.

Similar behavior, however, can be predicted also by
purely elastic approach.12 For the bulk in Fig. 10, when
np^ f p

2& exceeds an order of 10 N2/m3, nonlocality ofc44(k)
appreciably affects collective pinning; Eq.~34! holds then.
Thus,Fp deviates from the local-case estimate given by E
~36!, and exponentially increases withnp^ f p

2& until the VL
reaches the amorphous limit. This leads to an abruptcontinu-
ousrise of j c . In the V3Si bulks, indeed, the abrupt rises o
j c-versus-b curves are continuous; this appears reconcila
with the prediction for the elastic case rather than the pla
case.

Here, we should note that the predictions for both ca
are different from the experimental observations in abso
values ofFp . Forb.0.2, the experimental values ofFp near
the criticalnp are two orders of magnitude smaller than t
theoretical values for the bulk in Fig. 10. To begin with,
pointed out by Meier-Hirmeret al.,12 Fp-versus-b curves in
V3Si deviate from the prediction by the 3-D elastic approa
@i.e., Eq.~36!#.

This deviation might be explained in terms of low-dens
VL screw dislocations, which are suggested in Sec. III. I
weakly pinned VL always possesses low-density screw
locations stably, the VL plasticization for the bulk-pinnin
case falls unreal. Then, possibly, thej c jump in V3Si reflects
an abrupt decrease inDc , i.e., a crossover from the low
density state to the high-density state of VL screw dislo
tions. To confirm this suggestion,ESD for a longDc should
be computed, taking account of shear deformation betw
slip planes.

V. CONCLUDING REMARKS

The line energy densityESD of a vortex-lattice screw dis-
location has been computed numerically on the basis of
isotropic London approximation, where the distanceDc be-
tween adjacent slip planes is comparable to the vortex-lat
constanta0 with their Burgers vectors being antiparalle
When Dc.a0, the ratioESD/Dc is minimized. The energy
densityESD is approximately expressed by Eq.~23! for Dc

5A3a0/2, and by Eq.~27! for Dc5A3a0. Both approximate
expressions are almost independent of the applied magn
field. The computedESD is comparable to the estimate bas
upon the elastic-continuum approximation,10 but always less
than this estimate.

Applying the computation results@i.e., Eqs.~23! and~27!#
to collective-pinning theory, I have predicted the hig
density state (Dc.a0) of vortex-lattice screw dislocation
for sufficiently strong pinning. In both a superconductin
film and bulk, penetration of the screw dislocations cause
discontinuousj c jump, which reflects sudden plasticizatio
of a pinned vortex lattice.

That prediction has been compared with experiments
amorphous NbxGe films3 and neutron-irradiated V3Si
bulks.12 Although the j c jump in NbxGe has not been ex
plained by any conventional pinning models satisfactor
comparison between the present modified model and the
2-10
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periment is more successful. On the other hand, between
prediction and the observations in V3Si, some discrepancie
have been found. To avoid the discrepancies, possibly,
should introduce the low-density state (Dc@a0) of vortex-
lattice screw dislocations.

For further decent comparison with the experiments, i
necessary to computeESD for applied magnetic fields in the
wider range on the basis of the GL theory, and such com
tation should be extended to a more general case inclu
.
.
e
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Dc@a0. Probably such effort gives a step toward a compl
understanding of critical-current peak effects.
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